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Remarkable features on the magnetic moment of type-II superconducting wires of cylindrical
shape, subjected to direct current conditions (DC) and transverse oscillating (AC) magnetic fields,
are reported. We show how for relatively low amplitudes of the applied magnetic field, Ba, the
superconducting wire rapidly develops a saturation state, |Mp|, characterizing the limits of magne-
tization loops that exhibit a Boolean-like behaviour. Regardless of the premagnetization state of the
superconducting wire, we show how after two cycles of magnetic relaxation, boolean-like ±Mp states
can be measured during the entire period of time from which the external magnetic field B0 ranges
from 0 to ±Ba, with the signs rule defined by the sign of the slope ∆B0y(t). In addition, for the
practical implementation of superconducting DC wires sharing the right of way with AC lines, we
report that for relatively low values of magnetic field, Ba ≤ BP /2, being BP the analytical value for
the full penetration field in absence of transport current, Itr, the use of semi-analytical approaches
for the calculation of AC-losses leads to a significant underestimation of the actual contribution of

the induction losses. This phenomena is particularly relevant at dimensionless fields ba < 1 − i2/3a ,
being ba = Ba/BP and, ia = Ia/Ic the amplitude of an AC or DC transport current, due to the
local motion of flux front profiles being dominated by the occurrence of transport current. On the
other hand, we have found that regardless of the nature of the transport current, either be DC or
AC, when a transverse oscillating magnetic field greater than the classical limit ba = (1 − ia) is
applied to the SC wire, the difference between the obtained AC losses in both situations results to
be negligible indistinctly of the approach used, semi-analytical or numerical. Thus, the actual limits
from which the estimation of the AC-losses can be used as an asset for the deployment of DC SC
wires sharing the right of way with AC lines, against the sole use of SC wires for the transmission
of AC transport current, are established.

I. INTRODUCTION

In densely populated urban areas, the deployment of
new power lines implies the need to accommodate them
into existing duct banks, aiming to reduce the overall
costs of cable installation, surpass the conflict with the
lack of construction space, and overcome the severe re-
strictions that right of way policies might imply [1, 2].
Due to the reduced use of space by state of the art su-
perconducting cables, their high transport current ca-
pabilities [3], resilience properties against fault condi-
tions [4], and nearly-zero resistive losses under DC condi-
tions, type-II superconductors are expected to be a game
changer in the designing of the next generation of DC
power networks. However, the transition of power dis-
tribution grids from a dominantly AC network to a DC
network advocates for the sharing of the right of way,
as this could be the most practical way to reduce the
development costs associated to the production and in-
stallation of SC cables with demanding time frames for
operation.

Nevertheless, the understanding of the electromagnetic
response of DC SC wires subjected to transverse AC mag-
netic fields becomes remarkably tangled, as the added
external magnetic field magnetizes the wire with power
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losses increasing after each cycle, being impossible to pre-
dict its behaviour from analytical methods. In this paper,
we present a comprehensive study on the physical phe-
nomena underlying the effects of applying a transverse
AC magnetic field to a rounded type-II DC SC wire, from
which we have found a compelling Boolean-like behaviour
in the magnetic moment of the wire under a wide range
of intensities of applied magnetic field and transport cur-
rent. The main advantage of using this geometry for the
numerical modelling of type-II superconductors, relies on
the possibility to compare the numerical results with ex-
act or semi-analytical approaches, what allows a direct
grasp of the physics involved whilst a phenomenological
benchmark for the implementation of practical applica-
tions is being developed. In fact, the simple notion of
this 2D geometry, i.e., by assuming that the length of the
SC wire is much greater than its radius, and the critical
state theory for the macroscopic modelling of the electro-
magnetic properties of type-II SCs [5–8], has allowed to
predict and explain multitude of experimental phenom-
ena including but not limited to, the magnetization and
demagnetization of SCs under crossed and rotating mag-
netic field experiments [9–13], the low pass filtering effect
in the magnetic moment of AC SC wires [14], and strong
patterns of localization of the density of power losses in-
side the SC materials under magnetic and electrical stress
conditions [15, 16].

In this paper, the electromagnetic problem is solved
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Figure 1. (Color online) Sketch of the analysed experimental processes where a rounded type-II SC wire of radius R, is subjected
to the simultaneous action of an external AC magnetic field, B0y(t), and a DC transport current Itr(t), of amplitudes Ba and
Ia, respectively. Case 1 (left pane) represents the situation when the DC current is applied to a magnetically virgin SC sample,
whilst the analogous situation for a premagnetized sample is illustrated in case 2 (right pane). For the sake of simplicity, the
magnetic field is presented in units of (µ0/4π)JcR, and Itr is given in units of Ic.

via the variational optimization method for critical states

problems developed by Bad́’ia, López and Ruiz [6, 7],
which for the case of infinitely long SC samples of finite
cross section Ω, is reduced to the minimization of the
integral functional

F{Jt+1} =
8π

µ0

∫
Ω

(∆B0(ri)× ri) · Jt+1(ri)d
2r

+
µ0

8π

∫
Ω

∫
Ω′
MijJt+1(ri∈Ω) · Jt+1(rj∈Ω′)d2rd2r′

−µ0

4π

∫
Ω

∫
Ω′
MijJt(ri∈Ω) · Jt+1(rj∈Ω′)d2rd2r′ , (1)

with the inductance matrices defined as Mij = 1/2 for
all ri = rj , and Mij = ln (rij) for all ri 6= rj , being rij
the distance between two elements of current located at
two different positions inside the SC sample. The time
dependence of the electromagnetic sources is controlled
between two successive time steps t < t + 1, on the one
hand, by the first term of the minimization functional
where ∆B0(ri) defines the rate of change of the applied
magnetic field, B0, and on the other hand, by the con-
dition of transport current “Itr(t)” which implies to add
the mathematical constraints∫

Jt(ri)d
2r = Itr(t) ≤ Ic . (2)

The global minimization of the system of Eqs. 1 & 2
which gives place to an accurate determination of the
local profiles of current density (Section II), is com-
monly known as the integral formulation of the critical

state model or J-formulation [15, 17], which is equiv-
alent to the the solution of the PDE system of Fara-
day and Ampère’s laws into the nowadays most popu-
lar H−formulation [18]. The latter can be easily imple-
mented in commercial computational packages such as
COMSOL Multiphysics [9–11], but under the expense of
having to pay a proprietary license and furthermore, hav-
ing acquired enough experience on the numerical mod-
elling of type II superconductors to be able to ensure
that the obtained solution does not get anchored to a lo-
cal minimum during the iterative solution of a two-point
boundary value problem without well-defined extreme
values, as with exception of problems possessing strongly
convex properties [19, 20], global solutions of PDE sys-
tems are not always verifiable, given that the metrics for
the magnetic field B cannot be homogeneously defined
for the entire space [21]. Nevertheless, within the optimal
functional developed at Eq. 1, the metrics of the control
variable J, i.e., the current density, is explicitly defined
by the critical state law [6], J ≤ Jc, and additionally, by
the constraint for the transport current condition (Eq. 2).
In our case, for the computational minimization process a
free software licence called Lancelot has been used which
has the advantage of automatically adjusts the penalty
parameter and Lagrange multiplier estimates, ensuring
the convergence of the constrained optimization problem
to a global solution, by implementing the trust-region ap-
proach or convex region into the quadratic model of the
augmented Lagrangian function or so-called optimization
function (Eq. 1), and within the constraints that charac-
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terize the physics behind the control variable. Thereafter
an improvement to the quadratic model is sought using
either a direct-matrix or truncated conjugate-gradient al-
gorithm, systematically changing the size of the trusted
region, such that the propagation of local minima is
avoided. For more technical details on the capabilities
of Lancelot, and how problems such as the one stated
in this paper can be solved, we advise to the reader the
Refs. [22, 23].

Then, in Section III the magnetic moment (per unit
length) of the superconducting wire is calculated by nu-
merical integration of the minimized distribution of pro-
files of current, i.e., as

M(t) =
1

2

∫
Ω

ri × Jt(ri) d
2r , (3)

and to complete this study, the hysteretic losses per unit
volume (Φ) and time, and for cyclic excitations of fre-
quency ω, i.e., the so-called AC-losses,

L = ω

∮
h.c.

dt

∫
Φ

E · JdΦ . (4)

can be calculated by the closed integral of the specific
power density of energy losses E · J after the period
elapsed for the magnetic relaxation of the profiles of cur-
rent density, i.e., for the hysteretic cycle (h.c) which has
to be determined by inspection of the numerical results
for the profiles of current density or the symmetry of the
magnetization curves.

In brief, this paper is organised as follows. In Sec-
tion II, the local dynamics of the flux front profile of
current density and the overall dynamics of the magnetic
flux lines as a function of time, are both presented for
different conditions of DC current, Itr, and applied AC
magnetic field, B0y. The influence of the DC current on
virgin and premagnetized samples is also studied. Then,
in Section III the most relevant characteristics on the
magnetization profiles of the SC wire, together with their
connection with the calculation of the AC-losses and the
identification of Boolean-like magnetic moments are dis-
cussed in detail. Finally, Section IV is devoted to sum-
marize the main conclusions of this work.

II. DYNAMICS OF FLUX FRONT PROFILES

In terms of the direction of the magnetic field created
by a two dimensional SC wire, e.g., a wire of cylindrical
cross section with radius much smaller than its length,
the electromagnetic problem can be reduced to a 1D-
model with exact analytical solution, as long as the SC
wire is exposed either to a parallel magnetic field or a
longitudinal transport current, but not both of them be-
ing applied at the same time [5, 8]. Even in the case
when the external magnetic field is applied transverse
to the surface of the SC sample [11, 12, 24–27], result-
ing in a 2D model accounting for the possible directions

of the magnetic field created by induced magnetization
currents, it is still not possible to conceive an exact ana-
lytical solution [10, 25, 28]. Nevertheless, under the base
of knowing the shape of the flux front profile of current
density inside the SC material, several semi-analytical
approaches have been implemented in the past, these be-
ing able to calculate the magnetization and AC-losses
characteristics of SC wires under certain conditions of
applied magnetic field and transverse current [29, 30], al-
though severe limitations of these approaches have been
discovered by robust numerical methods with high accu-
racy levels [17, 25–27, 31–34]. Thus, in an attempt to
mimic the conditions that an ideal SC wire sharing the
right of way with another power cable might impose, and
how these relate to the most popular semi-analytical ap-
proaches, in this section we report a simplified analysis
for the intricate dynamics of flux front profiles of current
density inside a DC SC wire of rounded cross section,
that is simultaneously exposed to transverse AC mag-
netic fields of different amplitudes.

Before applying the condition of transport current, two
different cases can be envisaged in terms of the magneti-
zation state of the SC wire (see figure 1). The first case
refers to a magnetically virgin SC wire where Itr is being
applied until reaching its maximum DC value (Ia), it be-
fore the external AC magnetic field is triggered on. In the
second case, the SC wire is assumed to be premagnetized
by the existence of an external AC magnetic field, it be-
fore injecting the DC transport current. For simulating
the latter condition, we have assumed that the SC wire is
firstly subjected to an AC magnetic field of certain am-
plitude, Ba, and once a full magnetic hysteresis cycle is
achieved, the ramp of Itr is turned on until the Ia value
is reached. Then, a new hysteresis behaviour starts, cov-
ering the concomitant action of the AC field and the DC
current regardless of the initial magnetization of the SC
wire.

For case 1, the flux front profiles of current density
Ji = ±Jc before t′, i.e., the time step when B0y is ac-
tivated, show the classical concentric behaviour with el-
ements of current occurring from the sample’s surface
towards its geometrical centre as Itr increases. The re-
sulting flux front profile of current density at this time
step, ‘1’, for a maximum transport current Ia = 0.5Ic
is displayed in the first subplot of figure 2. Then, af-
ter t′, the applied transport current remains in the DC
condition, whilst an AC magnetic field is perpendicu-
larly applied to the wire’s surface. Thus, before reaching
the first peak of the AC field at the time step ‘3’, it
is possible to observe diverse patterns of evolution for
the flux front profile, where a clear competition between
the introduced magnetisation currents and the injected
transport currents arises. It gives place to a noticeable
distortion of the axisymmetric orientation of the original
circular flux front profile found at t’ (i.e., when Itr = Ia
and B0y = 0), until the time step ‘3’ when Itr = Ia and
B0y = Ba (see figure 2). In this case, two physical fea-
tures have been observed from the flux front dynamics of
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profiles of current density. On the one hand, it is pos-
sible to state that for an AC field of non dimensional
units ba = Ba/BP ≤ ia, being BP = 8 (µ0/4π)JcR the
minimum value of applied magnetic field needed to sat-
urate the magnetic moment of the SC wire (in absence
of transport current) [14], and ia = Ia/Ic with Ic the
critical current of the SC wire, slight distortions of the
originally circular flux front profile are to be expected
during the first cycle of the AC magnetic excitation (see
subplots 1 − 3 at figure 2). Nevertheless, the position
of the centre of the flux free core (region without cur-
rent) is always shifted away from the geometrical centre
of the SC sample; in our case, towards the left side of the
SC given the positive slope of the applied magnetic field,
which add positive profiles of magnetization currents at
the positive x-quadrants of the SC body. On the other
hand, if ba > ia, a more acute distortion and displace-
ment of the flux front profile occurs, it due to the added
profiles of magnetization current which could eventually
lead to the entire disappearance of the flux free core at
ba = 1.

It is worth mentioning that the origin of the deforma-
tion of the flux front profile in the case of SC DC wires
under AC field conditions, is not caused by the consump-
tion of magnetization currents as it is the case of the AC
wires considered in Ref. 14. It is because of in our case,
the current being applied is DC and therefore, the total
area occupied by the profiles of current of this nature can-
not change, which does not mean that it cannot be redis-
tributed across the cross-section area of the SC sample.
Therefore, when the AC field is applied, the occurrence of
magnetization currents exerts a Lorentz force which push
inwards the distribution of local elements with transport
current density Ji = Jc, reducing then the total area of
the flux free core until the applied magnetic field is in-
tense enough to saturate the SC sample. As consequence,
the Lorentz force added to the system by the incursion of
magnetization currents, results in an increase of the local
density of power dissipation also known as local energy
losses E ·J, what explains why the AC losses in SC sam-
ples subjected to AC fields and DC transport currents,
can be even greater than the AC losses in samples sub-
jected to both, AC field and AC transport current, a fact
that is presented at the end of this paper.

Continuing with our discussion on the physical char-
acteristics of the distribution of Ji profiles in the case of
DC SC wires subjected to AC magnetic fields (Figure 1),
it can be observed in figure 2 how the first peak-to-peak
cycle of the AC field (time steps 3 to 11) cannot be con-
sidered for the calculation of the actual AC-losses of the
SC wire, as the size of the flux free core keeps changing
during this period of time. In other words, in figure 2 the
reader can appreciate in a glance how the Ji profiles at
the time steps 3 and 11 do not convolute to each other,
resulting in a net energy loss that is not accounted if
this first peak-to-peak cycle is considered as the founda-
tion for the calculation of the AC-losses. However, if the
integral of the local density of power dissipation, E · J,

accounts for the period of time enclosed by the second
cycle of the magnetic excitation (time steps 11 to 19), it
can be directly seen how the Ji distribution across the
SC sample returns to its initial state of magnetization
(time step 11), from which the hysteretic losses of the
SC sample (per cycle) does not depend any longer on the
previous magnetic history, i.e. the dynamics of the flux
front profile along the following cycles becomes identi-
cal to the one reported between the time steps 11 to 19.
Nevertheless, when Ba is as intense as to saturate the SC
sample before completing the first peak-to-peak cycle of
B0y, we have found that the AC losses can be accurately
calculated from this period of time as no variation on the
magnetization loop is observed on the subsequent cycles
(see figure 3).

III. MAGNETIZATION CHARACTERISTICS
AND AC-LOSSES

For the purpose of completeness and with the aim to
elucidate if the noticeable long period of magnetic sat-
uration observed for the DC SC wires under transverse
AC magnetic field (see figure 3), allow the definition of
Boolean-like conditions in the magnetic moment and a
unique curve of AC-Losses, both regardless whether the
SC wire is initially magnetized or not, we have performed
a similar study to the previous one, but now with Itr be-
ing applied after completing a full hysteresis cycle of the
B0y (case 2 in figure 1). Under these circumstances, we
have found that when the SC wire has been premagne-
tized, the stabilization period of the profiles of current
density takes up to two peak-to-peak cycles of the AC
field. Nevertheless, once the stabilization period is over-
come, the resulting Ji profiles and lines of magnetic field
for virgin or magnetized samples do not depend on the
magnetic history of the SC wire, returning then to the
same results displayed in Fig. 2 between the subplots 11
to 19. Thus, regardless of the initial magnetization of
the DC SC wire, it is clear that the shape and size of the
magnetization loops formed by the AC field (Figure 3),
do not change after an initial period of magnetic stabi-
lization which spans for a maximum of two cycles.

A striking feature can be observed from the magneti-
zation loops derived from our experimental conditions.
It has to be noticed that as Ia increases the shape of the
magnetization loop (My(B0,y)) approximate to a square-
like shape (see Fig. 3), reaching the saturation of the
magnetic moment at AC fields of amplitudes lower than
BP . This phenomenon implies that when the SC wire ex-
hibits the full saturation state, there is the possibility to
achieve a fast transition from the magnetically stable re-
gion with a positive (or negative) constant magnetic mo-
ment, towards a counter magnetic moment but of same
amplitude and under well-defined control conditions that
might define Boolean-like states in the magnetic moment
of DC SC wires subject to transverse AC magnetic fields.
In other words, under the right conditions of DC current
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Figure 2. (Color online) Evolution of magnetic flux lines and the corresponding profiles of current density inside the SC wire
for the case 1 (see Fig. 1) with Ba = 2 (µ0/4π)JcR and Ia = 0.5 Ic. Darker (blue) regions indicates zones with negative
elements of current density Ji = −Jc, and the lighter (yellow) regions correspond to Ji = +Jc, otherwise (green) it corresponds
to the flux free core where Ji and Bi are both equal zero. Subplots are labelled accordingly with the monotonic branch of the
experimental processes depicted in Fig. 1.

and AC field, the usefulness of SC wires could also con-
sider the macroscopic transferring of magnetic Boolean
data, that theoretically will not interfere with the trans-
mission of transport current, as in ideal conditions the
sending and receiving DC current is always the same re-
gardless of the amplitude of Ba (neglecting any losses
added by the SC joints). Thus, the transmission of mag-
netic logic data depends on the history of the transverse
magnetic excitation B0, if proper cryptographic condi-
tions with well-defined Boolean structure can be found.

Nevertheless, the practical realization of this condition
can be challenging when B0 is needed to be applied just
to some specific section of the SC wire, as the use of a 2D
model implies that the magnetization current loops are
closing at the sending and ending terminals of a very long
SC wire, and this situation can be only satisfied if the ap-
plied magnetic field is strictly orthonormal to, both the
direction of the transport current and the surface of the
superconducting wire, otherwise flux cutting effects such
as the ones reported in [35], might provoke the closure
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Figure 3. Dimensionless magnetization curves (My/Mp) as function of the AC field B0y and the temporal/experimental process
of case 1 in Fig. 1. Mp = 2JcR

3/3 is the analytical solution for the magnetic moment of the sample when it is fully penetrated
by a field BP = 8 (µ0/4π)JcR with zero transport current.

of the magnetization loops before any Boolean-like state
could be measured from the transverse magnetization of
the SC wire near of the current terminals. However, it
is worth mentioning that an experimental proof of these
statements is out of scope in this manuscript, but hope-
fully, by having proven the validness of our statements ei-
ther by the detailed analysis of the profiles of current den-
sity, or the time-dynamics of the magnetization curves,
or even by the strict comparison of our numerical results
with well acclaimed semi-analytical approaches for the
calculation of the AC-losses, this paper will motivate fur-
ther groups to instigate the experimental realization of
magnetization states with the macroscopic Boolean-like
properties reported in this manuscript.

However, for showing how a Boolean-like logic can be
read from the magnetic moment profile of DC SC wires
subjected to AC transverse magnetic field, we must anal-
yse the evolution of the magnetic moment My (see Fig. 3)

as a function of the time-dependent external magnetic
excitation B0y(t) (see Fig. 1). It is worth reminding
that, the resulting magnetization loop for type-II SCs
with Itr < Ic and B0y > 0 under the critical state
regime, which is valid at least for frequencies lower than
300 MHz [36], does not depend on the frequency and
time-dependence of the function describing the oscilla-
tion of the external magnetic field B0y(t), either it be
triangular, sinusoidal, or otherwise, but on its own am-
plitude Ba. Nevertheless, the actual value of the mag-
netic moment at an specific value of applied field, says
at a time-step t, depends on its own history, i.e, on its
current value B0y(t) and on the sign of its rate of change
∆B0y(t) = B0y(t) − B0y(t − 1). Thus, we have found
that for situations where DC transport currents of inten-
sity Ia ≥ 0.5Ic and transverse applied magnetic fields of
amplitudes Ba ≥ 6, in units of (µ0/4π)JcR, there are two
well defined plateaus where the magnetic moment keeps
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constant at ∓Mp′ , with the resulting saturated magnetic
moment |Mp′ | < |Mp|, being |Mp| = 2/3 the maximum
magnetic moment that the SC wire can achieve in the ab-
sence of transport current. Surprisingly, these plateaus
are observed during the entire period of time from which
B0y ranges from 0 to ±Ba, with the signs rule defined by
sign of the slope ∆B0y(t). To have a clearer picture of
this phenomenon, lets take a look to the magnetization
curves in Fig. 3 for the case with Ia = 0.75Ic (bottom
pane) and Ba ≥ 6 (solid lines), which are displayed ac-
cordingly with the time dynamics of the magnetic exci-
tation shown in Fig. 1. Thus, it has to be noticed that
for any applied magnetic field between the time steps 5
and 7, i.e., from B0y = 0 to B0y = −Ba = −6, the
resulting magnetic moment is constant (Mp′ ≈ 0.4601).
Then, between the time steps 7 and 9, i.e., when the
sign of ∆B0y(t) changes as it goes from B0y = −Ba to
B0y = 0, the magnetic moment rapidly changes its polar-
ity to −Mp′ . Then, if the same analysis is performed for
lower intensities of Ia, we can observe that for Ia = 0.5
(mid-pane of Fig. 3), the same Boolean-like states for
the magnetic moment, M = ±Mp′ = ±0.7661, is ob-
served between the intervals of applied AC field B0y = 0
to B0y = ∓Ba with Ba ≥ 6 (solid lines). Therefore, un-
der these circumstances, we can conclude that for any
value of the AC applied magnetic field with both, nega-
tive intensity and negative tendency ∆B0y(t), the mag-
netic moment of the wire keeps at the saturation value
Mp′ , whilst for a positive intensity of the applied field
and a positive tendency ∆B0y(t), the magnetic moment
of the wire corresponds to the state −Mp′ , otherwise, the
magnetic moment of the SC wire will be defined between
the transient states ±Mp′ , allowing to define a third logic
input for |M | 6= Mp′ with the sign of B0y different to
the sign of ∆B0y, allowing the practical use Boolean-like
states in the magnetic moment of type-II superconduc-
tors subjected to DC currents and a transversely applied
AC magnetic field.

Finally, an ultimate validation of our numerical results
has been pursued in Fig. 4, by showing how the calcu-
lated AC-losses of the DC superconducting wire under
AC transverse magnetic field, agrees with one of the well
known AC-losses formulas of Aleksandr Gurevich,

L(Ba, I
dc
tr ) ≡

8B2
p

3µ0


b3a

(
1− 1

2
ba

)
, ∀ ba < i†a

otherwise

i†
3

a

(
1− 1

2
i†a

)
+
(
1 + i2a

) (
ba − i†a

)(5)

where the dimensionless parameters i†a = 1 − i2/3
a , with

ia = Ia/Ic, and ba = Ba/Bp have been introduced for
the sake of simplicity. This equation combines semi-
analytical and empirical approaches that at least for high
amplitudes of the AC applied magnetic field and the
DC transport current, has shown a remarkable accuracy
on the calculation of the AC-losses in contrast with a
large set of experimental evidences on NbTi and BSCCO
rounded wires [30]. In fact, the Gurevich approaches have

Figure 4. Hysteretic AC losses per cycle of a DC SC wire
subjected to a transverse AC magnetic field of amplitude Ba,
and different intensities of the DC transport current Ia =
Ic/4, Ic/2, 3Ic/4, or Ic, and L units are (µ04π)ωJ2

cR
2. Our

results (solid lines with symbols) are compared with the semi-
empirical approach of Gurevich et. al. [30] for DC current and
AC field (dash-dotted-lines), and with the numerical results
of Ruiz et. al. [15] for synchronous AC field and AC current
(dashed-lines). The curves of AC losses for the SC wire under

AC field and Itr = 0, L(B
(AC)
a ), and AC transport current

under no external magnetic field Ba = 0, L(I
(AC)
a ), are also

shown as lines of reference.

been also shown to be of practical interest on the study of
Rutherford-type cables for superconducting particle ac-
celerator magnet coils [37], as well as on a wide number of
electric power applications [38], reason why these are con-
sidered as a fundamental base to prove the validness of
diverse theoretical approaches focused on the reduction of
the AC-losses in type-II superconductors [39]. However,
despite the brilliant simplicity of Gurevich approaches, it
is also known that his equations have certain limitations
and must be used with caution [14, 30]. In this sense, we
have found that for the experimental conditions repre-
sented in Fig.1, and under the framework of the critical
state theory and the formulation introduced in Section I
of this manuscript, the Gurevich approach, Eq. 5 under-
estimates the actual contribution of the inductive losses
due to the motion of local lines of transport current, as
consequence of the magnetic pressure exerted by the AC
field, particularly when ba < i†a (see Fig. 4).

IV. CONCLUDING REMARKS

For concluding this study, we would like to remind that



8

the common interest of studying rounded SC wires, lies
on the fact that exact analytical approaches can be found
for the calculation of AC losses when isolated excitations
are considered, Itr(t) or B0y(t), both serving as a bench-
mark for the estimation of the energy losses in practical
applications. In fact, it is common to assume that the
heat release by a SC wire under both excitations, Itr
and B0y, can be estimated by the linear sum between
their individual contributions [16, 40–43], at least for
cases with low values of magnetic field and high trans-
port current or vice versa [16, 44–46]. However, it has
been already demonstrated in Ref. 14 that a significant
underestimation of the actual AC losses of the system can
be obtained if conveniently, existing semi-analytical ap-
proaches are invoked when both electromagnetic sources
are in AC regime. Thus, we have shown that the AC
losses of a DC rounded SC wire, either premagnetized or
not, but subjected to an oscillating transverse magnetic
field, cannot be accurately predicted by the well known
semi-analytical approaches of Gurevich et al. [30], under
all possible combinations of magnetic field and transport
current. Thus, in this paper we have demonstrated that
for high values of magnetic field Ba ≥ BP /2 = 4, in units
of (µ0/4π)JcR, the attained values of the AC losses are
nearly the same than those obtained in Ref. 14 for the
case of AC field and AC transport current, as well as with
the semi-analytical approach introduced by Gurevich et
al. through Eq. 5. Nevertheless, for low values of mag-
netic field Ba < BP /2, the semi-analytical approach is
proven to underestimate the actual contribution of the in-
ductive losses due to the motion of local lines of transport

current, particularly when ba < i†a, with i†a = 1 − i2/3
a .

A further remarkable feature can be observed in Fig. 4,

as regardless of the type of Itr considered, either DC or
AC, when the SC wire is subjected to a transverse AC
magnetic field, the resulting AC losses are nearly equal
as long as the condition i∗a = 1 − ia ≤ ba is satisfied,
therefore defining the limit from which the technological
advantages of using SC wires for DC applications sharing
the right of way with AC lines, competes with the case
of using the SC wire for the transmission of AC current.
Finally, it is worth mentioning that despite the theoret-
ical soundness of our results, an experimental prove of
the usefulness or viability of the predicted macroscopic
Boolean states in the magnetic moment of DC supercon-
ducting wires is still to be confirmed. However, our study
hopes to motivate groups of experimentalist to demon-
strate the applicability of our results beyond the theo-
retical limits imposed by the 2D geometry of our case of
study, and the implications of the critical state approach.
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and F. Gömöry, IEEE Transactions on Applied Super-
conductivity 24, 78 (2014).

https://www.westernpowerinnovation.co.uk/Document-library/2016/Superconducting-Cables-Network-Feasibility-Study_W.aspx
https://www.westernpowerinnovation.co.uk/Document-library/2016/Superconducting-Cables-Network-Feasibility-Study_W.aspx
http://dx.doi.org/ https://doi.org/10.1016/j.rser.2015.10.041
http://dx.doi.org/ https://doi.org/10.1016/j.rser.2015.10.041
http://stacks.iop.org/0953-2048/30/i=2/a=025010
http://stacks.iop.org/0953-2048/30/i=2/a=025010
http://dx.doi.org/10.1109/TASC.2014.2387115
http://dx.doi.org/10.1109/TASC.2014.2387115
http://dx.doi.org/10.1103/RevModPhys.36.31
http://dx.doi.org/10.1103/PhysRevB.80.144509
http://dx.doi.org/10.1103/PhysRevB.80.144509
http://stacks.iop.org/0953-2048/23/i=10/a=105007
http://stacks.iop.org/0953-2048/23/i=10/a=105007
http://dx.doi.org/10.1109/TASC.2013.2245504
http://dx.doi.org/10.1109/TASC.2013.2245504
http://dx.doi.org/10.1063/1.4879263
http://dx.doi.org/10.1063/1.4879263
http://stacks.iop.org/0953-2048/30/i=3/a=034005
http://stacks.iop.org/0953-2048/30/i=3/a=034005
http://stacks.iop.org/0953-2048/30/i=9/a=094006
http://stacks.iop.org/0953-2048/30/i=9/a=094006
http://stacks.iop.org/0953-2048/28/i=2/a=025012
http://stacks.iop.org/0953-2048/28/i=2/a=025012
http://stacks.iop.org/0953-2048/19/i=4/a=024
http://stacks.iop.org/0953-2048/19/i=4/a=024
http://dx.doi.org/10.1063/1.3693614
http://dx.doi.org/10.1063/1.3693614
http://dx.doi.org/10.1063/1.4804931
http://dx.doi.org/10.1063/1.4804931
http://dx.doi.org/10.1109/TASC.2010.2088099
http://dx.doi.org/10.1109/TASC.2010.2088099
http://dx.doi.org/ 10.1109/TASC.2013.2259827
http://dx.doi.org/ 10.1109/TASC.2013.2259827


9

[18] A. Stenvall, V. Lahtinen, and M. Lyly, Superconductor
Science and Technology 27, 104004 (2014).

[19] J. Borwein and A. Lewis, Convex Analysis and Nonlin-
ear Optimization, theory and examples (Springer-Verlag,
New York, 2006) p. 316.

[20] A. J. Kurdila and M. Zabarankin, Convex Functional
Analysis (Birkhauser Verlag, 2005) p. 238.

[21] Y. Zhu and A. Cangellaris, Multigrid finite element
methods for electromagnetic field modeling (Wiley-IEEE,
2006) p. 408.

[22] A. Conn, G. Gould, and P. Toint, Lancelot: A Fortran
Package for Large-Scale Nonlinear Optimization (Release
A) (Springer-Verlag Berlin Heidelberg, 1992) p. 332.

[23] A. R. Conn, N. I. M. Gould, and P. Toint, SIAM Journal
on Numerical Analysis 28, 545 (1991).

[24] F. Gömöry, R. Tebano, A. Sanchez, E. Pardo, C. Navau,
I. Husek, F. Strycek, and P. Kovac, Superconductor Sci-
ence and Technology 15, 1311 (2002).

[25] F. Sirois and F. Grilli, Superconductor Science and Tech-
nology 28, 043002 (2015).

[26] A. M. Campbell, Superconductor Science and Technology
22, 034005 (2009).
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