
THE PROPERTIES OF RANDOM SURFACES 
OF SIGNIFICANCE IN THEIR CONTACT

by

D. J. Wliitehouse

Thesis submitted to the University of Leicester 
for the degree of Doctor of Philosophy

February 1971



UMI Number: U377133

All rights reserved

INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,

a note will indicate the deletion.

Disscrrlation Publishing

UMI U377133
Published by ProQuest LLC 2015. Copyright in the Dissertation held by the Author.

Microform Edition © ProQuest LLC.
All rights reserved. This work is protected against 

unauthorized copying under Title 17, United States Code.

ProQuest LLC 
789 East Eisenhower Parkway 

P.O. Box 1346 
Ann Arbor, Ml 48106-1346





ABSTRACT

In modern engineering there is an urgent need for a deeper 
understanding of the nature of surface texture and its influence 
upon the functioning of the element of which it forms a part.
Of particular importance, in this connection, is the behaviour of 
surfaces in stationary and sliding contact. Investigations of 
the contact of surfaces, on the one hand, and the evolution of 
methods of surface specification and characterisation, on the 
other, have developed more or less independently. This thesis 
attempts to bridge the gap between these two areas of study.

The main emphasis of the work has been upon random surfaces 
which are produced by a significant proportion of modern 
manufacturing methods. The theories used have been drawn from 
those employed in the study of other types of random processes.
Both these theories, and the experimental evidence used to support 
them have been usually presented in digital form; therefore some 
emphasis has been placed upon the problems involved in the analysis 
of data presented in this form.

The theoretical analysis is concerned with the representation 
of a surface profile as a random signal and the significance of this 
for the properties of surfaces of significance in their contact.
This then allows the development of a theory of the movement of a 
second body over such a random profile. The friction and wear of 
random surfaces is tackled through the analysis of results obtained 
from well instrumented experiments; this suggests that a stochastic 
approach to the tribology of random surfaces is well justified.



Finally an attempt has been made to provide a broad fundamental 
analysis of the generation of such surfaces. In this way it is 
hoped that the work provides a basis for the classification or the 
typology of surfaces in terms both of their functional behaviour 
and of the relationship of this to the details of their generation.
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NOMENCLATURE

real area of contact

a elastic radius of contacte
a plastic radius of contactP

B ratio of wavelengths having unit to
zero transmission

BR bearing ratio

C curvature in terms of ordinate differences

C contact

C(3) autocorrelation function at 3

C(x) contact variation with distance x

c. ordinates of circle1

E" elastic modulus-composite

F tangential force

F(h) probability distribution function at height h 

2(w) Fourier transform

f(h) probability density function at height h 

f frequency

g(t) filtered output

H hardness

H(co) frequency characteristics of filter



XI

h(t) impulse response of filter 

h(t) high-pass filter impulse response 

ĥ (t) low-pass filter impulse response 

h height value not normalised

i count number for ordinates

j count number for ordinates

K ratio of ordinates to summits 

envelope constant 

k height measure used in contact phenomena 

k factor of asperity shape

L length of surface 

Z ordinate spacing in distance

M ratio L/2.33*

M(x) frictional force due to contacts in plastic zone

the n^^ mean line point

m slope of flanks in terms of ordinate differences

N ratio of peaks to ordinates and number
or ordinates

n average number of crossovers

P(w) power spectrum

q resolution limit of measured data



Xll

R radius of circular part

R^ average arithmetic departure from the reference

RMS RMS departure from the reference

R^ average peak height from envelope to mean line

RN. the i^^ random number1
RC time constant of filter

R reaction caused by load W

R(w) real component of H(w)

r resistivity at a peak

S summit point

S(3) structure function at 3

^ shear

S„ sum of N distances measured in Poisson testN
S distance between apex of peaks and central ordinate

S(x) tangential force-displacement curve

T ordinate interval in time

t time

t^ co-ordinate of weighting function axis of symmetry

U(x) Heaviside step function

U. distance of i^^ peak from arbitrary position 
on chart

Vjj horizontal magnification 

vertical magnification



Xlll

w load 

W(3) lag window

W critical load c

X(w) imaginary component of H(w)

X distance along profile chart

Y uniaxial stressa
Y^ profile point

y vertical distance (normalised) on profile chart

y '  first derivative

y "  second derivative

Yg gap between bodies

y , modal value of distribution•̂ mod
stylus behaviour 

Z(x) impulse train in space

a non-dimensional distance measurement as fraction 
of low cut-off value

digital filter input weighting factors 

a normalised equivalent of t^

3 lag

3̂  digital filter output weighting factors

3 normalised lag 3/L

6 impulse response

0 local slope of surface



XIV

X meter cut-off value

RMS wavelength

X Poisson density unit events
P
X̂  Poisson density profile edges

2  adhesive coefficient of friction

y effective coefficient of frictioneff
Vp tracking speed of pick-up

V Poisson’s ratio

p correlation coefficient

a standard deviation

T dummy time variable

(|> phase angle of filter characteristics

plasticity index 

w angular frequency

mean square angular frequency 

(Ü compliance

Suffix nomenclature

none indicates profile property

superscript * indicates peak property
. _ osuperscript summit

superscript • valley

subscript q contact behaviour in general

subscript ^ envelope property

subscript g gap property

subscript g stylus property



1. INTRODUCTION

For many years surface finish has been recognised as an 

important part of manufacturing technology. The recognition of this 

importance has resulted in more complex methods of its measurement. 

Stylus tracer instruments have played a major role in this 

development. In very recent times an additional advantage of 

these instruments has been that the output, being in an electrical 

form, can easily be transformed into digital form for 

subsequent analysis. In this way, analysis of surface topography 

has reached a new level of sophistication requiring considerable 

skill in digital as well as analogue techniques. At the same time 

there has been only limited development of ideas about the way in 

which surface topography influences the functional behaviour of 

surfaces in engineering practice. A major role of surfaces of 

functional significance is their behaviour in situations involving 

contact and rubbing. Moreover, with only one or two exceptions, 

models used in the analysis of the contact and rubbing of 

surfaces have been very theoretical and have not been directly 

related to the knowledge provided by stylus instruments and the 

detailed analysis of their outputs which is now possible. This 

thesis tries to tackle this central question by relating 

characteristics of surfaces known to be of significance in their 

contact to digital analysis of the output of stylus instruments. 

Because the field is so large attention has been limited to 

properties related to surface contact and only surfaces having 

random characteristics have been considered. This means that 

surfaces prepared by mechanical methods involving the random 

contact of cutting elements (grinding, grit blasting, etc.) are



the type of surfaces to which this work will apply.

Chapter 2 reviews, briefly, the background and literature of 

this chosen field of study and a more detailed published review by 

the author is provided in Appendix 1, Chapter 3 describes the 

techniques used in the later work; in particular, it outlines the 

methods used to analyse surface profiles (or other waveforms) when 

presented in digital form.

A major part of this thesis is concerned with a model in which 

a surface profile is presented as a random signal with a Gaussian 

distribution of heights and an exponential autocorrelation function. 

Chapter 4 provides an analysis of this model and its significance 

for surface contact. This theory is then compared with the results 

of a similar analysis of the profiles of a ground surface and the 

consequences of this comparison for the development of methods of 

characterising surfaces are discussed.

Chapter 5 provides a theoretical analysis of the movement of 

a second body over the surface of a body having a random profile, 

without any deformation of either. The more complex question of 

the consequences of rubbing surfaces under load has been studied 

experimentally and the results of this work are reported in 

Chapter 6; the extent to which these observations can be treated 

by the same form of analysis is discussed. In Chapter 7 the 

generation of random surfaces by mechanical methods is considered; 

the major object is to explore (in an elementary, but fundamental 

manner) the extent to which the observed characteristics of



profiles of random surfaces might be expected on theoretical 

grounds. Finally Chapter 8 draws some broad conclusions from the 

work described in the thesis and outlines the directions in which 

the subject may develop.



2. SURFACE TOPOGRAPHY AND SURFACE CONTACT

2.1 Introduction

Surfaces are becoming more and more important. The 

requirements of modern technology are placing an ever-increasing 

burden upon the surface and the surface layers of components. This 

calls for a greater understanding of the nature of surfaces, of 

their measurement and classification, of their features and of their 

control in manufacture. In order to be able to decide on these 

properties, both physical and topographic, which are most likely to 

be of use in controlling manufacture and predicting functional 

behaviour it is necessary to examine in detail some of the 

various functions to which surfaces are required to perform.

A comprehensive review of the subject covering the most 

important aspects of this problem from function through to 

geometrical classification is given in Appendix 1. This chapter 

will select, for brief discussion, those aspects of particular 

significance for the work described in this thesis.

2.2 Surface contact

In order to be able to understand the behaviour of surfaces 

in friction and wear a consideration of the mechanism of solid 

contact is essential. The nature of the contact either dry or 

through lubricant films, together with the physical properties of 

the materials, will determine, to a large extent, the performance 

of the surface; for example its suceptibility to damage in sliding 

contact or its ability to run-in.



Theories of surface contact are derived mainly from the 

equations for a single contact region usually represented by the 

contact between a smooth sphere and a flat surface. At light 

loads there is elastic deformation of the two bodies. If the 

radius of the sphere is R, the load W, E^ and v^, are the 

values of Young's modulus and Poisson's ratio for the two materials 

respectively then using the Hertz equations the radius a^ of the

area of contact is given by

ae
q 1-v^ 1-v^
I  -

nl/2
(2-1)

which reduces to

= 1.11 . (2-2)

when E^ = E^ and = Vg = 0.3

At very heavy loads the size of the contact region is

dominated by the plastic behaviour of the material and for

circular contact area the radius of the contact area is given by

a ; where P

TT a^ H = W P

TJ 1/2
or 3p = (— ) (2-3)

where H is the flow pressure or hardness of the softer of the two 

materials.



The load at which plastic flow first occurs can be derived

using the equations for an elastic contact. At this load the

maximum shear stress just reaches a value of Y /2 where Y is thea a
yield stress in uni-axial mode. Then using the relation

H = 2.7Y^ (2-4)

the load at which the onset of plastic flow occurs can be 

calculated.

A measure of the load at which the transition from elastic to

plastic deformation occurs is that value such that a = a .p e
Equating these from equations (2-2) and (2-3) gives

r 2h 3
W = 55 (2-5)C

Then, to a reasonable approximation, the following conditions apply,

Fully elastic conditions occur at loads < W^/15 and the first

plastic flow occurs at this load. Fully plastic conditions occur 
W

at loads > 40 -j-. In between there is a transition region between 

the onset of plastic flow and complete plastic flow.

Theories of surface contact are concerned with the behaviour 

of individual contacts and with the subdivision of the total real 

area of contact into multiple contacts which occurs when rough 

surfaces are used. Much of the earlier work on surface contact 

Holm (1958), Bowden and Tabor (1954) and Merchant (1940) was aimed 

at producing a rational explanation of Amontons’ Laws of Friction 

(Amontons 1699) which are that the frictional force is



(a) proportional to the load, and (b) independent of the area of 

contact. The first important point realised was that the real area 

of contact is much smaller than the apparent area calculated from 

the dimensions of the parts. This together with the formulation of 

the adhesion theory of friction enabled the laws to be explained. 

The important assumption was made that the real area of contact 

arose from plastic deformation of asperities under the load W.

The area of contact A would then be equal to ^ where H is the 

hardness of the softer material. The adhesion theory of friction 

also assumes that the frictional force arises from the force 

required to shear the junctions at this real area of contact.

Hence the frictional force is proportional to real area of contact, 

which in turn is proportional to the load. This theory did not 

attach much importance to the surface finish because it plays 

no part in determining the severity of the contact conditions, 

but Archard (1957) pointed out that although plastic flow could be 

expected to occur on the first few passes of two contacting parts 

in relative motion it would not continue indefinitely, some 

equilibrium state would occur when the asperities could support 

the load elastically. He then went on to show that Amontons'

Laws could be explained using elastic deformation theory 

providing the average contact size remaind constant with load.

This was a direct result of having an increase in the number of 

contacts with load, a point which required more than one scale of 

size of asperity on the surface.



In order to decide which of these two deformation modes, 

elastic or plastic, occurs in practice, it is necessary to 

consider the nature of the surface geometry.

2.3 Surface topography and its measurement

In this section we will be concerned only with the geometrical 

properties of the surface - some other properties which are 

significant in the functional behaviour are discussed in Appendix 1

The physical size of the marks left on the part by the 

manufacturing process is very small. Four orders of magnitude in 

the size of the roughness values exist, ranging from 0.1 ym for 

polishing, to almost 1 mm for shaping; a typical size would be 

about 5 ym for turning. In the horizontal spacings the range is 

about three orders of magnitude from a few millimetres down to 

a micrometre or thereabouts; as above, a typical value is about 

20 ym for a turned surface. These small sizes and wide range of 

values make assessment of the surface geometry difficult by eye 

or thumbnail consequently a wide variety of instrumental methods 

have been devised to more accurately assess the surface geometry. 

These range from optical, pneumatic and capacitative techniques, 

for example, to the commonly used stylus tracer instruments.

The optical methods usually used are either based on a 

microscope (Martin 1967) or an interferometer (Tolansky 1970) or 

both. Normal viewing under a microscope gives information over 

an area; the only information in the vertical plane is obtained



by use of the focusing mechanism or by the use of oblique lighting 

which causes shadows on the surface from which estimates of height 

can be made.

Vertical information of high accuracy can be obtained at the 

expense of some loss of area information by the use of interferometry; 

_this usually involves the positioning of a reference plate on top 

of the surface either parallel to, or at an angle to, the general 

direction of the surface. Contour lines of the surface are 

produced by this means. Another technique due to Linnik enables a 

greater numerical aperture of the fringe viewing optics and hence 

better resolution to be obtained by positioning the reference flat 

in a remote place away from the surface. (Reason 19 69). Better 

results can also be obtained by use of multiple beam interference 

(Tolansky 1970) in which both the surface and master plate are 

coated. Other techniques such as Nomarski interference contrast 

and phase contrast can be used to advantage on smooth surfaces.

In recent times the assessment of the surface geometry using 

goniophotometric techniques has been gaining popularity. (See 

Bennett and Porteus 1961, Davies 1954 and Reneau and Collinson 

1965).

However, although these latter methods can be made to give 

satisfactory results for some surfaces they have, as yet, been 

impossible to make universally useful for the assessment of the 

surface texture. The other more conventional optical techniques, 

although useful, have not found extensive use in workshops because
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of the difficulty in getting, cheaply, a number as the output 

which relates directly to the surface finish.

Pneumatic and capacitative techniques have been used over 

a number of years but they have found little general use. In 

pneumatics, for instance, the sensitivity is inadequate for many 

uses whereas in capacitative techniques, where the capacitance 

between a reference plate and the surface is measured in order to 

assess the surface roughness, one of the difficulties is found in 

measuring any surface other than those having a flat shape; a 

different shaped reference capacitor plate being required for each 

shape of surface.

It is, however, stylus instruments which have become the most 

widely used for the assessment of surface texture. This is because 

of their ease of use, and convenient and unambiguous output.

(See Reason et al 1944 and Reason 1956)). In fact, in recent years, 

the use of the stylus instrument .as a research as well as an 

inspection tool has been increasing mainly because of the advent 

of digital techniques (Reason 1964(a). Consequently this thesis will 

be concerned only with the results obtained from stylus instruments 

and in particular those results obtained using digital techniques.

One of the features that has emerged in the investigation of 

surface geometry using stylus instruments and digital methods has 

been the importance of analysing good quality data in the computer. 

Before any useful comparison of results can take place the quality 

of the data used must be assured. The author has been very aware
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of this point and has taken steps to ensure the quality of the 

input data to the computer. This has taken two forms. First, a 

method has been devised in which the shape of the stylus itself 

can be accurately assessed (Jungles and Whitehouse 1970). Second, 

is the processing of the digital data prior to analysis in the 

computer. In particular, a digital filter has been devised which 

has optimum attenuation and phase characteristics and which allows 

the removal, from the digital data, of the extraneous long wavelength 

components often met with in surface profiles (Whitehouse 1968).

These techniques are dealt with in Chapter 3.

One of the main interests in surface finish research at the 

present time is that of trying to develop a typology of the surface 

geometry so that a completely adequate classification of the surface 

can be made without resorting to the existing technique of 

specifying the value together with a statement of the 

manufacturing process. This existing technique, although very 

useful, is becoming increasingly unsatisfactory in some respects 

because (a) it cannot adequately predict the behaviour of the surface 

in some of the more stringent modern engineering functions, and

(b) it can prove restricting to the production engineer who wants 

complete freedom in the choice of manufacturing process. Before 

discussing some of the work that has been done on topographic 

typology it is proposed first to consider some of the fundamentals 

which must be involved; because any discussion of typology 

naturally leads to statistics we will examine initially some of the 

statistical considerations.
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Surfaces can be random or deterministic or, more usually, 

a mixture of both. For a complete specification of a general 

random process, high order joint probability density functions are 

needed (Bendat 1958). However, in practice a second order joint 

probability density function will suffice. From this both the 

ordinate height distribution and the autocorrelation function, 

and hence the power spectrum, can be found. Because the second 

order probability density function is, in general, not known, the 

autocorrelation function and the ordinate height distribution can be 

conveniently used to define the statistics of the profile. In the many 

practical instances where the statistics of the process is Gaussian, 

or thereabouts, then the normalised autocorrelation function and 

the RMS (or average value R^) completely define the profile. One 

of the main reasons why these are a good basis for considerations 

of typology is that the autocorrelation function has the useful 

property of being able to separate the random from the periodic 

components of a waveform. Such has been the usefulness of these 

statistical parameters that they have been used in many different 

fields.

One practical point about any typology is that the parameters 

used should, from an instrumental point of view, be kept simple and 

cheap. Furthermore for a parameter to be useful in typology it 

must be at one and the same time both discriminatory to distinguish 

between one surface and another while being reliable enough not to 

produce wildly varying values over the same surface. Another point 

which tends to be neglected is that a typology should be capable of



13

taking into account not only the overall statistics of the surface 

but also statistically unpredictable freak events. This is one 

region where correlation techniques are of little use. Such behaviour 

is difficult to predict even using statistics (Gumbel 1959).

Turning back to the statistical aspects most of the present- 

day parameters of surface geometry are basically estimates either 

of the height distribution or of the autocorrelation or mixtures of 

the two. The importance of the ordinate height probability density 

function in surface metrology was first realised by Abbott and 

Firestone (19.33) who proposed the use of a curve showing how the 

ratio of metal to air changed with the height of a hypothetical 

flat plate lapping away the surface from the highest peak to the 

lowest valley. This curve is generally referred to as the bearing 

area (or ratio) curve; it is in fact one minus the ordinate height 

distribution function. Pesante (1963) proposed a classification 

according to the shape of the ordinate height density function.

He found it more useful than the bearing area curve because it was 

more discriminating. Reason (1964(b)) proposed the use of the 

consolidated bearing area curve together with the high spot count 

to classify the surface, and Ehrenreich (1959) suggested that 

measurement of the slope of the bearing area curve could be useful.

The R^ and RMS values are essentially estimates of the scale 

of size of the ordinate height distribution - as indeed, also, are 

any peak height measure such as the maximum peak-to-valley height.

Some attempt, however, usually has to be made in peak height measures 

to preclude freak events. To this end the Swedish Standard
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considers the difference in height between the 5% and 90% bearing 

area percentages and the British Standard considers the difference 

in height between the five highest peaks and five lowest valleys. 

Other features of the density function can also be considered to 

be useful, especially in demonstrating wear, for instance, the skew. 

Al-Salihi (1967) in fact proposes that in addition to the RMS value 

the third, fourth and higher central moments should be considered. 

Unfortunately these are difficult to measure reliably.

The fundamental reason why the height distribution itself is 

of limited value is that it contains no information about the 

bandwidth of the profile waveform. Before considering methods 

that have been evolved in answering this problem directly we will 

first consider those methods of classification which involve the 

derivatives of the surface profile. Myers (1962) recommended the 

use of the RMS values not just of the profile itself, but the RMS 

values of the profile slope and second derivative, together with a 

directional parameter. Other investigators have proposed the use of 

either one or more of the derivative parameters. Peklenik (1963) 

considered the value of the standard deviation of the slope as a 

convenient estimate of the autocorrelation function. The use of 

the distribution of the slope has been reported by others 

including Kubo (1965), Nara (1962). Nara suggested that the R^ 

value and the mean slope value could be used for specifying a 

surface on a two-dimensional graph. He maintained that by doing 

this he could estimate both the drop-off of the autocorrelation 

function and the high spot density.
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One of the important practical points concerning the use of 

these highly discriminating parameters like slope or curvature 

measurement is that they tend, by their very nature, to reduce 

the effective signal to noise ratio, i.e. extraneous short 

wavelength noise tends to get amplified. One way out of this 

problem is to introduce a short wavelength filter. This will be 

mentioned later on concerning the work of Spragg and Whitehouse 

(1971).

Many people have pointed out that there is a functional need 

for a spacing type of parameter, for instance in the sheet steel 

industry (Butler and Pope 1968). Some examples of parameters that 

have been used are the number of crossings at a given height

(Reason, 1964(b), Pesante 1963, Peklenik 1963). The number of peaks

in a given length has also been used. Sometimes, for example, in 

the American sheet steel industry, the definition of a peak is 

different from the normal one; they insist on the valley following 

the peak being more than a fixed distance below. A more recent 

measure is the average wavelength introduced by Spragg and 

Whitehouse (1971) which takes into account the size of all the 

harmonics as well as the dominant spacing.

Any classification must be a condensation of information.

Of all the thousands of bits of information contained in a typical 

waveform only a few are going to be needed for any given function. 

(Ultimately we require one piece of information - the answer to

the question "Will it perform satisfactorily?". but this begs

the question of where this information is to be found). This is
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where the autocorrelation function is useful because it represents 

a useful condensation of the information in the waveform.

Wormersley and Hopkins (1945) were the first to put forward 

effectively the autocorrelation function (in a time series form) 

as a useful measure of surface texture followed by Linnik (1954) and 

Nakamura (1960). However, it was Peklenik (1967) who proposed the 

further condensation of the autocorrelation into groups suitable 

for use as a classification system. He proposed classifying the 

autocorrelation function to decide into which group it best 

fitted. The surface was then typified by the number of the group. 

Thus he was able to present surfaces made by different processes 

on a typographic scale which comprises:

Group 1 - Cosine or steady valued.

Group 2 - Exponential decay plus cosine.

Group 3 - Exponential decay modulating a cosine.

Group 4 - Complex combination of groups 2 and 3.

Group 5 - Exponential decay.

In this classification, Group 5, for instance, (first order 

random surface ) is typical of grinding honing etc., whereas 

Group 3 (second order random surface) together with Group 2 are 

more typical of single-point cutting processes like shaping, 

turning etc. Group 1 is purely deterministic and does not occur 

on practical surfaces.

As a further subdivision of each group, Peklenik (1967) 

introduces the correlation length and the correlation period; the
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former measuring the rate of decay of the autocorrelation function 

and the latter measuring the spacing of the dominant periodicity. 

Although this classification system is a major step forward in 

the specification of surface texture it has certain difficulties in 

its application. These, and some proposed amendments to include 

the classification of the ordinate height distribution are discussed 

in Appendix 1 (Whitehouse 1970). The extension of surface assessment 

to three dimensions by Peklenik and Kubo (1968), McAdams ct al 

(1968), and others is also discussed in Appendix 1.

2.4 Surface topography and surface contact

From what has been said in Sections 2.2 and 2.3 it is clear 

that a great deal of time and effort by researchers has been put 

into the fields of surface contact and surface topography. In the 

field of surface topography, progress has been particularly rapid 

over the past few years. However, these two fields have developed 

practically in isolation. The result is that many questions are 

still left unsolved; in particular the influence of surface finish 

upon behaviour involving contact, such as wear and friction, still 

remains largely unknown. An important example is in determining 

the mode of the deformation that occurs under different conditions 

when two bodies are contacted. It used to be thought (Bowden and 

Tabor 1954) that the asperities were always plastically deformed 

upon compression. More recently it has been recognised that 

surface contact must often involve an appreciable proportion of 

asperity contacts under which the deformation is partially or
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completely elastic (Archard.1957); consequently, the surface 

finish must play a large part in determining the proportion of 

elastic and plastic deformation. The great need at present, 

therefore, is the bringing together of the theories of contact with 

the characteristics of surfaces as determined by surface metrology.

One of the few, and perhaps most successful, attempts to bring 

these disciplines together has been by Greenwood and Williamson 

(1966) . They assume that the surface is made up of a Gaussian 

distribution of asperities of standard deviation a* and that upon 

contact, say with a flat plate, only the upper tips of the 

asperities actually make contact. They assume that all asperities 

have a radius of curvature R at the tip. They assessed the proba­

bility of plastic deformation of the asperities using this model.

In fact there is always a finite chance of plastic flow using 

this model; however, one important conclusion that Greenwood and 

Williamson came to is that the probability of plastic flow depended 

very little on the actual load but is critically dependent upon a 

plasticity index given by

where is the composite Young's Modulus and H is the hardness. 

Unfortunately although this equation represents a considerable 

advance, their theory has its limitations. They do not take account 

of the existence upon surfaces of superposed asperities of 

differing scales of size. Also the plasticity index assumes that 

the deformation of each of the asperities is independent, consequently
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the plasticity index has significance only if it is applied to 

the main long wavelength structure of the surface. Also the theory 

does not take account of the distribution of peak curvatures always 

found on surfaces. One final important point is that their theory 

only relates contact phenomena to peak characteristics and not the 

characteristics of the profile waveform used in practice to assess 

the surface texture. The need, therefore, is for further steps to 

complete the bridging of the gap between contact theory and modern 

methods of measuring and classifying surface texture.
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3. TECHNIQUES

3.1 Introduction

A large part of this thesis is concerned with information 

derived from Talysurf profilometer instruments presented in digital 

form. The significance of this technique in the development of 

the subject has been already discussed in Chapter 2 and 

Appendix 1. Broadly speaking its advantages lie in the range of 

processing operations which become available when data are 

available in digital form; these operations are possible because 

of the availability of fast digital computers. For these same 

reasons similar techniques have been used in the present work for 

the analysis of experimental data presented in Chapter 6. The 

•experimental data include values of the frictional force and the 

displacement of one body when it moves over another (which we 

shall describe as the "ride"), as well as the surface profiles of 

the rubbing bodies. These measurements, and the details of the 

apparatus used, will be described at the appropriate point in 

Chapter 6. However, at this stage it is relevant to explain that, 

for obvious reasons of convenience, these measurements have been 

made using a Talysurf stylus and its associated circuits as a 

displacement transducer. In this way the whole range of 

experimental data presented in this thesis (and not merely the 

surface profiles) has been presented in the same digital form 

for subsequent analysis.

To allow the description of the later work to proceed without 

interruption, this chapter contains a description of the techniques 

used to transform the instrument output into digital form suitable



Figure 3-1. Talysurf Pick-up showing 
Datum Attachment.
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for use with the computer. The computer techniques used in the 

analysis of this data are then discussed. Because of the number 

of different programs used in this work this discussion of 

computer analysis has been, necessarily, confined to the broad 

principles involved. However, as an example, one program has 

been selected for more detailed explanation. Most of these

techniques of analysis are also applicable to the results obtained

in Chapter 7; here surface profiles, in digital form, are 

obtained from simulation of the mechanism of generation instead of

from the output of the Talysurf instrument.

To set this work in its proper context, this chapter opens 

with a brief discussion of the Talysurf instrument and its 

successor the Talystep, which has the potential for development 

as a high resolution profilometer. The question of instrument 

resolution has played an important role in the work described in 

Chapter 4 in which divergence between the theoretical model and 

the experimental measurements may be in part attributable to 

stylus resolution. The stylus shape plays an important role in 

instrument resolution. For this reason, the author has been 

involved in some detailed examination of the shape of styli used 

in profilometry and their method of manufacture. A brief account 

of this work is included in this chapter.

3.2 Stylus Instruments

The basic instrument used in this work has been the 

Talysurf 4 which is a stylus tracer instrument used extensively
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in industry for the measurement of surface texture. In the 

operation of this instrument a sharp stylus is tracked slowly 

across the machined surface. The up and down movements of the 

stylus are amplified and registered on a meter and a recorder.

The stylus is usually a diamond pyramid typically of tip dimension

2.5 ym in the direction of traverse. The pick-up element upon 

which the tip is fixed is constrained to have only one degree of 

freedom and as a result of this the up and down movements which 

are communicated to it by the stylus represent an accurate 

geometrical representation of the surface itself in the one track 

over which the stylus is passing. (Detailed descriptions of the 

electronics are contained in the handbook). It must suffice here 

to say that the instrument transducer is of the inductive type. In 

this an armature which is connected to the pick-up element moves 

within a coil according to the movement of the stylus. The coil 

itself is part of a bridge circuit being fed from a 10 kHz carrier 

signal. The changes in the position of the armature cause 

different inductance in the two halves of the coil which has the 

effect of converting the stylus, and hence armature movement, into 

an amplitude modulated voltage which can then be processed by 

filters and other appropriate circuits. An essential feature of 

the mechanical principle is that the surface roughness is measured 

relative to a straight smooth optical flat which is supported 

above the stylus, figure 3-1. It is the movement of the stylus 

relative to this optical flat which constitutes the measured 

surface roughness. For convenience a crude datum called a skid, or 

alternatively a shoe, can sometimes be used. These take the form
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of a blunt foot which rests on the surface and to which the body of 

the pick-up is attached. The mechanical reference relative to which 

the stylus movement is measured is then taken as the difference 

between the skid vertical position and the stylus. Upon being 

moved, because the stylus is so very much sharper than the skid, 

an approximate profile waveform is generated. This technique was 

not used during these experiments.

The Talystep, figure 3-2, is another type of stylus tracer 

instrument. It works on a principle which is basically the same 

as that of the Talysurf. However, there are important differences, 

mainly mechanical. First and foremost is that the stylus load, 

instead of being 100 mg as in Talysurf, can be varied and reduced 

down to loadings as low as 0.5 mg - a feature which makes possible 

the use of very sharp styli. Also the maximum magnifications 

obtainable are different from that of a Talysurf. Instead of a 

10^ top vertical magnification, for the Talystep it is 10"; 

horizontally it is 2000 instead of 500. The Talystep, however, has 

a much shorter traverse length.

The two greatest advantages of these tracer instruments are 

(a) that the output is in the form of an electrical signal which 

can easily be processed, and (b) that they are very convenient and 

easy to use.
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3.3 Measurement of stylus shape

3.3.1 The significance of stylus shape

For most practical applications of tracer type instruments 

the fact that the finite size of the tip of the stylus must filter 

out some of the short wavelengths on the surface is not important. 

Neither is it important that the minute structure and shape of the 

tip itself are not precisely known. However, in some cases where 

ultra-fine surface finish is being measured or detailed 

investigation of the fine structure on surfaces is being carried 

out then it becomes not only essential to use a much sharper stylus, 

it also becomes very important that the geometry of the tip is 

known. To use a very sharp tip of the order of 0.1 ym dimension 

is not practical for two reasons. First, the loading of the stylus 

taken with the smaller tip would take the pressures at the tip well 

behind the yield point of most metals. Second, the relatively 

coarse movement of the Talysurf would not be conducive to the 

maintenance of the fragile tip. However, use of the Talystep, is 

practical and, for the purpose of the investigation described in 

Chapter 4, is an admirably suitable instrument. Use of such small 

styli not only gives instrumental problems it also highlights the 

problem of the measurement of the tip geometry. Obviously the 

first technique that comes to mind is that using optics.

3.3.2 Optical Microscopy

For many years the nominal tip dimension used in conventional 

stylus tracer instruments have been of the order of 2.5 ym for
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Figure 3-3. Optical methods of stylus measurement.
(a) 2.5 ym stylus using normal bright field.
(b) Stylus as in (a) but using phase contrast.
(c) Stylus as in (a) but using Nomarski Interference.
(d) Sharp chisel stylus using normal bright field.
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normal surface profilometry applications. Dimensions of this size 

can, to some extent, be examined optically. For instance in 

figure 3-3 a diamond tip having the dimension of about 2.5 ym 

square is shown as viewed with the different optical techniques of

(a) normal bright field, (b) phase contrast, and (c) Nomarski 

interference. It will be seen that it is difficult to determine 

the real dimension of the tip itself let alone any fine structure 

that may be present at the tip.

For the work described in Chapter 4 it therefore becomes

necessary to devise a method of measuring the microgeometry of the

stylus tip. Another problem emerged as a result of this exercise

in Chapter 4; this was the manufacture of diamond styli of

extremely small dimension, sufficient for the requirements of the

investigation. In the solution of both of these problems the

author gratefully acknowledges the significant contribution of

Mr. John Jungles of Rank Precision Industries Ltd., Metrology 
Research Laboratory. These details are covered in Sections 3.3.3 to

3.3.5. A published paper on these techniques is included in

Appendix 3 (Jungles and Whitehouse 1970).

3.3.3 Scanning Electron Microscopy

From what has been said concerning the various optical 

techniques and judging from the pictures shown in figure 3-3, it 

would seem natural to apply the scanning electron microscope 

technique to the measurement of the stylus tips. This is because 

of its obvious advantages over light microscopy. These advantages 

are (a) the depth of focus is increased because of the long focus
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Figure 3-4. Scanning electron micrographs of styli.
(a) Sharp chisel stylus.
(b) Stylus as (a) but aluminium deposit.
(c) Gramophone stylus.
(d) Stylus as in (c) but at a higher magnification
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magnetic lens which keeps the beam divergence small, and (b) the 

increase in the useful magnification which is made possible by the 

very small equivalent wavelength of the electron beam.

Unfortunately it was found that the measurement of diamond 

tips by secondary emission techniques was not completely 

satisfactory. An example is shown in figure 3-4(a) which is a 

scanning electron micrograph of the chisel shaped stylus shown in 

figure 3-5(b). It can be seen that although there is a considerable 

improvement it still leaves a lot to be desired. This is due to 

two things, the first being that the diamond is an insulator and 

the second is the extreme nature of the geometrical shape of the 

tip. Secondary emission from an insulator such as diamond can be 

a complex phenomenon because of the absence of free electrons. An 

insulator will not lose energy as in a metal by interaction with 

free electrons in the conduction band. Primary electrons will only 

lose energy by interaction with the valence electrons and, unless 

the insulating object is a thin film on an electrically conducting 

base, a space charge forms in the material. It is possible for an 

insulator to emit more electrons than were introduced giving 

rise to a net change in charge which causes charge to migrate 

towards peaks or other sharp boundaries.

Attempts to reduce this effect by deposition of a thin 

deposit of conductive materials, like aluminium, gold or carbon 

have not much effect as seen in figure 3-4 (b).

Consequently it became clear that although scanning electron
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techniques are suitable - even for diamonds having little extreme 

geometrical shape, as in the gramophone styli, figure 3- 4 (c) 

and (d) it is not really satisfactory for the diamond tips in 

question.

3.3,4 Transmission electron microscopy

In this technique the electron beam is passed directly through 

a replica of the object to be measured. In the case of diamond 

tips this in itself presents problems because any replica must not 

only show the details of the tip clearly but must show enough of 

the overall geometry of the stylus to enable it to be found when 

in the microscope. Usually all sorts of various shapes and 

markings litter the view. Some sort of positive identification is 

essential. For this reason the natural single-stage replication 

materials like gelatine, collodion and formvar and some two-stage 

techniques which utilise wax, gelatine, acetates and metals as 

the first stage failed.

Glass as a first stage replica material was tried. Glasses 

differ in properties from the organic polymers which are usually 

used for replicas in electron microscopy. Whereas the polymers are 

partly crystalline and only to some degree amorphous, glass is 

completely amorphous which means that any replica of the tip is 

likely to be faithful - at least for a limited time. One other 

advantage of glass is the ease with which a second replica of 

carbon can be released from the glass. By these techniques 

the required results were achieved.
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Figure 3-5. Transmission electron micrographs of styli
(a) Stylus shown in Fig. 3-3(a).
(b) Stylus shown in Fig. 3-3(d).
(c) Ultra-sharp stylus.
(d) Stylus as in (c) at a higher

magnification.
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No damage to the tip could be expected through indenting the 

glass because the relative hardness of diamond and glass is about 

the same as for tungsten carbide and zinc, so the tip is most 

unlikely to be damaged. One result which supports this statement 

is that no changes were observed in a succession of replicas taken 

from the same tip.

Practically the procedure was as follows:

A small rig was constructed for use on a standard instrument 

(Talystep) which enabled a known load to be applied while the 

diamond was resting on the glass. A given small force of about 

1 grm was then applied smoothly for about a second. This process 

was repeated many times within a small region. Having such control 

enables many such indentations to be applied in the same way.

Carbon was then deposited onto the indentation from one or two 

directions at right angles up to a thickness of about 0.03 ym to 

give rigidity. This was subsequently shadowed with gold or 

platinum to a depth of about 5 nm. The replica was then floated 

from the glass by immersion in water. The carbon replica had then 

to be removed and placed on a standard electron microscope grid.

The depth of carbon used was necessary to give rigidity. Rigidity 

of the replica was sometimes difficult to maintain as is shown in 

figure 3-5(b) which shows a typical replica fracture.

Typical results are shown in figure 3-5. Picture (a) is 

that of the tip shown in figure 3-3, (a), (b) and (c) showing the 

clear detail. Picture (b) is that of the stylus shown in
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figure 3-3(d), and finally figure 3-5 (c) and (d) are 

micrographs of an ultra sharp stylus.

3.3.5 Manufacture of a stylus for ultra 
high resolution

A previously mentioned a sharp stylus was required for 

testing the limits of the theory in Chapter 4. The stylus that 

was made is shown in figure 3-5(c) and (d). It was made by lightly 

loading an ordinary stylus against a slowly rotating cast iron 

disc charged with one micron diamond paste. Arrangements were made 

so that the diamond could be turned accurately through 90° 

periodically. This method differs from the conventional techniques 

in that it uses much smaller loads and much slower speeds.

Although this results in long periods of polishing, of the order 

of days, the final result justified the delay. Using this 

technique it was also possible to make styli of sharper angle than 

the conventional 90° pyramid but the combination of sharp tip and 

acute angle make it mechanically fragile to use.

3.4 Digital techniques

3.4.1 Analogue/digital conversion

In addition to the basic analogue instrument, the Talysurf 

or Talystep, a data logging system has been used (figure 3-6).

This comprises a Solartron A/D converter and sérialiser which 

intercept the Talysurf or Talystep signal immediately after the 

recorder amplifier. The digital signal is then fed to either a
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Data Dynamics 110, 5-channel paper tape punch, or alternatively 

to a Facit 8-channel paper tape punch. Both of these systems are 

capable of about twenty digital measurements per second. In what 

follows the digital value of a sample of the height of the 

waveform will be referred to as a profile ordinate or simply an 

ordinate. Each ordinate consists of three decimal digits 

together with a fixed character symbolising the end of the 

ordinate (or word).

The Talysurf signal was arranged so that the total width of 

the recorder paper corresponded to 999 units on the paper tape; 

zero being on one edge of the recorder paper rather than in the 

centre. This saves a polarity character.

Every ordinate was represented, therefore, by a number 

between 0 and 999 which saved the use of a character for a decimal 

point. This meant that each measurement of the waveform had a 

resolution of 10 bits; the relative accuracy of successive 

ordinates was therefore 10 binary bits. (This does not mean that 

the waveform itself was accurate to this value - a figure of about 

2% would be realistic.

Digital techniques were preferred over analogue because they 

are (a) intrinsically more accurate, (b) more versatile,

(c) better for storage and display, and (d) quicker and cheaper in 

the long run. These will be explained briefly:
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(a) It is difficult to get analogue instruments 

that operate on the Talysurf electrical waveform 

to better than one percent, as just stated

10 bit accuracy is easily possible digitally.

Other points on this topic will be referred to 

later.

(b) By merely writing a program any parameter of the 

waveform can be measured. This is usually not 

too difficult. It is usually much more difficult 

to do the same things by analogue techniques.

(c) The form in which the data is obtained in the 

digital technique makes it more suitable for 

storage and retrieval than the usual analogue 

techniques. In the system developed here the 

paper tape output was transcribed onto magnetic 

tape. Thus a library of data tapes was built

up which could be called up and operated on very 

quickly.

(d) The ease with which programs can be changed 

saves time and hence money in the long run.

Obviously the digital techniques employed could not enable 

real-time evaluation of parameters to be made. However, the data 

could be collected at the time of the experiment so this was not 

much of a restriction.
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The use of digital techniques also has the advantage that 

programs and data can be exchanged between workers more efficiently 

than is the case with analogue information and instruments. In the 

long run this should result in better correlation between all work 

in the field. However, as the work in Chapter 4 will show, even 

digital techniques can be difficult to handle and understand.

The problems in digital analysis can be summarised as follows :

(a) Acquisition and quality of data.

(b) Pre-processing of data.

(c) Evaluation of parameters.

It is one of the objects of this thesis to obtain suitable 

methods for dealing with the digital data resulting from the 

measurement of surface topography in the most efficient way. Some 

of these points will emerge in the individual chapters. In the 

remaining part of this chapter emphasis will be given to the methods 

that have been adopted to process the data correctly. Also some 

essential detail of the programs that have been written for the 

various chapters will be given although fuller details including 

block diagrams and instructions will be left to Appendix 2.

3.4.2 Acquisition and quality of data

The acquisition of the data has been briefly dealt with in 

Section 3.4.1 where it was explained that punched paper tape was 

taken from the data logger with each ordinate being in the form 

of three decimal digits followed by an end of word character.
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There is no value in trying to get resolution of each measurement 

greater than 10 bits because of the inherent noise level of the 

signal; this is due not necessarily to instrument noise, but to 

environmental mechanical or electrical noise. Where possible noise 

has been reduced by appropriate techniques such as supporting the 

Talysurf on a mechanical shock absorbing table. Unfortunately the 

use of the Datum Attachment on the Talysurf, figure 3-1, although 

removing possible errors due to the skid, makes the instrument 

more sensitive to extraneous mechanical vibration because of the 

increased mechanical loop between the pick-up datum and the 

workpiece. It is therefore necessary to use some care when 

employing the Datum Attachment.

The errors due to the limited resolution (i.e. 10 bits in this 

case) is called quantisation error (Watts 1961). It is not 

important from the point of view of the measurement of averaging

type parameters like RMS or R^, but it can be of importance when

effects due to sampling and the definition of parameters are taken

into account. This will be briefly explained later. For an

RMS evaluation, for example, using Shepards correction if q is 

the resolution limit then the error in RMS is q /Ï2 which is 

negligible in the 10 bit case.

In all this work equi-spaced samples have been taken for ease 

of instrumentation but this is not necessarily the best for any 

application, (Linden 1959). Second order sampling which uses 

overlapping trains of equi-spaced samples can be used in band-pass 

signals with a large reduction in the amount of data over first
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order sampling (equi-spaced data).

However, even the use of equi-spaced data has its problems 

as will be readily seen in Chapter 4 where it is shown that the 

values of many measured parameters depends crucially on the 

sampling interval.

3.4.3 Pre-processing of data; principles

This is one of the most important of the techniques that have 

been developed here to meet the need for getting useful information 

out of surface data. Basically the problem is as follows: The

profile graph emerging from any stylus trace instrument can have 

two sets of extraneous information contained within it, the one 

usually long wavelength, and the other short wavelength. Both 

of these can be troublesome and can give rise to incorrect results. 

The long wavelength errors affect the average type of measurement 

such as autocorrelation, etc., whereas the shorter wavelength 

errors affect the discriminating parameters such as the derivatives 

or curvatures on the surface. It must be conceded that both of 

these types of parameters are of fundamental importance in surface 

topography and are of particular importance in relation to the work 

in this thesis.

The nature of the long wavelength extraneous component is 

usually two-fold; one instrumental and the other natural. The 

long wavelength error introduced instrumentally is caused because 

of the imperfect levelling of the specimen relative to the
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mechanical datum of the instrument. This has the effect of 

producing a ramp-like profile signal on the Talysurf chart. Other 

effects are the general curvature or shape of the surface being 

measured or even the presence of waviness which is due to imperfect 

machining of the surface. Similar effects can occur in the digital 

record of the displacement of one body as it slides over another 

(the ride) because of errors in the friction apparatus.

The short wavelength (or sometimes better expressed as high 

frequency) extraneous components are usually due to electrical 

noise like the mains or vibration due to motors, gearboxes and 

general impulses in the vicinity of the instrument.

In both of these cases, both high and low frequency, some 

form of filtering technique must be adopted and, in general, the 

filtering is best done digitally because the characteristics and 

accuracy can be closely controlled.

Many forms of filtering are possible including the fitting 

of a least squares line or polynomial through the profile. The 

former removes the errors due to instrument but not other errors. 

Least squares polynomials like Legendre polynomials can be used, 

or even Chebychev polynomials which, although not least square, 

do find the minimum divergence between the profile and the 

polynomial. The disadvantages of all these is that some knowledge 

of the polynomial degree of the error must be known otherwise 

distortion can sometimes result. The best method is to use a 

true digital filter which does not require a knowledge of the 

profile. These will be explained in the next subsection.
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A special filter has been devised to be used specifically in 

work on surface topography which can provide a high degree of 

accuracy and realism (Whitehouse 1967). This differs from the 

standard 2-CR filter digital technique derived earlier (Whitehouse 

and Reason 1965).

3.4.4 Pre-processing of data; Digital filtering

In general if y^ is the ordinate of the profile and the 

ordinate spacing is uniform, then if the mean line found by the low 

pass filter is for the value then, in general, (Haykin and 

Carnegie 1970)

1=0 1=1

In other words the output from the filter in digital form 

can be expressed in terms of all other preceding inputs and 

outputs.

If all the 3^’s are zero then

&  = \  “i^N-i (3-2)1=0

where are weighting factors found from the impulse response of 

the desired filter.

Where are not zero then the filter is called recursive or

closed loop. For example, a single-stage digital filter could be 

made by the expression
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&  (3 3)

where the choice of a and 3 determine the position of the low cut 

break point and the gain of the transmission characteristics.

Because the choice of the 3^'s are critical due to the closed 

loop nature of the digital filter the form of equation (3-2) was used,

Consider the standard instrumental method for removing the 

extraneous long wavelength components. This consists of two CR 

filters in cascade. The impulse response h(t) is given by

h(t) = 6 - (2 - t/RC) exp (-t/RC) . 1/RC (3-4)

where 6 is the unit impulse and RC is the time constant which can 

be written in terms of a high and low pass component h(t) and 

h(t) thus

h(t) = 6 - h(t) (3-5)

The true output from the filter g(t) is given by

g(t) =

t

h(t-r) y(x) dx

6(t-x) y(x) dx - h(t-x) y(x) dx (3-6)

= y(t) - m(t) where y(t) is the original profile and 

m(t) is the mean line at t. (3-7)
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Equation 3-7 can be rewritten non-dimensionally in terms of a  

the ratio of distance to the cut-off. Thus

g(a) = y(a) -m(a) (3-8)

here (3-4) becomes h (a) = 6'' - Aexp (-Aa). (2-Aa)
A = X/v_RC where X is the cut-off, vu is the tracking

(3-9)
speed of the pick-up, a - x/a where x is the distance 

along the profile.

Although the standard wavefilter has been useful in practice 

it has certain disadvantages when dealing with research problems 

on surface topography because of the following:

(a) The characteristic is such that the mean line 

is not smooth for high frequency profiles.

(b) The mean line is not flat up to the cut-off 

of the filter.

(c) There can be phase distortion of the filtered 

signal in some cases where the signal is near 

to the filter cut-off.

Because of these disadvantages and because of the research work 

required in this thesis and elsewhere a new filter was devised, 

it is called the phase-corrected filter. Figure 3-7 shows a 

comparison of the amplitude characteristic of the standard filter 

and the phase-corrected filter. A published paper on this work is 

given in Appendix 3 (Whitehouse 1968).
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This phase-corrected filter is developed in the following 

way: No phase distortion of the filtered output implies that all

components of the input waveform, that have not been completely 

rejected, are not shifted relative to each other in their passage 

through the filter. Strictly they should not be shifted in time 

at all. However, this is impossible, because if

H(w) = R(w) + jX(w) (3-10)

is the frequency characteristic of a filter, the phase angle <() is 

given by

<\> = tan'l X(w)/R(w) (3-11)

From which for (|) to be zero X(w) = 0 i.e. H(w) is real.

H(w) can only be real if the impulse response is an even 

function, that is it extends equally on both sides of the time 

origin into both the future and the past which is impossible. 

However by shifting the axis of symmetry of the impulse response 

from the time origin to t = t^ this introduces only a delay into 

the filter (which is equivalent to a linear phase term) and shifts 

all the components relative to each other by an equal amount, 

thus removing phase distortions. There are problems involved in 

having to shift the time origin a sufficient amount but these are 

explained elsewhere (Whitehouse 1968).

Under these conditions and taking the improved characteristics 

into account then equation (3-5) now becomes -
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and

ft
h(t-t^-T) yCx) dx (3-13)

and the normalised impulse response of the desired characteristic.

h(a) = s X a - Z ) i
tt̂ (1~B) (a-a)2

where B is the ratio of wavelengths having unit to zero transmission 

and is equal to 1/3 in the chosen case, a is the normalised 

version of t̂ .

Equation 3-13 which incorporates equation 3-14 is easy to 

evaluate and operate in the computer. The values of 

corresponding to the digital values of the low pass component of 

equation (3-14) are tabulated in the computer. Some examples 

showing how effective the new type of filter is are shown in 

figure 3-8.

Use of such a filter ensures that what may conveniently be 

called a realistic profile waveform will result (Whitehouse 1968).

It must be emphasised that the real advantage of a digital 

filter over that of a polynomial fit under such circumstances is 

the predictability of its behaviour on any profile.
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All practical waveforms measured throughout any of the 

experiments described in this work are first pre-processed by the 

digital filtering method described. All parameters to be measured 

are subsequently derived from the filtered output.

Short wavelength filtering can be used to remove noise by 

exactly the same method except that the component involving the 

impulse function is now no longer required. This means that the 

output is low-pass. Obviously, because short wavelengths are 

being removed the extent of the weighting function of the filter 

is very much shorter than that used to establish a mean line for 

the removal of long wavelength errors. The only occasion for the 

use of the high frequency filter in this work was in the analysis 

of friction waveforms.

3.5 Digital analysis

3.5.1 General principles

As in analogue techniques there is a considerable skill in 

digital analysis. Unfortunately many engineers skilled in analogue 

techniques do not realise that it is not obvious to go from one 

to the other. The measurement of derivatives is just one example. 

Most investigators of surface topography have used three-point 

analysis for the majority of the definitions of peaks and 

derivatives etc., as will be made clear in Chapter 4. However, 

there are better, although more laborious, ways of doing the job. 

For instance, there are techniques of numerical differentiation,
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integration, interpolation and extrapolation, all of which should 

be used if high accuracy is required. However, it must be admitted 

that these methods are not always necessary. For instance, in the 

evaluation of the mean line from the standard 2 CR filter the 

convolution integral is evaluated by using the trapezoidal rule.

But it is not necessary to work out a mean line point for every 

profile point; one in every few profile points can be evaluated 

and a linear or parabolic interpolation made between the points.

This saves computing time. In what follows it will be pointed out 

occasionally where numerical techniques are needed.

One fundamental point is that the numerical analysis formula 

to be used, the sampling rate, and the quantisation interval, are 

all intimately tied together in questions of accuracy. For example, 

in the three point definition for a peak (namely that the central 

ordinate should be highest), if the sampling rate is high compared 

to the bandwidth of the signal, and if the quantisation interval 

is large compared to the amplitude of the signal then not many peaks 

will be counted. But using another more comprehensive definition 

of a peak might increase the count. This could also be achieved 

in other ways, for instance by reducing the quantisation interval.

3.5.2 Evaluation of parameters

In the course of the following work a large number of 

parameters have had to be measured. For these a number of programs 

have been written. The following is a list of the parameters that

have been necessary to evaluate:
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(1) Autocorrelation functions and power spectra.

(2) Statistical distributions of various parameters 

including ordinate heights, peaks, valleys, 

curvatures of both for different heights, slopes 

and second derivatives, both filtered and 

unfiltered. These distributions are computed 

together with the necessary moments and extremes of 

the distributions.

Additional programs have been written to measure particular 

points, e.g.

(a) The evaluation of the envelope of a circular 

body having one degree of freedom moving across 

the profile waveform.

(b) The generation of random profiles according 

to various statistics.

Other programs distinct from these have had to be written to 

either verify or work out numerically some of the theoretical 

formulae. These include the evaluation of envelope behaviour, 

the distributions of peaks and valley curvatures and height 

distributions etc. These will be outlined in Appendix 2.

In all the programs involving measurements on data acquired 

during experiments such as those obtained from Talysurf profiles • 

of surfaces or from friction and experiments are initially
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transcribed from paper tape onto magnetic tape. They then become 

part of a library of data tapes, each track or profile being 

classified by a number and a magnetic tape name. Preceding 

each set of data on the magnetic tape is an indentifier containing 

information on magnifications, manufacturing process, data etc.

Ifhen using this data in any of the programs the identifier is 

automatically printed at the top of the line printer page.

The advantage of transcription onto magnetic tape (or disc) 

is that the program can be written more efficiently, repeated 

scanning of the data being possible.

All programs are written in I.C.L. version of Fortran IV.

3.5.3 Autocorrelation and power spectra

The formula used for the evaluation of the autocorrelation is 

given by C(3) where

C(3) = y(x)y(x+3) (3-15)

or for a practical record

y(x) . y(x+3)dx (3-16)
L-l

= &

where L is the length of the record and y is the profile of zero mean 

value. In the program, equation (3-16) is divided by the variance to 

give the normalised autocorrelation. In equation (3-15) which is obtained 

from a single profile record the ergodic principle is assumed (Lee 1960) 

that is, the time (or space) average as given in the equation is
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equivalent to the ensemble average.

If T is the spacing, M is the lag number and N is the Number 

of ordinates in the record, then equation (3-15) becomes in the 

normalised and digital form.

N-M . N
C(MT) = I  ̂y(iT) • y(iT+MT) / ^ I  ̂y(iT)2 (3-17)

The structure function S (3) is given by

(y(x)-y(x+3))2 (3-18)

which is often more reliable for large values of 3 because it 

effectively removes some elements of drift in the mean value. In 

the program S(3) is evaluated at the same time as the autocorrelation 

function.

Notice that S(3) = 2(C(0)-C(3)) (3-19)

indicating that there is no difference in the information if the 

data are strictly stationary.

The power spectrum, or more correctly the power spectral 

density, is given by (see for example Bendat and Piersol 1966).

P(f) = 2 C(3) W(3) Cos2nf3 d3 (3-20)
0

where W(3) is a lag window used for reducing the presence of 

misleading information introduced into the power spectrum because 

of the abrupt truncation of the autocorrelation function at the
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maximum allowable value of 3 (3 ) deemed suitable formax
reliability. In practice 3 is usually about 10% of L.max

W(3) = 0.5 + 0.5Cos(tt3/3^^^) (3-21)

The form of W(3) here used is due to Hanning (Blackman and 

Tukey 1958). There are more direct ways of getting the power 

spectrum than via the autocorrelation function i.e. direct from 

the signal itself, but it was considered best to proceed in the 

way indicated because of the additional need for the auto­

correlation function itself.

3.5.4 Other parameters

Derivatives, curvatures etc. In the investigation into the 

three-point analysis technique discussed in Chapter 4 the definition 

of a first derivative was taken digitally to be

^0 = (3-22)

where T is the ordinate spacing. A more accurate formula would 

use more than the three ordinates; for example

y,0 60T y3-9y2+̂ 5yi-45y-i+9y_2-y-3 (3-23)

In cases other than testing three-point analysis work this is 

preferred. Similarly for the second differential instead of
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. < „ 3 ,
° t2

it, more accurately, should be (HMSO 1956)

y^" = — ^  (2y^-27y2+270y^-490yQ+270y_^-27y_2+2y__^) (3-24)
180T

In working curvatures out use is made of the formula

?0
(i+(yo)2)3/2

(3-25)

which reduces in the region of peaks and valleys where the interest 

usually lies to

I ~
because in these regions y^ ^ 0 for a peak y^^ is negative and for 

a valley it is positive.

Once the distributions of these parameters have been found 

it is a simple matter to work out the basic moments of them.

This is the same procedure for any distribution. For example if the 

probability density of the profile height is f(y).

The mean value y is yf(y)dy (3-26)

The average (y-y)|f(y) dy (3-27)

The variance is | (y-y)^*f(y) dy (3-28)
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= (y)2 = (the RMS value squared)

The skew is given by

(y-y)^ f(y) dy (3“29)
a3

and the kurtosis or excess by

(y"y)^ f(y) dy - 3 (3-30)

Other moments could be measured but in practice these are 

unreliable because any extreme freak peak ordinate can dominate the 

results.

Other parameters based on derivatives can be measured, one of 

these is the total length of curve.

This is given by

1 '’'2
Total length =

*2~*1
>'l+(y')2 dx (3-31)

This works out as the running secant of the surface. Hence

RMS secant = *̂ 1+ mean square slope (3-32)

One more very important parameter that is measured is the 

average wavelength parameter which was initially proposed by 

Mr. R. C. Spragg. This has been defined via the mean square 

angular frequency .



49

/ w^p(w) do)
IP- -     (3-33)00

/ P(w) dw 
0

(y")2 / (y)2 (3-34)

The average wavelength is defined from equation (3-34) by 

inversion to give

^
which is a general expression for either a random or periodic 

waveform. See Spragg and Whitehouse (197l) for a discussion of 

this parameter.

In the program both average and RMS values are worked out. 

The bearing ratio, which is defined from the amplitude density 

function, is also worked out. It is in effect simply unity minus 

the amplitude distribution function i.e.

BR(y^) = I f(y) dy (3-36)

and has been used extensively in surface typology.

3.5.5 Locus of movement of one cylinder
on another in the crossed cylinders-machine

Essentially this involves the working out of the path that a 

smooth upper cylinder would take in running over a rough lower 

cylinder.
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Basically in 2D the method consists of plotting the path of 

a circle of known radius across the peaks of the profile. It is 

essentially a mechanical filtering device. The computer technique, 

as in conventional method of digital filtering, is straightforward 

but tedious. First the circle radius R has to be modified into 

an ellipse to take account of the magnification differences between 

horizontal and vertical magnifications of the data:

i.e. y = BV^ (1 - 4  - ( ^ ) 2  ) (3-37)
h

Let the values of y for equal increments of x be c_^ ...CQ...c^ 

where c^ is the point on the circle corresponding here to

X “ 0.

To find the position of the point of contact of the envelope 

at any point on the profile, say â , the ellipse ordinates are 

positioned such that c^ is lined up coincident with â . The two 

series of ordinates are then added up. If the maximum sum is at a 

position corresponding to â  where s is the number of ordinates 

spacings measured from the position k then the height of the 

envelope at position k is a^-Cc^-c^) and the difference between the 

envelope and a^ is simply ag-(cQ-c^)-a^. This operation is 

repeated for each profile ordinate in turn along the available 

length. The R^ value is then
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k=N-(L+l)

\  = i H E T Ï T  (3-38)

where s takes a different value for each k.

Obviously the length of computation here depends mainly on 

the time for finding the position of contact at each position of 

the circle relative to the profile and this in turn depends on

the extent of the ellipse.

Choosing the extent of the ellipse for each radius and 

magnification ratio is a matter of compromise. Some limit has to 

be imposed even if only for reducing computing time. A normal 

criterion is to limit the vertical depth of the arc to a given 

fraction of the chart. For instance on a Talysurf this might be 

25%. Even under this restriction the extent of the scan 

required can be large, for example if the ordinate spacing is

2.5 pm and the radius is 50 mm then the extent of the envelope can 

be over 1,300 ordinate positions if the magnification is low, 

say 500X.

This procedure can be extended to take into account a rough 

upper cylinder, in which casec^... . .ĉ  are not simply ellipse 

ordinates they are magnified ordinates taken from a cross- 

section of the upper cylinder. Strictly this cross-section would

have to be continually changed but for most cases it is not

necessary.
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3.6 Some details of a program

To bring together some of the topics discussed in sections

3.4 and 3.5 it will perhaps be constructive to examine a typical 

program. Here no attempt will be made to list the full program, 

but some details and a flow diagram,are given in Appendix 2 where 

some details of other programs that have been written will be 

given.

The program here selected is called PROF. It works out many 

parameters associated with surface texture (or friction or ride). 

Since being originally written by the author it has had some small 

changes made to it at various times, particularly in the format 

arrangements by my colleagues Messrs. A. Bykat, G. Burger and 

D. Kinsey. The technical content of this program and the digital 

techniques presented are, however, virtually unchanged from the 

original version.

The program can be split up into input routines, reference 

lines and parameters and this sub-division will be followed below.

3.6.1 Input routine

The data emerging from the data logger consists of words of 

three decimal digits followed by an end of work character. In 

the course of the work two different data logging systems were 

used, one of five channel and the other of eight channel; therefore 

the actual width of the paper tape used could correspond to
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either of these situations and the format of the character 

information depended on the data logger used.

For speed of computation the paper tape information was 

transcribed onto computer magnetic tape by means of an editing 

routine called RSFE which, as the initials imply, is a surface 

finish editor. This puts the paper tape information onto magnetic 

tape in the following form:

(a) An identifier comprising of up to 80 characters.

(b) The data in blocks of one thousand ordinates.

(c) A number giving the total number of ordinates on 

the tape.

Another advantage of transcription apart from that of being 

able to rescan the data ordinates is that in this editing routine 

checks on the data can be made. This saves time and money when the 

main large program is read in.

The editing routine also enables some degree of organisation 

of the surface profiles on magnetic tape. After transcription, 

during which time the ordinates were automatically listed on the 

line printer, a condensed list of the total number of profiles 

on the magnetic tape is printed together with their identifiers 

and number of ordinates. No other details of the editor will be 

given here.

To call data from the magnetic tape two subroutines
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SEEKSURFACE and READSURFACE are used (both FORTRAN and PLAN 

versions are available). SEEKSURFACE uses as arguments the number 

of the surface profile on the magnetic tape and the name of the 

magnetic tape. It positions the magnetic tape at the beginning of 

the required surface and inputs into the allocated store locations 

both the profile identifier and the number of ordinates in the 

profile.

READSURFACE reads in the data from the profile in blocks of 

1000 putting them into prescribed locations in the store. It 

makes available the number of actual ordinates that have been read- 

in, the last block for instance will rarely contain the full 1000 

ordinates. As an example of how this works the statement CALL 

READSURFACE (NN, Y(4001)) puts 1000 ordinates in the Y array 

starting at 4001 and it puts the number of ordinates with value 

other than zero that have been read in the block into NN.

Having the number of profile ordinates available on the 

magnetic tape enables a prescribed length of surface profile to be 

read in. This is useful when checking R^ or peak values which 

have been taken using an analogue surface measuring instrument 

because in the Talysurf, for instance, the meter assessment does 

not simply start at the beginning of the trace, it depends on the 

meter cut-off. Thus for the 0.25 mm cut-off, it is closer to 

the end of the traverse than it is for the 2.5 mm cut-off. Knowing 

the number of ordinates before the start of the run also ensures 

that no time is wasted. In the program the number of ordinates 

that can be skipped over at the start is called IGNORE.
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Other useful features of the input routine are that the 

control variables are coded, enabling them to be put in any 

order. Also the control data for up to ten profiles can be read" 

in in one go. This does not mean that ten profiles have to be 

worked on every time. Simply putting TRAV (the assesment length) 

equal to zero indicates that the end of the batch has been reached

Other points in this programme are as follows: (a) The

input control variables are examined in a subroutine CHECKS. If 

an error is detected or à questionable control value the program 

either adjusts it to a value which is reasonable or it flags an 

error on the line printer. (b) For the purposes of display the 

routine for plotting results on the line printer automatically 

scales the values to take best advantage of the width of the paper.

Another useful feature of the programme is in the final 

output. This is a listing of the major parameters that have been 

obtained from all the surfaces that have been run in the batch.

This listing covers usually all the details of the distributions 

etc. However, it has not been possible to include in the listing 

any information about the autocorrelation function because it is 

usually so complicated as to need visual assessment.

3.6.2 Processing

Turning to the process of digital filtering the program 

allows quite a variation in the method of operation. Either the 

phase-corrected or the standard 2 CR filter can be used or
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neither. One of the first steps in the program is to set the 

weighting function into store. For the phase-corrected filter 

this is done in the following way using ICL FORTRAN IV.

Where

AA(500) is the array used in this instance to store the function

B is the drop off rate required

L is the number of weighting factors (assumed odd)

SUM is the store used for a normalising factor

C is the number of weighting factors per cut-off

PI = 3.14159

K is the ratio of ordinates to weighting factors.

The program reads :

5008 AA(250) = 1+B - the value of the central weighting factor

SUM = 1+B

DO 5009 I = 1, ^/2

ALPI = (1+B) *PI *I/C

ALP2 = (1-B) *PI *I/C

AA(250+I) = SIN (ALP 1)* SIN (ALP2) / ((ALP 2**2) / (1-B)) 

Using the formula described in Section 3.4.4

AA(250-I) = AA(250+I) : The weighting function is
symmetrical so only half needs 
to be calculated.

5009 SUM = 2 * AA(250+I) + SUM : The weighting function 
FACTOR = SUM /C normalising factor
DO 5010 I = 250 - L/2, 250 + L/2
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5010 AA(I) = AA(I)/FACTOR : The area in the weighting function
is normalised.

J = K*(L-1) +1 : This works out the number of profile
ordinates covered by the weighting 
function.

ITRAK = ITRAV - J+1 : This gives the number of ordinates
in the assessment.

After putting the weighting function into store the actual 

convolution operation to get the mean line has to be carried out. 

This convolution operation is particularly simple when carried out 

in the computer but it can be time consuming. The following is an 

example of how it is done:

DO 5011 KI = 1, ITRAK

SUM = 0.0

DO 5012 1 = 0 ,  L-1

SUM = SUM + AA (250 - L/2 +1) * Y (I*K + KI)

5012 CONTINUE

Y(KI) = Y(L * K/2 + KI) - SUM/C

Here the mean line point at Y (L * K/2 + KI) is contained in SUM,

This is taken from the profile value which is Y(L * K/2 + KI) which 

is then shifted to position KI in the Y array for clarity later on.

In this particular program a mean line point is worked out 

for every available point but in some of the other programs this is 

not necessarily done; linear interpolation is used to estimate the 

mean line between computed mean line points. In all the programs 

referred to in Appendix 2 one of the special features has been the 

options built in to allow many of the features to be utilised or not 

as required.
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Another, perhaps, more important feature in these programs 

has been the continual use of the line printer for a simple 

pictorial display of evaluated results. The line printer is far 

better than a graph plotter for simple display purposes, because of 

its much greater speed. The author believes firmly in the 

importance of a visual display in addition to numerical information 

for most computer applications, to give impact. All the programs 

described make great use of this feature especially in the 

presentation of distributions, mean lines, spectra etc.

An example of how this plot routine works will be given in 

the following section.

3.6.3 Evaluation of parameters

As a simple example of how the parameters are evaluated and 

displayed consider the section of the program relating to the 

distribution of the filtered slope.

The value of the input variable JOHN determines whether 

or not to apply any high cut filtering. If this is required it is 

carried out in exactly the same way as for the low cut filtering 

described in the previous section, except that now the desired 

profile ^  the mean line that has resulted from the convolution 

operation. It will then be stored in the Y array. The differential 

is then given in the following routine:
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If V(M) is the magnification vertically

PS(M) is the profile ordinate spacing

AB(I) is the array in which the distribution of slope
values is stored

Then D1 = 1.0 /30000.0 / V(M) /PS(M)

SLOMAX = -10000.0 )) These set artificially high and
SLOMIN = 10000.0 ) limits for the slope.

ITRAK = ITRAK-6

DO 1801 lAT = 1, ITRAK, 1.

Y(IAT) = (Y(IAT+6)- 9*Y(IAT+5) + 45*Y(IAT+4) -45*Y(IAT+2)
+9* Y(IAT+1) -Y(IAT))

At this stage only differences 
are used they are scaled later on.

SLOMAX = AMAXI (SLOMAX, Y(IAT)) ) These routines determine
) the highest and lowest 

SLOMIN = AMINI (SLOMIN, Y(IAT)) ) slopes.

1801 CONTINUE

DELTA 2 = (SLOMAX - SLOMIN) /41

DO 1802 IAS = 1, 41 

AB (IAS) = 0.0

1802 CONTINUE

DO 1803 IAS = 1, ITRAK, 1

KAT = N INT(Y (IAS) /DELTA 2) + 21

This determines the 
slope distribution 
interval.

This clears the array.

Determines location 
adds to the count

1803 CONTINUE

The next step calculates the moment of the distribution. 

SUM 1 = 0.0 

SUM 2 = 0.0
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SUM 3 = 0.0

SUM 4 = 0.0

SUM 5 = 0.0

DO 1804 IAS = 1, 41.

1804 SUM 1 = SUM 1 + AB(IAS) * (FLOAT (IAS) - 0.5)

SUM 1 = SUM 1 /ITRAK : Works out mean value

DO 1805 IAS = 1, 41

SUM 2 = SUM 2 + ABS (FLOAT (IAS) - 0.5 - SUM 1) * AB(IAS)

SUM 3 = SUM 3 + (FLOAT (IAS) - 0.5 - SUM 1) **2*AB(IAS)

SUM 4 = SUM 4 + (FLOAT (IAS) - 0.5 - SUM 1) **3*AB(IAS)

SUM 5 = SUM 5 + (FLOAT (IAS) - 0.5 - SUM 1) **4*AB(IAS)

1805 CONTINUE

It is, of course, possible to work out the moments from the 

slope values direct but this, although more accurate, takes more 

time. The moments are subsequently converted to average, RMS, 

skew and excess values. Also the ordinate differences in y(IAS) are 

changed to real parameters like slope in degrees etc. When the 

results are ready a routine called PLOT is used which enables the 

line printer to be used as a simple plotter. First the maximum

frequency in the distribution is found. This is called PLAX.

Also part of the array AB is used to store the character information 

required for the routine. The locations 42 to 46 are used.

VARY 2 is the value of the slope, VARY 1 is the tangent and IKIP 

is the character number representing the frequency at slope value 

VARY 2. Thus
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CALL PLOT (64,40,40,AB(42)) : Clears the array AB from
42 onwards.

CALL PLOT (26,IKIP,40,AB(42)) : Puts an asterisk in the
location in the AB array 
corresponding to the value 
IKIP.

WRITE (2,1809) VARY 2, VARY 1, (AB(L), L = 42,46)

1809 FORMAT (IX, F10.4, 2X, F10.4, 6.X, 5A8)

This routine puts the slope value, tangent, and an asterisk 

IKIP locations along the line printer width starting from the end 

of the field of VARY 1.

Obviously to cover all cases of the evaluation of parameters 

covered in the entirety of the programs would require a great 

deal of space. These selected examples are meant simply to give an 

idea of the methods adopted.
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4. THE RANDOM SIGNAL MODEL OF A SURFACE PROFILE AND ITS
ANALYSIS IN RELATION TO SURFACE CONTACT

4.1 Introduction

It is clear from the review of Chapter 2 and Appendix 1 that 

surface finish is most important in the functional behaviour of 

surfaces used in common engineering practice; a particular area 

where surface finish is highly significant involves those 

applications concerned with surface contact. In the past the 

methods used in the specification of the geometric features of 

surfaces have been inadequate. They have been expressed only in 

terms of the height of the profile and have not taken into account 

the spacing of the asperities or the differing scales of size 

present in the surface structure (see, for example, figure 4.1).

At the same time those concerned with theories of surface contact 

have used theoretical models in which the surface is represented 

as an assembly of asperities. To a large extent the form of these 

models has been based upon theoretical convenience rather than an 

examination of the structure of surfaces met in practice. To a 

limited extent the divergence between theoretical models and the 

analysis of surfaces has been removed by the work of Greenwood 

and Williamson (1966) who used digital analysis of surface profiles 

as the basis for their asperity model. Nevertheless the over­

riding need, at the present time, is for an analysis of the 

problems involved in the function of surface contact based upon 

knowledge of the topography of surfaces used in engineering 

practice.

The work of Greenwood and Williamson although representing 

a major advance is still far from a complete or accurate
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representation of random surfaces such as those analysed in their 

work. In this chapter we shall take as our starting point a 

description of the profile as a random signal; it will then be 

shown how it is possible, taking due account of the digital 

techniques usually employed, to deduce theoretically those 

properties of the profile relevant in surface contact.

4.2 The model

4.2.1 General

To regard the profile of a surface obtained from a stylus 

tracer instrument as a random signal is, in a great many instances, 

not an unreasonable one. The chart recording obtained from say a 

ground or shot blast surface could equally well have been obtained 

from an instrument which measures wind gusts or many other widely 

differing physical quantities, for instance, in oceanography 

(Longuet-Higgins 1957), seismology (Liu 1968) and medicine 

(Krendel 1959). That this random waveform description of a 

manufactured surface is not illusory can be demonstrated from the 

autocorrelation function and height distributions of many such 

surfaces. In order to understand better how the random waveforms 

concept can be applied to problems in surface topography it is 

necessary to examine some of the statistical properties of random 

waveforms.

Any random waveform can be represented in more and more detail 

by consideration of higher orders of joint probability function, 

(Bendat 1958). If values taken from this process are



64

Yl» Yg, Y3 at x^, x^ and x^ then fCY^, Y2> Y^; x^) more

completelY defines the process than does f(y^, y ^ l x^, x^). For

most random signals, however, the second order joint probability

density function adequately defines the statistics of the process (Lee 1960)

For stationary processes f(y^, y2Î x^, x^) can be written

f(y^, y^; 3) where 3 is simply the distance x^ ”^2* is

understood in what follows that the y^ value is taken at a distance

of 3 from y^, then for convenience the joint probability density

can. be written f(y^, yg).

The ordinate height probability density function f(y^) and the 

autocorrelation function C(3) can both be obtained from the second 

order function f(y^, y^) because f(y^) is given by

f(Y^) = i(Yi, Y2) <̂ Y2 (4-1)

i.e. f(y^) is a marginal distribution function of f (ŷ ,̂y2) ,also 

the autocorrelation function C(3) can be obtained because as an 

ensemble average C(3) is given as a joint moment by

C(3) =
00 00

r

In the case of Gaussian or near Gaussian processes the 

second and higher order joint probability density functions are 

completely determined by the standard deviation of f(y) and the
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autocorrelation function. In what follows we will always take the 

normalised form of the autocorrelation function unless stated.

Consider the joint probability density function of random

variables y^, y^  y^ taken from a Gaussian random process.

Assume that they have zero mean and unit variance then use can be 

made of the multi-normal distribution well known in statistics 

(Cramer 1946). This is given in terms of y^, y^ y^ as follows

N
- 1 M. .y.y.
l,j=l ij 1 J

2|m |
(4-3)

where Jm I is the determinant of M; M is given by the square matrix

11...... TIN

\JN1

d.. being the second moment of the variables y.y. and M.. is the ij 1 J ij
cofactor of d.. in M.

Take for example, the joint probability density of two

ordinates y _ and y_ from a Gaussian waveform with a correlation of -1 0
p then

2ir/l-p̂
exp

2

2(l-p2)
(4-4)
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2%VÏ—p2
exp

2(l-p2)
(Mîy_2+Mi2y_iyo+M2iy_iyo+M22ŷ) (4-5)

from which

f(y_i,yo) " "TH (-yo/2)/27r
exp

(y-i-pyo>
2(l-p2)

(4-6)

which can be written

f(yo> y-P = f(yo) • ^(y-Pyo) (4-7)

where

f(y ) = J _  exp (-y2/2)

and

f(y ^/y^) the conditional joint probability density 

function* of y_^ given first y^ is

f(y_pyo) =
/2 tt(1 -p^)

exp (y-i“pyo>^
2 ( l - p Z )

(4-8)

which is a Gaussian distribution of mean value py^ and 

variance (l-p2).

*As an example of the relevance of these concepts to the subject 
of this thesis, in figure 4-10 the conditional probability 
density function obtained from the digital analysis of a 
practical surface can be seen.



similarly for three ordinates having correlations of 

between adjacent ordinates and p^ between the extreme ordinates:

f ( y _ i . y o > y + P  = ^(yo) • . f ( y + p y o . y _ i )  (4-9)

where

67

f(Yo) = exp (-y2/2)

/2ir(l-p̂ )
exp (y-i'piyp)

2(1-Pp

and

f(y+i/yo.y-i) =
(i-Pp3/2

y^nCl-Pg) (l+p2~2p^)

(4-10)

exp
(y^^(l-pp-yoPi(l-P2)-y_i(Pi P2̂ )

2(l-p2)(I-P2)(l+p2~2p^)

The last term represents the probability density that y^^ occurs 

given that y^ and y_^ have occurred.

From this it is seen that the second and all higher density 

functions can be specified completely in terms of the normalised 

autocorrelation function and the value of the variance of the signal 

(or more conveniently the RMS value).

Therefore it is proposed in this thesis that a completely 

adequate way of representing a random type signal such as is often 

met with in surface finish waveforms is to classify the surface 

in terms of its ordinate height distribution and normalised auto­

correlation function.



(U
(0 .c•H 0) 4J

Q> no
1—1 c•H P5 to
«+-I •H
O

H D
A CU

4-1
<u to a cu
Xi 1—1 o I— 1
H •H •f-4

'O 4J 44
(U d o
X

B •H •H pu
Q) ki
4-> o 4-» cu
W to to id

(U•H
to •o no

idQ) (0 4-1 4->■M •H X •H
c3 bO 15CÎ Xi •H
• H o (U dT3 •H X OM X to
O Î3 (U•H1 X Pi
O CO 4-1 too •H

to 44 Ï ÏbO O OC t-i O•H to (UC d UO to 1—J O
to 44

CO *Td >
o

CO 1— 1to
1—( •1-1 O1 tO id'd- +J toVO (U (UT) X cuC 4-1 P i
<U to to

44
o u O•K

o QÛ.
<i y-t CU

no CU
C4-I FÎ d o
o (U 4J d

to • H to
to o d 4-1
(UX bO to
rH O to • H
• H B no
tw (U
O o CU dM to id o
p. 4-1 H • H

4-1
<U P to
U to 1-4
td >4 CU

to cu P i
a P i

P 4-J to Oto o On CO

CNI

(U
bO•H



68

In particular, in this investigation it will be assumed that 

such a representation of the random surface is often best achieved by 

considering a Gaussian height distribution and an exponential 

autocorrelation. It will suffice here to say that the model can be 

justified in a number of ways.

First, and foremost, the author has found that a great number 

of manufactured surfaces have a height distribution and autocorrelation 

function which fit, or are a close approximation to, this model. 

Second, this model has been used in the past for various other 

problems, for instance in the scattering of electromagnetic waves 

from surfaces. Third, use of this model simplifies the mathematics 

sufficiently to allow some equations to be evaluated and hence 

conclusions to be drawn from them. Finally, further justification 

for such a model will be given in Chapter 7 with practical and 

theoretical examples.

Using a Gaussian height distribution and an exponential 

autocorrelation function means that specification of the model of 

the random waveform reduces to the use of two numbers only, the 

standard deviation of the distribution and the exponent of the 

normalised autocorrelation function.

The system of co-ordinates is shown in figure 4.2, the mean 

line through the profile will be taken as y = 0. In practice 

the signal will have zero mean because of the low-cut filter, 

mentioned in Chapter 3, which does not substantially affect the 

autocorrelation function. The probability of finding an ordinate
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at a height between h and h+6h is f(h)dh which for a Gaussian 

height distribution is

—^  exp (-zy^)dh (4-11)

Here the heights have been expressed in a normalised form 

y = h/a where a is the RMS of the surface or the square root of the 

origin of the autocorrelation function when not normalised

The autocorrelation function normalised relative to 

is given by

C(3) = &im —
L-^

^ L/2
y(x) . y(x+3) dx (4-12)

-L/2

and is assumed to be exponential i.e.

= exp (-3/3 )̂ (4-13)

where 3* will be called Lae cortelaLion distance*.

As the spacing between points on the profile is increased 

their heights become statistically less dependent on each other 

and 3* is a scaling factor indicating the rate at which this 

dependence (expressed by 0(3)) declines towards zero.

For an exponential autocorrelation function the power spectrum

* We use the term ’correlation distance’ to mark a distinction 
between ourselves and Peklenik (1967-8) who uses the term 
’correlation length’ for 2.33*. The only reason for this distinction 
is that it is usual to specify a first order system in terms of 
the cut-off.
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Figure 4-4. Micrograph of typical ground surface 
Aachen 64-13. (Magnification lOOOX).
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is represented by white noise limited only in the upper 

frequencies by a cut-off of 6db per octave (figure 4-3); this 

has the physical meaning that the main components of the profile 

lie within a band covering the lower frequencies (longer 

wavelengths). Shorter wavelengths do exist whose magnitudes 

decline in a way such that their amplitude is proportional to the 

wavelength. Figure 4-4 is a micrograph of a typical random surface 

which shows that these shorter wavelength components do, indeed, 

exist upon such surfaces.

4.2.2 Representation as a Markov process

Another important feature of the use of this particular model 

(and, in particular, the exponential correlation function) is that 

the surface can now be represented as a first-order Markov sequence; 

a point considered in more detail in the next chapter.

Putting into equation (4-10), because of the property

of exponentials, yields

f(y_i,yo.y+i) =

exp

exp { - y i / 2 )  ■
/ Z tÎ  /2tt(1-p^)

(y_i-pyo)^' 1 (yi-pYo)^
2(l-p2) /2ïï(l-p̂ ) 2(l-p2)

(4-14)
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exp -(yZ/2). — z : h z - ~ :  
/ l a  /2ir(l-p̂ )

exp (yp-py-i)^
2(l-p2)

exp (y+i-pyp)^
2(l-p2)

(4-15)

= f(y_i) . f(yo/y_i) • f(yi/yp) (4-16)

Equation 4.16 shows how the Markov sequence emerges. Firstly one 

ordinate has a value, the second ordinate is conditional on this, 

and in turn the third ordinate can be considered as being 

conditional on the second only, and so on.

In the discussion above the profile has been considered as 

a continuous signal. In the digital presentation of a profile 

having an exponential autocorrelation function the data becomes 

a Markov chain and the conditional probability densities become 

transition probabilities. Thus for a series of ordinates

y_^, y^, y^^, we are concerned typically, with the probability

of the transition from state iCyg) to state j(y^^); this transition 

probability is an element in the stochastic matrix ÎÏ 

(Papoulis 1966).

^11 ^12
n =

IN

’NN

(4-17)

If the quantisation interval is 6y then the transitional
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probability for the transition from one element of the sequence 

(having a value between a and (a + 6y) )  to the subsequent value 

(having a value between b and (b + 6y) )  is given by

P , = ■■ , -- exp
/2TT(l-p2)

_ (b-p, a) ̂
2(l-p2)

(4-18)

In practice, this approach in discrete rather than continuous terms, 

can be justified,to some extent̂  because of the finite quantisation 

inevitably involved in the statement of ordinate heights in digital 

analysis. In fact the loss of information involved in current 

practice is quite small. For example, it has been shown (Widrow 1956) 

that the loss of information in a signal is quite small even when a 

coarse quantisation interval is used and this is the basis of the 

quantisation correlator (Watts 1961).

In general, the Markov property is such that

 f(y2/y+i)....

or equally with the sequence reversed; the individual elements 

here are as in equation (4-8).

For the very important case where the members of the sequence, 

i.e. the ordinates of the waveform, are taken far enough apart 

to be considered to be independent of each other then equation 

(4-19) reduces to

f(y+iY2 ŷ ) = f(y) • fCyg) fCŷ ) (4-2o)

the number of individual members of the sequence corresponding to
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the number of degrees of freedom in the waveform, i.e. for a 

surface having a sharp cut spectrum at B cycles per unit length 

in the waveform then in a length L of chart the number of degrees 

of freedom would be L/2B.

The distance corresponding to independence needs some 

explanation. This does not necessarily mean the same as zero 

correlation; two points may have zero correlation and yet be 

related, as for instance two values of a sine wave separated by 

tt/2. However, for the case where the amplitude distribution is 

Gaussian then zero correlation does mean independence. Thus, in 

those cases where the waveform has an autocorrelation function that 

crosses the zero line (for instance, if the waveform has a spectrum 

with a short wavelength cut) then the position of zero correlation 

is unambiguous. However, for cases where the autocorrelation function 

decays monotonically to zero, for instance the exponential or 

Gaussian autocorrelation functions, the definition of zero 

correlation, and consequently of independence, becomes somewhat 

arbitrary; in this situation one requires a definition of 

correlation acceptably small such that ordinates having this 

correlation can be considered as independent. In what follows 

we shall assume that when the autocorrelation function is 

exponential and when the correlation has declined to a value of 

about 0.1 the events can be regarded as independent; this 

assumption will be discussed and justified later.

The particular value of correlation chosen is not very
-1critical, i.e. the distance corresponding to a value of e or
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0.5 in addition to 0.1 have been taken by others (Beckmann and 

Spizzichino 1963, Peklenik and Kubo 1968).

4.3 Digital Analysis

4.3.1 Introduction; three-point analysis

One of the features of the approach outlined above is that the 

surface is now represented in a form very convenient for the 

investigation of the results that emerge from the presentation 

of the outputs from stylus tracer instruments in digital form.

The way that this digital information is usually used in 

investigation of surface waveforms for tribological purposes is by 

means of three-point analysis. The most widely quoted examples 

of three-point analysis have used a single sampling interval and 

this inevitably causes a loss of information compared with that 

contained in the original waveform. Thus close sampling collects 

a maximum of information about the profile but the three-point 

analysis of this data restricts the information to structure on the 

surface of this same small scale of size. Only by means of more 

sophisticated techniques such as digital filtering can the total 

information in the sample be utilised. An alternative is to use 

differing selections of the same information, by rejecting some 

data, but still to use three-point e.g. to present information 

from three-point analysis for a. wide range of sampling intervals. 

However, this can cause problems of rigour. When using the longer 

sampling intervals one is presenting information about the longer 

wavelength structure of the waveform obtained by drawing a smooth



Figure 4-5. Model used in deducing distribution of peaks.
(a) Sampling interval, I = 2.36*; correlation, p = 0.10;
(b) sampling interval, I = 0.166*; correlation, p = 0.86

event 1, y_^ event 2, event 3, y^^

/) = 0.10r*

4)=0.85l
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curve through widely separated points. Therefore any results 

derived below should bear these reservations in mind.

In the terms of the Markov sequences discussed above this 

represents investigating the behaviour of three-element Markov 

sequences. In what follows the derivation of formulae for 

parameters of fundamental importance in tribology will be 

considered.

4.3.2 The peak distribution

Consider a sequence of three consecutive ordinates of the 

profile (figure 4-5(a)). In this diagram and in the discussion 

which follows the average behaviour of three such consecutive 

events is considered.

The necessary restrictions on these three events in order to 

define a peak are as follows:

(a) The central event lies between y and y + 6y.

(b) Event 2 has a value of less than y.

(c) Event 3 also has a value of less than y.

We may note that in what follows the valleys can be treated in a 

similar way. Thus the probability that the central ordinate 

represents a peak between y and (y + 6y) is the multiplication of 

the probabilities, and P^ where the P’s refer to the shaded

areas of the height distribution.
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Obviously in some situations a peak may require four or even 

more ordinates adequately to define it but for most purposes 

these three ordinates will suffice. Also, the assumption is here 

that the peak defined by these three ordinates has its apex at 

event 2. The implication of this is discussed in section 4.3.6.

In terms of the joint probability density function 

f(y^2»yQ»y+i) the condition for a peak as defined above becomes

Prob y_i<y,y y+dy ,y+i<y
y y+Gy y

f(y_i.yo'y+i)dy_idyody+i

(4-21)

which can be written

ry+Gy ry ryJ f ( y o >  j « y - i / y o >  J f ( y + i / y o > y - i >  ^ y + i  <3y_i %
y —00 —00

(4-22)

and using the Mean Value Theorem

= f(y)
ry

f(y_^/y) f(y+l/y,y_l) dy^^ dy_^ dy (4-23)

Which is the general equation for a peak as defined by three- 

point analysis.

For an exponential correlation function equation (4-23) 

reduces to

f (y)
ry

f(y_i/y) dy_i
ry

f(y+l/y) dy^^ dy (4-24)
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Hence the probability density that an ordinate is a peak at height 

y is given by

f* (y,p) = f(y) f(y+l/y) dy^^ (4-25)

Inserting (4-8) into this yields

f* (y,p) exp (-y2/2) 1
2n(l-p2)

exp
(y_i"py ) 
2(l-p2)

dy-i exp (y+i'py
2(l-p2)

dy+1

(4-26)

Thus

f* (y,p) =
4 Æ tt*

1 + erf
_2

1+P'
exp (-y^/2)

= —^  0̂  (y /y— )̂ exp (-y^/2)

(4-27)

When the ordinates are spaced so far apart that they can be 

regarded as independent of each other equation (4-27) reduces to

f* Cy) = 1 + erf (y//2) exp (-y^/2)

#2(y) exp (y^/2) 
(4-28)

* Strictly in what follows the expressions are only densities when 
multiplied by a constant factor to make the integral unity. 
However, this is taken into account when moments are taken.
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It should be noted that this equation is not dependent upon the

assumption of an exponential correlation function.

The general expression for a peak using three-point analysis 

for an arbitrary correlation function is obtained by putting

equations (4-10) into (4-22) and using the identity

(x-m)

thus

■X
exp (t-m)2 dt = ^ 1 + erf

2o2

_ exp (-yZ/2) 1

o/2

e x p

/2tt

(Yi-PiY)^

>/2Tr(l-p̂ )̂

2(l-p^2)
1

■ ^ 2 1 + erf
y(l-p^+p^P2)-Y_i(Pi^-p2)

2(l-p2)(l+p2~2p^^)
dy_.

(4-29)

Figure 4-5(a) shows the three-point model for an exponential 

correlation function for spacings which are large and consequently 

the ordinates are independent; figure 4-5(b) shows the 

corresponding situation when the events are closer and must influence 

each other. Figure 4-6 shows plots of the derived forms of the peak 

height distribution for a high and low value of correlation p; the 

height distribution of the ordinates is also shown for comparison.

The trends with varying values of p will be observed. As p-»0 

(large sampling interval) the shape of the peak height distribution 

becomes slightly skewed, its mean value approaches 0.85 and its
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standard deviation approaches a value of 0.7. Thus, when using 

larger sampling intervals the main, longer wavelength structure 

of the profile is revealed (neglecting here the problem of 

aliasing) and the peaks tend to be above the centre line.

As p->-l the shape of the peak height distribution and its mean value 

and standard deviation, approaches those of the height distribution 

of the ordinates. Thus, when using short sampling intervals one 

is concerned with the shorter wavelength structure of the profile.

The mean value of the peak height density curve y* (p) is 

found by taking the first moment of f* (y,p) in the normalised 

version of equation (4-27). Thus
2exp (-y^/2) y

4 * 1 + erf (y//2 / -1-p1+P dy

y*(p) =
exp (-y-/2 _1 1 + erf 1 + P' dy

(4-30)

which gives

y *  (p) = 2N (4-31)

where N is the ratio of the number of peaks to ordinates and is 

given by

N = — tan  ̂ /(3-p)/(T+p)TT (4-32)

Similarly the variance (a)^ of the peak heights is the second 

central moment. Thus
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exp (-y^/2) (y-y*(p))2
^  4

1+erf (y/æ Æ
1+P' dy

exp (-yZ/2) 1
/2tT

1 + erf (y//2 1+P' dy

(4-33)

|o*(p)
i  tan-l ±1+P ■ 2ti

vp;
2 Æ

tan- i / E p1+P

(4-34)

0*(p) = 1 + (1-p) /l +

2/3-p tan ^ 1+P

7r(l-p)

tan-1 /^IP. 1+P
(4-35)

a* (p) I  + È  (l~p) /l+p _ 36 (1-p) 
 ̂ (4-p) /3-p n(4-p)2

(4-37)

It should be noted that equations (4-27) and (4-28) when divided 

by equation (4-32) are true probability density functions of peak 

heights.

Equation (4-32) shows that as the correlation p increases from 

zero to unity N falls from 1/3 to 1/4. These limiting values have 

a simple explanation. As the sampling interval is increased



Figure 4-7. Model used in deducing the distribution of curvatures.
(a) Sampling interval, L = 2.33*; correlation, p = 0.10;
(b) sampling interval, L = 0.163*; correlation, p = 0.86.

event 1, y_^ event 2, event 3, y^^

=2.3ŷ
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p-K) and N->- 1/3, the three events are then effectively independent 

(figure 4-5(a)) and the chance that any one of them (e.g. the 

centre one) is the highest one becomes one third. On the other 

hand as the sampling interval is decreased p->-l and N->- 1/4. The 

modified distributions of the two outer events are now centred 

on the central ordinate (figure 4-5(b)); the areas and have 

values of 1/2 and the probability that the central event in a peak 

is 1/4.

4.3.3 Peak curvature; some general assumptions

To provide an adequate description of a surface in terms of a 

distribution of asperities it is also necessary to specify their 

radii of curvature. It is more convenient to discuss this in 

terms of a distribution of curvatures and the method adopted by 

Greenwood and Williamson in deriving curvatures from the digital 

information will be adhered to. The assumption here is that one 

is justified in fitting a parabola to the profile by three-point 

analysis.

The problems involved in this assumption and the limits within 

which this analysis are justified are complex. They will be 

briefly discussed here. However, it may be noted that the results 

obtained are subject to the limitations discussed below.

Figure 4-7(a) shows one possible arrangement of three events 

which will give a peak at height y with a curvature C given by
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C = 2y^ - - y_^ (4-38)

A negative sign being here omitted to correspond to a convention 

that a peak has a positive curvature,

A number of assumptions are made in arriving at equation (4-38), 

they will be taken one by one. Firstly, the curvature is assumed 

to be given by the second differential. This, in general, is a 

valid argument because

d^y
curvature = -------------- —  (4-39)

■ • <£>
which reduces to curvature = ■3—^ when 4^ is small, a situationdx"̂  dx
likely to be true in regions near to the peaks.

The next assumption is that y^ is always at the apex of a 

vertical parabola, i.e. the highest point of the peak is at 

y^. In general,as figure 4-8 shows, the apex y* of a vertical 

parabola is shifted relative to the ordinate of y^ by the shift s

&/2 (y+i-y_i)where s = — ----------  (4-40)
2yo-y+i-y_i

In addition, the height of the peak, hitherto assumed to be y^, is 

at the apex of the parabola at y*. Thus the error in the original 

assumption is given by
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For a typical case if y^ is 3, y^ is + 1 and y_^ is -1 then the 

error in the height is + ^  which taken as a percentage of the 

normal range of the surface (assumed to be 6) works out at less than 

a two percent error. (All heights normalised by the RMS value a).

For a given degree of asyminetry between y^^ and y_^ the error gets 

progressively smaller as y^ gets higher, a fact of considerable 

practical importance because it is at the higher peaks that the 

contact occurs. However, in all this the basic assumption is that 

an estimate of the curvature, as usually defined, can be made using 

equation (4-38), an assumption which will be progressively less 

severe as p-̂ 1, when the fourth order central differences become 

small i.e. the curvature at y^

= -(2yQ-(y_^ + y^^))- ^  6 %  (4-42)

Given the assumptions which have been discussed above, then 

the probability of the configuration for the closely correlated 

and independent cases is given by x x P^ where P^, P^ 

and P^ are the areas shown in figures 4-7(a) and (b)

4.3.4 Peak Curvature

In general the probability of an ordinate being a peak at 

height between y and y + 5y and of curvature C covering all 

possible configurations will be given by

ry+Gy ry
f*(y,C,p) = j J f(y^),f(y_^/yQ) . f(y^^=2yQ-y_^-C/y^,y_^) dy_^ dy^ 

y y-c

(4-43)
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from which the probability density of an ordinate being a peak 

at height y with curvature C is

f* (y,C,p) = f(y) .
-y

y-C

2y -y_ i-c  
f ( y _ i / y )  • y, y_^ ) dy_i (4-44)

This is an expression giving the curvature with three-point 

analysis for a general autocorrelation function.

For the exponential autocorrelation function, equation 

(4-44) becomes

f* (y,C,p) = 1 ,  exp (-y /2)
ÆÏT

ry

y-c 2n(l-p2)

exp (y_i"py)^
2(l-p2)

exp
(2y-y_^-C-py)

2(l-p2)
dy_i

(4-45)

which is a convolution integral thus enabling simple graphical 

equivalents to be drawn. Equation (4-45) reduces to:

f*(y,C,p) = exp
27r/2 (1-p̂ )

|(l-p)y-C/2 I
(1 - P̂ )

erf
2(l-pZ)

(4-46)

which for p = 0 becomes

exp(-y /2) 
f* (y,C) = ---------  exp

2TT/2"
-(y-C/2 )^ erf (C/2) (4-47)
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The probability density function that any ordinate is a peak 

of curvature C at any height is obtained direct from equation 

(4-46) by integrating, giving

1 1/2 r 1 erf C
_4tt(3-p ) (1-p). exp _4(3-p) (1-p) 2A-p2_

(4-48)

and for p = 0

f* (C) = exp ( -Ç2
12 -) erf (C/2) (4-49)

These distributions of equation (4-48) and(4-49) are skewed 

towards zero curvature as found experimentally by Greenwood and 

Williamson (1966) from digital analysis of surfaces generated by 

random processes such as bead blasting. These authors suggest a 

Gamma function as a suitable description of the distribution but 

these equations are nearer to a Rayleigh distribution and for large 

curvatures become very nearly Gaussian. A comparison of these 

equations with results derived from surface profiles will be given 

in Section 4.3.7. In Section 4.3.6 the relationship of equation 

(4-49) to a Rayleigh distribution is discussed again.

The mean curvature C* for all peaks is obtained by finding the 

first moment of f* (C,p) in equation (4-48).

Thus

C* (p) = (3-p) A-p ^  2N /ïï (4-50)

where the expression has been normalised by N the ratio of peaks
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to ordinates (equation 4-32).

4.3.5 Other parameters

The curvature (or strictly) the second differential of the 

profile as a whole is given by

f(C,p) =
/4^(3-p)(1-p)

exp -C2
4(3-p)(1-p)

(4-51)

Equation (4-51) is a Gaussian distribution having a mean of zero 

and a standard deviation of A(3-p)(1-p). A simple check on this 

value of the standard deviation is obtained by finding the variance 

of curvature from equation (4-35).

Thus

E [ 2yo-(y-i*y+i) = 6 - Bp + 2p‘ (4-52)

The distribution of slopes as well as curvature is important 

because one widely used criterion for the onset of plastic flow 

(Blok 1952, Halliday 1955) uses the mean slope of the flanks of 

the asperities. The slope distribution of the profile f(m,p)is 

easily obtained as in the case of curvature of the profile as a 

whole because the formula itself involves a simple linear 

relationship of the Gaussian variâtes y_^ and y^^ and so is 

itself Gaussian with mean zero and variance given by 

2(l-p2).
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Hence

4(l-p2)
4m(l-p2)

1/2
(4-53)

from which the average modulus of the slope m can be obtained 

taking into account the spacing and variance to give

ll/2
(4-54)m =

a
l-pZ

4.3.6 Effect of assumptions on curvatures*

In this section the effect of the assumption that the apex of the 

peak occurs at will again be considered. From figure 8, if R 

is the radius of curvature

y-i rr y* 1
2R (&+s)

^0 = y* 1
2R s2

= y*
1
2R (£-s)

using the spherometer formula approximation to a true circular 

peak.

* I am indebted to Mr. A. Dyson (Shell Research Ltd.), Adrian 
Visiting Fellow of the University, for suggesting the approach 
used in this section.
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Letting - ^

y_-

where C = 2y^ - y^ 

C

- y-1

2 P (£+s)

= y* - 21% s

+1 = y* - c_
222 (&-s)2

Now the probability density of a peak of curvature C at a true

maximum height of y* whose apex is a distance s from y^ is ‘given 
*by f (y*,C,s). This can be determined from the co-ordinate space 

^-I’̂ O’̂ +l ^ transformation whose Jacobian J is given

by
&(y_i.yQ.y+i)
&(y*,C,s)

where J =

J =

ay_;
dy*

^^0

c-y+1
Cy*

1,

1,

1,

%y_-
hC

^^0

dy+1 dy+1
cC 0 s

2£2- ^ 2  (&+s)2, (£+s)

1 2 C

1
2&2 (2-s)

(4-56)

= C/2 (4-57)



If we now consider the case where y y^ and y^^ are all 

independent then their joint probability density is f(y_^,yQ,y^) 

given by

89

(27t)3/2
exp

Using the transformation

f(y_i.yo»y]^) • J = f (y*,c,s) (4-58)

(for a justification see Davenport and Root 1958) yields

f (y*,C,s) =
2(2it)3/2

exp - (Cy* (2+s)2) +(y*---—  s2)2+ (y*------(&-s)2)]
22^ 22^ 22^

2(2w)3/2
exp

(3y*2- %  y*(222+3s2) + ^  (22'̂ +3s'++1222s2)

(4-59)

Now the total curvature distribution of the peaks is obtained by
*

integrating with respect to y* to give f(C,s). Thus

*, Cf(C,s) = --- — exp
2211/3 122'

(2^+ 1222s2) (4-60)

which is a Rayleigh distribution - demonstrating the existence of
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a Rayleigh distribution of curvatures rather than a Gamma function as 

suggested as a possible distribution by Greenwood and Williamson 

(see discussion of equation (4-49) above), To take into account 

all the possible peak apex positions this equation has to be 

integrated with respect to s. The limits of integration 

corresponding to s = ±2/2 have to be used because within these limits 

the curvature is positive if y^ > y^^,y_^ which corresponds to our 

definition of a peak, (see equations (4-55)). Then,

*  n f^ /2  p2 p2o2
f(C,s) =

22it/3
- 2/2

/ ^ \ / C^s X .exp (- — ) . exp (----- )ds
o2

exp (- ^ )  .erf (C/2) (4-61)
/l2w

As can be seen equation (4-61) is identical with equation (4-49) 

illustrating that as far as the curvature of all the peaks is 

concerned the errors due to this particular assumption are zero. 

Exactly the same argument can be followed in the correlated case.

4.3.7 Analysis of surface profiles

The validity of the theory given above has been checked using 

digital analysis of profile meter outputs. For this purpose 

Aachen 64-13, a typical ground surface used in an O.E.C.D. research 

programme was used. The experimental results were derived from 

surface profiles having been obtained by data logging the output 

from both a Talysurf 4 and a Talystep as explained in Section 3.

The results presented are based upon five profiles each



TABLE 4.1

Relation between sampling interval (2) and correlation (p) 
between successive samples on Aachen 64-13.

Sampling interval (pm) 

Correlation (p)

15 6.0 3.0 2.0 1.0 0.5 0.25

0.10 0.40 0.63 0.74 0.86 0.92 0.96

TABLE 4.2

Showing second order joint distribution practically for Aachen 64-13, 
Joint distribution of Aachen 64-13 between adjacent ordinates.

Sampling interval (pm) 1.25 2.5 15

Correlation p 0.825 0.68 0.1

0 practical 0.96 0.67 0.52

a theoretical 0.99 0.73 0.565

The results in the Table were obtained from 1000 data points. In 
the particular record of Aachen 64-13 used in this exercise the 
sampling rates were in rational units of micro-inches rather than 
micrometres; the 2.5 pm and 1.25 pm corresponding to 100 
micro-inch and 50 micro-inch spacing respectively.
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consisting of some 10,000 ordinates. Statistical analysis 

shows that the normalised standard errors of the results presented 

below are approximately 2% for mean values, and 5% for individual 

points on the probability distributions.

By suitable selection of data in the computer it was possible 

to present results for sampling intervals between 0,25 pm and 

15 pm. It was thus found (figure 4-9) that the model used was a 

good representation of the data obtained from the surface profiles; 

the distribution of ordinates was close to Gaussian with an RMS 

value (a) of 0.5 pm and the autocorrelation function was close to 

exponential with a correlation distance (3*) of 6.5 pm. In 

subsequent discussion the theoretical values of the correlation 

( p) are used for the selected values of the sampling interval as 

shown in Table 4.1. It will be observed that any divergences 

between these values and those obtained from the profiles are, for 

the most part, within the limits of experimental error. Figure 4-10 

shows the joint distribution of two ordinates on Aachen 64-13 

obtained from the analysis of this same data and Table 4.2 provides 

a comparison of theory and experiment for this material.

In the results presented in graphical form, sampling intervals 

( Z ) of 15, 6, 3, 2 and 1 pm (corresponding to correlations of 0.10, 0.40, 

0.63, 0.74 and 0.86 respectively) have been selected to display

certain important features. Figure 4-11 shows a comparison of 

theory and experiment for the probability that an ordinate is a 

peak at height y (equation (4-27). It will be observed that for



Irr
o
u.

%
I
s0:
O
O
0
g
CO
1TfV:
z
UJX
<<
c/izo
k-Uz3
L L
>K
tn
Zw
Û

<zg
Ûzo
u

z
Û

o
gL L
uJ
g
Œ
LU

S

H:
'<z
Qa
O
a
Ü JX
ë
>crLU>LU
s
Ü J
5Z
Û
q:
O

LU3

g

g



Q)

O
Ü
a
o
•H
4-»d
.'S
u4JW
•H

0)PL,

I<r
<u
udtxO
•HpM

o

O

CO O

KM
C/D

I
g
M

M

i
§
çu



PROBABILITY DENSITY

I

Ou.

yo
zo
5
ÿ
a8
z0
S
1
o

o o

rvi

o y

o I0
LJ1



lO
CO
VO

g
•H
U
I—I(U

GO•H
4-13̂
a
■u0)•HT3

0)Pm

I
(U
s60
P4

O

4_)

o

CO o

M
CO:3
g

M

i
§PM



FIG 4 - l f c l

PEAK DISTRIBUTION CORRELATION 0  74,

THEORETICAL
O  PRACTICAL 0 1 5

0*10 .

ca

3 0 2 0 10 O I O 2 0
HEIGHT.



vr>00
O 1—1

cO
c 1—I U
o CO • H

•H O P
P •H <U
n) P P

!---1 U O
Q) CO eu
U U MU fX p
Oo

. O 1
0
o

•H
4-»

•H
U
■PCO
•H

<UPm

I
<u>-l
â

•H

IHOiaH

M
H
M
CO

I
K
M

M

§
g



Figure 4-12. Characteristics of the distribution of peaks. The full 
line gives the mean value and the broken line the 
standard deviation; they are normalised by the standard 
deviation of the ordinates (a). The experimental points 
are derived from digital analysis of profiles from 
Aachen 64-13.
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& = 15 pm down to & = 3pm the agreement between theory and 

experiment is good. However, for £ = 1 pm, figure 4-ll(e), there 

is a marked divergence, the number of peaks detected falling 

significantly below the theoretical values. The results for all 

values of the sampling interval are shoi\m in figure 4-12 in 

which the mean value and the standard deviation of the distribution 

of peaks, equations (4-31) and (4-35), are plotted against the value 

of the correlation between successive samples. The most significant 

divergence between theory and experiment is the fact that, for the 

shorter sampling intervals the mean values lie above the 

theoretical predictions (see also figure 4-ll(e)).

Figure 4-13 presents theory and experiment for the probability 

that an ordinate is a peak of given curvature. As before, for 

£ = 15 pm down to 3 pm the agreement is excellent but again there 

are significant differences for the shorter sampling interval of 

£ = 1 pm. It will be observed from the magnitudes of the 

curvatures shown in figures 4-13(a), (b), (c), (d), (e), that as 

the sampling interval is decreased one is concerned with asperities 

of smaller and smaller radius. This is made quite clear in 

figure 4-14 which compares theoretical values of the mean curvature 

of the peaks with the values found from the profiles using 

differing sampling intervals. Once more the only significant 

divergence between theory and experiment occurs at the shortest 

sampling interval (£ = 1 pm).

The results obtained at the shorter sampling intervals suggest
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Figure 4-14. Mean curvature of the peaks as a function of the correlation (p) 
between successive samples. The full line gives the theory.
The experimental points are derived from digital analysis of 
profiles from Aachen 64-13 (a = 0.5 yra, 3* = 6.5 ym) .
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that the measurement of the surface profiles are affected by the 

finite size of the stylus. In figure 4-13(e) a value of the nominal 

stylus curvature has been indicated, this is taken as the reciprocal 

of the nominal tip dimension of the stylus. The character of the 

divergence between theory and experiment shown in figure 4-13(c) 

is certainly consistent with the assumption that it arises from 

the finite size of the stylus. The total number of peaks detected 

is less than that forecast by the theory and the distribution has 

apparently been distorted towards smaller values of the curvature.

It is, of course, equally possible that the surface used in 

this work does not conform at these shorter wavelengths to the 

model assumed here. Figures 4-11(e) and 13(e) would then imply that 

the structure of shorter wavelengths, although present in the 

model, does not exist upon the surface. In an attempt to resolve 

this question experiments were performed with a stylus having a 

smaller tip dimension. A discussion of the experimental procedure 

and the special problems involved has been given in Chapter 3. The 

results are shown in figure 4-15 where the ratio (N) of peaks to 

ordinates is plotted against the correlation (p) between successive 

samples. It will be recalled that the theory (equation (4.32)) 

forecasts that this ratio varies between 0.33 (p =0) and 

0.25 (p = 1). Figure 4-15 shows once more a divergence between 

theory and experiment for sampling intervals of less than 2 ym; 

in this region the number of peaks detected falls well below the 

theoretical values. Similar plots showing a decline have been 

presented by Sharman (1967) , but no explanation of the cause was



Figure 4-15. Ratio (N) of peaks to ordinates as a function 
of the correlation (p) between successive samples 
The full line gives the theory. The experimental 
points are derived from digital analysis of 
profiles from Aachen 64-13.
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advanced. Figure 4-15 also shows that when using a stylus with 

a smaller tip dimension the decline is delayed to smaller values 

of the sampling intervals. Clearly, therefore, stylus resolution 

is a significant factor in the behaviour in this region. This is 

clearly brought out by looking not at just the distribution of the 

peaks but also at the distribution of the valleys.

That the stylus resolution is important in the valley 

distribution as well as the peak distribution can be seen in 

figure 4-16. This shows a part of a graph taken on Aachen 64-13 

with no magnification difference between the horizontal scale and 

the vertical scale. The magnification of 2000 that was chosen is 

necessary for two reasons; (a) the recorder would not see the 

possible sharp changes in the slope at the bottom of the valleys if 

the magnification was lower in the horizontal direction, and (b) 

the surface is fine enough in roughness to require a reasonable 

magnification vertically. It can be seen that the valleys appear 

to be sharper than the peaks. This is due to the stylus tip and is 

not simply a characteristic of the surface.

It is a straightforward exercise to check that this is so.

This is done by making an epoxy replica of the surface and 

retracking in the same way; using a replica turns the peaks into 

valleys and vice-versa. The same effect was noticed - the 

apparent valleys were still sharper.

The reason for this apparent curvature discrimination of the 

stylus against peaks rather than valleys is because the stylus is in
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TABLE 4.3

Comparison of some peak and valley results for 0.25 ym sampling 
tip of stylus (ym).

Tip of 
stylus (ym)

Average 
curvature 
of peak
(mm )̂

Average 
curvature 
of valleys
(mm-1)

Ratio
peaks/
ordinates

Ratio
valleys/
ordinates

2.5 X 2.5 400 900 0.04 0.06

0.25 X 0.25 700 1000 0.082 0.085
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effect a non-linear filter. This is brought about because when 

a stylus runs over a peak the effective radius of curvature of 

the movement of the stylus is equal to the radius of the peak, 

plus the radius or equivalent radius of the stylus. IVhen the 

stylus runs into a valley one of two things happens,(a) the stylus 

runs in and out of the bottom of the valley, or (b) the stylus 

does not bottom. In case (a) the radius of curvature of the locus 

of the stylus is that of the valley bottom minus the radius of the 

stylus. In the figure a rounded stylus has been shown for clarity.

In case (b) where the stylus does not bottom there is a 

discontinuity in the slope of the locus because the stylus has 

effectively jammed in between the valley sides, figure 4-17(b). From 

both of these cases it is clear that the valleys are sharper than 

the peaks - as revealed by a stylus instrument. This fact has been 

noticed in the digital analysis of the information. Some results 

are shown in Table 4-3. It shows the uiffeieuce up cleaily.

Another consequence of the difference in sharpness of the 

peaks and valleys can be seen in the ratio of the number of peaks 

and valleys to the number of ordinates shown in Table 4-3. There 

appear especially for the big stylus to be more valleys than 

peaks. This is a result of four things: the big stylus, the

quantisation interval, the sampling interval and the three-point 

definition of a peak or valley. Because the stylus is large the 

peak appears blunt, this in turn means that for the short sampling 

interval there is little height difference between successive 

ordinates; this difference in some instances will be smaller than
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the quantisation interval for a few ordinates near to a peak where 

the changes in level are small anyway, and because of the three- 

point definition no peak is registered. The effect will tend to be 

the opposite for valleys.

From the results obtained in this section it is clear that the 

stylus resolution does have a significant effect on the results of a 

digital analysis of a surface profile especially for the case of a 

small sampling interval.

4.4 Some applications of the model

4.4.1 Extension to three dimensions - definition 
of a summit

In Section 4.3.2 a peak was defined by reference to selected 

points on a profile. Thus a peak was defined as a high point on a 

two-dimensional representation of the surface. Similarly we shall 

now consider a summit as a high point on a three-dimensional 

representation of the surface. A peak was simply represented by 

three-point analysis. We now consider the corresponding 

representation of a summit.

Obviously in engineering terms a summit or strictly three 

summits would automatically be defined if a plate were to be 

rested on a surface. If the plate is made larger, to cover more of 

the surface then the same three summits would not likely be those 

that contacted in the first case. The definition considered here 

is that for the first contact. As before the surface will be
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considered to be made up of individual elements which may be the

sampled digital values. Figure 4-18(a) shows that the minimum conv«ni€iA£

number of ordinates required for a definition is five; one in

the centre being higher than four, each of equal weight, on the

four sides. In this picture the surface is assumed to be

isotropic so that these four ordinates are all the same distance

from the central one. This definition corresponds to a summit

which is defined when a circular plate of radius equal to unit

ordinate spacing is laid on the surface. If the radius taken is

/2 times the ordinate spacing the number of ordinates now required

is 9. However, in this case, the ordinates in the definition are

not equal weight relative to the central ordinate (figure 4-18(b)).

Another simple justification for the five ordinate model is 

that the equation of a summit of height having an apex at 

x = 0 , y = 0 i s z = Z Q -  a^x^ - a^y^ - 2a^xy which has four 

unknowns, consequently at least four points need to be available in 

order to define it. For this purpose only the five point model 

needs to be used.

To show how difficult it is to define a summit even in these 

simple ways consider figure 4-18(c). Just by changing the 

ordinate configuration the minimum number of ordinates in the 

definition changes from 5 to 7; the six ordinates surrounding the 

central one S being of very nearly equal weight. This suggests 

that the number of summits likely to be found on a surface by any 

digital means is likely to be variable depending on the method of 

definition.
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Take the simplest case, assuming isotropic geometry and 

denoting the ordinates orthogonal to the y values as x values, 

the configuration defining a peak is shown in figure 4-18(a).

The co-variance matrix M in the case of a general correlation 

function is given in the following order y^^, x^^, y^, x_^, y_^

M =

E(y+i-y+i). E(y+i.x+^), .

• E(y_i-y_i)

(4-62)

M = p.

1 P3  P3  P2

P3  1 Pi P2 0 3

1 1

P3 pg p]_ 1 P3

p2 P3 P]_ P3 1

(4-63)

When the autocorrelation function is exponential

p2 = Pi and = Pi (4-64)

For the case when the ordinates can be considered independent 

Pi ^ 0 and the joint probability density f(y^i, x^i* y^, x_i, y_i)
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becomes

f(y+i'*+i'yo'X-i'y-i) = 77^(zir;

exp (- i(yji+x2^ +yo+̂ !i+y!i))

(4-65)

which gives the probability of a summit at y, f°(y) to be given

by

f°(y) = ' 1 + erf (y//2)

exp (- y^/2 = #4(y) exp (- y^/2)
/Z ï ï

(4-66)

where the circle over the letter f indicates a summit property 

as distinct from an asterisk for a peak property.

The case where the ordinates are correlated is clearly much 

more complicated. We shall, therefore, make a number of gross 

simplifications to obtain some feel of the probable solution.

For the case when is large compared with p̂ , then the

equation (4-66) becomes

f° (y,P) = ^ 1 + erf (y//2 )

exp (-y^/2) f° (y,p) = (y )
P

(4-67)
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To convert equations (4-66) and (4-67) to true probability 

densities require that they are divided by the ratio of summits 

to ordinates in both cases. In the case of equation (4-66) this 

ratio is one fifth and for equation (4-67) it is one sixteenth.

If nine ordinates had been used for the definition then for 

the case of independent events

(y)
256/2n

1 + erf { y / / l )

exp (-y^/2) f° (y) 1 $8 (y)

(4-68)

The ratio of summits to ordinates is one ninth in this case. 

Making again the not inconsiderable assumption that for the 

correlated case p^>>p^ is large compared with the other

correlations between all ordinates other than the central one,
-n£L«MC)ta fCorA

a situation likely to be most true for values of correlation between 

zero and high correlation, then

f (y,p) =
256

1 + erf

e x p  ( - y ^ / 2 )  =  — t -

(4-69)

from which it is clear that under these circumstances and with
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these assumptions the ratio of summits to ordinates would be 

2^  • Consequently assuming that equations (4-66) to (4-69) 

represent the sort of spread of sampling interval and definition 

that can be expected then the variation in the number of summits 

found over a given area could be very high; the actual value 

depending on the sampling interval and the definition. Just how 

valid the assumptions are that were made in the high correlation 

case will be discussed in Section 4.5.

Another point concerning the assessment of the number of 

summits as a fraction of the number of ordinates occurs when trying 

to predict the number of summits from the number of peaks in the 

two dimensional case. If the ordinates are independent of each 

other and one is considering three-point analysis, the probability 

of one ordinate being a peak is 1/3. Simply squaring this to give 

the probability that this ordinate is a summit implies that 

f* yQ> y_i) is independent of f* (x+i'Yo' which it

obviously is not. The reason for this is that if y^ is a peak in 

one direction, this fact means that, on average, y^ lies above the 

centre line; it therefore has a greater probability than normal 

of also being a peak in the other direction. One could carry out 

an experiment in which an area of surface is completely covered 

with a grid of data logged traces. Scanning the surface in the 

y direction, the number of peaks in every trace could be counted 

and the total number of peaks in the area found. A similar 

procedure could be followed by scanning in the x direction with 

a similar result if the surface is isotropic. But the ratio of 

summits to ordinates is not simply the square of the ratio of peaks 

to ordinates found in one scan. In our second scan we wish
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to find the number of summits; that is the number of points, 

previously defined as peaks, which are peaks a second time. For 

the independence case discussed above, this ratio would be 3/5.

Hence the number of summits in an area cannot be determined 

directly from one digital trace, the only really valid way to deal 

with summits is by using the multi-normal distribution in the 

three-dimensional case.

To summarise. The correct procedure for estimating digitally the

ratio of summits to ordinates is to work from the three-dimensional 

definition and this should preferably be the five-point definition 

because it is the logical extension of the three-point definition 

of a peak; like that definition it uses the minimum amount of data. 

Moreover all of the outer points have equal weight in the definition,

4.4.2 Variability and confidence limits

The importance of g* in the specification of surface finish 

has been stressed but it has additional significance in its own 

right. Consider the measurement of the or RMS roughness value 

of a random type of manufactured surface; it is often desired to 

know the confidence limits of such a measurement and this is easily 

expressed if one knows the standard deviation of a large number of 

such measurements made upon the same surface. Alternatively this 

can be estimated if S* is known. It can be shovm that the standard 

deviation of such a measurement of the R^ roughness of a random
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surface, when normalised as a ratio of the mean value is approximately 

1 / Æ  (4-70)

In this equation M is the ratio of the assessment length used 

in the measurement of to the distance between points on the 

surface (2.33*) which just provides effectively independent events. 

(This ratio is analogous to the bandwidth-duration product used 

in communications theory to estimate the reliability of data,

Bendat and Piersol (1966)).

For example on the 8 mm cut-off range, the Talysurf 4 

instrument has an assessment length of 3.8 mm. The value of 2.33* 

for Aachen 64-13 is 15 pm. Thus the normalised value of the 

standard deviation of readings on this surface should be 4.5%.

A measured value of the standard deviation for Aachen 64-13 based 

on a large number of readings was 4.3%.

Knowledge of this, the effective number of degrees of freedom 

of the waveform, enables the variations in other parameters to be 

estimated from a limited length of profile, for instance, the RMS 

value, the variation in which again has a formula similar to 

(4-70). This is derived from a knowledge of the variance in the 

mean square estimation of the signal.

Var.(Mean Square) = — f (1 — -̂̂ )
2

[C(3)} + 2p2 c(3) d3
-L

(4-71)
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where C (3) is the autocorrelation and y is the mean value of the 

waveform (Bendat and Piersol 1966).

4.4.3 Application of the model to theories 
of surface contact

In this section the relationship between separation of bodies, 

load, area of contact and conductance under elastic deformation will 

be discussed to provide a physical background to the application of 

models of surface asperities.

In Chapter 5 the contact of bodies will be considered

taking the size and shape of th_e upper specimen into account, however,

a similar approach to that of Greenwood and Williamson will be taken 

in the present section. This latter part has been carried out 

by Mr. R. A. Onions and will form part of his Ph.D., thesis, the 

following IS a summary of his results.

As in the Greenwood and Williamson treatment it will be 

assumed that the peaks are independent and do not interact upon 

deformation. The contact between a non-deformable flat surface 

and a deformable surface, having the characteristics of the model 

of this chapter, will be assumed. As in most models of surface 

contact the dependent variables (Area, Load, Contact resistance) 

are calculated as functions of one independent variable (the 

separation).

In this approach the surface is considered to be made up of

asperities made up of spherical caps of radius R.
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Consider the contact of one of those asperities, the area of 

contact ÔA is given by 5A = ttRw using Hertz’s theory where _co 

is the compliance.

For two surfaces whose mean levels are separated by k, at any 

level y, only a -proportilSi of peaks f* (y,C) equation (4-47) will 

have a curvature C, Hence the p i Lüon c real area of contact 

due to peaks at this height having this curvature (5A)y ^ is

given by

. (6A) = u f* (y,C) (4-72)
y,C

where in this formula it is assumed that only the independent peaks 

are to be considered, hence the use of f* (y,C) rather than 

f* (y,P,C). For all peaks at this height having any curvature 

equation (4-72) has to be integrated with respect to C

mean (6A) = it(2.33*)^ (y-k) | -— - dC (4-73)

/2 ^
since R = -— — -—  for independence.

For all peaks contributing to the area A lying between k and <»

mean (6A) = 7t(2.33*)^ (y-k) dC dy (4-74)
0
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hence the total area of contact A is given by

A = n(2.3P*)2 N (y-k) dC dy (4-75)
k 0

where N is the number of asperities per unit area estimated at the 

mean line from 3*̂ .

Similarly expressions for the total load W and the conductance 

(Holm 1958) may be obtained.

W = N/2
3tt E" (2.33*)o (y-k) 3/2 dC dy

(4-76)

and G =
TT y/l

(y-k) 1/2 f f*(y,C)
/C

dC dy (4-77)

where r is the resistivity.

Using these expressions, graphs can be plotted showing the 

variation of real area of contact with load (figure 4-20), contact 

resistance with load (figure 4-21), variation of mean real area 

with dimensionless separation (figure 4-22) and variation of mean 

pressure with dimensionless separation and load (figures 4-23 

and 4-24). These graphs will be discussed in Section 4.5.3 together 

with the implications of the differences when compared to those 

obtained by Greenwood and Williamson.
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4.5 Discussion

4.5.1 Digital analysis

The points associated with three-point analysis and the loss 

of information inherent in its use have been mentioned, together 

with the other difficulties involved in its implicit assumptions.

The main point at issue in this sort of approach is to decide the 

range of sampling intervals from which it is acceptable to use 

information in devising theories for surface contact.

The significance of the shorter wavelength structures (revealed 

by the use of the shorter sampling intervals) in the contact and 

rubbing of surfaces may be questioned; in any event, a lower limit 

to the acceptable range is set by stylus resolution. At the other 

extreme it is clear that the use of very long sampling intervals 

will give results which have little physical significance. A more 

relevant spacing of ordinates is that which will define the dominant 

or main structure of the profile. This spacing is that which just 

makes successive ordinates independent of each other; this corresponds 

to the zero order Markov sequence equation (4-20). How these 

ordinates have to be spaced for independence depends on the type 

of autocorrelation function, see Section 4.2.1. Dependent on the 

arguments then put forward as a general guide to the main structure 

of relevance in contact problems a sampling interval of 2.33* 

has been used.

There are a number of ways in which to justify the spacing of
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events at 2.33*, none of them precise. However, estimates can be 

made by considering different ways of defining the main wavelengths 

For independent events the main structure of the waveform has an 

equivalent wavelength of about 103*. This can be seen by using a 

simple Bernouilli argument. Let the profile have two states; the 

one corresponding to when the profile is above the mean line 

(state 0) and the other (state 1) when the profile is below the 

mean line. For there to be a crossover and back, corresponding 

to the equivalent of about half a wavelength, then there must be 

a change of state - equivalent to a transition of say p^^ followed 

some time later by P^q * During this time only p^^ transitions 

would be allowed.

Hence the probability of half a wavelength happening in two 

adjacent intervals is p^^ . P^q > for three intervals it is

^01 * ^11 * ^10 ™ intervals it is p^^ p^^^  ̂ • P^Q.
Hence the average number of intervals n over which there has been 

a transition across the mean line and back is given by the mean 

value of the distribution. Thus

Y . i-2
^01 * ^11 * ^10 

n = ^ -------------------  (4-78)
Y i-2^01 • ^11 * ^101=2

which reduces when p^^ = p^^ = p^^ = 1/2 to
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n =
I  i  (1/2)1  ̂i/2^ - 1/2
1=2 1=1

I (1/2)1  ̂i/2i - 1/2
1=2 1=1

(1+2 I I/2I+I - 2(k+l)/2k+l) _ ^̂ 2
— . 1=1 _ n = &im k+«’ ------------------------------------   3

1/2

(4-79)

because  ̂ 1/21*^ = 1/2
1=1

Now, taking into account the fact that because the profile has been 

over the mean line and back within three intervals means that the 

actual distance over the mean line is nearer two, n becomes after- 

the end corrections have been taken away near to the value 2.

Hence the dominant wavelength A is about four times the event 

spacing i.e.

A 9.23* 'x, 103* (4-80)

Consider now the power spectrum (figure 4-3). Most of the 

energy is contained in frequencies up to the cut-off w = -̂  ̂

implying an equivalent wavelength of 63* and longer. If the shorter 

wavelengths are removed by a sharp filter then the mean centre line 

spacing is about 53* (see Bendat 1963) which gives the effective 

wavelength of about 103*. Hence the broadscale structure has an 

equivalent wavelength that is (a) about four times the distance 

of independence and (b) about 103*. This gives the effective 

independence length to be about 2.53*. Another way of approach is 

to consider the digitising of the random waveform after the high
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frequencies w > have been filtered out. The necessary spacing 

would be about 2.5 times smaller than the cut-off wavelength which 

yields 2.53* . The value of the autocorrelation which

corresponds to this is about 10% (2.33*) which means that the 

independence length 2.33* ties up with the correlation length 

proposed by Peklenik (1967). In this and future chapters we will 

most often refer to independence length rather than correlation 

length. This is because the words independence length convey better 

the physical meaning, there is no difference other than this. A 

statistical reason why a value of correlation between 10 and 20% 

should be used is that the RMS of the conditional probability 

(equation 4-8) becomes 95% (a well accepted confidence limit) of 

that of the profile.

The only difficulty with the use of low correlation values for 

definitions is their difficulty in measurement, however, it seems 

likely that they will be useful not only for the exponential but 

also other monotonie shapes such as the Gaussian correlation function,

4.5.2 Summary of results

The results derived from the model here presented are shown 

in Table 4-4. This shows the way in which the significant 

characteristics of a surface profile depend on the two independent 

parameters a and 3*. To emphasise the importance of the scale of 

size used in the analysis each characteristic is shown (except for 

the plasticity index \py (described in Section 4.5.3) for two scales



TABLE 4-4

Characteristics of a random profile in terms of a and 3*

Characteristic Main Structure 
Z = 2.33*

Fine Structure 
£ = 0.233*

Mean peak height 0.82a 0.47a

RMS peak height 0.71a 0.9 a

Ratio of peaks 
to ordinates 0.33 0.26

Average upward 
or downward slope 0.24 a/3* 1.66 a/3*

Mean peak 
curvature 0.45 a/3*2 20 a/3*2

Plasticity Index —
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The main structure is derived assuming ̂  sampling length 

of 2.33* and a fine scale structure assumes asperity dimensions 

one order of magnitude smaller, namely 0.233*.

For Aachen 64-13 used in the digital analysis the shorter 

asperities described by 0.233* sampling lie just within the

resolution of the normal stylus. It can be seen immediately by

comparison of the results that the differences between the 

small scale of size asperities and the main structure is considerable 

especially in the characteristics involving derivatives. This fact

must be of consequence in contact theory.

4.5.3 Plasticity index and comparison with theory of 
Greenwood and Williamson

An important aim of recent studies of the topography of 

surfaces has been to provide an estimate of the chances that a given 

surface will be subject to plastic flow during contact;

Blok (1952) and Halliday (1955) considered the shape of asperities 

which could be pressed flat without recourse to plastic deformation. 

It was shown that this criterion could be expressed in the form

m < JcH/E" (4-81)

where H is the hardness and E '  = E/(l-v^), E being the Young 

Modulus and v the Poisson ratio; m as above is the average slope 

and k is a numerical factor, in the range 0.8 to 1.7 depending on 

the assumed shape of the asperity. Greenwood and Williamson (1966) 

assessed the probability of plastic deformation using their model
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in which asperities, each of radius R, are disposed in a Gaussian 

distribution of heights of standard deviation cr*. In this model 

there is always a finite chance of plastic flow; however, it was 

shown that it depended very little upon the load but was critically 

dependent upon a plasticity index \Jj given by

I- = (|̂ ) (4-82)

The plasticity criterion of equations (4-81) and (4-82) are 

similar in form. The Blok-Halliday criterion, is, however, unduly 

severe because it assumes complete depression of the asperities.

The plasticity index of Greenwood and Williamson (1966) takes 

account of the fact that only the tips of asperities are normally 

involved in contact. The present work emphasises the simplifications 

which have been made in these plasticity criteria because they take 

no account of the existence, upon surfaces, of superposed asperities 

of differing scales of size, figure 4-1. The plasticity calculations 

of equation (4-81) and (4-82) assume that the deformation of each 

of the asperities is independent. Therefore the plasticity index of 

equation (4-82) has a significance only if it applies to the 

main long wavelength structure; it should then indicate the 

probability of plastic flow over regions associated with this scale 

of size. If values of R corresponding to smaller scale structure 

are used the arguments involved in the derivation of equation (4-82) 

become invalid because the deformation of adjacent asperities interact

In deriving a value of the plasticity index for Table 4-4 

a value of the mean curvature of the peaks derived from
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equation (4-50) has been used. The value of ip derived in this way 

underestimates the probability of flow because the curvature of 

the peaks increases with height. Thus the highest peaks, which 

are those involved in contact have a smaller radius than the total 

peak population. Numerical integration of equation (4-46) shows 

the way in which the mean peak curvature varies with height. The 

results are shown in figure 4-25. It will be seen that for the 

broad-scale structure (p = 0.1) the upper peaks are almost three 

times sharper than the average. The effect of this can be seen 

most clearly in figure 4-23 which shows how the mean contact 

pressure varies with surface separation. It is clear that the 

agreement between the model proposed in this thesis and that of 

Greenwood and Williamson agree very well for the case where in our 

model the peak curvature is assumed to be constant. This arises 

from the near-Gaussian distribution of peaks obtained in our model. 

However, for the full model of this thesis where the curvature 

varies with height the curve of mean pressure against separation is 

different from that of Greenwood and Williamson- In fact it is 

about twice as high for small separations. The important feature 

of this new curve is that it brings out even more clearly the fact 

that the mean pressure at the contacts is a constant over a wide 

range of separations and loads.

Another feature of this model and its comparison with that 

of Greenwood and Williamson (1966) is worthy of comment. The 

Greenwood and Williamson model is specified by three parameters;

0* the standard deviation of the peak distribution, R the radius
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of curvature of the peaks, and r\ the density of asperities per unit 

area. In the terms of our theory the required parameters are 

completely defined by a the standard deviation of the height 

distribution, and 3* the correlation distance. The theory of 

contact based on our model involves a statistical distribution of 

peak heights and peak curvatures. Comparing the two models o* 

is proportional to a, R is proportional to 3*\ /o and n is 

proportional to 1/3*^. Hence for all random surfaces when the 

Greenwood and Williamson model is used the parameters should be 

related by the equation

a* R f) = constant (4-83)

There is some evidence (J. A. Greenwood, private communication) 

from the analysis of bead blasted surfaces that this relation is 

indeed true.

As a verification of this, Table 4-5 shows the values of this 

product for some random processes other than bead-blast. Each of 

the surfaces in this table are typical of the process.

They show that over a wide range the values do tend to be 

constant. For those surfaces examined the constant was 0.05 with 

a standard error of 0.005 which when considering the spread in 

individual readings taken over a surface is remarkably good.

This value of 0.05 or thereabouts could be predicted because 

consider the values of a*, R, n obtained from a random waveform, 

using Table 4-4 and letting the probability of an ordinate being a



TABLE 4-6

Relationship between surface parameters for surfaces generated by 
random processes (sampling interval 2.5 pm)

Specimen
No.

RMS of
peak
distrib.

Average 
Summits per 
sq. cm.

Average 
Radius of 
Curvature

Non-dimensional
Product

33-10 12.3 30 000 .00125 0.047

34-02 2.5 77 000 .003 0.057

37-16 2.25 35 000 .00084 0.066

40-20 0.69 720 000 .0025 0.122

25-18 1.0 1 360 000 .00055 0.074

26-03 1.25 1 440 000 .00049 0.088

27-20 0.62 1 290 000 .00083 0.066

28-11 0.90 1 270 000 .00066 0.075

60-04 0.33 1 490 000 .001 0.049

61-01 0.22 2 000 000 .001 0.045

64-13 0.4 1 800 000 .0008 0.059

66-14 0.69 1 470 000 .001 0.100

Average 0.068 ± 0.006
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summit equal K, the sample interval I  and the correlation p 

between ordinates. Then

a* = 1 + (1-p) /l+p

2/3-p tan ^ l+p

R = - 2 N /iï
c* (3-p)/r^

TT (1-p)
1/2

and r\ = K . —2 assuming unit area

here N = ~ tan  ̂/(3-p) / (l+p)

(4-84)

For the case where independent events are used then K = 1/5 for

the first five ordinate summit model and the product becomes

1 + (1-p) /l+p TT (1-p)

2/3-p tan ■*■/-i /j-p
l+p

1/2
2N /tT * K
l3-p) v'i-p

(4-85)

0.71 X Y X - 2 ^ = 0.05

Table 4-6 shows similar results obtained when sampling with an 

interval of 2.5 pm. This shows that even when the sampling has not 

been chosen for independent events the value of this product is 

still nearly the same being 0.068 ± 0.006 indicating that, over 

a wide range of size of surface roughness produced by random 

manufactured surfaces, and over an order of magnitude in the
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sampling interval, this product can be regarded as constant.

Given this proviso, an estimate of K can be made for a range of 

interval within which the correlation is high. Remember that in 

the definition of the summit discussed previously in Section 4.4 

the calculation of the equation for a summit for the case of high 

correlation was complex.

According to this the ratio of summits to ordinates for a 

correlation of 0.80 would be about 0.1 and not 0.004 as would 

result from equation (4-69). This indicates that the gross 

assumption made in deriving the equation, namely that only corre­

lations to the centre ordinate were significant, is obviously not 

justifiable in the highly correlated case, which must be a reasonable 

conclusion because as p^+T so does PgSnd p^.

4.5.4 Comparison of theory and experiment

The comparison of theory and experiment shows that the model 

which has been adopted can provide a description of the geometrical 

features of profiles from a typical manufactured surface; the 

statistical distribution of surface characteristics are accurately 

forecast over a wide range. This range covers an order of magnitude 

in the linear dimensions of the asperities and more than two 

orders of magnitude in their curvatures. Divergences appear only 

at shorter wavelength and these arise, at least in part, from the 

resolution of the stylus.

First consider the results of figure 4-15, the exponential 

correlation function adopted here requires that at short sampling
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intervals (N-+1/3) the number of peaks detected should be very 

nearly inversely proportional to the sampling interval. However, 

with the normal stylus, reducing the sampling interval from 1 to

0.5 pm increases the number of peaks by only 16% and a further 

reduction to 0.25 causes no detectable increase in the number of 

peaks. These results suggest that either the fine scale structure 

does not exist on the surface, or it is present and is not detected 

by the stylus. The results obtained with the sharp stylus show 

clearly that stylus resolution is a significant factor, at a 

sampling interval of 1 pm the replacement of the normal stylus by 

the sharp stylus causes an increase of 20% in the number of peaks 

detected. In addition, when using the sharp stylus a reduction in 

the sampling interval to 0.5 pm and to 0.25 pm causes increases in 

the number of peaks by 37 and 75%. Figure 4-14 shows that the use 

of the sharper stylus also results in an increase in the mean 

curvature of the peaks; in other words the sharp stylus reveals 

more detail and finer detail. That the sharp stylus can reveal 

detail upon surfaces which the normal stylus does not see is seen 

from figure 4-19 which shows a typical random surface. Also 

figure 4-4 shows an electron micrograph of a typical ground 

surface. Thus, on the question of stylus resolution we see that 

the effect of the finite dimension of the stylus is not likely to 

produce a sharp cut-off in resolution (see American Standard ASA B46.5) 

Nevertheless, assuming that the profile corresponds to the model of 

an exponential autocorrelation function, the change in the tip 

dimension from 2.5 to 0.25 pm produces a smaller change in the 

resolution than might be expected; perhaps the fine structure is
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present but its magnitude is smaller than is required by the 

theoretical model. This possibility will be further explored, and 

a possible explanation offered, in Chapter 7. However, it should 

be noted that the tip dimension may not be the only factor which 

determines the resolution of the stylus. Equation (4-54) shows 

that as the sampling interval is reduced and structures of shorter 

wavelength are involved the local slope of the surfaces become 

steeper. Hence the stylus angle might also be important in the 

resolution.

4.6 Conclusions

The main conclusions that can be drawn from the work in this 

chapter are as follows:

1. It is possible to describe those geometrical characteristics 

of a rauuom surface significant in its contact properties

in terms of two parameters of the profile itself, namely 

the RMS value and the correlation distance.

2. The scale of size is of prime importance in the determination 

of features likely to be important in the functioning of the 

surface. In particular the main structure as determined by 

the autocorrelation function is the most important scale of 

size to consider.

3. Providing that care in the definition and application of 

digital techniques is applied it is a powerful tool in the 

evaluation of surface parameters.
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5. PROPERTIES CONCERNING THE MOVEMENT OF BODIES ON
RANDOM SURFACES

5.1 Introduction

In Chapter 4 the evaluation of the geometrical properties of 

surfaces likely to be of importance in contact phenomena has been 

carried out using as a basic model of the surface the height 

distribution and the autocorrelation function. During this 

investigation it was found that good agreement existed between 

theory and practice over a wide range of sampling intervals. The 

major divergence between theory and experiment occurred at 

intervals which were.of the same order of size as the stylus tip 

dimension and smaller. This divergence was attributed, at least 

in part, to the finite resolution of the stylus. One of the 

purposes of this chapter is to investigate, in some more detail, the 

characteristic of the motion of a stylus being tracked across a 

random surface. The approach used will not be to describe in a 

deterministic way the motion of the stylus, but instead, using the 

concept of a Markov chain, the statistical characteristics of the 

stylus motion will be deduced compared with the characteristics of 

the profile itself. It will be shown that this basic approach can 

also be used to deduce information about the movement of bodies 

much larger than a stylus and in this way it becomes possible to 

make useful comments about the Envelope System of surface texture 

assessment.

This same approach has some significance in predicting the 

changes that occur in surface geometry characteristics caused by 

rubbing surfaces under load. These questions and their significance 

in the running-in process will be considered in detail in Chapter 6.
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In what follows the nomenclature given below will be used:

Subscript s - refers to stylus behaviour

Subscript e - refers to envelope behaviour

Subscript c - refers to contact in general.

Remembering also that:

No superscript refers to the profile behaviour itself

Superscript * - refers to the peak behaviour

Superscript * - refers to the valley behaviour

Superscript ° - refers to summit behaviour.

In Section 5.2, a general approach to the movement of a body 

over a random surface will be outlined. Following this, in 

Section 5.3 some specific problems will be analysed using simplified 

versions of this general theory.

5.2 Theory

5.2.1 Properties of gap between random surfaces

Consider figure 5-1 where y^(x) and y2(x) are random surfaces 

of infinite extent having probability densities of f^(y^) and ^2(72)' 

If both have Gaussian ordinate height probability density functions 

of mean value m^ and m^, RMS values and respectively then 

the probability density of the gap f(g) is given by

•00
f(g) = J f^(yp . (g+yp dy^ (5-1)
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which yields a Gaussian distribution of mean value m^ -m^ and 

RMS value og

a = so that ifg 1 2

= a, Og = /2 u (5-2)

If one of the bodies is flat then a = a.g

If the upper member (considered flat and having one degree of 

freedom) is moved relative to the lower then because of the infinite 

extent of both no vertical movement between the two would result; 

the top one merely resting on the highest peak of the lower. On the 

other hand if the upper member was of only limited length then some 

vertical movement would be expected because the upper member, due 

to its finite size, would effectively sample from the infinite 

population of the random surface below it. Hence statistical 

fluctuations in the vertical position of the flat body would result 

if it were moved. The magnitude of this statistical fluctuation 

would depend upon the relative size of the upper member to that of 

the bandwidth of the random signal representing the profile of the 

lower specimen. In two dimensions this is shown in figure 5-2 (a) 

and (b) in which the length of a flat of length L is compared with 

two random surfaces, (a) having a bandwidth - indicated here by a 

large correlation distance, and (b) having a short correlation 

distance. The flat for these purposes is restrained from tipping, 

a fact which is discussed later. It is clear that the 

statistical fluctuations in case (a) will be much greater than for 

case (b).
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5.2.2 Effect of limited sample; 
independent events

Consider a random surface having a correlation distance g*. 

Regions separated by about 2.36* can be considered to be 

independent of each other in the case of a first-order random 

surface, i.e. those having an exponential autocorrelation function. 

Consider therefore that the surface is comprised of a chain of 

such independent events. Note that these events are not necessarily 

peaks. The situation is shown in figure 5-3(a) in which a flat 

upper member whose face is parallel to the mean line of the random 

surface is imagined to be in contact with the surface, this in 

effect gives only one degree of freedom. If there are N such 

independent events within the sample L of the upper member, then 

the probability of the contact being at event y^ between y and 

y + 6y is given by f(y) (f (y)]^  ̂6y, where f(y) is the 

probability density function for the independent events and 

F(y) = j  f(y^) dy^, is the distribution function for event 1.

A similar situation arises for y^, y^ and so on. Hence 

assuming that these individual contacts are mutually exclusive 

(which must be so for a system having only one degree of freedom) 

the probability of a single contact between y and y + 6y is given 

by f^(y)6y where,

f_(y)Gy = N (F(y)^ f(y)6y (5-3)
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Equation (5-3) holds also for surfaces having other than 

Gaussian height distributions and exponential autocorrelation 

functions.

If N is large then contact is likely to occur when y is well 

above the mean line in which case f(y) - 1. Equation (5-3) then 

becomes (Gumbel 1959):

f̂ (y)<5y = N exp (- (l-F(y)) (N-T)]f(y)5y (5-4)

which, for the special case of F(y) being Gaussian, 

immediately reveals that the probability density of a single 

contact at large y is more nearly exponential than that which 

might have been expected having a knowledge of the height 

density alone.

The probability density for a single contact at y, (f^(y))

becomes

f (y) = N  exp (-(l-F(y)) (N-1)) f(y) (5-5)

For the particular case of a Gaussian distribution

(y) =   exp (-yZ/2) (1 + erf y//2)^  ̂ (5-6)
 ̂ 2̂
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From equation (5-6) it can be seen that N is the dominant 

factor in determining the spread of f^(y).

For an upper member which is not flat then the situation 

is more complicated. Consider figure 5-3(b) for instance, 

in which a curved body is shown being lowered onto the surface 

represented as a chain of independent events. In this case

= f (ŷ ) F ( y 2^ F (ŷ ) . . . f (ŷ )

+ f (yg) F (ŷ ) F (ŷ ) . . .  F (ŷ )

f (ŷ )̂ F (y.p ( v  ^F ''•'N-1'

(5-7)

where the individual values of y^, y^» etc., depend on the 

shape of the upper member relative to the mean line of the 

random surface.
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Equation (5-7) reduces to

N
(5-8)

N F (y.)
f,(y) = f (yp T T  F l P p

5.2.3 Effect of limited sample; 
dependent events

As before, for the sake of simplicity, we shall use a two- 

dimensional approach. Consider a flat upper member being lowered 

with one degree of freedom (y direction) on to a random profile.

This precludes multiple contact unless some compliance is allowed.

The events are now dependent; and, as before, designating the events,

y^y2 ....... the probability of one contact in between

y and y + 6y at the position of event y^ is given by

f^py)«y =
•y+6y ry ' y

J  .
y  •

f^yi.yg'yg,— ŷ ) dy%'-.dyi

(5-9(a))

Similarly for a single contact at the position of event only 

fc2^y)‘̂y is given by

•y •y+6y -y

.
f(y]^»y2>y3>---y^) dy^--- dy2 dy^ (5-9(b))

thand so on ....... for a contact at the n event position

ry /y+ôy
f(yi.y2> ■ V  .... ^^2 (5-9(n))
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where .,.. is the joint probability density that

y^ has a value y^ when y^ has a value y^ etc. Hence the probability 

that the fall of the upper member is stopped by a contact in any 

event position at height y is given by the sum of equations (5-9).

For the special case of a Markov process equation (5-9) can be 

simplified and (5-9(a)) becomes

-y+ôy ry
f ( y 2 /y i ) f(73/72) ....

ry
f(y)6y I f^yg/y) £(73/72) d7H-----d7i

(5-10)

Equation (5-10) represents the probability that the upper member, 

assumed here to be a flat, will be stopped in its fall onto the 

lower rough member by a contact in position 1 in between height y 

and y + 6y. In the equation the values of the other events can be 

anything provided that they all lie below the height y (otherwise 

the contact would not be at position 1). Suppose that the other 

events, although still being below y, had specific values, y^ 

having a value in between y^ and y^ + 6y, y^ having a value in 

between 3̂  and y^+ 6y and so on up to y^ as shown in figure 5-4 

then for this one particular configuration of the other events 

relative to y, the equation for a contact at position 1 in between 

y and y + 6y is
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fci(y)5y
-y+ôy ■7p5y f

f(7p £(72/yi>

ry^+Gy
£(7^-W  .... <*̂ 2 d?!

(5-ll(a))

which reduces to

fcî y)'̂ y " f(y)<sy
ry^+Gy  ̂  ̂  ̂ ^y^+Gy

fCy^/y) I f(y3/y2)

7^+67
£(7h % _ i) d7n dy^

(5-11(b))

where k is taken to be a general alphabetic character representing 

the Nth event. Hence using the mean value theorem

fci(y)Gy = f(y)<5y.f(y^/y)6y.f(y^/y^)6y ....

Equation (5-11) can be rewritten

(5-ll(c))

Pl'Pal'Pba'Pcb \.k-l (5-12)

where p^ represents the probability of y^ being in between
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y and y + 6y; represents the conditional probability that y^

is between y^ and y^ + 6y (given that y^ is in between y and 

y + 6y); and so on. The probabilities p^^ etc., are called

transitional probabilities. Equation (5-12) represents a 

homogeneous Markov chain.

For the special case when the events are independent, 

equation (5-12) becomes

Pi • Pa • Pb  Pk (5-13)

In the case of a Gaussian height distribution the transitional 

probabilities can be written in terms of the second order normal 

distribution:

= ---.J___ Lz exp
/27T(l-p2)

(y^-py)2
2(l-p2)

6 y (5-14)

Obviously equation (5-11(a)) represents only one configuration 

of the other events in the sequence relative to ŷ . Many more 

configurations would have to be added in order to specify the 

contact situation at y^ as fully as equation (5-10).

If we use the terminology that the value of the event at 

position 1 has the specific value of y^ and y^ has the specific 

value y2 then equation (5-12) can be better written

Pi ‘ P21 • P32 • P43 ....^N(N-l) (5-15(a))
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and the homogeneous chain probability density corresponding to 

equation (5-11) becomes

f(y) • £(72/7) • £(73/72) ... (5-15(b))

The concept of a first order chain can be adhered to even when

the contacting event is not at the end of the chain such as ŷ .

Under conditions for a contact at y .for instance,the chain becomesm

 ....

(5-15(c))

which is a property of the reversibility of Markov chains.

To see why this should be so , consider a five element chain 

y^,...:y^ the stochastic matrix

M =

E(y^), ^(y^yg), E^y^y^)

E(yj)

This becomes for a Markov chain (after being normalised by 0 )̂
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(5-16)

from which the determinant is (1-p^)^ which gives a cofactor matrix

(l-p2)3 , +p(l-p2)3 , o , 0 , 0

+p(l-p2)3, (l-p3)(l+p2), p(l-p2)3 , 0 , 0
O , p(l-p2)3 , (l-p2)3(l+p2), p(l-p2)3 ,
o , O , p(l-p2)3 , (l-p2)3(l+p2), p(l-p2)3

0 , 0 ,  o , p(l-p2)3 , (l-p2)3

(5-17)

The exponent in the multi-normal distribution becomes

-  1
2(l-p2)4

(l-p2)3(y2+y2) + (l-p2)3(l+p2)(y2+y2+y2)

- 2p(l-p2)3(y^y^+y^y^+y^y^+y^y^)

(5-18)
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This can be split up, depending on which of the ordinates 

 y^ is considered to have the contact.

Suppose for instance that y^ makes the contact, this means 

that the y^ value is fixed first, the exponent then becomes:

7 1 (y3~py2^
2(l-p2) 2(l-p2) 2(l-p2) 2(l-p2)

from which the probability density becomes

(5-19)

1 1 o (y2~P30^  exp (-yZ/2) exp (----------)9\ 1(2r)5/2 (l-p2) 2(l-p2)

(73-972) \   ̂ . (>^5"pV\exp (---------- ) exp (---------- ) exp (---------- )
2(l-p2) 2(l-p2) 2(l-p2)

(5-20)

which is = f(y^) . f(y2/yi) • • f(y4/y3) • ^(ys/yü)

which is a true Markov chain situation for the contact at 

position 1. However, if y^ had been fixed first to correspond to 

the contact at position 2 then the exponent becomes

y^ (yi"py2^^ (y3-py2>^ (y4-py3)^ (y5-py4)
2(l-p2) 2(l-p2) 2(l-p2) 2(l-p2)

(5-21)
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from which the density becomes

^  ̂ exp (- yZ/2) exp (- )5/2 /n_.2\2(2tt) (1-p^) 2(1-pO

(y--py-)2 (yz-pyJ^ (yc-py^)^
exp (---------- ) exp (---------- ) exp (---

2(l-p2) 2(l-p2) 2(l-p2)

(5-22)

from which the density is seen to be

f(yi/y2) • f(y2) • f(y3/y2) • ^(^4/^3) * f^y^/y^) (5-23)

which is a Markov chain which has a change of direction at y^. 

Similarly if the chain was fixed at y simulating the contact atm

7m f(?l' ?2 T  V

f(yi/y2) ff^m-l/fm) •  5(y^/yjj_p

(5-24)

Equation (5-24) is the same as equation (5-15(c)).

In fact for N ordinates in the chain the cofactor matrix becomes

(l-p2)^ ^ , p(l-p2) N-2

p(l-p2)" ", (l-p2)" "(l+p2)N-2 -m2 ,N-2

(5-25)
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To summarise, for a surface which can be represented as a 

Markov type of process, that is one in which adjacent events are 

correlated by an exponential function, the probability of a contact 

between a smooth flat upper member and the profile at a height y is 

given by the expression

ry+6y ry
f(yp f (72/^1) — dyn

(5“2C(a))

y+6y
fCyg) I -(yi/yo)

py ryf ( y 3 / y 2 >  • • • •  J f ( y N / y N - i ) d y N ' ' : ^ y i  < ^ ^ 2
(5-26(b))

ry+Gy, ■y r •y
+ f(y„) fCy^/yg) dy^ ---- dy^

V

(5-26(n))

Any shaped upper member can be allowed for in equation (5-26) 

simply by changing the limits of integration of successive events 

to conform to the geometry of the upper member relative to the 

mean line of the surface of the lower member.

5.2.4 Behaviour of waveform between independent events

Consider an event y^ positioned somewhere in between two 

independent events y^ and y^ such that there is a correlation 

between y^ and y^ and between y^ and y^,(figure 5-5) the
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correlation between and y^ being virtually zero.

Then the probability density of y^, given specific values of

y^ and y^, is given approximately by

f  ( y i / y - L > y 2 > exp 1 _ (yj-cpiVPaV"
 ̂ (i-pp(i-pp

(5-27)

which, whenever y^ gets close either to y^ or y^, reduces to the 

familiar form

/27r(l-p̂ )
exp

^ . (y^-py)

Equation (5-27) represents a Gaussian distribution whose mean value 

depends on how close it is to y^ and y^ and the heights of ŷ  and y^ 

The standard deviation depends on the correlations between y^ and 

^1*^2* this formula enables some estimates to be made

of the excursions of the profile waveform between two fixed 

independent events.

5.3 Applications

5.3.1 Stylus resolution

The usual assumption made regarding the use of stylus 

instruments is that if f(y) is the height probability density of 

the true profile, then the probability density of the measured
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profile as revealed by the stylus, f̂ (y), is almost identical.

For most practical purposes this is true enough but there may 

sometimes be examples where this may not be true, particularly on 

surfaces having a fine structure. The object of this sub-section 

is to use the theory given above to explore this problem of stylus 

resolution for random surfaces.

A stylus when cracked across a surface has one degree of 

freedom so that it lends itself to the model of the contact of 

bodies on random surfaces just given. The practical stylus has a 

flat tip whose dimension is usually small compared with the 

distance for independence on a typical random surface (2.33*). 

Indeed, it is obvious that unless this is so the stylus would be 

incapable of performing its intended function of exploring the 

surface contours; it would integrate elements of the profile.

Thus the model of the profile as a chain of independent events is 

inappropriate for an investigation of stylus resolution. However, 

the model using a first order Markov chain described in Section

5.2.3 can be used.

For an approximate solution of the stylus resolution problem 

equation (5-26) can be used when simply two dependent events or 

more are considered, for instance, the stylus can be assumed to be 

supported by two events separated by the nominal tip dimension 

(figure 5-6). These two events will be highly correlated; the 

sharper the tip, the greater the correlation and the less the 

effective integration due to the stylus.
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Under these conditions equation (5-26) becomes

fg(y)<Sy =
y+6y ry

f(yi»y2) ^ y i ^yg

ry y+6y
fCy^/yg) dy^ dy%

which by symmetry becomes

(5-28)

=  2
y+ôy

fCy^'yg) dy^dy^

= 2 f(y) 6y j f^yg/y) dy^ (5-29)

For a Gaussian surface the density f^(y) becomes

f^Cy) = ■ exp (-yZ/2) (l + erf (y//2/^)) (5-30)

which, because

—^  exp (-yZ/2) (l + erf (y//2 Z^^)) dy = 1

is a true probability density.

Equation (5-30) represents the probability density that a 

stylus having a flat tip will fall to a height y (where y is 

measured from the mean line of the surface).
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Taking the first moment of equation (5-30) gives the mean 

height of the stylus above the mean line y^ i.e.

y_ = y exp (-yZ/2)
® J Æ i

( 1 + erf ( y / / 2  /vT^)]dy1+P'

(5-31)

where this is a non-dimensional value being expressed as a fraction 

of the RMS value of the true profile.

Similarly the RMS value of the measured profile again 

expressed as a fraction of the RMS of the real profile is given 

by the second central moment.

J fg(y)dy - ( y fg(y)<3y

from which

'’s 1 - (|“7> (5-32)

Equations (5-31) and (5-32) are plotted in figure 5-7. They show 

that at conditions where p 1 when the two events are close and 

the stylus tip is sharp the mean line of the measured profile 

approaches that of the true profile i.e. y^ 0. Also under these
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conditions the RMS of the measured profile approaches that of the 

true profile i.e. 1. Both of these limits are physically

sensible. Consider as an example the case when a typical stylus 

having a tip dimension of 2.5 pm is tracked across Aachen 64-13 whose 

independence (correlation) length is 15 pm. For this situation p ~ 0.7 

and according to the formula (5-32) the RMS value as measured would 

be about 2% less than that of the true profile. Measured values 

for this stylus and a few others, specially manufactured for this 

exercise, are shown marked on figure 5-7. While it is possible to 

get an idea of the RMS reduction brought about by having a stylus 

not infinitely sharp, it is not so easy in the case of estimating 

the mean level shift. To estimate the RMS value a large number of 

tracks were made in a well-defined region on the surface for a 

number of styli; one being really sharp (say, a tip dimension of

0.25 pm). The mean RMS value for readings taken with this stylus 

was taken to be unity. RMS values for similar readings taken with 

the other styli were then compared to this. Two points are worth 

noting. First, it was possible to use a sharp stylus on the 

Talysurf in this case because the specimen was not isotropic 

(being ground) and consequently a large tip dimension parallel to 

the lay was possible (7 pm) which gives the necessary strength.

Second, it is not possible to do a similar exercise for the mean 

height because of the difficulty in relocating the pick-up in the 

same place after changing the stylus.

Obviously figure 5-7 only represents an approximation to the 

true stylus behaviour both at the very high and low correlation
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regions of the graph. At very high correlations it has already 

been pointed out in Chapter 4 that it is not only the tip dimension 

that influences the stylus resolution, the stylus angle can also 

have an effect. Further, this effect is even more marked as the 

RMS value of the surface increases without an increase in 3*.

At the low correlation end of the graph, as the stylus gets bigger, 

the two events approach a separation where they can be considered 

to be independent; then a new model must be used incorporating a 

number of independent events, i.e. use would then be made of 

equation (5-6).

As a close approximation to stylus behaviour more than two 

events supporting the stylus can be used in which case the 

analytical solution becomes more difficult. However, use can be 

made of a result derived in Chapter 4 for the definition of the 

RMS value of the peak distribution using three-point analysis.

This corresponds closely to the three-event support for the stylus. 

Hence under these conditions.

as
1 + ^ (l~p) /l+P _ _3§. (1"P)

(4-p) /3-p ^ (4-p)

1/2
(5-33)

Notice that when the three-event model is used a stylus shape 

which is not necessarily flat but quadratic could be catered for. 

The result for three horizontal points is shown plotted on 

figure 5-7. The agreement between the practical results and the 

theory now appears to be closer.
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The conclusion to be reached from the work in this section 

is that the stylus commonly used in surface texture instruments of 

tip dimension 2.5 ym only affects the assessment of the texture by 

a small amount.

5.3.2 Envelope system of assessing surface texture

In Section 5.3.1 an example has been given in which it is 

useful to regard the surface profile as a first order Markov chain; 

the events being correlated with each other. In this section an 

example will be given of how the surface profile can be usefully 

taken to be a succession of independent events for contact 

phenomena. Beckmann (1957 and 1959) has attempted to apply 

concepts similar to these in the problem of reflection from a single 

flat rough surface.

The Envelope or E-System of assessing surface texture was 

devised a number of years ago in Germany (von Weingraber 1957).

It is a system devised to remove the unwanted long wavelengths 

from a profile graph prior to assessment. It differs from the now 

internationally adopted Mean Line or M-System (B.S. 1134) in that 

the reference line that is constructed from which the texture is 

evaluated is not a mean line but an envelope or crest line.

In the E-System a graphical construction is made on the profile 

graph which simulates the rolling of a circle of fixed radius 

across the top of the profile waveform. The locus of the lowest 

point on the ball or circle is then taken as the reference from
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which the texture is measured, figure 5-8,

The use of the envelope just described as a datum from which 

measurements are made effectively filters out the long wavelengths; 

how long these wavelengths are is determined by the radius of the 

circle. Obviously, as in the M-System where a number of cut-offs 

for the filters have to be used, more than one radius has to be 

used in the E-System. The usual convention is to use two radii, 

one at 50 mm and the other at 3.2 mm; the former to isolate the 

waviness and the latter the roughness. As previously stated the 

value is the difference between the mean height of the envelope 

and the mean of the profile. The R^ value is the maximum difference 

between the envelope and the deepest valley. The R^ value (which 

should have a suffix E on it) is the same, virtually, as for the 

M-System only the mean line now is the envelope line which has 

been dropped from the crests in such a way that it splits the 

profile into two parts; the area between the profile and envelope 

being the same above the envelope as below it. (figure 5-8).

It is of considerable importance to determine the properties 

of the Envelope System for random waveforms rather than deterministic 

(Reason 1962) so that a better comparison can be made between it 

and the M-System.

In order to get an insight into the way in which the R^ 

value changes with radius, and also incidentally how the mean 

separation between bodies changes with shape, consider how the 

mean value of the envelope relative to that of the profile can be 

estimated.



Consider, first, the flat body case, using equation (5-3) 

the mean height of the envelope y^ is given by
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y N F(y)^  ̂f(y) dy (5-34)

This is difficult to evaluate for N having other than very small 

values such as might be the case for a very blunt stylus. This is 

still true for our specific model where it assumed that the 

ordinate height probability density function is Gaussian and 

equation (5-34) reduces to

N
.N-1 1 + erf (y//2)

N-1 exp(-y2/2)
/2w

(5-35)

Under normal conditions F(y) in equation (5-34) varies slowly

for points far removed from the origin, i.e. large y. The mean

value y^ is then very close to both the median and the mode of the

distribution. To attempt to work out the median rather than the

mean is not a solution of this difficult problem. The median is

the value y . such that ^med

f^med
N F(y)N-1 f(y) dy = 1/2 (5-36)

which seems equally difficult to evaluate. However, the modal 

value (that value of y for which the probability density is a 

maximum) is much simpler to find; it can be achieved by 

differentiating ŷ .



143

This yields the condition for the modal value ymod

(N-1) (5-37)

which for equation (5-6) becomes

mod = (N-1) / -  (5-38)

To see how y^^^ is influenced by N an additional assumption

can be made, namely that in most cases 1 < y . < 4. This means^mod
that (1 + erf ^̂  can be considered virtually constant

A, /2 within a few percent. Hence

^mod (y^md/2) ~ 
V̂7T

(5-39)

Taking logarithms yields

2 In y J + (y j)2 = 2 In (N-1) - 2 In /üT (5-40)mod mod

Now since In y^ << y^-l if y>Q it can be seen that to a good 

approximation

y^ J - In N^ •'mod (5-41)

To extend this to the situation found in the E-System where 

the upper body is circular we need to take account of the shape. 

To do this the simple spherometer formula can be used;



FIG. S-9

COM PUTATION OF ENVELOPE PROPERTIES.

ROLLING CIRCLE 
RADIUS R.

4cr

MEAN

EVENTS I 2 3 N
CORRESPONDING TO A RANDOM SURFACE. 

, .2. .  ■ ^ -1!.



144

i.e. = 2Rh where x is the semichord length, R is the radius and 

h is the distance from the chord to the parallel tangent at the 

circumference.

Consider now a simplified treatment based on the spherometer 

formula. We require an effective value of N, the number of 

independent events involved when a circle of radius R rolls over 

the surface profile at a depth h from the crests. In this 

simplification the curved member will be considered as the equivalent 

of a flat member of length 2x where x^ = 2Rh. Also the number of 

independent events N in the length 2x is 2x/2.3B* where 2.33* is 

the independence (correlation) length for an exponential correlation 

function. This is shown in figure 5-9.

From these assumptions an estimation of the behaviour of 

can be made, thus

N2 _ 4x^ 8Rh

= 8 .

(2:33*)2 (2.33*)2

R h
2.33* ' 2.33*

(2.33*) *

Hence

2 - "2 In + ln(K ) (5-42)

In practice has a value less than 0.3 whereas (R/2.33*) has 

a value typically of 500 to 1000. Thus in equation (5-42), the
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term of greatest significance is In (R/2,33*). Thus a rough 

estimate of the way in which (or Rp) changes with the radius is 

given by

y^ = R^ a An(R/2.33*) (5-̂ 43)

To test this statement equation (5-8) was solved numerically 

taking the curvature into account for a wide range of values of 

R using a program called REST (Appendix 2). Some of the results 

are shown in figure 5-10, the mean shift between the random 

Gaussian profile and envelope as simulated by the computer is 

plotted against An(R/2.33* . It can be seen that, over the three 

decades of radius plotted in figure 5.10, a linear relationship does 

appear to hold for a random surface and therefore the approximations 

which were made in equations (5-41) and (5-43) seem to be justified.

Figure 5-10 also shows some results obtained from a real 

surface. Three tracks on Aachen 64-13 were data logged and the 

process of rolling different circles across the profile graphs 

carried out by the computer using program ROLL (Appendix 2). The 

parameters thus generated were outputed to allow a comparison with 

the theoretical predictions mentioned above. For Aachen 64-13 all 

the relevant parameters such as 3* and a were known to enable the 

practical points of R^ to be plotted for different values of radius. 

It can be seen that there is a fair agreement between theory and 

practice especially at large values of R; large divergences occur 

for small R.
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Given the values of a and 3* for Aachen 64-13 then according

to the approximate theory plotted as a continuous line in

figure 5-10 the ratio of the values obtained on Aachen 64-13

using the two standard radii 50 mm, and 3.2 ram should be 1.53.

The practical ratio worked out as 1.45, a divergence of about six

percent. The R values themselves were 1.15 and 1.75 for the P
theoretical results of the 3.2 and 50 mm circles respectively and 

1.19 and 1.73 in the practical simulation.

In conclusion it appears that the theory given above governing

the behaviour of the Envelope System does ha^e some basis in fact.

Divergences are to be expected to some extent because of the

presence of abnormally high peaks or lack of uniformity in the

three tracks taken. In order to compare the envelope behaviour as

used in the E-System with the equivalent M-System results, it

would be necessary to examine surface parameters such as R andP
R^ not only relative to the envelope but also relative to the 

standard wavefilter mean line and centre line.

5.3.3 Other bodies

The movement of the upper body when both of the bodies are 

rough is an additional problem of significance. Suppose that the 

two bodies have different bandwidths, i.e. different values of 

3*, it is always possible to get the geometry of the gap simply 

by subtracting the one waveform from the other. Under these 

circumstances the original situation can be replaced by one in 

which a flat surface is contacting a random surface - whose



147

geometry is that of the gap between the two original surfaces.

Similar statements also apply to other derived properties of the 

gap. Thus the curvature of the gap between random surfaces will 

be the sum of the curvatures of the two original random surfaces.

Unfortunately it is not straightforward to work out parameters 

of the movement or positioning of one of these rough bodies on 

another when, say, the upper one has other than a flat general shape, 

or is of limited length. A number of researchers, namely Iwaki 

and Mori (1958), Tsukizoe and Hisakado (1965), Kimura (1966) have 

investigated problems similar to these but under loaded conditions, 

and all have assumed that in the region of contact the mean levels 

of the two surfaces are parallel. In the case of one rounded 

member the elastic conformity due to the loading is equivalent to 

an assumption of parallelism. Under these circumstances the number 

of contacts within the given contact length are either worked out 

using the level-crossing theorems due to Rice (1944 and 1945) or 

are assumed from an estimated number of asperities per unit length. 

However, in the case that we have considered where no load is 

applied, the shape of the upper member cannot be ignored and this 

is one of the few examples where the no load condition is more 

difficult to deal with geometrically than the highly loaded 

situation.

5.4 Discussions and Conclusions

In this chapter it has been indicated that, by condensing a
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profile into a succession of events,it has been possible to tackle 

problems, even if in a simplified way, that otherwise would have 

been too difficult. A special feature has been that the effect of 

limited size of specimen and general shape of specimen have been 

considered with reference to the behaviour of one body moving or 

positioned on another.

In particular in the case when the events making up the 

surface have been considered to be correlated it has been possible 

to investigate the behaviour of styli moving across random 

surfaces - a problem having considerable significance in the field 

of surface metrology. Also, when the events have been considered 

to be independent it has been possible to investigate some of the 

properties of the Envelope System of surface texture assessment - 

again an important problem in surface metrology. In other fields 

like those of thermal and electrical contact these concepts may be 

useful, especially where problems of average clearance is 

important (Howells and Probert 1968).

This chapter has been concerned with contact without deformation 

or wear. Clearly when deformation and wear occur the overall 

problem is usually much more difficult. Therefore, in the next 

chapter we will start by considering experimental results which 

occur when bodies are rubbed under load.
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6. SOME EXPERIMENTS IN WEAR AND FRICTION

6.1 Introduction

In Chapter 5 the way in which a body contacts with a random 

surface has been examined, both for the case where the dimension of 

the body is small compared with the correlation length of the 

surface and also for the case where it is much longer. No attempt, 

however, was made to investigate the contact under load; the 

physical situation occurring in wear and friction. These problems 

will be investigated in this chapter. The approach adopted will 

be based upon simple straightforward experiments in which the 

major measurements will be of the fric'tion between the bodies and 

the changes which occur in the surface topography as a result of 

rubbing. The extent to which these measurements can be interpreted 

in terms of the stochastic concepts of earlier chapters will be 

explored.

In investigating the changes in topography due to rubbing 

we shall use the term "wear" even though it is not established 

that such changes in surface geometry arise from a complete removal 

of material as loose debris. These changes in surface topography 

are, o f course, part of the process which is generally referred 

to as "running-in". In order to be able to monitor accurately 

those changes it is necessary to have a technique in which the 

geometry of a particular track in the specimen can be examined 

during the wear process. Such a technique will now be described.
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6.2 Experimental apparatus and techniques

6.2.1 General Principles

Ideally, an instrument to measure the surface geometry of a 

particular track during running-in would be an integral part of the 

machine in which the experiment was taking place, (in this case 

the experimental rig was the Archard crossed-cylinders friction 

machine, figure 6-1). However, because the integration of the 

Talysurf and the crossed-cylinders machine proved to be impractical, 

a relocation technique had to be devised which enabled a specimen 

to be measured in the Talysurf and rubbed in the crossed-cylinders 

machine in such a way that during the running of an experiment not 

only was the same track always measured on the Talysurf but exactly 

the same part of the specimen was rubbed in the crossed-cylinders 

machine. This means that two relocation schemes are needed, one 

fûL Talysuif and one fur the uiusaeu—cylinders machine, together . 

with a method of relating the measured track on the one to the 

rubbed track on the other.

Before explaining these techniques a short description of the 

crossed-cylinders machine will be given together with the functional 

features that, after modification, it was able to measure.

6.2.2 The crossed-cylinders friction machine

A description of the machine and its advantages have been 

given by Archard (1958). This consists essentially of a movable 

carriage upon which a specimen can be mounted; over and at right



Figure 6-2. Crossed Cylinders Machine 
showing flexible bar (A).

Figure 6-3. Crossed Cylinders Machine
(A) Upper specimen
(B) Lower specimen



151

angles to the carriage a beam is mounted on gimbals. Another 

specimen is hung under the beam so that it can make contact with 

the upper surface of the specimen on the carriage. In this 

arrangement the lower cylindrical specimen is in a horizontal plane 

with its axis at 45° to the direction of traverse of the carriage 

while the upper member, also in a horizontal plane is fixed at 

45° to the beam in such a way that it makes a right angle with the 

lower specimen. (Figure 6-3). Thus the area of contact between 

the two specimens is a circular region into which any part of 

either specimen only enters once during a sliding operation, 

figure 6-14(c). This has considerable advantages in experiments 

of this kind because it helps to prevent avalanche processes, 

which are sometimes exhibited in wear experiments.

Various loads can be applied to the specimens by loading the 

free end of the beam. Also, lubrication conditions can be altered 

from dry to boundary because the lower specimen is held in a 

holder, figure 6-4, which has a lip surround which is higher than 

that of the contact point between the specimens. By filling the 

holder with oil the conditions can easily be changed from dry to 

boundary lubrication. The holder also has to incorporate other 

features described later.

An additional feature of the machine is a friction measuring 

device in which the frictional force between the two specimens, 

when in contact and moving relative to each other, causes a 

deflection of a flexible bar A. (Figure 6-2). This deflection is 

monitored by a Talysurf pick-up, the resulting signal from which
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is amplified by another Talysurf amplifier unit and then recorded. 

There is, in addition, one more characteristic which can be 

measured; this is the vertical movement of the beam caused by 

the one specimen running across the top of the other. Obviously if 

both specimens were smooth and straight no such movement would 

arise. Here, as for the friction measurement, a Talysurf pick-up 

and amplifier are used. An alternative device used sometimes 

to measure the vertical movement, the "ride", is the Talymin Side 

Acting Gauge.

One practical feature that has to be incorporated into the 

friction measuring system is a high-cut filter, usually in our 

case a digital filter, which is sometimes necessary to remove the 

oscillations produced by resonances in the bar. Although 

generally this filter is not required, in the case of light loads 

the frictional force is so small that a thin bar is required in 

order to allow the frictional force to produce a sufficient 

deflection. This in turn can have the effect of lowering the 

resonant frequency of the friction measuring system into the pass- 

band of the friction signal which could, if undetected, give rise 

to false friction readings.

The output from the friction and the "ride" systems can be 

linked to the data logger; the output signals from both being 

compatible with that emerging from the normal Talysurf.
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Figure 6-4. Lower specimen holder.

(A) Rotatable table.
(B) Screws to hold jaws down.
(C) Eccentric heads on screws.
(D) Movable jaw.
(E) Fixed jaw.
(F) Flat to locate specimen rotationally.
(G) Flat to locate specimen axially.
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6.2.3 Relocation profilometry apparatus

For any given track along the lower specimen easy and direct 

comparison of any of the existing surface finish parameters is 

possible because the information once stored digitally can be re­

examined time after time with different parameters in mind, using 

exactly the same data. Hence for any given profile of the texture 

any comparison of parameters is likely to be very accurate, 

depending on the quality of the numerical analysis techniques 

that have been adopted. However, useful comparison depends on the 

quality of the information in the first place.

In the basic experiment the surface finish of the lower 

specimen is measured on the Talysurf. It is then put in the holder 

(figure 6-4) on the carriage. The specimen is rubbed once, the 

friction and ride graphs usually being taken at the same time. The 

specimen is then removed from the holder and re-measured on the 

Talysurf. After this the specimen is repositioned in the holder and 

the process repeated perhaps with an increased load. The specimen 

is re-measured after one, two, four rubs etc. From the graphs or 

digital data the relevant parameters can be measured throughout 

the whole of the running-in process.

The success of this type of experiment relies not only on the 

wear occurring in the same place after repositioning but 

also the measurement taking place along the same track. To achieve 

these conditions some kinematic features had to be incorporated 

into both the friction machine and the Talysurf vee block



Figure 6-6. Modified Vee Block
(A) Positioning screws in base.

F ig u r e  b - b .

Modified Vee Block.
(A) Micrometer.
(B) Specimen Collar.
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arrangement. In order to facilitate this a three-quarter collar 

was put on the end of the lower-removable-specimen. This is marked 

with the letter B in figure 6-5. Fixed to the collar is a hardened 

stud.

In the case of the Talysurf relocation problem the necessary 

modifications had principally to be made to the vee block, 

figures 6-5 and 6-6. This involved designing a system giving six 

constraints. To do this the vee itself was cut away to provide 

effectively two sets of knife edges; contact of the specimen 

against these edges was achieved by means of a magnet inserted into 

the base of the block. Axial movement of the specimen was 

inhibited by locating the collar against a milled flat on the end 

of the vee block. The stop inhibiting the rotational movement was 

made adjustable to allow any region of the wear track to be 

investigated. The stop was attached to the side of the vee block 

onto which the specimen collar stud located and was in the form of 

a strip of metal, hinged, via crossed ligaments, to a fine 

micrometer adjustment at the rear of the block, figures 6-5 and 6-6 

Movement of the micrometer produced a small rotational adjustment 

of the specimen. This proved useful in the investigation of the 

metal flow within the wear region.

The same principle was employed in the specimen holder of the 

crossed-cylinders machine, figure 6-4, flats F and G being used to 

locate the specimen rotationally and axially. A pair of jaws, one 

movable, held the specimen. Knife edges were not possible in this 

arrangement because of the load sometimes imposed on the specimen.
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Eccentric screw heads on the movable jaw allowed easy release of 

the specimen from the holder.

These features ensure accurate repositioning of the specimen 

after each wear rub, and measurement. It was equally important 

that the Talysurf should have measured that part of the wear track 

which was of most interest. Before this could be achieved, 

however, the measured track on the Talysurf had to be set up 

correctly. This in itself involved making the track of the pick­

up parallel to the tee slot in the Talysurf base, then ensuring 

that the vee block axis was parallel to the tee slot and finally 

that the track of the Talysurf pick-up lay in the same vertical 

plane as the axis of the vee block. The first part was accomplished 

by using a clock gauge which was positioned to measure between the 

edges of the tee slot and the gearbox column base. Positioning 

of the vee block in the tee slot was achieved by means of screws 

set into the base of the vee block, figure 6-6. The two outer 

screws were used to adjust the direction of the vee block relative 

to the tee slot whilst the two inner ones were used to take up 

excessive slack.

A straight, smooth specimen of the same diameter as the test 

specimens (62 mm) but about one third of a metre long was set in the 

vee block and the screws adjusted until the long specimen was the 

same distance from the second fee slot all along its length. The 

vertical position of the gearbox was also adjusted at this stage.
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Turning now to the position of the wear track on the specimen. 

It was found advantageous to have the wear track directly on top 

of the specimen i.e. in such a way that during sliding the gimbal 

beam was horizontal. This was checked with a spirit level. Failure 

to do this produces a wear track not quite parallel to the axis of 

the specimen.

So far it is clear that many sources of error are possible 

in an experiment of this nature especially where a high degree of 

accuracy and repeatability is being sought. Fortunately there was 

one way in which these problems could be relieved, even assuming 

that the careful measures that had been taken to ensure accuracy 

had proved to be insufficient. This method consisted of literally 

fitting the measurement track to the wear track. This was done by 

depositing a thin layer of carbon on the lower specimen, making one 

wear track at a very light load and for a limited extent of the 

possible traverse. The specimen was then removed from the friction 

rig and measured in the Talysurf. Using this technique it was 

possible when viewed under a microscope to distinguish between 

the marks left on the surface by the stylus and those left by the 

upper cylinder. The radial stops and the base screws on the vee 

block were then adjusted until the measured track ran exactly 

through the centre of the wear track.

6.2.4 Relocation profilometry - results and 
other features

For the greatest possible accuracy and repeatability it is 

essential that neither the vee block nor the Talysurf gearbox.
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once set, are moved. Removal and replacement of the specimen in 

the vee block has to be achieved by slightly raising the pick-up 

head against its ligament hinges to obtain enough clearance, figure 6-8, 

Figure 6-7 shows the degree of repeatability achieved which is 

comparable with that of other workers using different techniques 

(i.e. Hunt 1968).

A useful facility was introduced which enabled the chart 

recorders associated with the friction and ride measuring systems 

to be synchronised. Both could be operated by one switch which 

enabled accurate determination of the relative phase of the friction 

and ride graph. This feature enables us to obtain useful results 

which are described in Section 6.5.

In the consideration of the ride, obviously the errors in 

the slideway should be taken into account. This is not difficult 

because over small distances the error curve is small. In fact, 

because for most practical cases the data logger is coupled to the 

ride, it would be a simple matter anyway to remove the slideway ' 

errors in the computer.

Some work in the development of the machine to make it 

suitable for the type of experiment described here was carry out by 

Lunn (1969) as part of a final year undergraduate project. He took 

steps to overcome vibration in the friction and ride graphs due to 

the motor and gearbox. He mounted the carriage drive motor and 

gearbox on a separate framework and used a flexible coupling to 

the gearbox and the main shaft.
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FIG 6 — 12
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6.3 Wear; changes in the surface geometry

6.3.1 Qualitative description

Use of the relocation technique described in Section 6.2.3 

enables the geometrical changes of the surface produced by the wear 

process to be studied in detail. Figure 6-9 shows a typical example 

of the results obtained using this technique. It illustrates how 

the surface geometry changes when two cylinders (62 mm diameter) 

of 0.5% carbon steel of hardness 300 D.P.N. are rubbed together at 

a fixed load of 2.5 kg under boundary lubrication. The roughness of 

the cylinders was in this case 0.8 micrometre and the lubricant 

was a mineral oil. Figure 6-10 shows similar results using a load 

of 0.5 kg. All these graphs show that it is in the first few 

traversals of the load that much of the shorter wavelength 

structure of the surface finish is lost; the long wavelength 

structure is more likely to be preserved, a point that will be 

referred to again in Section 6.3.2. As a first simple measure of 

the changes in topography the change in value is illustrated in 

figure 6-11 and it will be seen that after the first few traversals 

further changes are relatively small. Another type of test in 

which the normal load is increased in successive traversals is 

shown in figure 6-12. Here again, the same features are displayed.

The accuracy of the relocation technique enables the worn 

profile to be plotted back onto the original unworn profile both 

for the case when the profile was worn away with many traversals 

at fixed load and with progressively increasing load. This is
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shown in figure 6-13 where the worn part of the profile appears 

as a dotted line while the full line is that of the original 

profile (which includes those parts of the worn profile that have 

been unchanged). It is immediately obvious that it is the smaller 

peaks situated high up on the profile that have the greatest 

probability of being removed. Because of the possible presence 

of adjacent peaks which will carry the load a given peak will not 

necessarily be smoothed (especially at light loads). The curved 

line on top of these profiles will be explained later in Section 

6.3.2.

Another sort of profile change in the crossed-cylinders 

type of experiment is shox-m in figure 6-14(b) which shows just 

how the metal has behaved at the edge of the wear track. Using 

the adjustment on the relocation device on the Talysurf enables an 

investigation to be carried out all over the wear track. In this 

particular example the trailing edge of the wear track illustrates 

the "phase change" that has taken place. Here the word "phase" 

is used spatially and not metallurgically. In the crossed-cylinders 

machine this phase shift occurs on the sides of the wear track.

The reasons for this feature are associated with the way in which 

one surface moves over the other in the .crossed-cylinders arrange­

ment. A given point on one specimen traces out a path on the 

other at 45° to the tracks which run axially along the lengths of 

the two cylinders, figure 6-14(c).
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6.3.2 Wear or running-in as a mechanical filter

Also plotted on figures 6-13 and 6-14(a) is the locus of the 

lowest point of a smooth upper specimen supposed to have been 

moved across the original profile without deformation. What

stands out in this plot is the remarkable resemblance of the shape

of the subsequent worn profile to that of the shape of the locus

of the smooth upper cylinder. It appears from this, therefore,

that the final shape of the worn or run-in profile is determined 

to a large extent not only by the original profile but also by how 

the other body contacts it under no load conditions. This is 

precisely the situation dealt with in Chapter 5 when the Envelope 

System of surface measurement was considered.

Two things emerge from this and similar experiments. First, 

the worn profile and the original envelope become increasingly 

similar as the running-in proceeds. Second, the wear process is 

in effect acting as a mechanical filter.

Thus, because the worn profile progressively approaches the 

envelope in shape as the wear continues to take place and because 

the average characteristics of the envelope are determined largely 

by the ratio of the radius of the part to the independence 

distance, it is not unreasonable to suggest that the correlation 

distance is a factor of major importance in determining the run-in 

profile i.e. the correlation distance is of major importance in the 

wear process.
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We consider now the separation of the envelope line from 

the worn part of the profile shown in figures 6-13 and 6-14. As a 

first step to determine whether this separation can be explained in 

terms of the deformation it is useful to decide whether this 

deformation is elastic or plastic.

Consider first a load of 8 kg shown in figure 6-14. Assuming 

that the yield stress can be approximated to the hardness which in 

this case is 300 D.P.N. then the radius of the contact zone under 

plastic deformation would be given by:

= (6-1)

where W is the applied load and H is the hardness; then, from 

equation (6-1)

"“1a ^ 10 mm

For elastic conditions

a = 1.11 (6-2)

12 9Where W = 8  kg, E is the elastic modulus = 2 x 10 dynes/cm

and R is the radius of the specimen. From this equation
-1 . .a ^ 10 mm which compares with that for the plastic case hence

the condition must be near to critical load, midway between the 

onset of plastic flow and fully plastic conditions. Thus either 

equations can be used to give an idea of the separation.
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For a spherical contact to be plastically deformed such that 

the radius of the contact is 10  ̂mm, using the spherometer formula 

h = a^/2R, the depression h must be about 1.5 pm. Examination 

of the graph in figure 6-14 shows an average drop in level of about 

this magnitude suggesting that the drop in level is indeed 

associated with deformation.

The fact that the instrumental technique is capable of detecting 

changes in level of much less than this figure can be seen in 

figure 6-15 which shows a set of results taken on a ground surface. 

Special precautions were taken to preserve the d.c. level during 

the experiment. Apart from the case where the applied load was 

32 kg,and well over the plastic limit,the repeatability of the d.c. 

level is of the order of 0.25 pm. This means that, at least as far 

as this type of experiment is concerned,the valleys do not 

apparently move upwards during the running-in process.

This conclusion about lack of movement of the valleys is 

different from that of Williamson (1968) who showed that in simple 

loading experiments in which no tangential movement was allowed, 

i.e. the specimen was completely contained in a "pot", the valleys 

moved up under extreme loads to the mean plane level at the same 

time as the peaks moved down. In our experiments, however, 

tangential movement was allowed and there is evidence that because 

the metal was not completely constrained as in the Williamson 

experiment the metal was pushed to the side of the wear track

(figure 6-14(c)) and no rise in the level occurred. Figure 6-14(b)
/

shows how, by the use of the micrometer adjustment on the
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relocation device, the metal flow in the wear track can be 

investigated. It should be possible, using this technique and 

taking many parallel traces across the wear track, to find out 

exactly where the displaced material goes.

6.3.3 Parameters of the profile and their 
modification by rubbing

It has already been stated that surface geometry parameters 

likely to be of importance in the wear process are the curvature 

at the peaks and the slope of the flanks because according to 

modern theory these factors of the geometry, combined with the 

mechanical properties, determine whether the peaks will be 

elastically or plastically deformed. Obviously the material 

displaced by plastic deformation will cause the geometrical changes 

during the wear process. The relocation apparatus, together with 

the data logger and the crossed-cylinders machine, provide the 

opportunity to test the idea that these features of the surface 

topography are those most directly affected by rubbing. It might 

be expected that the effect of running-in will be that the 

curvature or slope of the asperities will be rapidly adjusted by 

plastic flow so that after a few traversals the deformation becomes 

primarily elastic, figures 6-9 and 6-10. Measurements of these 

sophisticated parameters can be carried out during the wear run by 

means of digital techniques - measurements which would be very 

difficult by any other means.
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Soft specimens were deliberately selected (300 D.P.N.) so that 

the geometrical changes could be expected to show up quickly. As

before the upper member was a hard, polished cylinder. The original

was typically 0.5 pm. In addition to the profile both the 

friction and the ’’ride" of the upper member on the lower were 

recorded in digital form on punched paper tape. Itshould be noted 

that failing the availability of recording apparatus or two data 

loggers these could not be recorded simultaneously.

As well as the two parameters mentioned above being

digitally measured, many other types of parameter could be evaluated 

from this basic data; for these some special programs had to be 

written (Appendix 2). Because all the parameters are measured 

from the same sets of data then a truly meaningful comparison can 

be carried out. The wear process was accomplished by performing 

runs at progressively heavier and heavier loads. Between runs the 

profile was digitally recorded.

Figure 6-16 shows how the power spectrum of the surface 

changed during the wear process. It shows clearly that the 

components of the geometry carrying most of the "energy" (taken 

as those having wavelengths longer than the half power point) were 

hardly affected until the load applied was severe enough to cause 

considerable plastic deformation; however, the small wavelength 

components, i.e. those less than the five percent power point, were 

considerably attenuated with even the smaller loads. This provides 

some direct experimental support for the qualitative argument 

advanced above that one major effect of rubbing is that the broad
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scale structure tends to be preserved. Thus we would expect that 

the run-in surface geometry might be described quite satisfactorily 

by the zero-order Markov chain model of the surface; the higher 

frequencies not having anything like the same importance.

A comparison of some of the other parameters measured is shown 

in figure 6-17. In this all the parameter values for the original 

profile have been taken as unity to display more clearly the changes 

that occur during running-in. A result which can be observed 

immediately is that the average curvature at the peaks changes more 

rapidly with rubbing than does any of the other parameters. The 

average slope also is very sensitive to wear, whereas the value

commonly used in surface finish is relatively stable, dropping to 

73% of its original value as opposed to less than 35% for the 

average peak curvature. These results show that it is, indeed, 

peak curvature and slope that change most in the wear process; 

this is the result forecast at the start of this section based 

upon the ideas of surface contact discussed in Chapter 4.

Figure 6-18 illustrates the close similarity of results which 

are obtained by measuring either average or root mean square values. 

Because of this,and for simplicity, average values have been used 

to display the changes in figure 6-17. These results are only 

taken up to a load of 16 kg because the surface became torn for 

loadings much higher than this.

To emphasise the role of the wear process as equivalent to 

that of a high-cut filter consider a comparison of figures 6-17,
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6-18 and 6-19. Figure 6-19 shows how three parameters, the height, 

slope, and curvature, of the profile change when the waveform is 

subjected to a high-cut digital filter of 12 dB per octave.

Because, by their very nature, curvature and (to a lesser extent) 

slope are dominated by the short wavelengths they tend to become 

dramatically attenuated as the filter cut-off is brought into the 

wavelengths containing most of the energy. On the other hand, the 

average height (R̂ ) does not change rapidly with changes in high 

frequency cut. In effect, as a broad guide drawn from the comparisons 

of figures 6-17 and 6-19 it might be suggested that the running-in 

process for this specimen hardness as typified up to loads of 

16 kg is equivalent, as far as the value is concerned, to a 

high-cut filter cutting at wavelengths of 75 ym whereas the 

equivalent cut is at about 16 ym for slopes and 5 ym for curvatures. 

Care must, however, be exercised in extending the comparison 

between the effects of filtering and wear. Filtering affects the 

whole of the profile; as the results obtained in this chapter show, 

but the influence of wear, particularly at light loads, is upon 

the upper part of the waveform.

Using equation (6-1) some idea of the extent of the filtering 

effect of the wear process can be obtained. This shows that 

assuming that the crossed-cylinders contact can be approximated by 

the contact between smooth surfaces, the width of the plastic zone 

is approximately 0.06 /w where H has been taken as 300 D.P.N. and 

W is in kilogrammes. Equation (6-1) also shows that the plastic 

zone radius is inversely proportional to the square root of



0
1

w
N
in
w

g

uor

oclu

a*

inO O in



167

hardness and hence the effective filter cut-off is likely to be 

related inversely to hardness. Figure 6-20 shows where these zone 

widths lie with respect to the power spectrum. It illustrates why 

the five percent power point is more strongly affected by small 

loads than is the half power point. However, it should be 

emphasised that the zone widths drawn on this graph cannot be 

compared directly to that of the cut-off of a digital or electrical 

filter. This would imply that the zone averages the profile in a 

way similar to a rectangular weighting function; this cannot be so 

because the wear process is inherently asymmetrical. But the 

example does serve to illustrate the shape of the curves in 

figure 6-16.

Some other points concerning the way in which the profile 

changes during wear should be mentioned. The feature of asymmetry,. 

just described, obviously produces an asymmetric change in the 

profile geometry. This can be demonstrated by measuring the skew 

of the profile distribution or some derivative of it, for instance, 

the maximum peak minus the maximum valley divided by the value. 

Changes of two to one over the same range as in figure 6-17 would 

result. Unfortunately, skew as well as the other high order 

moments of the ordinate height distribution are not very stable 

measures, being strongly influenced by rare events in the sample.

One further point is that all measures of peak or ordinate height 

are not very much changed by the wear process. Any measure of the 

valley height is affected even less. This does not necessarily 

mean that these are poor parameters; it depends whether the parameter
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is being used as an estimate of the surface finish which will result 

after the running-in stage has been completed. For example, the 

original value, which does not change much during the wear process, 

is often used as an estimate of the run-in value.

6.4 Movement of rubbing bodies under load; the ride

As mentioned in Section 6.2 the part of the crossed-cylinders 

machine which measures the ride consists of a pick-up mounted in 

such a way as to pick up the vertical movement of the upper member 

in its travels across the lower one. Using this apparatus it has 

been possible to measure the ride of the upper specimen for 

various loadings and hence come to some conclusions about the 

elastic and plastic properties of the contact and in particular 

elastic recovery. Ride is, however, quite difficult to measure 

except for really rough specimens. This is because of the inherent 

errors in the carriage slideway and the tendency of the apparatus 

to deform under load. Consequently considerable digital filtering 

may be required to extract any useful information from the waveform. 

For a rough specimen in which the carriage errors are small compared 

with the ride the situation is much simpler.

The nature of the ride waveform can be seen clearly in 

figure 6-21(a) which shows how nearly the curve approximates to a 

Gaussian distribution. Any differences can no doubt be attributed 

to the fact that the length of sample is statistically small; 

because the bandwidth of the ride waveform is smaller than that of 

the corresponding profile one requires a longer duration to get the
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same degree of reliability as that of the equivalent profile. This 

statistical difference is also illustrated by the differences that 

occur between the 1 kg and 2 kg curves which are both shown. An . 

application of the ride will be discussed in Section 6.5.2.

6.5 Friction

6.5.1 Introduction

The earliest systematic work was done by Coulomb (1785) who 

was the first to give an analytic approach. He suggested that 

friction between surfaces was principally due to the work required 

to lift loaded asperities over each other. One of the reasons 

why this approach has met with little acceptance in modern times 

is because the mechanism is not dissipative; ir could not, on its 

own, explain a steady frictional force.

Recent work has pointed to two major mechanisms being 

mainly responsible for the frictional force; the so-called adhesion 

term which is related to intermolecular forces within the surface 

layers and a ploughing term which is necessary to explain the, 

sometimes irreversible,deformations caused in the bulk of the 

material by the ploughing effect of the asperities. In what follows 

some experiments will be described which try to reveal some aspects 

of the friction and how it is influenced by surface finish. The 

experiments were carried out at slow speeds (10 pm/sec and 50 pm/sec) 

so as to avoid heating effects. A small amount of oil was present 

so that boundary lubrication conditions prevailed.
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Only the fluctuating components of the friction were 

investigated because these were considered to be more related to 

the surface finish than the mean value which although usually much 

larger, is more related to the adhesive term.

6.5.2 Coulomb friction

To see what sort of relationship to expect between the

frictional force and the surface geometry consider figure 6-22

which shows the situation where two asperities have interlocked.

Let y be the coefficient of friction due to adhesion and F the force

required to pull the one asperity in the direction shown. Also let

the upper surface have a load W on it causing a reaction R at the

point of contact. Assume further that the average angle at the

point of contact is 6. Resolving vertically

W + y R sin 8 = R cos 0 (6-3)

horizontally

F = y R cos 0 + R sin 0 (6-4)

from which

W = R cos 0 - y R sin 0 (6-5)

The coefficient of friction actually measured is F/W = y^^^.

Hence y^^^ is given by the division of equation (6-4) by equation 

(6-5) from which
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y R cos 0 + R sin 0 ,= := =— :  (6-6)R COS 0 - y R sin 0

For the case of real surfaces tan 0 <0.1 and y 0.1 so that 

y tan 0 can be neglected compared with unity, hence

y^ff = y + tan

or y^^f = y + y" (6-8)

In equation (6-8) y = S/H where S is the average shear strength of 

the area of contact of the two surfaces and H is the microhardness 

of the surface layer. Equation (6-8) says, in effect, that 

measurement of the average level of friction gives a measure of the 

adhesion and if this is assumed to be constant along the surface 

then measurement of the fluctuating friction component gives an 

estimate of the differential of the surface geometry, or at least 

that part of the geometry which is made apparent in the ride of 

the one component on the other.

That this is so can be seen in figure 6-23 which shows the 

variation of frictional force measured at precisely the same time 

as the ride. In producing these results, synchronisation of the 

friction record with that of the ride is essential. It can be 

seen that where the fluctuating component of friction cuts the mean 

friction level that the ride is at a stationary point. As an
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example of the quantitative accuracy of this differentiation 

consider position A marked on the figure. It has a peak value of 

0.70 cms. The calibration of the friction graph was such that 

200 grams on the end of the beam gave 30 mm on the graph at a 

magnification four times smaller. This means that the frictional 

force at the end of the beam corresponding to position A was 

11 grams which gives a coefficient of friction of 0.022 in this 

case, because the normal load was 500 grams. Above this peak on 

the friction graph is a steep slope of the ride graph. This has a 

maximum slope, corresponding to the stationary point on the 

friction graph, of value 0.02.

From this it can be seen that within the accuracy of the 

experiment the variation of the friction graph does give the 

differential of the ride graph. Above the ride graph is shown a 

Talysurf profile trace taken over the same region on the specimen 

before the friction run had been taken. Although it is difficult 

to compare this directly with the ride'and friction graphs because 

of the slightly different horizontal magnification, the figure 

does show a reasonable agreement between the ride and profile.

Whether or not the differentiation can be seen depends on the 

constancy of y in equation (6-8). In these experiments,because 

boundary lubrication exists,the value of y is smaller than would 

be expected with dry conditions thus making the ratio of the 

alternating-to-mean value of friction rather larger than would 

otherwise be expected.
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The results shown here point to the fact that it is the slope 

of the surface geometry rather than the profile itself which 

contributes to the alternating components of the frictional forces.

6.5.3 Nature of the frictional fluctuation

To obtain information about the frictional variations the use 

of the data logging techniques described in Chapter 3 is essential. 

Well over three thousand measurements of the friction and the ride 

waveform were taken just for any one track. From these measurements 

much information can be gleaned. For instance, it was found that, 

as in the case of the ride (figure 6-21(a)) the friction measure­

ments (figure 6-21(b)) also have a distribution which is very close 

to Gaussian. This is a point noticed by Nagasu (1951) for static 

friction and Rabinowicz et al (1954). Again,as in the graph of the . 

ride variation,two examples are given, one at 1 kg and one at 2 kg 

to give some idea of the variation that can exist between different 

tracks.

One point concerning the processing of friction information is 

that the large variations, that can sometimes be introduced into the 

ride waveform due to errors in the apparatus are less likely to be . 

of such importance in friction; in many cases the friction waveform 

does not have to be processed by a digital low-cut filter before 

evaluation. Rabinowicz (1957) has proposed measuring the variations 

in the transverse friction force rather than the ordinary variations 

in the direction of traverse in an attempt to remove the large 

average friction value. It has rarely been possible to leave out
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the filtering stage in the case of the ride waveform.

Using the data obtained in digital form from the friction 

measuring system it has been possible to measure autocorrelation 

functions of the friction for different loadings. From these 

autocorrelation functions, which were generally exponential in 

form, the independence length of the friction has been obtained in 

much the same way that the independence distance of the profile was 

determined.

Values of this friction independence distance have been 

plotted in figure 6-24 for loads on the specimen from 1 kg to 

16 kg. This distance is plotted as a function of the width of the 

plastic zone to be expected on the lower specimen using equation 

(6-1). From the graph it appears that the distance of independence 

of each friction waveform under these conditions correlates well 

with the width of the plastic zone for the load used in each 

experiment. Remember that in this experiment the upper specimen 

was smooth and hard compared with the lower specimen.

The plastic zone region determines the area within which all 

the forces making up the frictional force originate. This force 

will be made up of contributions from all the individual contacts 

actually within the zone at any one time. Therefore, consider the 

simplified situation shown in figure 6-25(a). This shows two 

possible ways in which the tangential force might vary for a single 

contact from the time that it enters the contact region until the 

time that it emerges, crushed to some extent, at the other end.
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If it is assumed that the effect of the physical size of the contact 

is merely to scale up the curve in height then the situation,in 

general, for the simplified two-dimensional case would look like 

figure 6-25(b) which shows,for clarity, only three contacts

and in the contact zone. In this figure x is a dummy 

space variable. Again, for clarity, the second shape of the 

tangential force-displacement curve is sho\m in the figure 6-25(b) 

because it enables the actual force being generated by each contact 

in the zone to be seen more clearly than it would for the first 

shape. In the method of presentation shown the actual total force 

is found by adding up the contributions from each contact in the 

zone along the line AB.

To see why the friction independence distance and the plastic 

zone should be related consider the situation shown in simplified 

form in figure 6-25(b). Along the x axis are a number of impulses 

representing the surface asperities on the lower member; these 

impulses only refer to those large asperities which are potential 

contacts. Notice that these asperities likely to be contacts are 

probably dictated by the independent events of the surface. For a 

random surface these impulses will be randomly distributed through­

out space. If the tangential force-displacement curve for each 

individual contact within the contact zone is s(x) then the total 

frictional force that would exist if all these peaks were in contact 

would be M(x), but in practice because of the finite extent of the 

plastic zone region only a finite number of contacts will actually 

be contributing to the total friction force at any one position
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X of the zone on the surface, i.e. the frictional force actually

measured at (x), M(x), will be,in effect, a sample from the total

population M(x)j simply, for this exercise, M(x) can be taken to be

the convolution of C(x) with the plastic zone width (or more

strictly with the tangential force-displacement curve which only

exists over the plastic zone width)» where C(x) is the function 
describing the contact distribution in space.

M(x) = C(x) * (U (x + L/2) - U (x - L/2)) (6-9)

where U(x) is the Heaviside function.

If F(w) is the Fourier transform of M(x),

F̂(o)) of C(x) and G(w) of (U (x + L/2) - U (x - L/2))

then

F(w) = F(w) X  G(w)

For this simple case

G(w) = - (6-10)

Hence the power spectrum of ^(w), £(w) is given by

2 _ 4P (w) sin^ wL/2P( w )  = P ( w )  X G(w)

(6-11)

Where £(w) is the power spectrum of f̂(o)) .
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Now if, as is drawn in figure 6-25(b), the contacts can be 

considered as small compared to L in width, then each contact can 

be considered to be an impulse. Hence (̂oj) 1 providing they are

randomly spaced. (Papoulis 1967). Consequently taking the 

inverse transform of equation (6-11) yields the autocorrelation 

function 0(3)

C(6) = (1 - ) (6-12)

which is triangular and zero at L.

The equation (6-12) assumes that the tangential force- 

displacement curve is rectangular as shown in figure 6-25(a).

This may well not be the case. It could be many different shapes 

(Rabinowicz 1956, Green 1955) but it will still not affect the 

basic argument that C(3) will decline towards zero as 3 ^ L. This 

is because, in effect, the graph of the tangeiiLial force- 

displacement curve of the contact acts as the impulse response of 

the friction behaviour. The fact that it is L in length no matter 

what it has for a shape will make 0(3) ~ 0 at 3 = L. Obviously 

for the more realistic case where the contact size is not small 

compared with L then the independence distance of the friction 

will be correspondingly larger, by the contact size amount. It 

should be possible from the transform of the autocorrelation 

function to get some information concerning the true nature of the 

tangential force-displacement curve. The result shovm in 

figure 6-24,together with the reasoning given above, point to the 

conclusion that under the conditions of this experiment the
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independence length of the friction waveform should correlate 

closely with the plastic zone size. Indeed, under the conditions 

of this experiment it would appear that the Fourier transform of 

the tangential force-displacement curve represents an approximate 

transfer function of the friction process, where input is the 

profile contacts and the output is the frictional force.

6.6 Discussion and Conclusions

In this chapter the relationship between the topography of 

surfaces and some of their tribological characteristics has been 

examined. Naturally, this examination has been exploratory and has 

been based upon a few simple, but highly instrumented, experiments. 

The outstanding conclusion which can be drawn from this work is that 

there is a wealth of information which could be obtained from a 

more extended series of experiments.

Most of the merits of the work described here, and some of its 

disadvantages, arise from the use of the crossed-cylinders machine.

By its use it has been possible to correlate a given feature of the 

surface topography. Two .important features of the crossed-cylinders 

arrangement are relevant in this discussion. First, the arrange­

ment provides a single, well-defined, region of contact but a 

region whose characteristics are affected by the surface topography. 

Second, in sliding, this region of contact moves continuously to 

a fresh region of both the specimens ; thus any changes in topography 

and their relation to, say, the measured friction, are not masked 

by the fact that some points on the surfaces are rubbed many
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times before changes in topography can be examined. The major 

disadvantage of the present machine arises from the inaccuracies 

of the slideway which have contributed to difficulties in making 

meaningful and significant measurements of the ride, especially 

in measurement of its autocorrelation function. However, these 

difficulties arise from the construction of the apparatus, (the 

only one available when the work commenced) rather than from the 

principles involved in its design.

Other instrumental features that have been of major 

significance in this work as distinct from others in the field 

have been not only the use of relocation techniques to monitor wear, 

friction and ride but also the use of data logging techniques which 

have led to a far more precise measure of the parameters during 

running-in than that which has previously been possible. This 

has not simply been due to the data logging itself but it is also 

due to the use of numerical analysis techniques described in 

Chapter 3. It is the use of these three features simultaneously

(a) crossed-cylinders, (b) relocation techniques and (c) digital 

analysis of results, that have made the overall method so powerful. 

These have helped to define more precisely the conditions of 

operation of the experiments and hence give more weight to the 

results obtained from those experiments.

The difficulties involved with working with undefined 

conditions applies,therefore, with even greater force to the limited 

number of earlier published accounts of work in this field,the 

most important of which will be mentioned below. Experiments have
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been carried out by Ostvik and Christensen (1968) on the changes 

in the surface geometry that occur during the running-in process 

of disks under E.H.L. conditions. As in our case, the geometry was 

monitored systemmatically throughout the wear process using data 

logging facilities, a number of parameters were measured during the 

process. For their particular application they used a two-disk 

machine which although enabling varying degrees of sliding and 

rolling to be achieved, allowed the possibility of "avalanching" 

of the wear process to take place because the wear track did not 

continuously create new areas, as in the crossed-cylinders machine. 

Also they did not attempt to relocate the wear track exactly after 

each measurement which made the real comparison of parameters 

before, during, and after wear, very difficult especially as in 

most cases only two tracks were taken in order to get a statistical 

average. In the processing of the data also, there is evidence of 

false values due, as they say themselves, probably to improper 

alignment of the specimen during measurement of the surface.

This produces obvious discrepancies in not just one of the measured 

parameters, namely, the power spectrum, but it throws some doubt 

on the rest of the measured parameters. Good pre-processing of 

the data such as that described in Chapter 3 would considerably 

alleviate this sort of problem.

Grieve, Kaliszer and Rowe (1969) attempt to monitor the 

surface geometry during the wear process. They use both relocation 

techniques and data logging techniques to record a three-dimensional 

contour of the specimen from parallel tracks taken with a Talysurf
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along the specimen. They use a technique for this based on that 

of Williamson (1968) although not so refined in the maintenance 

of both the dc level and the alignment of the traces. They use 

two machines, one a pin and ring machine and the other a two-ring 

machine. In neither of these is the same unambiguity of result 

achieved as with the crossed-cylinders machine. In the experiment 

they measure both friction and wear and in the digital analysis 

use three-point analysis taking no account of the problems that 

this and sampling inevitably introduce. Only the and slope 

parameters are evaluated. Again, only more so, their results 

depend critically on the quality of the data they obtain from their 

apparatus. They presume heavily that not only is the surface 

aligned to the Talysurf apparatus when being measured but also 

that there is no curvature or error of form present in the waveform 

itself, both of these conditions being difficult to ensure in a 

practical situation.

A number of workers have been active in the analysis of the 

fluctuations in the frictional force, in particular Strang and 

Lewis (1949) and Rabinowicz (1951, 1954, 1956 and 1957). Strang 

and Lewis attempted to estimate the magnitude of the fluctuating 

component by measuring the sum of the vertical movements (ride) of 

the upper specimen in its movement over the lower at the same time 

as they measure the frictional force. No attempt was made to 

relate the instantaneous behaviour of the friction graph with that 

of the ride or that of the actual surface profile. They concluded 

that the percentage of the fluctuating component to the mean was
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a small percentage, being of the order of 5%. Rabinowicz (1954) 

has shown that the fluctuations of the friction graph do appear 

to follow a Gaussian law; as verified in our experiments. He 

does not relate this to the surface finish or the ride. Also 

Rabinowicz (1955) attempts to simulate the autocorrelation of a 

friction graph by taking various models of the shear force- 

displacement graph. He does not take into account any random element 

in the positioning of the contacts themselves. His practical 

results indicate that under the limited conditions of his experiments 

where both surfaces were equally rough the distance of independence 

corresponded to about twice the average contact size. This tends 

to verify our results, where the one body is smooth compared with 

the other and the independence distance is equal to the plastic 

zone size.

Restating the work described in this chapter, it will be seen 

that, despite its limitations, it appears to be the first attempt 

to measure in a single co-ordinated experiment, the friction, the 

ride, and the surface topography (both in its original form and as 

modified by rubbing). One major result of this work has been to 

show that the experimental evidence forces us to the conclusion 

that these tribological features can be regarded as stochastic 

processes and are capable of analysis in terms of the type of 

theory developed in Chapters 4 and 5. The important distinction 

is that, whereas the earlier work has as its starting point a 

strong theoretical basis, the present discussion is firmly founded 

upon experimental measurements.
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The results obtained have illustrated that the concept of a 

surface in terms of its main structure as determined by its independence 

(correlation)length and RMS value is useful in the prediction of 

the run-in profile characteristics and in determining the effective 

filtering action of the wear process itself. Under the conditions 

of the experiments, the results have also pointed to a transfer 

function of the friction process. Further, these exercises have 

shown the importance of the light or no load contacting conditions 

in determining the run-in profile and have throî m light on those 

topographic parameters most likely to change throughout the wear 

process and also on those likely to remain constant; the one being 

important in monitoring the wear process, and the other for 

prediction of the run-in profile. More work can be done using the 

accurate relocation profilometry to investigate the flow of metal 

in the wear track. The accurate dc relocation provides a powerful 

means of contouring across the wear track whereas the high radial 

relocation accuracy in addition enables parameter usefulness to be 

assessed.

Synchronism of the ride and friction waveforms have enabled 

information to be obtained about the nature of Coulomb friction.

What remains to be done is a complete tie up between the friction, 

ride and profile waveforms. This would enable quantitative 

information to be obtained concerning plasticity and elasticity 

and in particular the elastic recovery. One very interesting 

exercise would be to cross-correlate the friction, ride, and 

profile graphs; an experiment which would need a little more 

refined apparatus.
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In summarising, the following comments can be made:

(a) When random surfaces are used, the tribological 

characteristics like ride and friction are also 

stochastic functions.

(b) The power and versatility of the crossed-cylinders 

machine together with relocation techniques and 

data logging facilities have been proved beyond 

doubt.

(c) Possibly the most important point is that the 

model proposed to describe the surface geometry 

not only enables some predictions to be made 

about the main tribological features, it also 

gives an insight into how these effects occur.
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7. THE GENERATION OF RANDOM SURFACES

7.1 Introduction

In Chapter 4 the model used for the statistical description of 

a typical manufactured surface consists of a profile having a 

Gaussian distribution of ordinate heights together with an 

exponential autocorrelation function. One of the main reasons for 

the choice of these parameters was the fact that a significant 

proportion of surfaces which have been measured in the past and many 

others which have been deemed to be typical of common engineering 

practice in a recent OECD programme (von Weingraber 1969) have 

characteristics in reasonably close accord with the chosen model.

The types of surface which show a particular similarity with 

the model include those produced by manufacturing processes which 

involve some random element, for example, sand blasting or grinding. 

These techniques, particularly grinding, are the finishing process 

for a high proportion of surfaces used today; other basic cutting 

processes are more commonly used for stock removal rather than 

finishing.

In considering the characteristics of surfaces as derived 

from digital presentation of profiles it is necessary to consider 

the extent to which the pre-processing of the data prior to the 

analysis has affected the shape of the autocorrelation function.

An autocorrelation function which might be exponential in shape 

can easily be changed to a second-order form similar to a damped 

exponential cosine, by the introduction of a low-cut filter; as 

mentioned in Chapter 3 such a filter has to be used to remove
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unwanted curvatures and slopes from the original data. In other 

words many autocorrelation functions which might appear to be second 

order could in fact be exponential. Indeed the exponential 

correlation function may occur much more commonly than is suggested 

by published data.

The widespread existence of surfaces having a height 

distribution which is close to Gaussian is even more clearly 

established (see for example, Pullen, Hunt and Williamson 1969).

It therefore seems relevant to enquire whether the model adopted 

in Chapter 4 is to be expected when surfaces are generated by 

mechanical methods involving random processes. This question is, 

in turn, related to one of the central problems of the modern 

subject of surface typology discussed in Chapter 2; that is, 

whether it is valid and meaningful to classify surfaces by a 

specification of their height distribution and autocorrelation functions 

(Unless stated the normalised autocorrelation will be considered).

To explore these questions it is necessary to develop a theory 

of the generation of surface profiles by random methods. To ensure 

its wide applicability, the method adopted here will be quite 

general. It will be assumed that the profile is produced by a 

series of unit events, each event possibly involving the removal, 

or movement of material in small quanta. The unit events will 

occur in a random fashion at points along the profile and the 

effect of changes in the nature of the unit event (including 

random variations in its shape and size) will be investigated. It 

is clear that such random elements of the process will occur in



187

practical machining methods but the details of how this occurs in 

practice will not be considered at this stage. It is hoped that 

this approach will provide some physical insight into the 

relationship between the characteristics of the generated profile 

and the details of the mechanisms involved in its generation.

7.2 Simple simulation experiments

7,2,1 Method

The method adopted to explore the nature of the generated 

profile shape is by a simulation of the mechanics of the 

manufacturing process on a digital computer. As an example, in 

this technique the quanta representing the machining elements on a 

grinding wheel, the grits, are first specified as having a certain 

shape and size. The original profile is taken to be a horizontal 

straight line, represented in digital form, and extending over 

some 5 000 locations. In what follows, for the sake of simplicity, 

the machining elements will be called grits. In practice, the 

element could be a bead, a shot, or even an ion. In each computer 

"experiment" the shape of the unit events and their height 

distribution will be specified.

The position of the grit horizontally with respect to the 

surface is decided by a random number generator which gives a 

number between 1 and 5 000; this number is then taken as the 

location in the profile where the grit impinges. Another number 

representing the height of the grit is generated subject to rules
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explained later; this represents the height, relative to a zero 

taken as datum, at which the tip of the grit is presented to the 

surface. The shape and size of the grits are also decided, where 

appropriate, by another random number. If the grit so generated 

interacts with the profile at the appropriate location then a 'hit' 

is recorded; the height of the profile at that location is then 

modified to corresponding to this interaction. Locations 

immediately adjacent to it are then modified in accordance with the 

assumed shape, size and mechanism of interaction of the grit. After 

many such hits a profile has been built up which can then be analysed 

in much the same way as real surface profiles. This will be 

described in Section 7.2.3.

In this whole process a very important feature is the random 

number generator. The pseudo random number generator used here 

has the following formula. If RN^ is the new random number and 

the previous one then

RN^ =  ( tt + RN^_^)G - integer ( tt + R^_^)G (7-1)

This yields a random number between 0 and 1 uniformly random to 

eight decimal places. The first four of these digits are used to 

define the horizontal location, the next two, the height at which 

the grit is presented and the last two the size of the grit. The 

shape of the grit is determined by the mode of operation of the 

computer program. This generator gives about ten thousand numbers 

before any danger of cycling occurs.

To generate a height distribution of grits which is other
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than rectangular is complicated. However, a method has been devised 

in which other desired height distribution shapes can reaily be 

produced. In this method the curve of the desired height 

probability density function is drawn relative to a two-dimensional 

vector matrix whose rows are â  and columns b̂  i.e. the equation 

of the curve in terms of â  and b̂  is found where, say, the height 

variable is â  and the probability density b^. This is shown for 

an almost symmetrical triangular distribution in figure 7-1. Any 

pair of co-ordinates represent a location in this matrix. If, when 

a pair of numbers has been generated the location lies outside the 

curve, say at position A, then the number is rejected, but on the 

other hand if it lies within the curve, say at B, then it is accepted 

and the value of â  is used as the height at which the grit will be 

presented to the surface. In this way heights corresponding to any 

probability density are selected the correct number of times but 

ill a ran du 111 oider. using this technique, a heighc distribution 

having any shape within finite height limits can be generated.

Some examples are shovm in figure 7-2 (c), (d) and (e). These 

three height distributions have been used in these investigations. 

There are no reasons, other than those of operational convenience, 

why true truncated Gaussian or exponential distributions should 

not be employed instead of the approximate forms shown here which 

were used to represent them.

These three height distributions are of particular interest 

because of their use by research workers in this field. A Gaussian 

grit height distribution has been used by Baul (1967) in his work
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on simulated grinding. Orioda (1955), Yoshikawa and Sata (1968) 

and Yoshikawa and Peklenik (1968 and 1970) have used the linear 

distribution shown in figure 7-2, or similar shaped distributions. 

Yoshikawa and Peklenik (1970) use three different distributions 

corresponding to different dressing conditions of the grind wheel; 

of these three, two correspond to the linear and rectangular 

distributions which we use. Because of the difficulties involved 

in predicting the most significant distribution to use we rely, 

for our justification of the use of such height distributions, 

upon the practical considerations taken into account by these 

researchers.

The other consideration relevant to our investigations is the 

way in which the grits or events are distributed across the 

surface. In earlier work by other workers this distribution of 

grit positions is assumed to be uniform. What this implies and 

the tests used to ascertain the statistics of this distribution will 

be described in Section 7.3.2.

In our experiments two basic shapes of grit have been 

considered, the rectangular grit, and the triangular grit. The 

former is generated in two ways either having fixed width or 

alternatively a random width; which of these two modes is used 

depends on the path through the computer program. If the mode is 

fixed width it can be set by means of an input card. To illustrate 

how the rectangular grit operates on the surface consider one grit 

hitting the surface at a depth d below the surface level, where d 

refers to the depth of the centre of the grit. The program first
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positions this centre ordinate relative to the surface; it then 

removes metal on either side of this centre ordinate, at the same 

depth d, until the overall width of the grit impression agrees with 

that of the width of the grit previously determined. For fixed 

width mode this width is set at the beginning of the run, for 

random width mode the grit width is set after each operation by 

means of one of the digits generated by the random number generator. 

The rectangular grit is sometimes referred to as a square grit for 

simplicity. For simulated machining using triangular grits, four 

modes are possible, not including the ploughing mode which is 

described later in Section 7.4. The first is when the grit angle 

is random. Here, as in the square grit case, the depth (determined 

from the random number generator) to which the grit indents into 

the surface refers only to the centre ordinate of the grit; 

adjacent ordinates of the grit indent to a correspondingly smaller 

depth depending on the angle of the grit and the distance of the 

ordinate from the centre of the grit. In the random mode the 

random angle is determined by setting, from the random number 

generator, the width at the top of the grit. This, when taken with 

the depth of cut, provides a random angle. For the fixed mode, 

the width is restricted to one value, but this does not fix the 

angle but just the width at the top of the grit. Any degree of 

randomness of the width can be achieved by relaxing slightly the 

restriction on the values that the grit width can take. In 

another fixed mode the angle itself could be fixed completely or 

held between certain limits merely by selection from all the random 

possibilities generated. A final mode of operation for triangular
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grit was to suppress the one side of the grit completely thus in 

effect simulating a sawtooth grit.

Other facilities offered by the program (called GRIN and 

discussed in Appendix 2) include the ability to be able to simulate 

sparkout by dropping the datum from which the height distribution 

is measured at any stage during the "machining operation". It is 

also possible to operate in a mode in which the height distribution 

has no fixed datum but each event simply takes away from the 

existing surface the depth and width of grit that the random number 

generator has selected.

7.2.2 Development of profile waveform

In Section 7.2.1 the method in which one grit indents the 

surface has been discussed, together with various forms the shape 

of Lhe grit might take (in these simple simulations). In this 

section we will discuss the characteristics of the surface profile 

which have resulted after a large number of operations. In this 

connection the term "operation" implies one change of the random 

number, it may or may not, imply a hit and a consequent change in 

the surface profile. Figure 7.3(a) shows the form that the 

profile has after only a relatively few hits, say 50, have been 

made using rectangular grit; the original height of the surface 

can be clearly seen. Figure 7.3(b) shows the profile that has 

developed after a large number of operations, again for rectangular 

grit. By comparison, figures 7.3(c) and 7.3(d) show how the 

profile has developed for the same number of operations using a



193

triangular grit. It will be seen that in figure 7.3(b), and 

even more in figure 7.3(d), that the surface has taken on a 

noticeably random appearance. As will be shown later this random 

appearance does not depend on the assumed distribution of heights 

of the grits.

7.2.3 Characteristics of the generated profile - 
the amplitude distribution of the roughness

In this section the generated shape of the ordinate height 

distribution of the profile is considered in relation to the imposed 

height distribution of the grits. Although in principle any height 

distribution of grits could be investigated; accepting that in 

some cases the distribution would have to be somewhat truncated, 

only the three mentioned in Section 7.2.1, namely, rectangular, 

triangular and sawtooth, will be considered here.

Consider, to start with, the case when the grits are 

rectangular, of random width and of rectangular height distribution. 

At first, when only a few hits have been made, most of the original 

surface is left. Similarly, after a very large number of hits the 

profile again approaches a straight line corresponding to the 

depth of the deepest depth of removal allowed by the height 

distribution of grits. It was found that, in the case of the square 

grit, the "metal" is removed too fast for the roughness to be a 

significant part of the profile when compared with either the 

original or final straight line. Therefore an experiment which may 

be thought to be equivalent to plunge grinding was introduced, in
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this only a limited number of operations or hits are allowed from 

any one datum. Under these conditions the roughness waveform 

exists. Figure 7-4 shows two typical distributions plotted on 

probability paper for the cases where the height distribution is 

triangular and sawtooth. The profile ordinate height distribution 

obtained in both cases are very close to Gaussian because the plots 

are straight lines on the probability paper. The same exercise has 

been performed with triangular grits both for the case of random 

angle and variable angle. In these cases the "metal" is not 

removed with quite the rapidity as when using rectangular grit with 

the rectangular height distribution; thus the results obtained 

for all grit height distributions can be displayed as shoiim in 

figure 7.5. Again, the height distributions are very close to 

Gaussian. This result has been found to be quite general. No 

matter whdt assumed height distribution of grits or whatever the 

shape and size of the grit it has been found that the ordinate 

height distribution of the roughness profile invariably has a 

Gaussian shape. (This distribution may be truncated at the top, 

after a few operations, or at the bottom, after very many 

operations, as explained above). Two further examples are shown 

in Figure 7.6.

Summarising the outcome of the simulated experiments over the 

range of conditions tried so far poses the following question. Is 

it true that the ordinate height distribution of a surface 

produced by a single manufacturing process having a decidedly 

random component is always Gaussian? The results would suggest 

that this is so.
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7.2.4 Characteristics of the generated profile - 
the autocorrelation function

We turn our attention to the autocorrelation function of the 

profile produced by computer simulation using the techniques 

described above. In this work the same problems exist as have 

been described in discussing the generated height distribution.

In deriving the autocorrelation function, it is even more important 

to ensure that all traces of the original straight line profile 

have been removed and also that the process has not proceeded too 

far and produced truncation of the height distribution at the 

lowest level b e <f^€he n u A \ b c r  aU<n^wj(L m  -bhe arcay^

In an attempt to provide some physical insight into our 

consideration of the shapes of autocorrelation functions it is 

instructive not only to consider that of the generated profile 

itself but also that of the individual grit impressions.

Figure 7.7(a) shows the correlation function of a rectangular 

(or square) grit of fixed width and figure 7.7(b) shows the auto­

correlation function for the square grits having random widths 

with a rectangular width probability density function (these 

results are proved in Section 7.3.2 below). Notice that in both 

these cases the correlation length (equivalent to 2.33* in 

Chapter 4) is determined in the first instance by the fixed width 

of the grit, and in the second by the maximum width of grit. In 

other words, for single grit impressions, without interaction 

between impressions, the length of the autocorrelation function 

is determined by the grit width (or strictly by the width of the
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tip of the grit hitting the surface). It is difficult in the case 

of the random width grit to simulate the overall behaviour without 

running into problems of grit impression overlap. Figures 7.7(c) 

and 7.7(d) show the corresponding autocorrelation functions for 

triangular grits using both fixed angle (figure 7.7(c)) and 

random angle (figure 7-7(d)). Again, as for the square grit, the 

significant extent of the autocorrelation function is determined by 

the grit size.

Consider now the situation in which the density of grit hits 

is large enough to ensure that a large proportion of overlaps occur. 

Figure 7-8 shows a series of results obtained from computer 

simulation, the correlation function for individual grits being 

shown as a broken line, in each example, for comparison.

Certain broad conclusions can be drawn from these results.

First; the correlation function, originally considered as that for 

the individual grit impressions, is modified by the existence of 

interactions between grit impressions; the effect of this interaction 

is, in general, to shorten the length of the correlation function 

and to change its shape. Second, as the interaction proceeds, with 

an increase in the number of operations, these influences become 

more marked. The influence of the number of operations upon the 

slope of the autocorrelation function near the origin is shown in 

figure 7-9. Here, what is actually shown is the value of the 

autocorrelation function one ordinate spacing from the origin.

Because the surface is stored as an array in the computer the 

first ordinate position refers to a shift of just one location.
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the minimum change possible. This gives an indication of slope 

at the origin and can be used as an estimate of the distance over 

which the correlation function is large valued. Third, figure 7-8 

suggests that when both random interaction and random shape of 

grits are operative the autocorrelation function of the generated 

profile tends towards an exponential shape. To examine this 

point in more detail some autocorrelation functions of profiles 

generated after 5 000 operations, with random grit shape and with 

interaction of events, have been plotted on a log-linear scale in 

figure 7-10. The plots are very close to linear. It would appear, 

therefore, that the introduction of a larger element of randomness 

into the generation process produces profiles whose correlation 

functions are, indeed, close to the exponential form. The relative 

influence of the grit height distribution and the grit shape upon 

the length of the autocorrelation function will also be observed

in figure 7-10.

7.2.5 Discussion of simple simulation experiments

Summarising what has been said above in Sections 7.2.3 and

7.2.4 the following conclusions may be reached:

1. All the grit shapes and height distributions used in 

these simulations tend to produce Gaussian height 

distributions of the generated profile.

2. The length of the autocorrelation function is not only 

determined by the size of the grit but also the degree of 

interaction between grit impressions which tend to reduce it
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3. When the degree of randomness in the grit sizes, shapes, 

and interactions becomes high the autocorrelation 

function of the generated profile tends to become more 

nearly exponential in its shape.

These conclusions suggest a need for a more mathematical 

approach to the theory of the characteristics of the profile 

generated by random processes. This will be provided below in 

Section 7.3. The influence of other factors upon the characteristics 

of the generated profile have also been explored in computer 

simulation experiments. These experiments and the results will be 

discussed in Section 7.4.

7.3 Theory

7.3.1 Height distribution

In this section some consideration will be given to the height 

distribution of a profile of a surface produced by random manu­

facturing process. From the point of view of the height distribution 

these random processes fall roughly into two categories; those like 

shot peening, flame spray deposition etc. in which particles 

impinge onto the surfaces. Most of the roughness in these cases is 

produced through random plastic flow or random deposition. Others 

(e.g. grinding, lapping) involve a degree of metal removal and in 

addition the elementary cutting particles are firmly bonded or 

embedded into a toolpiece.

In both of these types of manufacturing process, and perhaps
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others, the conditions are such that it is not unrealistic to 

suggest that the shape of the ordinate height distribution of the 

profile could be a direct result of the Central Limit Theorem, often 

used in statistics to explain the preponderance of Gaussian 

distributions arising in nature. This says, in effect, that a 

Gaussian distribution will occur quite generally as a result of a 

large number of independent random variables, of the same order of 

magnitude, acting together.

To be more specific. If there are N mutually independent 

random variables whose individual distributions can be different, 

and even unspecified, then the distribution of the sum of these 

variables tends to be Gaussian as N becomes large (see Cramer 1946) . 

The Central Limit Theorem does not only apply to probabilistic 

considerations but is also a property of repeated convolutions and 

is used in many fields, for instance, in electrical network theory.

As an example, the impulse response of a large number of cascaded 

filters is Gaussian whatever the shapes of the individual filter 

responses.

In the manufacturing processes involving the random addition, 

removal, or impinging of metal particles, the roughness waveform that 

eventually results is the cumulative effect of many local plastic 

flows resulting from separate hits. The complexity of such a 

situation is considerable after only a few hits. Because the 

roughness is effectively produced by many independent particle hits, 

or removals, then the amplitude distribution could, to some extent, 

be justifiably expected to be Gaussian no matter how each of the



200

individual hits has affected the surface profile. This type of 

process satisfies a basic philosophy of the Central Limit Theorem 

which is that the process variables should be additive; this is 

done because the roughness profile is generated as a result of 

the total history of the process extending well into the immediate 

past.

The situation in some of the other processes is not so 

straightforward because each cutting grit height is fixed relative 

to some plane determined, for example, by the grind wheel or the 

lap. Consequently it might be argued that tne surface roughness 

produced by such a process would be automatically the inverted 

distribution of the cutting elements on the wheel or lap. This is 

not necessarily so. The roughness height probability is determined 

to a large extent by the random element in the horizontal positions 

of the cutting elements. This is especially true the more random 

is the shape of the cutting element. The importance of random 

positioning is met with in communication theory where it can be 

shown, for instance, that the height distribution of the sum of a 

number of sine waves having random phase approaches a Gaussian
I

distribution as the number of components increases (Panter 1965).

The condition that the cutting elements in the process are 

independent of each other is substantially true even in the case 

of a grindwheel because it is usually only the outermost elements 

that actually contribute to the cutting action and for levels far 

away from the mean level they can be considered to be more or 

less independent. Under some conditions the requirement



201

for independence as a pre-requisite of the Central Limit Theorem 

can be relaxed (Cramer 1946).

It is not so easy to argue the additive property of these 

kinds of process but it would certainly seem that the roughness in 

any area on the surface in practical situations would, in general, 

not be dependent on simply the last grit but it would be dependent 

on all the past history of grits hitting in the neighbourhood; 

the final result being determined in a complex way. In all 

practical cases (e.g. grinding) there is a certain amount of metal 

flow involved in a hit as well as metal removal, this makes these 

processes more akin to the bead blasted or shot peened type of 

process, at least in terms of the geometrical generation of the 

surface. However, from the results of figures 7-4, 5, and 6 it 

would appear that the Central Limit Theorex does hold even for the 

metal removal processes only,for quite a general distribution of 

grit heights.

7.3.2 Autocorrelation function

We turn now to a consideration of the autocorrelation function 

of the generated profile. Because we are usually concerned with 

the shape the normalised autocorrelation function will be frequently 

considered (Davenport and Root 1958). It is to be expected that a 

number of factors could enter into the problem; these might include;

(a) the randomness of the process (i.e. how the grits are 

distributed and.
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(b) the shape of the grits as well as the way in which

the grit reacts with the surface.

In order to be able to build up a picture of how these

characteristics of the profile affect the profile autocorrelation 

function we will first consider each one in turn and will then 

bring them together in a more comprehensive picture.

In order to be able to consider the development of the 

autocorrelation function we must first consider the statistical 

character of the spatial distribution of the individual events; 

taking the co-ordinates of the centre of the cutting elements 

into account only and not their shape or size. To get an idea of 

the basic statistics of the practical situation it is informative 

to approach the problem from a Bernoulli trial theory. Thus, if 

in a large interval 0 to L, N events have occurred (where N is 

large) then the probability of finding K and only K events In an 

interval & << L is given according to Bernoulli by

n  ̂ ' n NT K N-K NÎ K N-KProb (No in £ = K) = p q = P q

(7-1)

where p = £/L and q = (1-p); p is the probability of finding a 

specific point in £.

If N >> 1 and £/L << 1 then equation (7-1) reduces to 

Poisson's theorem in which
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Prob (No in £ = K) = exp (~N£/L) , —  (7-2)K.

which when writing X = N/L becomes

exp (-Xi) . (7-3)

It is well-known that if £ = ^ i ~ ^ 2  ̂is not constant but a

function of x i.e. X(x) then
2 Kf ^

£2 ( X(x)dx)
r •'£,

Prob (No in £ = K) = exp [- X(x)dx) . -----------
J V

(7-4)

Consequently for an interval 0 to 3 this would become

K
exp (-X6) . (7-5)

for the special cases which we shall require shortly (K = 1), 

the probability that only one event occurs in the interval between 

0 and 3 is

exp (-X3) . A3 (7-6)

and also for the case where no events (K = 0) lie in the same 

interval then equation (7-5) reduces to

exp (-A3) (7-7)
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For events to be classified as Poissonian it is usually necessary 

for some requirements to be met. These are that the probability 

of more than one event happening in a small interval 6£ is zero 

(remembering here that only the co-ordinate of the event position 

is being considered), that each event is of an independent 

character (grits are independent) and that what happens in one 

interval is independent of what happens in another.

In the context of this chapter one thing to bear in mind is 

that it is in space only that events are considered. We are 

looking at the spatial consequences of what has been happening in 

time. It will be obvious in machine processes like shot blasting 

etc. that the position of the individual grits in space must be 

independent of each other. In the case of grinding or polishing 

the situation is not so simple because the grits are all bonded 

together in the wheel. However, as in the justification for the 

Central Limit Theorem, mainly the tips of the higher grits are 

involved and they can reasonably be considered independent.

In order to ascertain whether grit peaks on a typical 

grindwheel for instance could be considered Poissonian, a standard 

test (Parzen 1962) was carried out on a number of profiles of a 

grinding wheel. A blunt stylus was used to pick out only the 

higher grits; then the distance of each peak, so revealed, from 

an arbitrary starting point was measured. Let these distances be

designated U^, U^,  for N peaks. If the events have

occurred in accordance with a Poisson point process these random 

variables will be independent and uniformly distributed over
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the length of the profile.

It is possible to make a test for both uniformity and 

independence by observing that if are independent then using 

the Central Limit Theorem for moderately large values of N these 

values will be arranged according to a Gaussian distribution hence 

their sum

N

will have a Gaussian distribution with a mean of ÎTL/2 and a variance 

given by

NT 2Var (Ŝ ) = NVar (U.) = ^  (7-8)

yielding a standard deviation a.

The test is that if lies between U - 2a and U + 2a thenN
there is a 95% probability that the test would indicate correctly 

that the process is Poissonian.

A typical trace showed = 884, U - 2a = 757, and U + 2a 

= 1011, thus proving subject only to the confidence in the test 

that the high peaks can be considered to be Poissonian. All traces 

examined showed similar results. In fact doing similar tests 

on the profiles produced from these processes also gave the same 

conclusion i.e. the profile peak positions also appear to obey a 

Poissonian distribution. This is considered later. Hence as far 

as the positions of events are concerned the final profile can be
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considered to be made up of a succession of impulses in space, 

each representing the co-ordinate of a central position of a grit. 

Thus, one ingredient likely to be of importance in determining 

the autocorrelation function of the profile resulting from a 

random manufacturing process, namely the positions of cutting 

elements appears to be representable by a Poisson Impulse Train 

(figure 7-11(a)).

The next stage in the development of an understanding of the 

form that an autocorrelation function might take is to consider ■ 

the autocorrelation function of a single event, i.e. the impression 

left by a single grit on the virgin surface. Consider first, for 

simplicity, the case of a square grit impression of known length L* 

The general autocorrelation function of a single impression, which is 

an aperiodic function, is given by-

J y^(x + 3) dx (3<L) (7-9)
0

where y^(x) is the function denoting the grit impression shape.

Note that it is valid to compare the analysis of a single grit 

as in equation (7-9) to the results obtained by computer from a 

consideration of a single grit impression in the whole length of a 

virgin surface providing that the width of the impression is small , 

compared to the length of surface. For a single square grit 

impression, equation (7-9) becomes

(j2 (1 - j A )  (7-10)
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where y is the depth of the square impression, which when 

normalised by and calling 3/L = 3 yields

C(g) = (1 - I F I )  (7-11)

If, instead of a single impression of fixed width L a number

of separated impressions of uniformly random width, and maximum

width L are considered, then the autocorrelation function max
becomes

C(g) =■ 1 - |F| (1 + (1/ |F|) (7-12)

~ exp (-jgj / e)

In general if C(3,L) is the autocorrelation function 

associated with an independent grit impression and f(L) is the 

probability density of a grit having a maximum size related to L 

then a useful expression is

L
f m a x

C(3) = C(3,L) f (L) dL (7-13)

where C(3,L) = 0 for L < 3.

In the case considered above, when f(L) is constant this 

yields equation (7-12) for a random square (or strictly speaking 

rectangular) grit.

In figure 7-7 some typical autocorrelation functions for 

single grit impressions are plotted together with computed values
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In the case of random widths obviously more than just one grit 

impression had to be put into the surface in the computer 

simulation but care was taken to ensure that none overlapped.

For a triangular grit having a constant width at the top of 

the impression the normalised autocorrelation function is given by

C(3) = 1 - + 6|FP

for I 31 <0.5

and C(3) = 2 - 6|̂ | + 6|F|2 - 2|F|^

for 0.5 < I 31 < 1.0 (7-14)

It may be noted here that a plot of equation (7-14) in figure 

7-7(c) has a shape significantly different from that derived for 

a square grit (figure 7-7(a)). It is now very nearly Gaussian in 

shape and this is due to the fact that the convolution of a 

triangle is very close to Gaussian, in fact for the case under 

discussion

C(3) - exp (-5.55 3^/L^) (7-15)

from which the autocorrelation function for triangular grit 

impressions having uniformly random widths at their base is given 

by

C(3) -
L■ max

exp (-5.55 3^/L^) dL (7-16)

which is shown in figure 7-7(d).



209

Thus in all these examples, where no interaction of grit 

indentations is assumed, the extent of the correlation function 

over which it has a significant value is determined by the assumed 

size of the unit event. Under conditions of independent events, 

without interactions, the correlation length (the separation of 

points on the surface which are effectively independent) is 

determined mainly by the size of the longest unit event; similarly 

under these same conditions, the shape of the correlation function 

is determined by the shape of the grit indentation.

However, if the number of grits or particles hitting the 

surface is increased such that interactions between grit indentations 

or impressions occur then the situation usually becomes more complex. 

Different effects can occur depending on the type of random process. 

Before considering processes like grinding, grit blasting etc. we 

will take a look at the effect of interaction in cases such as 

flame spray deposition or spark erosion. In these processes when 

there is an interaction between two unit events in the region of 

the overlap there is an addition (or in the case of erosion a 

subtraction) of the impressions. If one supposes that each metal 

globule (in the case of flame deposition) which is deposited on 

the surface has the same size and making the assumption that they 

are deposited in such a well-behaved manner that the superposition 

theory applies, this enables the mechanism of the process to be 

investigated simply. Under these circumstances the process can be 

considered to be the convolution of a Poisson impulse train 

(representing the positions at which the globules hit) with the
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shape of an individually deposited blob (or hole in spark erosion),

I.e.

y(x) = Z(x) h(x) (7-17)

where Z(x) is the impulse train and h(x) is the shape of the unit 

metallic deposit.

Using a result obtained in electrical theory (Papoulis 1965) 

enables the autocorrelation function to be. obtained. It is given 

by C(3) where

C(3) = h(a) . h(3+a) da (7-18)
J

which turns out to be the same as that obtained for a single unit 

event. In other words, given these circumstances, the correlation 

function would not degenerate with superposition of the unit events. 

Obviously this is only an approximate picture, but it does give 

an indication of under what conditions in the mechanism of the 

manufacturing process the autocorrelation function could be expected 

to remain independent of unit event interaction. Incidentally, it 

can be shown that if X, the density of the Poisson impulse train, 

is high and considerable overlapping occurs, then in this electrical 

filter model for spark erosion the height distribution of the 

profile waveform tends to a Gaussian shape (Papoulis 1965) which is 

a direct result of the Central Limit Theorem. This illustrates 

that in this sort of process the Gaussian height distribution of 

the profile is a natural result.
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An important distinction needs to be drawn at this stage. In 

the last paragraph it has been shown that when a series of events 

are superposed, without their modification in any way, then the 

correlation function of the generated profile is the unmodified 

correlation function of the unit events. However, in the simulation 

experiments described in Section 7.2 interaction occurred. By 

interaction we mean that the consequences of a selected event is 

determined, in part, by the state of the profile at the location 

in question. We consider below the consequences of this 

interaction.

To get an idea of how the autocorrelation is changed from 

that when the unit events are non-interacting consider figure 

7-11(a) which shows a Poisson train of locations along a surface 

where the centres of the unit events making up the final profile 

are located. I-Jhen working out an autocorrelation function of the 

profile for a lag 3 it is necessary to evaluate the ensemble average, 

product of two ordinates separated by 3. Some of these products 

will be from situations where both ordinates are within one unit 

event, for some other products perhaps one ordinate lies in one 

unit event and the other ordinate lies in the adjacent unit event.

(It must be emphasised here that by the very nature of the mechanism 

of the process and the interaction very few of the unit events will 

be whole; the very fact that interaction between them has taken 

place ensures this). Similarly, in other products more than two 

unit events or remnants of unit events may separate the ordinates.

The evaluation of the autocorrelation function may be summed
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up in terras of conditional expectation. Thus

E(y) = E (E(y/ç)) (7-19)

= I  E(y/ç=ç) f(ç) (7-20)
over all

Ç

In equation (7-20) E(y) is the expected value of situation y 

and Ç is a conditional subset of y.

In terms of the autocorrelation function

C(3) = E(y(x) . y(x+3))

j both in
= E [y(x).y(x+3) / single event]x[probability of single event]

. ordinates in
+ E [y(x).y(x+3) / two events ]x[probability of two events]

etc (7-21)

where each line of equation (7-21) is strictly an ensemble average.

The essential feature about this equation is that E(y(x).y(x+3)) 

is zero except for the first case when the two ordinates are 

contained within a single unit event. This is because the unit 

events are unrelated so an ordinate from one unit event will, on 

average, not be correlated with an ordinate from another with the 

resulting effect of making the product zero. Thus E(y(x).y(x+3))

= E(y(x)).E(y(x+3)) = 0 for all but single unit event cases, 

assuming E(y(x)) = 0. The relationship between y(x) and y(x+3)
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when both are within one event depends upon the degree of randomness 

in the unit event itself; this will be discussed later. However, 

in order to see how this principle works out consider the simple 

case of a fixed width square grit unit event. Our problem is that 

of deciding the conditions under which two ordinates, separated by 

3, lie within the same unit event (grit impression on the surface) 

the actual value of E(y(x). y(x+3)) for a unit event is not difficult 

to get because for square grit y(x) will be equal to y(x+3) and the 

variance of the product will be the same as for the profile as a 

whole (assumed to be unity) hence the real problem is finding the 

probabilities of occurrence.

Consider figure 7-11. In order that the grit covers the 

interval 0 to 3 it must have a centre between 3 - L/2, and L/2, a 

total range of L-3. Using Poisson statistics whose density of 

occurrences if the probability of this happening is given by

exp (-Xp(L-3)) Xp (L-3) (7-22)

In addition no unit event centre must occur to cover up the origin 

but not 3 i.e. there must be no event centre between 3 ” L/2 and 

-L/2 a range of 3. The probability of this non-event is

exp (-X 3) (7-23)

Similarly no second event must occur to include 3 but not the 

origin. The probability of this non-event is also exp (-X^3).
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Hence the total probability of the two ordinates lying within one 

unit event is f(l) given by

f(l) = exp (-Xp(L-g)) Xp (L-3) . exp (-X^B) . exp (-X^3)

= exp (-XpL) . exp (-X^3) X^(L-3)

(7-24)

Hence C(3) may be written

C(3) = constant . exp (-Xp|3|) (1-|3|/L) (7-25)

where the constant depends on X̂  and L.

Equation (7-25) is an interesting result because (1-|3|/L) 

represents the autocorrelation function for the fixed width square 

grit without interaction. It appears that in this case the effect 

of interaction is to multiply the single grit result by an 

exponential term. That this equation has some basis of truth can 

be seen in figure 7-8(a), which shows the simulated result as well 

as the analytic values. In fact the treatment given above is a 

little too restrictive because the centres of other unit events 

contributing to the profile could lie in the forbidden regions.

They would, however, interact if their level was lower than the unit 

event in the interval 0 to 3. From this equation (7-25) and also 

equation (7-12) it seems as though increasing the random element 

either in positioning of the events or in their shape tends to 

make the autocorrelation function more like exponential in shape.



215

A further point indicates that this may well be so, because 

consider the case when the square grit has such random width and 

is so interacting that identity with a fixed unit event is blurred 

it then becomes more meaningful to consider the square edges in 

the resultant profile as a Poisson process. Using the test 

already described the relevant inequality obtained from a typical

profile chart was 10540 < = 13128 < 15140 which means that one

could accept the statistical hypothesis that the observed results 

were of a Poisson type. Under these circumstances equation (7-21)

can be re-written in terms of number of edges rather than number

of unit events; the criterion for two ordinates to be within one 

grit impression then becomes equivalent to them lying within no change 

of the profile level. Hence if the signal variance is unity and 

the Poisson density of edges then C(3) becomes, using Poisson 
statistics

E(y(x).y(x+3)) = exp (-X^3) x (e ( y ( x ) .y(x+6)/no change in level)

+ X 3 exp (-X 3) x(E(y(x).y(x+3)/one change in level)

(7-26)

which reduces when normalised to

C(3) = exp (-Xg|3|) (7-27)

because the only contribution to the product sum comes from the 

first terra, in all the other cases the levels are independent and 

consequently the product sum is zero. Notice that the result of
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equation (7-27) is different from that obtained for a similar sort 

of waveform, the random telegraphic signal, this is because of the 

multiplicity of levels in our profile.

Consider, now, the conclusions to be drawn from this discussion 

of the effects of more complex combinations of events in the 

generation of a surface profile and its correlation function. Two 

features can be discerned. First, the replacement of events of 

fixed shape by events of random shape causes the correlation 

function to be modified from that of a single indentation; c.f. 

figure 7-7(a) and figure 7-7(b). Second, the introduction of 

random interaction also modifies the correlation function. Together 

these features appear to cause the correlation function to approach 

an exponential shape.

The theoretical analysis given above has been concerned 

entirely with rectangular grit shapes. The same kind of behaviour 

is to be expected for the more practical grit shapes. Initially 

the autocorrelation is that of the single event and finally, in the 

limit, when the degree of randomness that has been introduced is 

extreme then the autocorrelation function is an impulse at the 

origin, which corresponds to a white noise power spectrum. Under 

these circumstances the randomness would be such that two ordinates, 

no matter how close, would be uncorrelated. Random elements 

introduced in between these two extremes would tend, as the above 

analysis and the figures suggest, to make the autocorrelation more 

exponential in shape. It would seem, therefore, that in the same
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way that the Gaussian distribution tends to be the natural profile 

height distribution produced by a highly random manufacturing 

process so the exponential shape tends to be the natural auto­

correlation function; the more the random element then the nearer 

it is likely to be to the exponential shape.

In order to consider these conclusions under more practical 

conditions further simulation experiments were carried out. These 

will be discussed next in Section 7-4.

7.4 Further simulation experiments

From what has been said it is clear that the shape of the

autocorrelation function depends on at least two important features,

the first being the shape of the unit event and the second is the

nature and extent of the interaction between events when considerable 

overlapping takes place. There is however another feature which 

needs to be investigated in order to further understand the 

practical correlation function. This is the amount of metal 

movement or ploughing rather than metal removal that takes place 

when a grit impinges on the surface. So far in all that has been 

said only metal removal has been assumed. This represents a 

limitation of the conclusions that can be reached in terms of the 

practical situation. In practice, both removal and ploughing 

usually take place at the same- time for most manufacturing processes. 

For example, Buttery(1968) has shown that, in grinding heat treated 

steels, the amount of ploughing is closely related to the hardness 

of the material. Figure 7-12 taken from Buttery’s work illustrates

*
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this point. In order to take this into account the computer 

program was modified to perform a ploughing operation as well as 

a removal operation.

The program has been written in such a way that it can cater 

for not only the elementary situation shown in figure 7-17 but 

virtually any order of complexity such as are sho\^ in figures 

7-13(a) and (b). The effect of such ploughing has the effect of 

very quickly building up a very convincing picture of a random 

surface (figure 7-14).

Using the program in this form not only allows the investigation 

of amplitude distributions and autocorrelation functions under 

conditions more representative of practice but it enables some 

simulation experiments to be carried out on such diverse subjects 

as the way in which RMS roughness of the surface changes with 

hardness for a given number of operations, (figure 7 15). On this 

graph is also shown the effect of the different distributions of 

grit heights. As would be expected the triangular distribution of 

grit heights tends not only to produce a rougher surface but also 

for the same number of operations it removes more overall material 

so one could say that as far as a finishing process is concerned 

the sawtooth distribution for the grits would probably be best.

As noted in the simulation experiments described earlier the 

amplitude distributions are very close to Gaussian, indeed with 

these experiments the trend is even more marked, irrespective of the 

shape of amplitude distribution of the grits. (figures 7-16 (a),

(b) and (c)).
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Figures 7-17 (a) and (b) show the simple case of ploughing 

where no interaction between the unit events has taken place and 

the unit event is a fixed width triangular shape. The examples 

shown are of 90% ploughing corresponding to a soft metal where 

very little metal is removed and 25% ploughing which is typical 

of results obtained with harder steels.

Immediately it can be seen that the effect of pile up on the 

"unit event" has caused a periodic component in the autocorrelation 

function. Three points of interest may be noted, (a) the extent of 

the correlation function length is close to that of the whole grit 

impression including pile up (L); (b) the distance to the first 

zero crossing (W) corresponds to the half width of the grit 

impression without pile up; (c) the magnitude of the periodic 

component is dependent upon the percentage ploughing.

Figures 7-18(a.l) and (b.l) show the autocorrelation functions 

for triangular grit impressions having random width for both 100% 

and 25% ploughing. In figures 7-18 (a.2), (a.3), (b.2) and (b.3) 

it can be seen how the shape of the correlation function of the 

generated profile changes as the interactions occur.

Thus it would appear that the detail of the shape of the 

correlation function may give detail about the mechanism of the 

machining and the randomness of the grit whereas measurements of 

size can give details about density of grits and amount of 

interaction.



FIG 7- I 8
EEEECT_Cf. NIPPER A'JTQC0lR[:LAT10N _EUNCTION_OF_PROEji.E

WITH H O UGHING TAKING PLACE . TR IANGULAR GRIT DISTRIBUTION. 
IOO%PLQUGHif>JG.{l) RANDOM TRIANGULAR GRIT IO O % P ljO U G H IW .N O IN TER A C TIO N . 

(?) INTERACTION AFTER 5 0 0  OPERATIONS.
D ) INTERACTION AFTER 7 5 0 0  OPERATIONS.

C>) 2 5 %  PLOUGHING. ( I)  RANDOM TRIANGULAR GRIT. NO INTERACTION.
(2) INTERACTIO N AFTER 5 0 0  OPERATIONS.
(3) INTERACTION AFTER 7 5 0 0  OPERATIONS.

(a )lO

075

0 5 1

025

LAG.

I U

0 7 5

0 5 0

0 2 5

LAG.



220

As pointed out in the previous section it can be seen how the 

shape of the autocorrelation function tends to degenerate into the 

exponential shape as the random element in the shape and position 

of the unit events increases. Figures 7-18 show the transition 

from the form approximating to exponential cosine to more nearly 

exponential as the density of hits increases.

One thing that has emerged from this further simulation is 

that the autocorrelation functions for random processes which 

involve much metal movement and little removal such as bead blasting 

would be expected to show a more oscillatory shape than for hard 

metal grinding for instance assuming no feed marks are dominant.

There is evidence (Greenwood, private communication) that this is so. 

This work also gives an indication that the reason why the exponential 

cosine type of shape occurs so often in practical cases is because of 

the pile-up behaviour of the unit event. Finally it suggests that 

autocorrelation functions regarded as having exponential cosine shape 

are, strictly speaking, not of this type; they have a shape worked 

out from the unit event mechanism (see figures 7-17 and 7-18).

7.5 Discussion and conclusions

This chapter has dealt with the way in which machining processes 

of a random character develop the profile geometry.

It has been seen that starting from a single scratch situation 

where the geometry of the profile is highly correlated with that 

of the machine "grit" it is possible to develop a picture of the
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profile in the very complex state where the random interactions of 

grit impressions tend to dominate the profile in such a way as to 

produce a more or less naturally occurring Gaussian height 

distribution and exponential type autocorrelation functions. As the 

degree of randomness (entropy) decreases then this state of affairs 

is less true and the shape of the individual indentations emerges.

In the cases where pile-up occurs then this results in the well- 

known second order type of autocorrelation function resembling the 

exponential cosine. The horizontal scale of size of the 

autocorrelation function has been shown to be related also to the 

grit impression size and density of impressions.

Apart from the many interesting side issues arising from this

investigation the main conclusions are as follows;

(a) For a random machining process the Central Limit Theorem

appears to hold. Over a wide range of conditions the

simulation always gave Gaussian height distributions for

the ordinates. It seems to hold for cases other than 

those that could be easily proved statistically.

(b) The distribution of grit heights does not make a

significant difference to shape of either the ordinate 

height distribution or the autocorrelation function

but, insofar as for a given number of operations it

represents different numbers of hits, then it can cause 

differences in the scale of size of both.



222

I

(c) The shape of the autocorrelation function depends on a 

combination of three things;

(i) the shape of the tip of the grit and 

the randomness of this shape,

(ii) mechanism of indentation whether ploughing 

or cutting

(iii) degree of interaction of grit indentations.

(d) For random shape and high interaction the autocorrelation 

function tends to become exponential.

(e) Because the correlation length is related often to the 

unit event, and because the shape of autocorrelation 

function throws light on the mechanism by which the 

surface has been produced, then in the much wider field

of surface typology the use of the autocorrelation function 

as proposed by Peklenik is meaningful.

(f) One of the powers of the autocorrelation function that 

has emerged in this chapter, and in the friction 

measurements described in Chapter 6, is that it is very 

suitable for identifying the unit event behaviour in a clear 

way that is very difficult using power spectral analysis.

Summarising; the work in this chapter is justified on the 

basis of the considerable insight that it has given in revealing 

the geometrical features of the profile in terms of the details of
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the unit events which produce them and thereby highlights the 

features needed in a surface typology.

The further justification is that the work strengthens the 

basis upon which the theory of Chapter 4, the starting point of 

this work, is based.
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8. GENERAL CONCLUSIONS

Developments in engineering involve progress at many levels 

ranging from fundamental knowledge to engineering practice and 

design. This thesis is concerned, primarily with the development 

of fundamental knowledge of surface topography and typology. Here 

we try to set our findings against this wider background.

The major theme of this work has been to find relationships 

between the functional behaviour of surfaces and their topography. 

In particular, we have examined the relationships between the 

behaviour of surfaces in contact and the features of their surface 

topography as revealed by digital methods. The use of digital 

techniques for the acquisition and analysis of data is a fairly new 

development in the study of surface topography but is one which 

shows such promise that its use seems certain to increase. In 

this thesis we have chosen to explore the use of these techniques 

in a number of different applications rather than concentrate on a 

more limited field.

Chapter 4 considers, in a fairly fundamental way, the problem 

of random surfaces and techniques used to define characteristics 

of significance in their contact. One immediate result that has 

emerged from this work is that it provides strong theoretical 

support for the proposals for the simple classification of 

surfaces by two parameters, one associated with the height of the 

profile waveform and the other associated with the wavelengths 

on the surface.

^  /'O'
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lu cr- Li.(uJ analysis • in this thesis.. However,
<u\^

the justification for 'lis development of a simple two parameter 

classification must ultimately come from its acceptance and use 

in real engineering situations. At the same time there may well 

be a need for a further development of the fundamental theory 

to include models other than the simple Gaussian height 

distribution and exponential autocorrelation function used here.

For the study of random surfaces and their behaviour,the 

thesis shows that there exists a large body of knowledge, largely 

drawn from work in other branches of science and engineering which 

is of enormous value when applied to our chosen field. For example, 

in addition to the work in Chapter 4, Chapter 5 shows that the 

representation of a random body by means of a Markov chain can be 

a useful,concept providing a tool for the simplified analysis of 

complex subjects. The two examples discussed, one for a small 

body such as a stylus, and the other for a large circular body, 

moving across a random surface, are both practical engineering 

problems of some importance in surface topography. Clearly the 

extension of these concepts to take into account three dimensions 

and the effects of load is likely to be a fruitful step.

Although the experimental work reported in Chapter 6 is 

limited to a fairly small number of experiments, it allows some 

important conclusions to be drawn. First, it is clear that full, 

and careful, instrumentation is necessary to obtain complete 

information. (Our experiments are the first in which friction.
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ride, and changes in surface topography using relocation profilometry 

have all been employed). Second, once this sophisticated 

experimentation has been developed, it becomes clear that the 

stochastic approach to surface topography can be extended to 

include the tribological behaviour of these same surfaces. Further 

work in this field is clearly required and some directions in which 

it might develop have been suggested in Chapter 6.

If the general approach adopted in this thesis is to have 

overall significance it is important to be able to relate the 

representation of the surface profile as a random signal to some 

recognisable features of the manufacturing process. This problem 

has been tackled in Chapter 7 in a fundamental manner. It has been 

shown, very clearly, that the autocorrelation function of the 

generated profile arises from the autocorrelation function of the 

individual event as it is modified by other features. These 

features include the random nature of the individual events them­

selves and their interaction with the 'developing surface profile 

as the generation proceeds. These ideas seem to be of considerable 

importance in the development of the fundamentals of surface 

typology; in particular they provide a background of theory 

against which the classification of surfaces in terms of their 

autocorrelation functions (Peklenik 1967) can be judged.

Perhaps the outstanding conclusion which can be drawn from 

the work described in this thesis is that it highlights the useful­

ness and power of stochastic theory when applied to the analysis 

of surface topography and its relationship to the behaviour of
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surfaces in contact. In this respect the value of the work lies 

less in the originality of the stochastic techniques employed and 

more in their selection and application to a new field of study. 

Another important feature brought out in this work is that although 

care has to be exercised in interpreting the results obtained 

from the simple digital analysis of surfaces, useful results can 

be obtained. This thesis has tried to tackle these problems on a 

broad front so as to include not only the measurement and performance 

of random surfaces but also their generation. Therefore, some parts 

of the work necessarily remain to be more fully developed but it 

is hoped that a firm foundation has been laid for this further 

advance.
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Typology of Manufactured Surfaces

D. J. WHITEHOUSE
Research Laboratories, R ank Precision Industries, L td. M etrology Division, Leicester

SU M M A RY . The demands o f modern engineering technology are placing an ever increasing burden on the surface 
and surface 'ayers of components. This problem necessitates not only a better understanding of the nature of the 
surfaces, but, additionally, a closer study into the methods of characterising them.

Based upon the exam ination of some of the m ore im portant functions to which the surface and surface layers 
are subjected, this paper examines the properties, both m aterial and geometrical, which need to be typified. 
Additionally, this paper discusses how these properties are generated or changed by various m anufacturing 
processes. Finally, both existing and proposed new m ethods of typifying surface geometry are reviewed.

ZU SA M M LN FA SSU N G . Die VVerkstückoberflâche und deren einzeine Schichten wcrdcn durch die Anforder- 
ungen dcr mode m en Technologic immer grofJeren Belastungen ausgesetz.t. Die Losung dieses Problems vcrlangt 
nicht nur ein besseres Verstandnis dcr ObernachcnbcschalTcnhcit, sondern auch einc cingehende Priifung dcr 
M ethoden, die zur Kennzeichnung dcr Oberflachc vcrwcndct wcrdcn.

Ausgchcnd von dcr Untcrsuchung ciniger wichtiger Kritcricn zur Besehreibung dcr Oberflache und deren 
Schichten, befaBt sich diese Arbeit mit der Priifung von zusatzlichen Ligenschaften, die bei dcr Beurteilung dcr 
Oberflache eine Abhangigkeit sowohl des W erkstoffcs als auch der Geom etric bcriicksichtigen. AuBerdcm werden 
Moglichkciten angcgcbcn, wie man diese Ligenschaften verdcutlicht oder durch Anwendung verschiedener 
Uerstellungsverfaliren andert.

Die Arbeit schlieBt mit einer Zusammenstellung der bekannten und der noch im Lntw urf bchndlichen 
Kennzeichnungsmethoden der Oberflachenstruktur.

S U R F A C E S  are  beco m ing  m o re  and  m o re  im ­
p o r ta n t .  T h e  req u irem en ts  o f  m o d e rn  techn o log y  
are  p lac in g  a n  ever- increas ing  b u rd en  on  the  surface  
a n d  surface  layers o f  c o m p o n e n ts  This  c a lls  fo r  a 
g rea te r  u n d e rs ta n d in g  o f  th e  n a tu re  o f  surfaces,  
o f  the i r  m ea su re m en t an d  classif ication, o f  the i r  
fea tu res ,  an d  o f  the i r  con tro l  in m a n u fa c tu re .  T he  
requ es ted  o b jec t  o f  th is  p a p e r  w as to review the  
co n c ep t  o f  typo logy ,  b u t  before  tliis is poss ib le  an  
u n d e rs ta n d in g  o f  w h a t  typo logy  cou ld  co m pr ise  
and  o f  its poss ib le  app l ic a t io n  is needed. T h is  
involves a  loo k  a t  the n a tu re  and  p ro p e r t ie s  o f  the  
surfaces  themselves, b o th  physically  and  to p o ­
g raph ica lly ,  and  an  e x a m in a t io n  o f  w h a t  could  
usefully be typified in the l ight o f  the i r  fu n c t io n a l  
be h a v io u r .  T h is  in tu rn  involves a look at som e 
o f  the fu n c t io n s  tl ia t surfaces have  to  pe rfo rm .

1. SURFACE FUiNCIION AND PROPERTIES

T h e  fu n c t io n a l  significance o f  surfaces is d e te r ­
m ined  by a n u m b e r  o f  fea tu res  a n d  can  be c o n ­
sidered (a) w here  co n ta c t  o ccu rs  w ith  a n o th e r  
body ,  e i th e r  s ta tic  o r  d y n a m ic  a n d  (b) w here  no  
co n tac t  occurs .

1.1 S u rfa ce  conlact

Before the  b e h a v io u r  o f  surfaces u n d e r  th is  
h ead in g  such as fr ic t ion  a n d  w ear  can  be c o n ­

sidered ,  a co ns id e ra t io n  o f  the  m ec h a n ism  o f  so lid  
co n ta c t  is essential.

T h e  n a tu r e  o f  the  c o n ta c t ,  c i th e r  d ry  o r  th r o u g h
lu b r ir p .n t  f t lm c ,  log^'-thor v ' i t b  l l m  n h y ^ i t 'a l  p rn n er t io < ;

o f  the  m ater ia ls ,  will d e te rm in e ,  to  a large ex ten t ,  
the p e r fo rm a n c e  o f  the  su r face ;  fo r  ex am p le  its 
suscep tib i l i ty  to  d a m a g e  in sl id ing  co n ta c t  o r  its 
ab il ity  to  run-in .

T h eo r ie s  o f  surface  co n ta c t  a re  derived  m a in ly  
f rom  the  e q u a t io n s  for  a single co n tac t  reg ion  
usually  rep resen ted  by the  co n tac t  be tw een  a  
sm o o th  sphere  an d  a flat su r face ;  a t  light lo ad s  
the  d e fo rm a t io n  is en tire ly  elastic an d  a t  heavy  
loads  the  a re a  o f  co n tac t  is d e te rm in e d  by p la s t ic  
flow a n d  is g o verned  by the  h a rd n e s s  o f  the  so f te r  
o f  th e  tw o  co n tac t in g  m ateria ls .  T h eo r ie s  o f  
surface  co n ta c t  a re  conce rn ed  w ith  the  b e h a v io u r  
o f  ind iv id ua l  c o n tac ts  an d  with th e  subd iv is ion  o f  
the  to ta l  real a re a  o f  co n ta c t  in to  m ul t ip le  c o n ta c ts  
which o ccu rs  w hen ro u g h  surfaces a re  used.

M u c h  o f  the  earl ie r  w ork  on  surface  c o n ta c t  
(H o lm [ l ] ,  B ow den  an d  l a b o r [2], M e r c h a n t [3]) 
was a im ed  a t  p ro d u c in g  a ra t io n a l  e x p la n a t io n  o f  
A m o n to n s ’ L aw s  o f  F r ic t io n  w hich  w cie  th a t  the  
fr ic t iona l force  w as (a) p ro p o r t io n a l  to the lo ad  
an d  (b) in d ep en d e n t  o f  the  a re a  o f  co n ta c t .  T h e  
first im p o r ta n t  po in t realised w as t h a t  the  real 
a re a  o f  co n ta c t  is m u ch  sm aller  th a n  the a p p a r e n t

93.1
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a re a  ca lcu la ted  f ro m  the  d im en s io n s  o f  the parts .  
This ,  to g e th e r  w ith  th e  fo rm u la t io n  o f  the adh es io n  
th e o ry  o f  fr ic t ion  enab le d  the  laws to  be expla ined , 
because  a ssu m in g  p las tic  flow o f  the asperit ies  
u n d e r  lo ad  L  th e  a re a  o f  c o n ta c t  A  w ould  be 
e q u a l  to  L jP  w here  P  is the  h a rd n e s s  o f  th e  sof ter  
m a te r ia l .  H en ce  the  fr ic t ion a l  force  w ould  be 
p r o p o r t io n a l  to  real a re a  o f  c o n ta c t  w h ich  in tu rn  
is p ro p o r t io n a l  to  the  load . T h is  th eo ry  d id  no t 
a t t a c h  m u c h  fu n c t io n a l  im p o r ta n c e  to  th e  surface  
finish because  it was a sum ed  to  be c rushed  very 
q u ick ly  u n d e r  w o rk in g  c o n d it io ns ,  b u t  A rch a rd [4 ]  
p o in te d  o u t  th a t  a l th o u g h  p las tic  How co u ld  be 
expec ted  to  o cc u r  on the  first few passes o f  tw o  
c o n ta c t in g  p a r t s  in relative m o t io n  it w ou ld  n o t  
c o n t in u e  indefinitely, som e equ i l ib r iu m  s ta te  w ould  
o c c u r  w hen  th e  asperities  cou ld  s u p p o r t  the  load  
elastically. He th en  w ent o n  to  sho w  th a t  A m o n t o n s ’ 
L aw s  co u ld  be exp la ined  us ing  elastic  d e fo rm a t io n  
th e o ry  p ro v id in g  thé  average  c o n ta c t  size re m a in e d  
c o n s ta n t  with load .  T h is  w as a  d irec t  resu lt  o f  
h a v in g  an  increase  in th e  n u m b e r  o f  c o n ta c ts  w ith  
load ,  a p o in t  w h ich  requ ired  m o re  th a n  o ne  scale 
o f  size o f  asper i ty  on  the surface.

In o rd e r  to  decide  w hich  o f  these  tw o  d e fo rm a t io n  
m od es ,  p las tic  o r  elastic, occurs  in  p rac t ice  it  is 
necessary  to  co ns ide r  the  n a tu re  o f  th e  surface  
geom etry .

T h e  geom etr ica l  fea tu res  o f  im p o r ta n c e  in the  
th e o ry  o f  co n tac t  a re  the ra t io  o f  real to  a p p a re n t  
a rea ,  the  n u m b e r  o f  c o n tac ts  in  a g iven a re a  a n d  the 
sh ap e  a n d  d is t r ib u t ion  o f  the  surface  asperities[5j.
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g eo m e tr ic a l  fea tu res  us ing  a  var ie ty  o f  tech n iq ues  
ra n g in g  f r o m  o p t ic a l [67], th e r m a l [8], e lectrical[9] 
to  rad io -ac t iv e  t r a ce r  m ethods[10] .  T he  dilliculty 
in m e a s u re m e n t  is because  th e  regions o f  in terest 
a re  m o re  o r  less com ple te ly  enclosed and  in­
accessible, H o w ev er ,  e s t im ates  have  been m a d e  fo r  
in s tan ce  o f  the  average  size o f  the  c o n ta c t  reg ion  
a n d  h ave  been  p u t  be tw een  10“  ̂ m m  and  10 “  ̂mrn, 
th e  sm alle r  co n tac ts  ten d ing  to  aggrega te  u n d e r  
ta n g e n t ia l  forces to  yield the  la rger values. T h e o ­
re tical assessm en t h as  received im p e tu s  since 
s ta tis t ica l  tech n iqu es  becam e  m o re  w idely  used 
[10-17].

O n e  w ay o f  ge tt ing  over  the  inaccessibili ty  o f  th e  
co n ta c t  region has been devised by VVilliamson[124]. 
U s ing  d a t a  logging facili ties an d  accu ra te  re loca tion  
prof ilom ctry[125] he p lo ts  c o n to u r s  o f  the  surface  
using a  c o m p u te r  a n d  investigates  the  p ro p e r t ie s  
o f  the  in te rsu rface  gap .  He show s th a t  the  co n ta c t  
rare ly , if  ever, occurs  a t the  to p s  o f  the asper it ies  
a n d  usually  occurs  on the shoulders .

A n o th e r  use o f  d ig ita l techn iques  has  been to 
m easu re  th e  c u rv a tu re  o f  the  p eak s  a n d  the i r  
d is t r ib u t io n  o f  he igh ts  as revealed by a s ty lus- type

surface  m easu r in g  in s trum en t.  These  m easu rem en ts  
h ave  sh ow n  th a t  the  asper it ies  c a n  tak e  on  a wide 
va r ie ty  o f  c u rv a tu re  an d  slope values.

O ne  o f  the  big p ro b le m s  at p resen t  be ing tackled  
is the  m o d e  o f  d e fo rm a t io n  o f  all these w idely  
di he ren t  asp e r i t ie s ;  d o  all the peaks  d efo rm  
elastically, o r  do  they  ju s t  c ru sh  p lastically , o r  is 
there  a  com plex  m ix tu re  o f  the tw o  m od es  an d  if  
so w h a t  then  is the  p ro p o r t io n  o f  th e  p las tic  m o de  
to  the elastic  m o d e ?

In an  eflb rt  to  resolve th is  p ro b le m  som e w o rke rs  
have  looked  for  a c r i te r io n  fo r  e las tic  d e fo rm a t io n  
o f  peaks .  B lok[l  8] show ed  th a t  fo r  s inuso ida l ridges 
o f  spac in g  / an d  h e igh t  com ple te  e lastic
c ru sh in g  can  o ccu r  if

I
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w here  I I  is the  h a rd n e s s  an d  E '  is the  co m p o s i te  
elastic  m o d u lu s  o f  the  tw o  surfaces. T h is  w as 
m odified  by H alliday[19]  w ho  m easu red  m a n y  
p rac t ica l  slopes {0) on  surfaces a n d  cam e  to  the 
co n c lu s ion  th a t  if

7 / ( 1 - v " )0 < A,
E

w here  v is P o is so n ’s ra t io ,  th en  elastic  co nd it ion s  
a t  the  p eak s  preva i led ,  K 2 be ing  a co n s tan t  d e ­
p e n d e n t  on  the sha p e  o f  the  asper it ies  ta k in g  
values 0  8 to  1-7. S u bsequen t ly ,  G re e n w o o d  an d  
\V i l l ia m s o n [ l l  j have  in t ro d u c e d  a  fa r  less severe 
c r i te r io n — the plas tic ity  index </> g iven by

w here  c  is the  R M S  value  o f  the  surface  a n d  (I 
is the m ean  rad iu s  o f  c u rv a tu re  o f  th e  peaks. F o r  
(j) <  0 6 d e fo rm a t io n s  will be elastic  up  to  qu i te  
h igh  load s  w hereas  for f  >  1 d e fo rm a t io n s  will be 
p las tic  a lm o s t  at a  touch .  U n fo r tu n a te ly  because  
o f  the lack o f  defin it ion  o f  w h a t  is m e a n t  by a 
p eak ,  th is  index  loses im p a c t— in effect it ju s t  gives 
th e  scale o f  size o f  asper ity  on  any  surface  a t  w hich  
the p lasticity  occurs ,  b u t  even th is  is on ly  an  
av erage  va lue  because  fo r  one  scale o f  size there  
can  be a  d is t r ib u t io n  o f  poss ib le  cu rv a tu res .

T h is  la test  p o in t  i l lus tra tes  the  fact tha t  g rea t  
ca re  m u s t  he exercised in reach in g  conc lus ions  
based on the results  o f  analys is  o f  surface  d a ta ,  an d  
in p a r t ic u la r  the results  o b ta in ed  digitally. The 
values o f  c u rv a tu re  for ins tance  d ep en d  cri tically  
on  the sa m p ling  ra te  used. A lso  o f  im p o r tan ce  
w hen  c o m p a r in g  results  o f  d ii feren t w o rk e rs  is the  
need fo r  c lea r  defin it ion  o f  te rm s— for ins tance  
w h a t  is a p e a k ?  O ne  final p o in t  to  be tak en  in to  
co n s id e ra t io n  is th e  reso lu t ion ,  b o th  spa t ia l  a n d  
vert ica l ,  o f  the  m ea su r in g  in s t ru m en t .  W li i tchouse
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a n d  A rch a rd [2 0 ]  have  cons id e red  these p ro b lem s ,  
b o th  digita l an d  in s t ru m en ta l ,  an d  have show n th a t  
unless these p ro b lem s  a rc  faced th e  results  can  be 
pract ica l ly  meaningless.  F o r  in s tance  m an y  w ork e rs  
ta lk  a b o u t  th e  densi ty  o f  p e aks  on  a surface  b u t  in 
fact p eaks  exist on  m a n u fa c tu re d  surfaces  o f  
sm aller  a n d  sm alle r  size d o w n  to  a to m ic  levels. 
R esu lts  sh o u ld  be qualified w ith  defin it ions o f  
peaks ,  etc., an d  also so m e  reference  to  th e  scale o f  
size.

Recent w o r k [22, 23] has  ind ica ted  th a t ,  even 
w hen  the  p r o p o r t io n  o f  p las tic  flow to  e las tic  
d e fo rm a t io n  has  been fo u n d ,  the  co n ta c t  s i tu a t io n  
is still c o m p le x ;  the  in te rac t io n  o f  peak s  d e fo rm in g  
plas tically  c an  give rise to  effects p rev iously  
a t t r ib u te d  to  w o rk  h a rden ing [24 ]  resulting , fo r  
ins tance ,  in asper i ty  pers is tence  u n d e r  c ru sh in g  
loads.

T u rn in g  to  a  m o re  p rac t ic a l  an d  extrem ely  im ­
p o r t a n t  p o in t  K rage lsk i i  a n d  D em kin[21]  a p p e a r  
to  be th e  first to  ta k e  the w av iness  o f  the  surface  
in to  a c co u n t  w hen  co n s id e r in g  the  effect o f  the real 
a rea  o f  co n tac t  w ith  load . T h ey  em ph as ise  th a t  the  
presence  o f  w aviness  reduces the real a rea  o f  c o n ­
tac t ,  th e  load  hav in g  to  f latten d o w n  the  w aviness  
e lastically befo re  the  su rface  p ro p e r  is fully c o n ­
tac ted .

M a n y  surface  fu n c t io n s  a re  d e te rm in ed  by the 
degree  o f  c o n ta c t  be tw een  tw o  solid su rfaces ;  
electrical an d  th e rm a l  c o n d u c t io n ,  seals and  in te r ­
ference fits com e  in to  th is  ca tegory .  In the  case o f  
e lectrical c on du c tiv i ty  the c o n tac ts  p rov ide  cu r ren t  
pa th s  be tw een  the  tw o  bu lk  m ater ia ls ,  the res is tance
 ̂r\ firm* Kr»îî*s.'̂  i .-Nf fxr'pk f c H  11 fr»

(a) th e  co n s t r ic t io n  o f  the  c u r r e n t  because  o f  the  
sm all d im en s ion  o f  each o f  the  co n tac ts ,  an d  (b) 
the  usual ly  p resen t oxide  I'l'm a t  the c o n ta c t [1]. 
A l th o u g h  the  s i tu a t io n  is s im ila r  in th e rm a l  c o n ­
d uc tiv i ty  hea t t r an sfe r  c an  o ccu r  across  the g a p  
and  th e  cfleet o f  the ox ide  film is smal!cr[25]. Y ip  
and  V e n a i t [26] co rre la te  b o th  electrical an d  
th e rm a l  effects with  surface  rou gh ness  ta k in g  the 
very im p o r ta n t  fa c to r  o f  w aviness in to  accoun t .

In sea ling  b o th  the  m ag n i tu d e  o f  the g ap  betw een  
the tw o  surfaces an d  the lay o f  the  surface tex ture  
[27] a re  im p o r ta n t .  M itchel l  an d  Rowe[2S] use the  
ra t io  djO as a c r i te r ion  o f  sealing for a surface  
w here  d  is the. average  peak-to -va l ley  d is tance  and  
o  is the  r.m.s. va lue  o f  the surface. T h is  ra t io  
cou ld  be useful in p re d ic t in g  the  sealing p rop e r t ie s  
o f  surfaces m a d e  by single p o in t  cu t t in g  b u t  is no t  
so useful for surfaces th a t  have  been m a n u fa c tu red  
by r a n d o m  m ultip le  po in t  m e th o d s  like g r in d in g  
because  in these cases, the surfaces being r a n d o m ,  
the ra t io  tends  to  be co n s tan t .  O th e r  re lated  
fun c t io n s  to  sealing  arc  sta tic  f r ic t io n [3] press 
fits[29] an d  tolerances[30].

1.1.1 F riction and  wear. T hese  widely s tud ied  
sub jec ts  m u s t  be to u c h e d  on  because  they involve 
b o th  the  m a te r ia l  an d  to p o g ra p h ic  aspects  o f  the 
su rface  a n d  hence  m u s t  influence co ncep ts  o f  
typology .

C o n s id e r in g  first the fr ic tion  proper tie s .  I t  is n o w  
genera lly  agreed  th a t  the ad h es ion  th e o r y [1-3] 
p rov ides  the  m os t  sa t is fac to ry  e x p lana t io n  o f  th e  
observed  charac te r is t ic - .

T h e  th eo ry  assum es t h a t  s t ro n g  adhesive  forces 
exis t be tw een  the  c o n ta c t in g  asperities w hich  
cau se  co ld  welds a t  the  ju n c t io n s  o f  clean asperities  
be tw een  metals .  T h e  p resence  o f  these adhesive  
forces[31] t h a t  p ro b a b ly  v a ry  w ith  d is tance  as an 
inverse q i ia r t ic  l a w [32] has  caused  R abinow icz[33]  
to  try  to  co rre la te  a d h es io n  w ith  surface-free  
energy  (which is closely re la ted  to  the surface  
tens ion) .  I f  the surfaces a re  n o w  m oved  relative 
to  each  o th e r  shea r in g  o f  these ju n c t io n s  can  occur.  
T h e  ad hesive  th eo ry  o f  fr ic tion  requires  th a t  tw o 
c o m p o n e n ts  exist,  a sh ea r  co m p o n e n t  fo r  the  
sh e a r in g  o f  the ju n c t io n s  an d  a p lo u g h in g  te rm  
w hich  is th e  force req u ired  to  p u sh  the asperit ies  
o f  the  h arder  m a te r ia l  th r o u g h  the  sof ter  one. 
A sp e r i ty  in te r lo ck ing  is u sua l ly  on ly  a m in u te  
f r ac t io n  o f  the  fr ic t ion a l  force, so th a t  the  c o ­
efficient o f  f r ic t ion  /i =  S jP  w h en  the p lo u g h in g  is 
negligible, P  be ing  th e  flow p ressu re  a n d  S  the  
ju n c t io n  sh ea r  s treng th .

F a c to r s  th a t  in fluence the  fric tion  betw een  
surfaces can  be m ech an ica l  like the  increase o f  
f r ic tion  du e  to  the  presence o f  res idual strcsses[34], 
c ry s ta l lo g rap h ic  s truc tu re [35 ,  36], o r  m ore  generally

o f  surface  films. In genera l  these films com p r ise  an  
ox ide  o r  su lph ide  layer fo rm ed  on the  m e ta l  
surface[37]. N ex t  to  th is  th e re  will usually  be an  
ad so rb e d  layer co m p o sed  m a in ly  o f  w ater,  gases 
and  grease o r  oil films. All these can  have  a c o n ­
siderab le  efleet on the fr ic tion .

T e m p e ra tu re  can  affect the  p ro pe r t ie s  o f  sliding 
surfaces  considerab ly .  In the  case o f  fr ic tion  this is 
d u e  m a in ly  to  the increase  in th e  ra te  o f  fo rm a t io n  
o f  ox ide  films w ith  te m p c ra tu rc [3 3 ]  which len d s  to  
reduce  m eta l  in terac t ion[38] ,  th e  m echan ica l  shea r  
s t ren g th  an d  h a rdn ess  te rm s  being  affected rough ly  
by the  sam e a m o u n t— th a t  is un ti l  one o f  the  
m el t ing  po in ts  is be ing  a p p ro a c h e d .  O bv iously  
also the  the rm a l  conduc tiv i t ies  an d  specific heats  
o f  the  m a te r ia ls  help  to  d e te rm ine  the c o n tac t  
te m p e ra tu re  reached  in an y  s i tua t ion .

F r o m  the  po in t  o f  view o f  surface  g eom etry  a 
n u m b e r  o f  dilTercni p a ra m e te r s  have been pu t 
fo rw a rd  as h av in g  m os t  in fluence on  the friction. 
M y e r s [39] suggests th a t  the  s lope  o f  the  flanks 
is the  m ost re levan t,  w hereas  in the  case o f  the  
fr ic tion  o f  m eta l  on  po lym ers ,  T ro t t [40 ]  show s th a t
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the  c u rv a tu re  o f  asper it ies  is im p o r t a n t— p re ­
su m ab ly  because  o f  th e  in te r lock in g  effect. T h e  
slopes o f  the  asper it ies  sh ou ld  be only  m arg in a l ly  
im p o r t a n t  in p rac t ice  because  o f  th e  d o m in a n c e  
o f  the  a d h es io n  te rm , a l th o u g h  m easu re m en t  o f  the  
v a r ia t io n  in fr ic tional force c a n  in ce r ta in  c i r c u m ­
stances be a m easu re  o f  the first d ifferentia l o f  the  
surface  geom etry .  Kragclskii[31 ] uses the b ea r in g  
a rea  cu rv e  to  w o rk  o u t  f r ic t ion  f ro m  a profile 
g rap h .

A recen t  co m p rehen s ive  review o f  w ear  h a s  been  
g iven by A r c h a r d [41]. W e a r  is defined as  the  
rem o v a l  o f  m a te r ia l  f ro m  solid surfaces as a result 
o f  m ec h a n ic a l  ac t io n  ( a l th o u g h  som e engineers  
w ou ld  also inc lude  any  d isp la cem e n t  o f  m e ta l  t h a t  
p ro d u ce s  a  d im en s io n a l  change).

W h ereas  in the  p a s t  w ea r  usually  co n t in u e d  
th ro u g h  the  ro u gh ness  layer  because  o f  the  im ­
perfec t  m a n u fa c tu re  o f  the  surface , recent im ­
p ro v e m e n ts  have  been such  th a t  the  w ear  th r o u g h ­
o u t  the  life o f  the  c o m p o n e n t  is o f ten  confined  
to  th e  o u te rm o s t  layers  w h ich  a re  the re fo re  
b eco m in g  increasing ly  im p o r ta n t  .

T h e  m a jo r  difference b e tw een  w ear  and  f r ic tion  
is th a t  all p o in ts  o f  co n ta c t  m a k e  a c o n t r ib u t io n  to  
fr ic t ion ,  b u t  a  c o n t r ib u t io n  to  w ear  is m a d e  only 
by those  co n ta c ts  w h ich  resu lt  in d a m a g e  o r  m e ta l  
rem ov a l  w hen  the  j u n c t io n  has  sheared .  T h is  
n u m b e r  is only  a  sm all f r a c t io n  o f  the  n u m b e r  o f  
co n tac ts ,  p e rh a p s  one  m ill ion th .  W hereas  f r ic tion  
is d o m in a te d  by the  b e h a v io u r  o f  co n tac ts  w h ich  
involve v ir tua l ly  u n d a m a g e d  surface  layers, w ear  is 
co n ce rned  on ly  w ith  those  few in w hich  th e  surface  
layers a re  b ro ken .

T he  simplest classification o f  w ear  o r ig ina ted  w ith  
the  f r ic tion  classif ication o f  B ow d en  and  T a b o r [ l ] .  
T h is  classif ication w as in to  " sev e re”  an d  “ m i ld ”  
regimes. In  severe w ear  the  c o n ta c t  is largely 
metall ic .  T h e  surface  d a m a g e  is g rea t  a n d  large 
pa rt ic les  up  to  h u n d ic d s  o f  m ic ro m e tre s  a re  fo rm ed  
w hereas  in m ild  w ear  the  surface  is re la tively  u n ­
d a m a g e d  and  p ro tec ted  by ox ide  films (H ir s t  an d  
L ancastcr[42]) ,  very m u c h  sm aller  part ic les  being 
p ro d u c e d .  A cco rd in g  to  A r c h a r d [41] this  classi­
fica tion  IS p r im ar i ly  a d is t in c t io n  in the scale o f  
size, severe w ear  involv ing  c o n ta c t  sizes o f  10“  ̂ m m  
w hereas  mild w ear  m igh t be several o rde rs  less.

T h e  ind iv idu a l  m ech a n ism s  in the w ear  p rocess  
have  been  classified in a reason ab ly  s i ra ig h t fo rw a rd  
w ay by Burwcll^43] as follows;

A d hes iv e  w ear  is p. im arily  in te rm s  o f  m etall ic  
w eld ing  a n d  can  p ro b a b ly  be tak en  to  lep resen t  
the first s tage o f  the  severe w ear  regime. It involves 
the  t ran sfe r  o f  m eta l  f rom  one  surface  to ano the r [44]  
a n d  then  the  release o f  som e o f  th is  t ransfe r red  
m a te r ia l  as w ear  debris  d u e  to  e ither  chem ica l 
a c t io n  w hich  reduces ad h es io n  o r  to  res idual

stresses in the  t ransfe r red  m a te r ia l ,  K e rr idg c  a n d  
L ancastcr[45] .  R ab inow icz[33]  m a in ta in s  th a t  a 
t ran s fe r red  par t ic le  com es  off  only  i f  its s to red  
elas tic  energy  is g rea te r  th a n  its surface  energy.

A b ras ive  w ear  is due  to  the  cu t t in g  o r  p lo u g h in g  
o f  a h a rd  surface  o r  part ic le  in to  a so f te r  surface ,  
called “ tw o -b o d y ”  if  only  tw o  surfaces are  invo lved  
a n d  “ th r e e -b o d y ”  if loose debr is  par t ic les  a re  a lso  
involved. K ru sc h o v  an d  B ab ich ev [46] co n s id e r  th e  
w ea r  res is tance  o f  m eta ls  by ta k in g  in to  a c c o u n t  
the i r  re lative hau ln css .  T h ey  find th a t  th e  res is tance  
to  w e a r  is large if  the  surfaces a rc  h a rd e r ,  a l th o u g h  
w o rk  h a rd e n in g  is n o t  im p o r ta n t .

C o rro s iv e  w ear  requ ires  the  p resence  o f  b o th  
co rro s ive  agen ts  an d  ru b b in g ,  in p a r t ic u la r  ox ides  
an d  h y d rox ides  o f  m eta ls  a re  easily fo rm ed  in 
co rro s ive  e n v iro n m en ts  a n d  since th ey  a re  usu a l ly  
loosely  a d h e re n t  even m ild  ru b b in g  can  re m o v e  
th em .

F a t ig u e  w ear  o r  p i t t in g  occu rs  p r im a r i ly  w hen  
surfaces  u n d e rg o  cyclic stress p a t t e rn s  such as 
m ig h t  o ccu r  in ro lling  o r  re c ip ro ca l  sl id ing  c o n ­
d it ions .

A l th o u g h  p i t t ing  usually  occurs  u n d e r  c o n d i t io n s  
o f  p a r t ia l  o r full lu b r ica t io n  it is co n ven ien t  to  refer 
to  it in the  sec t ion  on  w ear.  D a w s o n [47] h as  sho w n  
th a t  the  c r i te r io n  o f  p i t t in g  is highly  co r re la ted  to  
the ra t io  o f  the to ta l  he igh t o f  the  su rface  ro u g h n e s s  
to  oil film th ickness .  If  th is  ra t io  is less th a n  un i ty ,  
p i t t in g  is n o t  likely to  o ccur .  Scuffing is likely to  
o ccu r  in som e s i tua t ion s  w here  p i t t in g  is poss ib le ,  
pa r t icu la r ly  w hen the s l idc-to-roll ra t io  is h igh .  
T h is  is a co n d it ion  a ssoc ia ted  w ith  th e  h igh  t e m ­
p e ra tu re s  genera ted  d u r in g  con tac t .

A n o th e r  c o m m o n  fo rm  o f  w ear  is fre t t ing[48] ,  
w here  co n tac t in g  surfaces u n d e rg o  small t a n g e n t ia l  
d isp lacem en ts  o f  small am pl i tudes .

In  genera l  w ear ,  as f r ic tion ,  is inf luenced by 
speed, te m p e ra tu re  and  load .  U n d e r  low speeds , 
low  te m p e ra tu re s  an d  low  loads  mild w ea r  o ccu rs  
w hereas  at large values, severe w ear  occurs .

1.2 In te rm itten t so lid  contact

C o n s id e r  the  influence o f  surfaces on  lu b r ica t io n .  
D e p e n d in g  on  the lub r ica t io n  regime, the  su rface  
eflects a re  o f  different re lative im p o r ta n c e .  F o r  
in s tance ,  in h y d ro d y n a m ic  lu b r ica t io n  the su rface  
c o n tac t  and  hence poss ib il ity  o f  w ear,  a p a r t  f ro m  
the  in te rm it te n t  co n tac t  d u e  to  d eb r is  d u r in g  
ru n n in g ,  occurs  on ly  at s t a r t  u p  a n d  shu t  d o w n .  
T h e  debris  part ic les ,  unless fi ltered ou t ,  cause  
fu r th e r  w ear  and  a p rogressive  d e te r io r a t io n  o f  
the  oil film th ickness .  T a l l ian  et «/.[50] a n d  F u rey  
[51] h ave  a t te m p te d  to  co rre la te  the a m o u n t  o f  
w ear  w ith  the degree  o f  m eta l  co n ta c t  as revealed  
by th e i r  ex pe r im en ta l  p ro ce d u re s  w ith  so m e  
success. C hr is tenson[52]  considers  co n tac t  in  the
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reg im es  betw een  b o u n d a ry  an d  h y d ro d y n a m ic  
lub r ica t io n  a n d  investiga tes  no t only  th e  n u m b e r  
o f  m e ta l  c o n ta c ts  b u t  th e i r  ave rag e  d u ra t io n  an d  the 
ra te  o f  v a r ia t io n ,  p a ra m e te r s  very re levan t to  
to p o g r a p h ic  typo logy .  In  the  h y d ro d y n a m ic  a n d  
e la s to -h y d ro d y n a m ic  lub r ica t io n  regimes it  is th e  
bu lk  p ro p e r t ie s  th a t  usually  decide  the co n d it ion s ,  
w hereas  in b o u n d a ry  lu b r ica t io n  it is the  surface  
layers[31] w hich eitlicr ta k e  the  fo rm  o f  a m o lecu la r  
layer o f  lu b r ic a n t  o n  the  surfaces o r  o f  a  solid 
film such  as an  ox ide  o r  su lph ide .  R ab inow icz[33]  
m a in ta in s  t h a t  a p ro p e r ty  o f  surfaces th a t  helps 
the  b o u n d a r y  lu b r ic a t io n  p ro p e r t ie s  is the  surface  
ene rgy  w h ich  w hen  h igh  fac ili ta tes  the  a d h e re n c e  
o f  lu b r ic a n t  molecules .  T h e  surface  shou ld  also 
h av e  energet ic  co m p a t ib i l i ty  w ith  the  lu b r ican t  
( I m ai an d  R ab inow icz[53]) ,  th a t  is, i t  sh ou ld  be 
c ap ab le  o f  be ing  w etted  by the lub r ican t .

1.3 F atigue

In  several cases th e  surface  plays an  im p o r t a n t  
p a r t  an d  yet d oes  n o t  d irectly  m a k e  c o n ta c t  w ith  
o th e r  surfaces,  fo r  ins tance ,  in fat igue. T h e  fa tigue 
c racks  of ten  s ta r t  a t  o r  n e a r  to  the  su rface  layer 
in reg ions  o f  h igh tensile  stress. T h is  sort o f  fa ilure  
m a y  th e re fo re  be caused  m o re  by the  stresses 
p ro d u c e d  in m a n u f a c tu r in g  th e  surface  th a n  by 
th e  surface  g e o m etry  itself. It is the  release o f  these 
re s idu a l  tensile stresses th a t  causes f ra c tu re  o f  the  
su rface  layer a n d  hence  gives a basis fo r  the 
p ro p a g a t io n  o f  fa t igue  cracks.

F a t ig u e  ca n  be caused  by a n u m b e r  o f  o th e r  
surface  p h e n o m e n a  such as d eep  surface  sc ra tches, 
c rys ta ll ine  d is loca t ions ,  etc. A n o th e r  effect o f  
in te rna l  stress c a n  be to  d is to r t  a p a r t  f r o m  its t rue  
fo rm .  F ro m  this it is c lea r  th a t  stresses in the  
surface  layer  can  influence h ow  a  p a r t  behaves. 
T hese  stresses a c co rd in g  to  V a n  H asselt[54] can  
be p ro d u c e d  because  o f  p las tic  d e fo rm a t io n  f rom  
n o n -u n i fo rm  th e rm a l  ex pan s ion ,  vo lum e changes  
f ro m  chem ica l  reac t ions ,  p rec ip i ta t ion  o r  ph ase  
c h an ges  a n d  m echa n ica l  w ork ing .  In p rac t ice  in 
o rd e r  to get r id  o f  u n w a n te d  tensile stresses the  p a r t  
is so m etim es  sho l-pcen ed  to  give a  re su l tan t  c o m ­
p ress ion  in tlic surfacc[55, 56]. It then  seems likely 
th a t  res idua l stresses a re  m o re  im p o r t a n t  th an  
surface  finish a l th o u g h  the  finish still p lays an 
im p o r ta n t  par t .

1.4 B onding contact

C o m in g  u n d e r  th is  h ead in g  is the  coa lab i l i ty  o f  
surfaces,  w hich  con ce rns  the  covering  o f  the  surface  
w ith  a layer o f  m ate r ia l  e i th e r  for d eco ra t io n  o r  
an t i -co r ro s io n  as in p a in t in g  a n d  p la ting . T h e  
c o a t in g  can  be e i the r  chem ically  b o n d e d  to the 
su rface  o r  physica lly  bo nd ed  as in dilTusion. H ere

obv ious ly  the  ch em is t ry  o f  the  o u te rm o s t  layers is 
o f  p r im e  im p o r ta n c e  in d e te rm in in g  llie degree o f  
b on d in g ,  a lso  the a d s o r p t io n  o f  grease and  oil, 
A d a m [37]. In  ad d i t io n  the  surface  finish can  affect 
the  rig id ity  and  a p p e a ra n c e  o f  the  coa ling ,  an d  it 
can  de te rm in e  the  v o lu m e  o f  p a in t  necessary to  
p a in t  the  o b je c t [57]. Surface  energy  is likely to  be 
im p o r t a n t  as a re  the  e lec trochem ica l p rop e r t ie s  
o f  the  surface  layers. S tresses a re  also im p o r t a n t  
b ecause  they  can cause  c rack s  w hich  expose m eta l 
to  th e  a tm o sp h e re  cau s in g  adverse  chem ical o r  
ga lvan ic  action .

1.5 O ther fo r m s  o f  in teraction

In to  th is  ca tego ry  m a y  be p u t  in te rac t ion  w ith  
w aves,  gases, fluids, etc . T h e  sca t te r ing  o f  e lec tro ­
m ag n e t ic  waves, in p a r t ic u la r  light waves, by  
surfaces is a n  im p o r t a n t  fu n c t io n a l  co nsidera t ion .  
M u c h  w o rk  has been c a rr ied  o u t  in this field n o t  
o n ly  f ro m  a visual p o in t  o f  view, b u t  also in the  
inves t iga t ion  o f  the  n a tu re  o f  the  surface o f  the  
m o o n  and  sea[58].

T heo r ie s  o f  b ack sca t tc r  have  been  adv anced  for  
b o th  sca la r  analysis[59], an d  v ec to r  analysis[60]. 
F r a i t l i re [60] show s th a t  a u to c o r re la t io n  func t ions  
and  r .m .s. values o f  th e  ro u g h n es s  can  be fo u n d ,  
theo re tica lly  a t least, by  m easu re m en t  o f  back-  
sca t ter .  O th e r  surface  in fo rm a t io n  can also be 
ex trac ted  such as the av e rage  slope o f  the asperities.  
B en ne tt  a n d  Porteus[61]  h ave  eva lua ted  the  r .m .s. 
ro ug hn ess  f ro m  specu la r  ref lectance a t  n o rm a l  
inc idence , a l th o u g h  on ly  fo r  fine surface finish 
w here  the slopes can  be  neglec ted . M ost inves ti­
g a to rs ,  like jL/aVieS[6.Lj, ciabuiuC p u  fn. tl) cund  ULUjig 
surfaces an d  u n ifo rm  inc iden t reflectance, p r o ­
pert ies  which  tog e th e r  w ith  the  surface g eom etry  
are  o f  the  u tm o s t  im p o r ta n c e  in ques t ions  o f  
a p p e a ra n c e  like sheen  gloss[63]. D ielec trics  do  no t 
have  reflectances as high as m eta ls  bu t  in fo rm a t io n  
can  still be o b ta in e d  f ro m  them .

R ic h m o n d  and  S te w a rd [64] have  show n th a t  the  
spectra!  e rn i t tance  o f  m eta ls  can  be increased  
by tw o  o r  th ree  tim es by roug l ten ing  the surface. 
T h is  effectively increases the ab so rp ta n c e  and  hence, 
by K ire ho IT’s L aw  the ernittance . F o r  dielectrics 
this  is not so m a rk e d  [65]. T he  ref lection  o f  c o h e ren t  
light is a lfcctcd by the geo m e try  o f  the su r face ;  
fo r  a given nu m er ica l  ap e r tu re  the speckle in tensity  
v a r ia t io n  d ep end s  o n  the  b a n d w id th  o f  the  
roughness  [66].

F u n c t io n a l  eflects involv ing  the  con tac t  o f  gases 
o r  fluids a re  too  n u m e ro u s  to  go in to  de ta i l ,  bu t 
ta k e  as an  ex am p le  o f  gases the s im ple cifcct o f  the 
a tm o sp h e re  w hich  can  cau se  co r ro s io n  o f  the  p a r ts  
— especially if the surface  has  h igh residual stresses 
w hich  can  cause  bare  m e ta l  exposu re ,  and  a n o th e r  
exa m p le  is the  p resence  o f  ch lo r in e  w hich  can
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afTecl fa t igue . T h e  passage  o f  fluids o r  gases can  be 
influenced  by the  g eo m e try  o f  the  skin, to o  ro u g h  a 
surface  p ro d u c in g  local tu r b u la n c e  and  fr ic t iona l 
hea t ing ,  e.g. on  a i rc ra f t  wings.

S u m m ar is in g ,  it is o b v io u s  th a t  in m any  p rac t ica l  
s i tu a t io n s  th e  surface  an d  surface  layers o f  a 
c o m p o n e n t  ca n  de te rm in e  to  a large  ex ten t how  
well it behaves  in w o rk in g  co nd it io ns .  T h e  fun c t io ns  
he re  conside red ,  a l th o u g h  by  no  m e an s  a co m p le te  
list m a y  p ro v id e  a suflicient sam p le  to  ind ica te  
w h ich  m a y  be the  im p o r t a n t  p ro p e r t ie s  a n d  hence  
w h a t  needs  to  be typified.

H o w  a surface  behaves  in p rac t ice  w hen  s u b ­
jec ted  to  va r io u s  loads ,  speeds o f  re la tive m o t io n ,  
t e m p e ra tu re s  an d  e n v iro n m e n ts  is likely to  be 
d e te rm in e d  by n o t  on ly  the  topo lo g ica l  fea tu res  
such  as  p e a k  d is t r ib u t io n ,  average  he igh t ( A J ,  
a u to c o r re la t io n  fu n c t io n ,  iso tro py ,  waviness , etc. 
b u t  a lso  the m a te r ia l  p ro p e r t ie s  w h ich  m a y  be 
e i the r  m echa n ica l ,  physical o r  chem ical,  o r  m o re  
th a n  likely, a m ix  ure  o f  all three. These  surface  
p ro p e r t ie s  w ould  h av e  to inc lude  the ha rdn ess ,  
flow p ressu re ,  the  m o d u lu s  o f  elastic ity  in b o th  
sh ea r  an d  tens ion ,  crys ta ll ine  c o n d i t io n  an d  
crys ta l  o r ien ta t io n ,  specific h ea t ,  th e rm a l and  
elec trical conduc tiv i ty ,  reflectance, surface energy, 
in te rn a l  s t ra in  and  stress co nd it io ns ,  chem ica l 
ac tiv ity  an d  a d s o ip t io n ,  h o m o g e n e i ty  a n d  im p u r i ty  
co n ten t  to  m e n t io n  ju s t  the  o b v iou s  p roper ties .

It co u ld  be th o u g h t  th a t  m o s t  o f  the m a te r ia l  
p ro p e r t ie s  w ould  be inh e ren t  in a s ta tem en t  o f  the 
m a te r ia l  to  be used  for  a  p a r t ic u la r  pu rpose .  U n ­
fo r tu n a te ly  th is  is n o t  likely to  be so  H ecause  ih e  
p ro p e r t ie s  o n  the  surface  can  d ep end  so m u c h  on 
the  m a n u fa c tu r in g  process.

H ence  th is  show s w h a t  an  e n o rm o u s  a m o u n t  o f  
in fo rm a t io n  m ay  be involved in an  effective S urface  
T yp o log y .  F u r th e r ,  as Field a n d  K ahles[67] p o in t  
o u t ,  b o th  m a te r ia l  a n d  to p o g r a p h ic  co n d i t io n s  
m u s t  be specified a n d  secured  if  the  p ro p e r  
fu n c t io n in g  o f  the surface  is to  be assurée!.

2. S U R F A C E  T O P O L O G Y

U p  to the  p resen t  surfaces have  been typified in 
one  ra th e r  ro u g h  th o u g h  inclusive w ay by specifying 
the m a n u fa c tu r in g  process  in c o n ju n c t io n  w ith  a  
simple nu m er ica l  index such as 7?., o r  r .m .s . ,  the 
process  in efleet d e te rm in in g  the basic m a te r ia l  
p ro p e r t ie s  as well as the  su rface  geom etry ,  the 
index m erely  en su r ing  so m e  degree  o f  co n tro l  
over  the sa t is fac to ry  a p p l ic a t io n  o f  the process.

H o w  h as  this  system w o rk ed  o u t ?  T o  try  to 
decide this  the  m a n u fa c tu r in g  process itself m us t 
be ex am in ed  to  sec h o w  go od  a basis for topo logy  
it really  is.

2.1 M onu factu ring  process
A n y  fo rm  o^ m eta l  rem o va l  is liable  to  c ause  

differences betw een  th e  surface  an d  the  b u lk  
proper t ie s .  These  differences a re  usual ly  caused  by 
h igh  te m p e ra tu re  o r  te m p e ra tu re  g rad ien ts  d e ­
veloped  d u r in g  the  rem o v a l  process ,  p las tic  d e ­
fo rm a t io n  an d  flow o f  m e ta l ,  an d  ch em ica l  
reac t ions  du e  to  the  presence  o f  im puri t ies ,  co o la n ts ,  
etc. [67]. These  differences betw een  surface eflects 
an d  bu lk  p ro p e r t ie s  a re  be ing  fo u n d  increasingly  
im p o r t a n t  w ith  the  use o f  nickel,  t i ta n iu m  a n d  
o th e r  alloys, an d  also  because  m ate r ia ls  a re  being  
h ea t- trea ted  to  h igh e r  s t reng ths .  T he  p r in c ip a l  
a l te ra t io n s  caused  by these  co n d it ion s  a rc  (1) 
ch an ge  in h a rd n e s s  o f  the  surface  layer, (2) r e ­
c ry s ta ll iza t ion  o r  p hase  t r a n s fo rm a t io n s  in the  
o u te rm o s t  layer leaving fo r  ex am p le  ha rd  m ar tc n s i -  
tic  ag g reg a t ion s  in the  fe r ro us  alloys, (3) re s idu a l  
stresses, (4) e m b r i t t le m e n t  by c h em iso rp t io n ,  an d  
o thers .  A b r ie f  review  o f  h o w  these effects a re  
b ro u g h t  a b o u t  in the d ifferent processes m a y  be 
iustificcl.

In c u t t in g  processes like tu rn in g ,  two so r ts  o f  
finish ca n  result,  c lean  o r  to rn  d e p en d in g  on 
whctficr  a bu il t -u p  edge fo rm s  on  the  tool[68] an d  
o n  w h e the r  o r  no t m ic ro -ch ip s  deve lop  on th e  to o l  
f l a n k [69]. T h e  bu ild  u p  o n  a too l edge d e p e n d s  
largely o n  the  tool edge t e m p e ra tu re  w hich  in  tu r n  
d ep en d s  on  c u t t in g  speed. F o r  h igh  cu t t in g  speeds 
the  bu il t -u p  edge d is a p p ea rs  due  to  m etal p h ase  
t r a n s fo rm a t io n s ,  th e  su rface  layers  are su b jec t  
to  h ig he r  te m p e ra tu re s  a n d  th e  ro ug hn ess  be co m e s  
in do pen den t  n f  ra lm angle ,  d e p th  o f  cu t  a n d  
s p e e d [70]. On the o th e r  h a n d  at slow speeds the  
surface  layers  a re  sub jec t  to  te a r in g  and  m o re  
severe w o rk  h a rden ing .

T h e  m ec h a n ism  o f  ch ip  fo r m a t io n  is o f  p r im e  
im p o r ta n c e  in cu t t in g  processes ,  d e te rm in in g  n o t  
o n ly  the  stress p a t t e rn  left in the surface  layer  bu t 
also the  h ea t  genera ted .  A n o th e r  fac tor  is th e  
v a r ia t io n  in cu t t in g  a n d  fr ic tiona l forces w h ich  
can  accen tu a te  if no t in i t ia te  chatter[71 ].

M eta l lu rg ica l  c on seq uen ces  an d  flow p ro p e r t ie s  
o f  the  c u t t in g  ac t io n  a re  dea l t  w ith  by T u rk o v ic h  
an d  Calvo[72] an d  T u rk o v ic h  a n d  M ichele t t i [73] 
w h o  show  th a t  m os t o f  the h e a t  gen e ra t ion  a c tu a l ly  
ta k in g  p lace in the flow zone  is d u e  to  the c re a t io n  
an d  d e s t ru c t io n  o f  d iso loca t ions .

B ecause o f  the m e th o d  o f  m eta l  rem ov a l ,  the  
sh ea r  zone  in c u t t in g  is likely to c o n ta in  tensije  
stresses du e  to  the  flow o f  the  h y d ro s ta t ic  c o m ­
p o n en t  o f  m e ta l  in to  the ch ip  a n d  a lso  the typ e  o f  
ch ip  f rac tu re .  T he  rak e  angle  o f  the to o l  can  
influence the surface  layers;  fo r  ins tance  for sm all  
posi t ive  angles  the average  th ickness  o f  the  ch ip  
increases an d  the d e p th  o f  the plastically  d e fo rm ed  
sh e a r  zone  in the  su rface  increases th us  in c reas ing
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res idua l tensile stress co ncen tra tions[74] .  A typica l 
d ep th  o f  the  sh e a r  zone  is ab ou t  fifty t im es  the  
su rface  roughness .

In  g r in d in g  the  g r i ts  can  be considered  to  be 
single p o in t  to o ls  o f  r a n d o m  ra k e  angles h av in g  
r a n d o m  p o s i t io n  re la tive  to  each  o th e r ,  so th ey  d o  
n o t  as a ru le  give the  sam e  result as th a t  o f  a  sim ple  
c u t t in g  process .  A lso  it  is poss ib le  fo r  m a n y  grits  
to  pass  over  th e  sa m e  w o rkp iece  p o s i t ion  fo r  on e  
wheel re vo lu t io n ,  p ro d u c in g  overg r ind ing ,  which  
in t ro d u ce s  r a n d o m  th e rm a l  an d  m ech a n ica l  
stresses[75]. A n o th e r  p o in t  to  no tice  is th a t  the  
process  o f  g r in d in g  c a n  be se lf-dicssing in the  sense 
th a t  as th e  g r in d in g  p roceeds ,  g r i ts  f r a c tu re  a n d  
p resen t  new  edges to  the  c o m p o n e n t .  T h is  only  
h a p p e n s  i f  th e  p a r t  speed a n d  wheel speed a re  
suitable .

G en era l ly  te m p e ra tu re s  genera ted  d u r in g  g r in d ­
ing  a re  h ig h e r  th a n  in single p o in t  cu t t in g ,  so ph ase  
t r a n s fo rm a t io n s  a n d  recrys ta l l iza tions  a re  m o re  
likely to  o ccu r ,  b u t  on  th e  o th e r  h a n d  plas tic  
d e fo rm a t io n  is low er resu l t ing  in low er in te rna l  
stresses. G eo m e tr ic a l ly  the tex tu re  in g r in d in g  is 
finer th a n  in c u t t in g  o p e ra t io n s  an d  has as a  ru le  a 
G a u ss ia n  o rd in a te  h e igh t  d is tr ib u t io n ,  w h ich  is n o t  
necessarily  the  case fo r  single p o in t  processes.  
O ne  fac to r  th a t  c a n  grea t ly  influence the  surface  
rmi.-,h o f  the  p a r t  is the presence  o f  c h a t t e r  w hich  
p ro d u ce s  w aviness[76]. F a rm e r  ct a l .[ l l ]  found  
th a t  to get best surface  finish the  tab le  speed should  
be k ep t  low. T h o ro u g h  rem o v a l  o f  the  w ear  debris  
d u r in g  the  process  also leads to  be t te r  finish[78].

R ec en t  w o rk  has ind ica ted  th a t  to  ge t  a c lea r 
p ic tu re  o f  th e  g r in d in g  p iocess .  fo rw ard  as  well as 
la tera l  flow o f  m e ta l  have  to  be considered .  A lso  
n o t  on ly  ch ips  are  p ro d u ced  but slivers resu lt ing  
f ro m  th e  w ide  walls. These  an d  o th e r  effects have  
sho w n  th a t  g r in d in g  has  d ii le rences f ro m  the  
c o n v en t io n a l  c u t t in g  lcchniqucs[79].  E nergy  losses 
are  fa r  I r g h c r  in g r in d in g  th a n  in cu t t in g  because  
o f  h igher  co n ta c t  tem p era tu res .

A b ras iv e  te ch n iq ues  involv ing  a n  a rea  o f  co n tac t  
(e.g. h o n in g  an d  lapp ing)  a re  still not fully u n d e r ­
s too d .  T hey  differ f ro m  n o rm a l  g r ind in g  an d  
c u t t in g  processes ,  chiefly b ecause  large a reas  a re  
co n tac te d  a t  low  specds[79]. P o lish ing  is d ifférent 
again[80] becau se  the  a b r a s i \ c  is held in a very 
soft bon d  a n d  is th e re fo re  relatively  free. Sam uels  
d oes  n o t  subscribe  to  the  th eo ry  o f  Bielby[81] 
w hich  p o s tu la te s  tlie fo rm a t io n  o f  an  a m o r p h o u s  
layer o f  m o l ten  m e ta l  on  the  surface  d u r in g  
po lish ing . In s tead  he favo u rs  the  ab ras ive  th eo ry  
w hich  does  n o t  p rec lude  asper ii ies  o f  all scales o f 
size b e ing  presen t.  O ne  o f  the big diflercnces 
be tw een  po lish ing  and  c u t t in g  is tha t  in po lish ing  
ab ras ive  deb r is  can  easily becom e em b ed d e d  in the 
surface  a n d  be a lm o s t  im possib le  to  rem ove.

M eta l  fo rm in g  m e th o d s  involve a  considerab le  
a m o u n t  o f  p las tic  flow w hich  m ay  greatly  aflcct 
the  c rys ta ll ine  s t ru c tu re  an d  to p o g ra p h y  o f  the 
surface , b u t  a re  to o  extensive in the ir  v a r ia t io n s  
fo r  co n s id e ra t io n  in th e  p resen t  paper .  H ow ever ,  
even w hen  these m e th o d s  a re  n o t  the finishing 
p rocess  they  m ay  have  to  be ta k e n  in to  acc o u n t  
b ecause  they  can  decide  the  m ate r ia l  p ro p e r ty  
h is to ry  o f  die surface.

E lec t ro -m ach in in g  o f  m eta ls  a lso  p rod uces  its 
o w n  varie ty  o f  p ro b lem s ,  fo r  in s tance  in sp a rk  
m ach in in g  th o u s a n d s  o f  a m p s  p er  sq u a re  cm  m ay 
pass  th ro u g h  die surface  p ro d u c in g  b o th  physical 
a n d  chem ica l  changes. In  h a rd e n e d  steels, fo r  
in s tance ,  a f te r  m ach in in g  there  is a  th in  resolidified 
ex trem ely  ha rd  layer, o f ten  m u c h  h a rd e r  th a n  
n o rm a l ly  possible , b e n e a th  w hich  there  m ay  be a 
th in  tem pered  zone. A lso  h igh tensile stresses dow n 
to  at least tw ice the  surface  ro u g h n es s  d e p th  can  
exist. E lec t rochem ica l m ach in in g  a t  low cu r re n t  
densities  can  cause  in te rg ra n u la r  c racks  in m ulti -  
c o m p o n e n t  alloys. F ro m  the to po log y  p o in t  o f  
view in e lec tro -sp a rk  m ac h in in g ,  ro ug h  surfaces 
a re  usua l ly  p ro d u c e d  while  e lec tro-chem ical 
m ach in in g  can  get fine finishes.

T h e  p reced ing  sect ions have  tr ied  to  show  h o w  the 
m a n u fa c tu r in g  process  can  inf luence the m ate r ia l  
an d  geo m etr ic  p ro p e r t ie s  o f  a surface  and  co n se ­
q u e n tly  influence all th ose  fu nc t ion a l  b ehav io u rs  
m e n t io n ed  earlier ,  an d  th u s  reac t on  the genera l  
p ro b le m  o f  typolog ica l  specification.

A l th o u g h  a n u m b e r  o f  p rocesses  a re  usually  used 
in th e  s tock  rem oval  a n d  fin ishing o p e ra t io n s  
involved in the  m a n u fa c tu re  o f  a c o m p o n e n t  it is 
n o t  only  the types  o f  process  t h a t  a re  im p o r ta n t  in 
d e te rm in in g  the surface  p ro p e r t ie s ,  bu t a lso  the  
order  in w hich  they a re  a p p l ie d — thus  g iving 
d ifférent th e rm a l histories.

A g a in ,  as Just m en t io n ed  there  c a n  be v a r ia t ion s  
o f  surface  p ro p e r t ie s  a n d  to p o g ra p h y  w ith in  an y  
on e  process .  A  p o in t  b ro u g h t  o u t  by R allies  and  
Ficld[67] is th a t  co ns id e rab le  differences can  arise  
in the  m a te r ia l  p ro p e r t ie s  o f  a surface  resu lt ing  
fro m  gentle an d  abusive  t r e a tm e n t ;  on  the  o th e r  
h a n d  O lse n [83] evolved typ ica l  go od  co n d it io ns  
for  tu rn ing .  T h is  seem s to  show  th a t  specification 
by p rocess  m ay  no t  a lw ays  be a d e q u a te ;  it also 
show s h o w  g rea t a p ro b le m  will be set in the evo l­
u t io n  o f  a fully sufficient specifica tion  by typology.

W hen  co n s ide r ing  the  sh o r tc o m in g s  o f  specifica­
tion  by process ,  even by process  specified in de tail ,  
tw o  fu r th e r  po in ts  arise  :
(a) Specif ication  o f  the  process  m ay  not g u a ra n te e  

aga ins t  ils m isapp l ica t io n ,  a n d  it w ou ld  be 
des i rab le  if  surface  p ro p e r ty  tests co u ld  be 
m a d e  a f te r  m a n u fa c tu re  as a fo rm  o f  in spec­
t ion ,  a l th o u g h  this m ay  be a  fa r -o ff  objective.
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(b) T h e  p ro d u c t io n  en g inee r  w an ts  freed o m  o f  use 
o f  p ro d u c t io n  p lan t .  H e  docs n o t  w a n t  to  be 
t ied d o w n  to  a n y  o n e  process  fo r  a  p a r t  
because  th is  co u ld  d is ru p t  h is  schedu ling  o f  
jo b s  in  th e  w o rk sh o p .

C on seq u e n tly ,  th e  m o d e r n  search  is fo r  typ o lo gy  
b o th  o f  the  m a te r ia l  a n d  geom etr ica l  p roper t ie s .  
N u m b e r s  in d ica t ing  th e  req u i rem en ts  w ou ld  be pu t 
o n  th e  d ra w in g  a n d  the  j o b  o f  th e  p ro d u c t io n  
e n g in ee r  w ou ld  be m erely  to  re p ro d u c e  th e  p r o ­
pert ies  c o r r e sp o n d in g  to  th e  n u m b e r s  in an y  w ay 
h e  pleases. T h is  is the  th e o r y ;  the  so lu t ion  is n o t  
easy.

2 .2 M a te r ia l p ro p er ly  typo logy

T o  specify the m a te r ia l  p ro p e r t ie s  a d eq u a te ly  it  
w o u ld  be necessary  (in  a d d i t io n  to  specify ing the  
m a te r ia l  itself) to  co n tro l  th e  m ech an ica l  p ro p e r t ie s  
o f  the  m a te r ia l ,  e.g. its elastic  m o d u lu s  a n d  the  
h a rd n e s s  values a t  the  surface  itself, also th e  degree 
o f  re s id u a l  stress a llow ab le  in  the  surface  layers. 
S urface  energy  an d  chem ica l  p ro pe r t ie s  m ig h t  be 
involved  a l th o u g h  they  m ig h t  well be in tr ins ic  in 
the  spcviification o f  th e  b u lk  m a te r ia l  itself. It 
m ig h t  a lso  be t ru e  to  say th a t  a fairly de ta i led  
m e ta l lu rg ica l  specifica tion  co u ld  to  som e ex ten t 
a n t ic ip a te  the  m ech a n ica l  p rop e r t ie s .  It cou ld  be 
th a t  the  com p le te  ty p o lo g y  o f  the  m a te r ia l  p r o ­
pert ies  will be to o  dif licult to  ach ieve  an d  th a t  the  
n ea res t  a p p ro a c h  will be  so m e th in g  like th a t  o f  
G re e n w o o d  a n d  W il l iam son ,  w ho  a im  to  p red ic t  
the  fu n c t io n in g  o f  the  surface  by inc lu d ing  in 
ib H r  p in c p r i iy  ind fv  Toth  madcrial and  surface  
t o p o g r a p h y  p a ram ete rs .

2.3 Topographic typo logy

T h e  ty p o log y  o f  the  surface  g eom etry  also 
p resen ts  p ro b le m s  an d  c o n t in u es  to defy co m p le te  
so lu t ion .  T h is  is m a in ly  because  o f  the  com plex  
c h a ra c te r  o f  the  surface  geo m e try  and  also  o f  the 
m u l tip lic i ty  oi d iiferent fu n c t io n a l  uses to  w h ich  
th e  surface  co u ld  be pu t .  In  an  effort to  p ro v id e  
d a t a  f ro m  w hich  a  typo logy  cou ld  be developed ,  a 
j o in t  0 T C D ; C 1 R P  research  p ro g r a m m e  w as 
lau nch ed  in w hich  typical m an u fa c tu re d  surfaces,  
p re p a re d  by the  T echn ica l  H ig h  School,  A ach en ,  
(P ro fesso r  O pitz )  were c i r cu la ted  to  d iiferent 
in s t i tu t io n s  a n d  firms th r o u g h  the  w orld  fo r  
ev a lu a t io n  an d  classif ication. In the R a n k  Precis ion  
In d us tr ie s  L a b o ra to r ie s ,  th e i r  profiles were re ­
c o rd e d  d ig i ta l ly  on  ta p e  and  basic p a ra m e te r s  were 
th e n  co m p u te d .  U n fo r tu n a te ly  n o t  e n o u g h  spec i­
m en s  w ere  p ro v id ed  o f  each  so r t  o f  m a n u fa c tu r in g  
p rocess  to  enab le  any  so u n d  conc lus ion  a b o u t  
ty p o log y  to  be m ad e  f ro m  the  re:>ults, w hich  never­
theless gave useful in fo rm a t io n .  M o re  o f  this  so r t

o f  c o -o p e ra t io n ,  h o w ev er ,  is essentia l i f  th e  p ro b le m  
is to  be solved.

D iscuss io n  o f  ty p o lo gy  leads na tu ra l ly  to  
s ta tis t ica l  c on s ide ra t ion s .  T h e  s tudy  o f  these  
sta tis tica l p a ra m e te r s  h a s  been  grea t ly  fac i l i ta ted  
by the  use o f  d ig i ta l  tech n iq u es  in t ro d u ced  by 
R e aso n  [85].

Surfaces ca n  be r a n d o m  o r  d e te rm in is t ic  in 
c h a ra c te r  o r  m o re  u sua l ly  a m ix tu re  o f  bo th .  F o r  a  
c o m p le te  specification o f  a genera l  r a n d o m  process ,  
h igh o rd e r  jo in t  p ro b ab i l i ty  densi ty  fu nc t io ns  a re  
n e e d e d [86]. H ow ever ,  in  p rac t ice  a second  o rd e r  
jo in t  p ro b ab i l i ty  densi ty  f u n c t i o n / ( j q T : ; x ,% 2) is 
sufficient w here  y-^yj a re  o rd in a te  he igh ts  an d  

a re  spat ia l  co -o rd ina te s .  F ro m  this the  o r d i ­
n a te  heigh t d is t r ib u t io n  (o r  strict ly  the o rd in a te  
he ig h t  p ro b a b i l i ty  densi ty  fun c t ion )  can  be o b ta in e d  
as a m arg in a l  densi ty  fu n c t io n  by in teg ra t in g  
/ 0 ’i.V2; A'jXj) w ith  respec t to  o r  j q . T h is  gives 
in fo rm a t io n  a b o u t  th e  rela tive f requency  o f  
o rd in a te s  a t  any  g iven heigh t .  A lso , the  a u t o ­
co r re la t io n  fu n c t io n  c a n  be o b ta in ed ,  b ecause  it  is 
th e  jo in t  m o m e n t  o f  ;q(.Vi) a n d  y i i x f )  an d  gives 
in fo rm a t io n  a b o u t  the w ay  in w hich  the o rd in a te s  
fo llow  o n  f ro m  each  o ther .  T h e  a u to c o r r e la t io n  
fu n c t io n  is u sua l ly  n o rm alised  w ith  respect to  the  
v a r ian ce  (m ean  s q u a re  value) o f  the  signal. A  
d irec t  equ iv a len t  o f  the  a u to c o r re la t io n  fu n c t io n  is 
the  p o w er  spec tra l  d ensi ty  func t ion  w hich  can  be 
o b ta in e d  by a  s t ra ig h t fo rw a rd  F u u r ic r  t r a n s f o r m a ­
tion . B ecause the  second  o rd e r  p ro b ab i l i ty  d en s i ty  
fu n c t io n  is in genera l  n o t  k n o w n  the  a u t o ­
co r re la t io n  fu n c t io n  a n d  o rd in a te  height d is t r ib u ­
t io n  c a n  be used to  define the  s ta tis tics  o f  liie 
profile. In the  m a n y  p ra c t ic a l  ins tances w here  the  
s ta tis t ica l  p rocess  is G a u ss ia n  o r  th e re a b o u ts  th e n  
tire no rm a lized  a u to c o r r e la t io n  fu n c t io n  a n d  the  
r .m .s.  va lue  (o r  ave rage  value  R f)  c o m p le te ly  
define the  profile (a s su m in g  it has  ze ro  m e a n  
valuc)[87]. T h e  a u to c o r re la t io n  func t io n  h a s  th e  
useful p io p e r ty  o f  be ing  ab le  to  sep a ra te  the  r a n d o m  
f ro m  the  period ic  c o m p o n e n ts  o f  a w a v e fo rm ,  
a l th o u g h  because  o f  its p h ase  des t ro y ing  p ro p e r ty  
it c a n n o t  tell w he the r  o r  n o r  the  pe r io d ic  c o m ­
p o n e n t  has  r a n d o m  p h a se  elements . S ta n d a r d  
m e th o d s  o f  o b ta in in g  these sta tistical p a ra m e te r s  
have  been well d o c u m e n t e d [88, 89].

T h e  usefulness o f  c o r re la t io n  an d  spec tra l  
analys is  techn iqu es  ha s  been app rec ia ted  fo r  
m a n y  years  in o th e r  fields inc lud ing  m ed ic ine ,  
w here  they have  been used for ana lys ing  e lcc tro -  
enccpha logn im s[126] ,  fo r  o c e a n o g ra p h y [ l  18], a n d  
for s iesmology[127],  to n a m e ju s t  a few a p p l ica t ion s .

M ost o f  the  p resen t  d ay  p a ra m e te r s  o f  su r face  
g eo m etry  a re  basically  es t im ates  c i th e r  o f  th e  
he igh t  d is t r ib u t io n  o r  o f  the  a u to c o r re la t io n  
f u n c t io n  o r  m ix tu res  o f  the  two. A  p ra c t ic a l
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r e q u i re m e n t  inflencing the  cho ice  o f  p a ra m e te r s  is 
n eed ed  to  keep  in s t ru m e n ta t io n  costs  low  an d  
t e ch n iq u es  relatively s imple, fu r th e rm o re ,  fo r  a 
p a r a m e te r  to  be useful in typ o lo gy  it m ust be at one  
an d  th e  sam e  t im e  b o th  d is c r im in a to ry  to  d is t in ­
gu ish  be tw een  o n e  surface  a n d  a n o th e r  b o th  
p ro d u c e d  by the  sam e  p rocess ,  w hile  be ing  s teady  
e n o u g h  n o t  to  p ro d u c e  w ild ly  v a ry in g  values over  
th e  sam e surface.

A n o th e r  po in t  w h ich  ten d s  to  be neglected  is th a t  
a n y  to p o g r a p h ic  ty p o lo gy  sh o u ld  be cap a b le  o f  
ta k in g  in to  ac c o u n t  n o t  on ly  the  overa l l  s ta tis tics  
o f  th e  surface  bu t a lso  s ta tis tica lly  u n p re d ic tab le  
f r eak  events ,  such as the  o d d  deep  sc ra tch  w hich 
(a s su m in g  it c a n  be loca ted )  m a y  be im p o r t a n t  in 
fun c t io n s  like fa tigue . T h is  is o n e  reg io n  w here  
tlie use o f  c o r re la t io n  tech n iq u es  is no  benefit a t  
a l l ;  s im ilarly  th e  p red ic t io n  o f  ex trem e b e h a v io u r  
is n o t  a t  all s t r a ig h t fo rw a rd [93]. S uch  b e h a v io u r  
is by its very  n a tu r e  dii licult to  p re d ic t— even us ing  
statistics.

T h e  im p o r ta n c e  o f  th e  o rd in a te  he igh t  p r o b ­
abil i ty  densi ty  fu n c t io n  in su rface  m e t ro lo g y  was 
first rea l ised  by A b b o t t  a n d  F ircs ione[94]  w h o  
p ro p o s e d  the  use o f  a cu rve  sh o w in g  how  th e  ra t io  
o f  m e ta l  to  a i r  c h an g ed  w i th  ihe he igh t o f  a  h y p o ­
the t ica l  fiat p la te  la p p in g  a w a y  the  surface  f ro m  
th e  h ighes t  p e a k  to  th e  low est valleys. T h is  cu rve  
is genera l ly  re fe rred  to  as th e  b e a r in g  a re a  (o r  
r a t io )  cu rv e ;  it is in fact un i ty  m in u s  the  o rd in a te  
h e igh t d is t r ib u t io n  fun c t io n .  Pesan te[95] p ro p o se d  
to p o lo g ica l  c lassif ication  a cc o rd in g  to  the  sh ape  o f  
th e  o rd in a te  he igh t densi ty  fu n c t io n .  H e p ro p o sed  
t h a t  tlie Oensity va lue  a t  a  g iven  he ight sh ou ld  be 
t a k e n  a n d ,  la te r  on , t h a t  it sho u ld  be a u g m en ted  
w i th  a p e a k  co u n t .  P esa n te  fo u n d  th e  densi ty  
fu n c t io n  m o re  usefu l th a n  th e  be a r in g  a rea  cu rve  
b ecause  it  is inheren tly  m o re  d isc r im ina t ing .  
R e a s o n [96] p ro p o sed  th e  use  o f  th e  c o n so l id a ted  
b e a r in g  a r e a  cu rve  to g e th e r  w ith  the  h ig h -spo t  
c o u n t  to  classify the surface , an d  E hrenre ich [97]  
suggested  th a t  m e a s u re m e n t  o f  th e  s lope  o f  the  
b e a r in g  a re a  cu rv e  cou ld  be fu nc t io na l ly  useful. 
T h e  C L A  (7?J and  r .m .s .  va lues are  esse mi ally 
es t im a tes  o f  the scale o f  size o f  the  o rd in a te  
h e igh t  p ro b a b i l i ty  densi ty  fu n c t io n — as ind eed  is 
th e  m a x im u m  peak-to -va l ley  h e ig h t  an d  ten p o in t  
he ight.  O th e r  fe a tu res  o f  the  densi ty  fu n c t io n  can  
also be con s id e red  useful, especially  in d e m o n ­
s t ra t in g  w ear ,  fo r  in s tance  th e  skew. A l-Salihi[98] 
in fact p ro p o s e s  th a t ,  in a d d i t io n  to  the  scale o f  size 
e s t im a te ,  the  th i rd  a n d  fo u r th  cen tra l  m o m e n ts  
rep re sen t in g  skew a n d  ku r to s is  shou ld  also be 
relevant.  T a k e n  as a wliole, these p a ra m e te r s  w ou ld  
p ro v id e  a  m uch  m o re  co m p reh en s iv e  e s t im a te  o f  
the density .

U n fo r tu n a te ly ,  m e a s u re m e n t  o f  th e  h ig h e r  o rd e r

cen tra l  m o m e n ts  o f  a  d is t r ib u t io n  a re  n o t  as  a  
genera l  ru le  re liable  because  o f  th e  tendency  o f  
th e  va lue  to  be d o m in a te d  by th e  ra re  very large 
p e a k  o r  valley. U nless  som e  ru le  is used w hich  
excludes these  f reaks  the  results  can  be d o ub tfu l .  
O n e  p o in t  re la t in g  to  the  sh ap e  o f  the  b ear ing  
a re a  cu rve  (o r  th e  densi ty  cu rve  to  a lesser ex ten t)  
is t h a t  it  is n o t  very d isc r im in a t in g .  O ver  m a n y  
surfaces en co m p a ss in g  a  va r ie ty  o f  processes,  the  
cu rves  h a rd ly  ch ang e  a n d  th is  fea tu re ,  ta k e n  w ith  
the  k n o w n  w ide  poss ib le  v a r ia t io n s  in in s t ru m e n t  
values ,  Y o n  W eingraber[99] ,  m a k e  it  r a th e r  likely 
t h a t  an y  s ignificant d if iercnces cou ld  be sw am p ed . 
T h e  fu n d a m e n ta l  re a so n  w hy  the  densi ty  fu n c t io n  
by i tself  is o f  l im ited  va lu e  is t h a t  it  co n ta in s  no  
in fo rm a t io n  a b o u t  th e  b a n d w id th  o f  the profile  
w avefo rm . M a n y  peo p le  h av e  p o in ted  out[100] 
t h a t  th e re  is a  fu n c t io n a l  need for a  spac ing  type  
p a ra m e te r ,  fo r  in s tance  in the shee t steel in d u s t ry  
[101]. H ence ,  to  s tan d  any  ch a n c e  o f  being a  su i t ­
ab le  basis  fo r  a  sys tem  o f  ty p o lo g y  the  o rd in a te  
h e ig h t  d ensi ty  cu rve ,  o r  an  e s t im a te  o f  it , h as  
to  be co m p le m e n te d  by th e  S])ecification o f  a n o th e r  
f e a tu re  such  as the  process  o f  m a n u fa c tu re  o r  th e  
a u to c o r re la t io n  func t ion  fo r  ins tance.

A n y  ty p o lo gy  m u s t  be a  co m p ro m ise .  T h is  is 
n o t  su rp r is in g  w hen  it is r e m e m b e re d  th a t  on ly  a 
few d o zen  b its  o f  in fo rm a t io n  f ro m  all the  m ill ions 
p re se n t  in a typ ica l  profile w a v e fo rm  a re  go ing  to  be 
significant fo r  an y  given fu n c t io n .  T h e  q u e s t io n  is, 
w h ich  b i t s ?  T h is  is w here  th e  au to c o r re la t io n  
f u n c d o n  is useful because  it rep resen ts  a useful 
co n d e n sa t io n  o f  the  in f o rm a t io n  in the  profile 
w av e fo rm  w i th o u t  los ing in fo rm a t io n  a b o u t  the  
energy  in  the  c o m p o n e n t  w aves m ak in g  u p  the  
w avefo rm . W o rm crs lcy  an d  H opk ins[102]  were 
tlie  first to p u t  fo rw a rd  the  a u to c o r re la t io n  fu n c t ion  
( in  th e  fo rm  o f  a t im e  sciies) as  a  useful m e asu re  o f  
su rface  tex tu re ,  followed by Linn ik[103] a n d  
N a k a m u ra [1 0 4 j .  H o w ev e r ,  it w as Pcklenik[105] 
w h o  p ro p o s e d  th e  use  o f  th e  a u to c o r re la t io n  
fu n c t io n s  fo r  the  specification  o f  the  typo logy  o f  
surfaces,  an d  the  A u th o r  h as  d c i iv ed  m uch  benefit 
f ro m  his c o n tr ib u t io n s .  H e  p ro p o s e d  classifying 
the  a u to c o r re la t io n  fu n c t io n  in to  five d iiferen t 
g ro u p s ;  a  su rface  be ing  typified by ex am in ing  th e  
sh ap e  o f  its au to c o r re la t io n  fu n c t io n  to  decide 
in to  w h ich  g ro u p  it  best fi tted. T h e  surface  w as then  
typified by th e  n u m b e r  o f  the  g ro up .

T h u s  he w as ab le  to  p re sen t  surfaces m a d e  by 
d iiferent processes o n  a  ty p o g ra p h ic  scale w h ich  
com pr ises ;

G r o u p  I— C osin e  o r  s teady .

G r o u p  2— E x p o n e n t ia l  d ecay  p lus  cosine.

G r o u p  3— E x p o n e n t ia l  decay  m o d u la t in g  a 
cosine.
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G r o u p  A— C o m p le x  c o m b in a t io n  o f  G r o u p s  2 
a n d  3.

G r o u p  5— E x p o n e n t ia l  decay.

In  th is  c lassif ica t ion , G r o u p  5, fo r  in s tan ce  
( f irs t-o rder  r a n d o m  surfaces) is typica l o f  tho se  
m a n u f a c tu r in g  processes  best d escr ibed  by P o is so n  
p o in t  p ro cess  sta iistics[106] such  as g r ind ing ,  
h o n in g  etc. w h ereas  G r o u p  3 (s eco n d -o rd e r  r a n d o m  
surface) to g e th e r  w i th  G r o u p  2 a re  m o re  typ ica l  o f  
single p o in t  c u t t in g  p rocesses  like sh ap in g ,  tu rn in g ,  
etc. G r o u p  1 is pu re ly  de te i i i i in is t ic  a n d  d oes  n o t  
o c c u r  o n  p rac t ic a l  surfaces.

T h re e  p o in ts  a re  va lid  in  th e  d iscuss ion  o f  these 
im p o r t a n t  con cep ts ,  th e  first be ing  th a t  the  re liable  
m e a s u re m e n t  o f  a u to c o r re la t io n  fu n c t io n s  is n o t  
ve y easy. I t  is usua l ly  accep ted  th a t  c o r r e la t io n  
fu n c t io n s  a rc  b e t te r  u sed  fo r  the  e s t im a t io n  o f  the  
p resence  o r  ab sence  o f  fea tu res  r a th e r  t h a n  o f  the i r  
q u a l i ta t iv e  values[107J. T h e  use o f  d o u b le  c o r r e la ­
t io n  c a n  so m e tim es  he lp  in th is  m a tte r [108].  T h e  
secon d  p o in t  is th a t  a  m o r e  co m p re h e n s iv e  ty p o lo gy  
schem e co u ld  be fo rm u la te d  by classifying the  
sh a p e  o f  th e  o rd in a te  he igh t densi ty  fu n c t io n  in 
addition  to the  a u to c o r re la t io n  fun c t ion .  F u n c t io n ­
ally a c lassif ication  o f  the  o rd in a te  he igh t densi ty  
f u n c t io n  need p ro b a b iv  only  t a k e  the skew in to
a c c o u n t ,  fo r  ex am ple ,  + 1 ,  0 and  — 1, d e p e n d in g
o n  w h e t h e r  the  d ensi ty  fu n c t io n  is positively  
skew ed , sy m m etr ica l ,  o r  negatively  skew ed. It
w ou ld  be  necessary  to  define sy m m etry ,  the  zero  
class, by im p o s in g  a c e r ta in  l im i t  say  ± 0 - 2  fo r  th e  
skew  w ith in  w h ich  th e  d ish  ibu t io n  w ould  be 
classif ied as skew zero . T hese  th ree  g ro u p s  t a k e n  
w i th  th e  last fo u r  g ro u p in g s  o f  the au to c o r re la t io n  
d u e  to  P ek len ik  w o u ld  p ro v id e  a  com p reh en s iv e  
c lassif ication  an d  w o u ld  be re a so n a b ly  identif iable. 
T h a t  a c lassif ication  based  on ly  o n  th e  a u t o ­
c o r r e la t io n  fu n c t io n  c a n  be so m etim es  insufficient 
can  be d e m o n s t ra te d  easily. T a k e  for  e xam ple  th e  
r a n d o m  te leg rap h ic  s ignal w hich  consis ts  o f  a 
signal sw itch ing  at r a n d o m  tim es  betw een  tw o  
fixed levels. T h is  h a s  go t  an  e x p o n e n t ia l  a u t o ­
c o r r e la t io n  fu n c t io n  an d  yet it loo ks  n o th in g  like a 
typ ica l  la p p e d  surface  h a v in g  an e x p o n en t ia l  a u to ­
c o r r e la t io n  func t ion .

F inal ly ,  th e re  is the  p o in t  th a t  the  e x tra c t in g  o f  
th e  d.c . level and  c u rv a tu re s  usual ly  p re sen t  a n d  
u n w a n te d  o n  a profile g rap h  can  cau se  a c h an g e  in 
th e  a u to c o r re la t io n  fu nc t io n .  F o r  in s tance  w ith  
G r o u p  5 su rfaces  the  rem ov a l  o f  these m is lead ing  
low  frequenc ies  can  ch ang e  th e  a p p e a ra n c e  o f  the  
a u to c o r r e la t io n  to  tl iat s im ila r  to G r o u p  3. H o w ­
ever, w ith  care ,  the g r o u p  c lassif ication  ca n  still be 
o f  use.

A s a fu r th e r  subd iv is ion  o f  each  g ro u p ,  P ek len ik  
in t ro d u ces  the  c o r re la t io n  length  a n d  the  co rre la t io n

p e r io d ,  th e  fo rm e r  be ing  t h a t  s e p a ra t io n  o f  tw o  
p o in ts  on  the  profile  t h a t  m a k e s  them  ju s t  in ­
d e p e n d e n t  o f  e ach  o th e r ,  a n d  is m easu re d  by th e  
lag  d is tance  in w h ich  th e  a u to c o r re la t io n  fu n c t io n  
d ies finally to  a fixed va lue ,  b e tw een  10 an d  5 0 %  
o f  th e  orig inal.  T h a t  is, th e  co n d it io n a l  jo i n t  
p ro b a b i l i ty  densi ty  fu n c t io n  b eco m e s  eq ua l  to  th e  
o rd in a te  he igh t densi ty  fu n c t io n .  T h e  c o r re la t io n  
p e r iod  is th e  w av e len g th  o f  the  d o m in a n t  per iod ic i ty  
in th e  a u to c o r re la t io n  fu nc i io n .  A g a in  these s u b ­
d iv is ions a re  useful b u t  so m e tim e s  they  a re  m a d e  
difficult to  m e asu re  by th e  p resence  o f  u n w a n te d  
fe a tu re s ;  f o r  the  c o r r e la t io n  le n g th  by r a n d o m  
f lu c tua t io ns  in th e  a u to c o r rc lo g ra m ,  a n d  for the  
c o r r e la t io n  p e r io d  by h a rm o n ic s .  M o reo v e r ,  as 
m e n t io n e d  a b o v e  th e  e x tra c t io n  o f  the  u n w a n te d  
very low  frequenc ies  p resen ts  p ro b lem s.

W h ite h o u se  a n d  A rc h a rd  m a k e  tw o  s ignificant 
c o n tr ib u t io n s .  The first is by l in k in g  tog e th e r  the  
p a ra m e te r s  used in  th e  c lassif ica t ion  system o f  
surfaces  (d ue  to  P ek len ik )  w i th  th e  p a ra m e te r s  
d irec tly  useful in the  fu n c t io n a l  assessm en t (d u e  to  
G re e n w o o d  a n d  W il l iam son).  T h e  second p o in t  is 
t h a t  they  ana lyse  the  v a r ia t io n s  in p a ra m e te r  
va lues  t h a t  can  arise  w h e n  u s in g  d ig i ta l  techniques .

A f te r  p ro p o s in g  ju s t  tw o  v a lues  to  com ple te ly  
rep resen t  a r a n d o m  w a v e fo rm ,  the  r.m.s. v a lue  o r  
av e ia g e  (7±) va lue  the  c o r r e la t io n  length  they  
d erive  express ions  fo r  the  d is t r ib u t io n  o f  p e a k  
values, c u rv a tu re  a t  p e a k s  a n d  the p las tic ity  
i n d e x [ l l ]  u s ing  on ly  these  tw o  geo m etr ic  p a r a ­
m eters .  T h ey  show , fo r  the  rep resen ta t iv e  case  o f  
surfaces h av in g  a G au cs ian  orHinaU' he igh t  
d is t r ib u t io n  a n d  a n  e x p o n e n t ia l  a u to c o r re la t io n  
fu n c t io n ,  t h a t  th e  p eak  d is t r ib u t io n  becom es m o r e  
G a u ss ia n  w ith  h e ig h t  an d  th a t  th e  p eak  c u rv a tu re s  
a p p ro x im a te  to  a R ay le igh  d is tr ib u t io n .  A lso  
they  sh o w  how , w hen  us ing  d ig ita l techn iqu es ,  
large d if iercnces in p a ra rn e  e r  va lues  can  resu lt  
d ep e n d in g  o n  th e  sam p l in g  in te rv a l  used, an d  
f rom  this  dec ide  on l im its  for th is  in te rva l w h ic h ,  
in tu rn ,  leads to  a w ay  o f  d e te rm in in g  the  b ro a d  
s t ru c tu re  in the  surface.

C o r re la t io n  leng th  con ce p ts  h ave  also been  used  
by B eck m an  an d  Spizzichino[59].  In a d d i t io n ,  
p u re ly  spec tra l  m e th o d s  o f  c lassif ication in su rface  
finish h ave  b .e n  used  by Bcr a n d  Braun[110] a n d  
D u n in  B a rk o vsky [ l  11], w ho  m e n t io n s  cases w h ere  
it h a s  been  usei'ul fun c t io na l ly ,  a l th o u g h  these  
ex am ples  a rc  no t  p ro p e r ly  expla ined .

T u rn in g  no w  to  o th e r  m e th o d s  o f  typology ,  on e  
im p o r ta n t  a t t e m p t  w as m a d e  by M ycrs[110] w lio  
r e c o m m e n d e d  ihe use o f  the  r .m .s.  values o f  n o t  
ju s t  the  profile itself b u t  the  r .m .s .  values o f  the  
profile s lope  and  second deriva tive ,  tog e th e r  w i th  a  
d irec t ion a l  p a ra m e te r .

O th e r  in ves t ig a to rs  have  p ro p o s e d  the  use o f
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e i the r  one  o r  m o re  o f  the  deriv a t iv e  p a ra m e te r s .  
P ek lc n ik [ l  13] c o n s id e red  the  v a lue  o f  the  s t a n d a rd  
dev ia t io n  o f  th e  s lope  as a conven ien t  e s t im a te  o f  
th e  a u to c o r re la t io n  fu n c t io n ,  the  fu n c t io n  itself 
be ing  co.Tly to  ev a lu a te  d irec tly  because  o f  the  
com plex ity  and  cost o f  co rre la t io n  eq u ip m e n t  a n d  
the  leng th  o f  t im e necessary  to  p ro d u c e  the  
c o r rc lo g ram . H o w ev er ,  th is  is b eco m in g  less o f  a 
res tr ic t ion  th a n  prev iously  because  o f  the  a d v en t  
o f  fas t  F o u r ie r  t r a n s fo rm  tec h n iqu es  w hich can  
co n s id e rab ly  speed up  o p e ra t io n  a n d  accu racy [ l  14]. 
T h e  significance o f  the  s t a n d a rd  d ev ia t io n  o f  s lope  
ra th e r  th a n  the  ave rag e  v a lue  o f  slope, is t h a t  
th e  s lope  v a r iance  is eq u a l  to  the  cu rv a tu re  o f  th e  
a u to c o r re la t io n  func t ion  at the  origin. Pek len ik  
th e n  suggested  th a t  the  m e a s u re m e n t  o f  level- 
c ross ing  p ro b ab i l i ty  is a useful p rac t ica l  way o f  
d e te rm in in g  th e  s lope  s t a n d a rd  d ev ia t ion ,  th u s  
co m p le t in g  the  link  b ack  to  the  c o r r e la t io n  fu n c ­
t ion .  A  v a r ia t io n  o n  th is  level-crossing te ch n iq u e  is 
to  m e asu re  the  av e rage  p e a k  th ickness  a t  any  
level. T h e  use o f  the  d is t r ib u t io n  o f  s lope  h a s  been 
re p o r te d  by K ubo[115],  N a ra [1 16 ]  an d  o thers .  
N a r a [ i l 6 ]  suggested th a t  th e  va lue  a n d  the  
m e a n  s lope value  could  be used fo r  specify ing a 
surface  o n  a tw o -d im en s io n a l  g ra p h .  U s in g  th is  
in fo rm a t io n  he th e n  rep resen ted  the  surface  by an  
assem bly  o f  cones  o f  h a l f  ang le  given by the  
ave rage  slope. T h is  he fo u n d  useful in specify ing 
elec trical resistance. U s in g  th is  m od e l  he  w as  ab le  
to  m a k e  es t im ates  o f  b o th  th e  co r re la t io n  leng th  
an d  th e  h igh  sp o t  density .

T o  get to  a  very  im p o r t a n t  p rac t ica l  p o in t  
con ce rned  w ith  m ost o f  these d is c r im in a t in g  p a r a ­
m ete rs  like s lope o r  c u rv a tu re  m ea s u re m e n t  a n d  
levcl-crossings m ea su rem en t ,  they  tend  by the i r  
very n a tu r e  to  reduce  the  e le c t iv e  s ignal- to -no ise  
ra t io ,  i.e. e x t ran eo u s  sh o r t  w av e len g th  noise tends  
to  get amplif ied  relative to  the  required  s ignal— a 
n a tu ra l  con seq u e n c e  o f  this be ing  th a t  the  va lue  
o b ta in e d  for  the  p a ra m e te r  c a n  be d o m in a te d  by 
the  noise .  O ne  way ou t o f  th is  p ro b le m  is to  
in t ro d u ce  a sh o r t  w ave leng th  filter to  cu t  o u t  this 
noise. H o w ever ,  it is o f  lim ited  va lue  to  a p p ly  an  
a rb i t r a ry  cu t  to  the  sp ec trum  an d  it is bes t  to  
try  as nearly  as poss ib le  to  re la te  the  pos i t io n  o f  the  
sh o r t  w ave len g th  filter cu t -o l f  to  the sp ec tru m  o f  
the  su rface  in such a w ay  th a t  w h a t  is left will be 
func t io na l ly  significant as far  as can  be a scer ta ined ,  
and  n o t  ju s t  the result o f  an  in s t ru m e n ta l  c o n ­
venience. Sp ragg  and  \V h iteh ou se [ l  17] h ave  no t 
only  d o n e  this by referring  to  so m e  o f  the th eo ry  
deve loped  in[109], bu t  they have  p ro p o sed  a unif ied 
system o f  surface  m e tro log y  based on  a typo logy  
th a t  inc ludes  the  well accep ted  /v„ ,  to g e th e r  with 
a p a ra m e te r  they have  called the average  w ave­
length  an d  a  skew index based  on p eak  values.

T h e  average  w ave len g th  as they define it  is based 
o n  a secon d  m o m e n t  e s t im a te  o f  th e  p o w e r  spectra l 
den s i ty  fu n c t io n  a n d  is a significant m easu re  fo r  
b o th  r a n d o m  an d  de te rm in is t ic  signals. T h u s ,  this 
p a r a m e te r  often reveals the  va lue  o f  the  too l  m a rk  
spac ing  fo r  the  large class o f  surfaces com ing  
a p p ro x im a te ly  u n d e r  P e k len ik ’s G r o u p  3— (second- 
o rd e r  r a n d o m  surfaces like mill ing , tu rn in g ,  etc.) 
even w hen  th e  p e r iod ic  c o m p o n e n t  is n o t  visible. 
F o r tu n a te ly  th is  average  w avelength  p a ra m e te r  can  
be o b ta in e d  in s trum cn ta l ly  w i th o u t  to o  m uch  
difficulty. A n o th e r  fe a tu re  o f  th is  sys tem  is th a t  it 
can  be app lied  equally  to  ro u n d n e s s  an d  waviness , 
etc.,  which  m ak es  it su i tab le  fo r  a n  overall  surface 
geo m e try  typo logy .  Final ly ,  th e  unified system 
ha s  the ad v a n ta g e  o f  be ing  able  to  in d ica te  w h e th e r  
a R„ va lue  th a t  h a s  been  o b ta in e d  is based on  a 
su i tab le  m e te r  cut-off.

All th e  in e th o d s  so fa r  h ave  dea l t  w i th  the  
ty p o lo g y  o f  surfaces tw o-d im en s io n a l ly  w hich  
m ea n s  th a t  th e  assessm en t is usual ly  tak en  across  
th e  lay w here  th e  b a n d w id th  is g rea tes t  an d  
requ ires  the  least d is tance  o f  trav e rse  to  get a 
re liable  answ er.  O bv io us ly  i f  only  o n e  t r a ck  is to  be 
tak en  then  th is  is sens ib le— as it m u s t  also be for  
i so t ro p ic  surfaces, bu t  th e re  are  occas ions  w hen  a 
fuller d escr ip t ion  is necessary . This  requ ires  
typ o log y  in th ree -d im ens io ns  a n d  n o t  on ly  in two. 
In  the field o f  th ree -d im en s io n a l  to p o g ra p h ic  
analys is  m u ch  w o rk  has been  do n e ,  in p a r t ic u la r  
by L o n g u e t-H ig g in s [ l  18] in o c ean o g rap h y .  A n o th e r  
field w here  th ree -d im en s io na l  analys is  is im p o r ta n t  
is in g eo g rap h y  [119] and  m app in g .

M c A d a m s  ct u/.[120] have  app lied  h y psom etr ic  
(a rca -a l t i tu de )  anal>sis to  r a n d o m  surfaces such as 
ab ras ive  surfaces. H e b re a k s  d o w n  a reas  o f  the  
surface  in to  l inear  co m b in a t io n s  o f  basis  fu n c t io n s ;  
each fu nc t ion  ha v in g  a  s im ple geom etr ica l  shape , 
i t  is c la im ed  th a t  b re a k in g  d o w n  the  surface  in to  
these fo rm s  of e lem en ta l  shapes  enab les  a m o re  
d irec t  tie u p  w ith  ab ras ive  p art ic le  geom etry  to  
be m a d e  th a n  can  result f ro m  c o r r e la t io n  te c h ­
niques.

A s  in th e  tw o -d im e n s io n a l  case, P ek len ik  an d  
K u b o  have  been p ro m in e n t  in the th ree -d im en s ion a l  
co n s id e ra t io n s  also. T hey  proj^osc for the  three- 
d im en s ion a l  assessm ent o f  a surface  two m e th o d s :  
(a) use o f  c ross -co rrc la t io n  techn iques  for  para l le l  
t rac ings  a lo n g  the surface  and  (b) p lo ts  o f  c o r re la ­
t ion  lengths on a p o la r  d ia g ra m  for rad ia l  trac ings .  
In the para l le l  t rac in g  m ctho d [1 21 ]  in fo rm a t io n  
a b o u t  the pers is tence o f  w av efo rm  is o b ta in ed  by 
m e asu r in g  th e  m a x im u m  value  o f  the  c ro ss ­
co rre la t io n  o f  se pa ra ted  traces,  w hereas  in the  radia l 
m e t h o d [122] w hich  is m o re  su i tab le  fo r  w eakly  
d irec t ion a l  surfaces,  the degree o f  iso tro py  c an  be 
ind ica ted  on  a p o la r  p lo t  o f  the  co rre la t io n  lengths.
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Both pa p e rs  b r ing  to  n o t ice  a very  im p o r t a n t  
a spec t  o f  surface  m e tro lo gy ,  nam ely  the  co m p le te  
th ree -d im en s io na l  c lassif ication  o f  surfaces. H o w ­
ever, as yet, the  a m o u n t  o f  e /fo rt  requ ired  to  ob ta in  
this so r t  o f  in fo rm a t io n  is large, an d  m o re  w o rk  is 
r e q u i re d  in th is  held before p rac t ica l  m e th o d s  are  
likely to  be evolved.

A n o th e r ,  o r  ad d i t io n a l  m e th o d  fo r  to p o g ra p h ic  
c o n t ro l  w o u ld  be s im ila r  in clfect to  the  use o f  a 
v isual A tlas ,  as is used  in m eta l lu rg y  a n d  w as 
suggested  for surface  typology by the  late P ro fesso r  
Bickel, the eye be ing  used to  c o m p a re  p ic tu res  an d  
profile g ra p h s  o f  a  reference su rface  w ith  the  
surface  to  be classif ied. T h is  m e th o d  ha s  the  
a d v a n ta g e  th a t  the  p a r t ic u la r  geom etr ica l  fea tures  
o f  the  surface  th a t  m a k e  it accep tab le  d o  no t 
h ave  to  be k n o w n  explicitly.

3. CONCLUSIONS

A  few final p o in ts  a b o u t  this typo logy ,  b o th  
m a te r ia l  and  to p o g ra p h ic ,  m u s t  be m ade .

(1) E v e ry th in g  t h a t  has  been sa id  refers to  the 
su r face  as m ad e .  W h a t  is really  needed is so m e ­
th in g  p red ic tive  in n a tu re  giv ing in fo rm a t io n  ab o u t  
the  final surface  w hich  will no t  cxixt u n t i l  a f ter  
the  surface  has  been  p u t  to  use. O s tv ik  an d  
C h r is te n s e n [123] sh ow  ho w  qu ick ly  a  surface

ch anges  with runn in g - in .  S trictly  sp eak ing  a n y  
typo logy  should  be a im ed  a t  an  assessm en t o f  these 
ru n - in  surfaces an d  no t o f  the v irg in  surface.

(2) Ju d g in g  f ro m  the fo rego ing  review, i t  is 
d o u b tfu l  if there  can  be an  effective typology  t h a t  
does  no t  tak e  bo th  m a te r ia l  a n d  to p o g ra p h ic  
aspects  in to  accoun t .

(3) T h e  use o f  the  m a n u f a c tu r in g  process as a 
basis o f  typo logy  w ill only  be really  effective if the 
specification  is m a d e  in som e deta i l .  O therw ise  
abusive  m a n u fa c tu re  cou ld  m a k e  fu n c t io n a l  co n t ro l  
difficult.

(4) W aviness  shou ld  n o t  be neglec ted in g eo ­
m etr ic  ty po logy  because  the  fu n c t io n a l  b e h a v io u r  
o f  m a t in g  surfaces d e p e n d s  largely on the ex ten t  
o f  co n tac t  w hich, in tu rn ,  dep en d s  on the w aviness .

(5) N o  sys tem o f  ty po log y  is likely to  find its 
w ay  in to  in d u s t ry  unless it c a n  be reduced  to  te rm s  
cap a b le  o f  be ing  u n d e rs to o d  in the w o rk sh o p ,  a n d  
leads to  d e m o n s tra b le  c o m m e rc ia l  benefits sufficient 
to  ju s t i fy  its cost o f  o p e ra t io n .  It is poss ib le  th a t  th is  
re q u i rem en t  will im pose  fewer res tr ic tions w h e n  the  
system is associa ted  w ith  fully a d a p t iv e  contro l .

F r o m  w h a t  has been said it is c lea r  th a t  m o re  w o rk  
needs to  be d o n e  before  an  effective typo logy  ca n  be 
fo rm u la ted .  T h is  p a p e r  has  tr ied to  show  the  ex ten t  
o f  the p ro b le m  an d  ind ica te  som e o f  the  lines a lo n g  
w hich  w o rk  on  ty po logy  is n o w  be ing  pursued .
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In what follows some details will be given of the computer 

programs that have been used in the work described in this thesis.

All of the programs have been written by the author; programs 

CUPE, PECU, REST and GRIN especially for this thesis, and programs 

PROF and ROLL modified to take into account work carried out in 

this thesis. All these modifications have also been written by 

the author.

The programs will be limited simply to a flow chart and a short 

description including input variables, and they will be presented 

in an abbreviated form for clarity.

It is hoped that these lists of input variables, the short 

description, and the flow charts will give some idea of what these 

programs do. It obviously is not sufficient to allow a complete 

understanding but in view of the great length of many of them, which 

makes it impractical to include them all complete, it is felt that 

enough has been included to allow the references made to them in 

the thesis to be intelligble.

Program PROF

This program computes the basic statistical parameters of the 

profile. Basically in operation the profile itself can be processed, 

prior to statistical evaluation, by means of both high and low cut 

filters or simple DC removal. After filtering the following 

statistical parameters can be measured:
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1. Ordinate height distribution with moments.

2. Peak and valley distributions with average

peak and valley separations and average spacings.

3. Slope distribution with moments, either smoothed 

or not.

4. Average wavelength.

5. Autocorrelation function.

6. Structure function.

7. Power spectrum.

A number of options are open in deciding the particular 

computing path taken through the program. These will become 

apparent when the input variables are discussed. Subroutines 

READS and CHECKS are used to read In and check control variables 

and surface data; flow charts are provided for these. Subroutine 

SKETCH is used for plotting results.

To enable a condensation of the number of input variables 

needed the program automatieally scales the plotted curve to fit 

best the available space. Also, in the mode of operation where 

both the profile and modified profile can be outputed they are 

made to share the plot array. Hence they are displayed alongside 

each other, which enables a direct comparison of shapes to be 

made.
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For convenience all the input variables are coded; the code 

number preceding the variable on the card. The list of variables 

is given overleaf.



INPUT VARIABLES (typical numerical values in brackets)

(a) Real numbers

246

Code Variable Assumed Value 
if Omitted

9

10

Traverse length of profile measured 
in units of the filter cut-off 
(TRAV). (5.0)

Filter cut-off in mm (0.8) ))
Filter cut-off in inches (0.03) )

Profile ordinate psacing in 
micrometres (PROFSP).(2.5)

Profile ordinate spacing in 
inches (PROFSP). (.0001)

Amount of data to be ignored at end 
of traverse to allow synchronism 
with meter (IGNORE). (0.0)

Maximum autocorrelation lag in 
terms of the cut-off of the low 
cut filter (DELMAX) (0.05)

Slope of phase-corrected 
filter (B)

Bandwidth ratio (BW) (100)

Vertical magnification (\̂ MAG)
(10 000)

Must be present

If not present then 
bandwidth ratio must 
be made to the 
smoothing filter cut­
off; then only 
smoothing filter used,

One must be present

Assumed value zero

VALUE = 0.1 (TRAV - 
weighting function 
length).

VALUE = 0.333

No top cut filter used 

Must be present
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(b) Integer numbers

Code Variable
Assumed Value 
if Omitted

11. Number of weighting function 
ordinates per cut-off (C) (50)

VALUE = 100

12. Type of filter to be used (JOHN) 

1. DC level removed

2. Standard 2 CR filter VALUE = 2

3. Phase-corrected filter

14. Length of weighting function in 
terms of ordinates (L) (100) VALUE = 2XC

15. Number of lag positions per cut­
off in.correlation function (IDD)

(150)

No correlation 
function, structure 
function or power 
spectrum

16. Determines the ratio of ordinates 
read to ordinates actually used 
(ISTEP) (1)

V/JLUE = 1

17. The surface number on magnetic 
tape.

The order of these variables must be real then integer and 

finally magnetic tape name. The order within these groups is not 

important providing that the vertical magnification is the last 

one in the real group and the surface number the last of the integer 

group.

How the ISTEP facility is used depends on the variable LIK 

which is obtained from a coding of the last two figures on the 

vertical magnification card, for example if VMAG is 10000.02 then
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VMAG is taken as 10000 and LIK as 2.

For LIK equal to unity then the program reads only one in 

ISTEP ordinates.

For LIK equal to two then the program smoothes all the 

profile data over ISTEP ordinates.

For LIK equal to three the program replaces every ISTEP 

ordinate by their average and reads just the average values in.

Another facility called ITEST is also included which is not 

relevant to the normal use. In normal mode up to ten surfaces can 

be computed for one run. This enables the card reader to be 

released for other users in the meantime. If less are to be run 

then the control variables for the last surface should be followed 

by a card containing an integer zero followed by at least one 

space then 0.0.

This and the other programs are written in ICL FORTRAN IV.

The approximate run time for a surface is about ten minutes. The 

core requirement is for about 26 000 locations of

immediate access store and magnetic tape transports containing the 

surface profile data.

To print as plotted lines the mean line and modified profile 

complete then activating switch 2 is necessary. This is simply 

achieved by instructing the operator to type ON PROF 2. 

Activating switch 1 has the effect of simply bypassing the 

autocorrelation function, structure function and power spectrum.
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Program PECU

This program computes the numerical solutions of the 

equations derived in Chapter 4 for peak height distributions, peak 

curvature at different heights and the various moments of the 

distributions. The output is printed on the line printer in a 

crude plot form. Obviously, because of the symmetry of the random 

waveforms, valleys can be evaluated from the same output.

It is possible to get solutions to the equations for a wide 

range of value of correlation.

The relevant input variables with typical values in brackets

are :

EXTR (3.5) The extreme height value to be used.

STEP (0.5) The increment in height values.

RATIO (30.0) Tne ratio of the correlation length to
that of the standard deviation.

ROL (0.9) The last correlation value to be considered.

RING (0.1) The increment of correlation.

ROS (0.1) The first correlation value.

ROLV 25 The value of the autocorrelation assumed
for independence.

NOCURV 5 The number of increments required in the
curvature distribution.

SIZE 1, 2, 5 (5) Scaling factors for the plot routine.

This program takes a few minutes to run and is 4914 store 

locations in size.
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Program. CUPE

This program measures the peak height distribution and peak 

curvature distributions as a function of height using three-point 

analysis for practical surfaces. It, therefore, uses the magnetic 

tape library of surface profiles.

In operation, first the data, picked up from magnetic tape, 

is processed, that is any irrelevant low frequency characteristics 

are removed by means of the phase-corrected filter. Second the 

amplitude distribution and bearing ratio are computed. This gives 

the RMS value which is used as a unit. After this the required 

peak height (or valley) distributions and curvatures are evaluated 

as indicated on the flow chart. One feature of the output, which 

is again in the crude plot form, is that it is made to be exactly 

similar in format to PECU so that an immediate comparison between 

theoretical and practical results could be made at a glance, even 

to comparing the shape of the distributions.

Input variables with typical values in brackets

TRAV (5.0) Assessment length in filter cut-off
values.

END (0.0) Length of surface to be ignored at
the end.

SIZE 1,2,3,4,5 Scaling factors for the plot routine.
Typical values taken in order are 
100.0, 0.5, 300.0, 200.0, 200.0.

SPACE (40.0) Ordinate spacing in micro-inches.

VMAG (10000.0) Vertical magnification.
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ROL (600) Distance of independence in
micro-inches.

ROLV (0.10) Correlation value taken as independence.

CURW (2.5) Maximum likely value of curvature
measured in terms of the standard 
deviation of the surface.

RFRAC (0.5) Increment of height in terms of the
standard deviation of the surface.

VALUE (20.0) RMS value in micro-inches for the
non-filtered case.

C (50.0) Number of weighting factors in one
cut-off length of the filter.

JOHN (1) Equals unity then weighting function
printed; if equal to two then not printed,

JIM (1) If equal to unity filters the profile
and gives amplitude distribution.

NOCURV (25.0) The number of points required in the
curvature distribution.

ICC (150) The number of profile ordinates in the
cut-off of the filter.

L (100) The length of the weighting function in
ordinate spacings.

ISKIP (1) The number of ordinates missed out on
either side of the central ordinate.

ISTEP (1) The number of points taken as the central
ordinate compared with the total number 
of profile ordinates available.

The program takes about ten minutes to execute and uses 

23,329 store locations. The maximum number of ordinates to be 

evaluated at one run is four thousand five hundred.
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Program REST

The numerical solution of the equations developed in 

Section 5.2.2 are evaluated in program REST. In it a circular 

body is imagined to be run across a random surface. The program 

compares the probability density of the locus of the envelope 

movement with the amplitude probability density of the profile 

itself. Both curves are plotted on the same scale and on the same 

axis to enable an immediate comparison to be made. In addition to 

the curves the mean value and RMS values of the distributions are 

found. One other feature of the output routine is that the graphs 

are automatically scaled to best fit the available space.

Input variables.

RAD The radius of the circular part in terms of the
distance of independence of the random surface.

KÂTiÜ The ratio of the independence distance to
the RMS value.

STEP The increment of height to be considered in
the distribution.

This program takes a few minutes to run and requires 4,544 

store locations.
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Program ROLL

As with PECU and CUPE, ROLL is the practical equivalent-of 

the program REST in which analytic formulae are evaluated. In 

ROLL the ordinates are read in block at a time and a circle 

(modified to an ellipse because of the magnification distortion) 

is positioned with its centre above each ordinate in turn. The 

point of contact of the circle with the profile is then found for 

each position according to equation 3-38. Having found this the 

envelope position can be easily deduced. This process is carried 

out over three thousand ordinates. The area enclosed between the 

envelope and the profile is worked out at the same time as the 

relative frequency of the profile height and envelope height.

This is done in Subroutine ENVEL which also plots out the profile 

and envelope. From the area the R^ value (or average depth of 

profile from the envelope is worked out and also the maximum 

departure R̂ . Then the envelope is dropped by a value of R^ and 

the R^ (or average departure from the envelope and profile worked 

out. Finally the distributions of the envelope and profile are 

plotted together with their moments.

Input variables.

J (500) The number of ordinates in a block

LEND (0.0) The number of ordinates left at the end
of the traverse to enable a direct tie 
up between this and the other methods 
of assessment.
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ITRAV (2000)

H

V

R

INO

(2.0)
CWFACT (0.25)

PROFSP (.0001) 

lOPT (3)

(1)

The number of profile ordinates to 
be assessed.

(100.0) Horizontal magnification.

(5000.0) Vertical magnification. 

Radius of circle in inches.

Factor in inches of chart width used 
to estimate extent of ellipse to be used

Profile ordinate spacing in inches.

Determines mode of output

VALUE = 1 Ellipse ordinates printed 
together with result.

= 2 Envelope and profile printed 
together with results.

= 3 All results outputed.

= 4 Only final results outputed.

For INO = n then every n^^ point on the 
envelope and profile plotted.

This program takes about 15 minutes to run normally and uses 

a store of 20,000 locations.
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Program GRIN

This program simulates a random machining process. It first 

generates a random number of eight figures which is broken down to 

give (a) the position where the "grit" hits the surface, (b) the 

depth to which it penetrates, and (c) the width of the grit.

It is possible to use the program in a number of modes 

ranging from the use of square grit to that of triangular shapes 

of various kinds. The probability distribution of the grit heights 

is arbitrary and and is set by means of an input card. Also the 

size of the grit can be fixed or variable. In one important mode 

the amount of ploughing produced by the grit (and hence something 

akin to the hardness of the material) can be simulated.

After a period of "machining" there is a facility in this 

program for the statistics of the generated profile to be measured 

after which the machining is continued. The statistical parameters 

that are measured are the profile height distribution with moments, 

the autocorrelation function and tlie power spectrum. After each 

such measurement the resultant profile and statistical parameters 

are listed using the plot routine used extensively in all these 

programs.

Switch facilities

Switch 0 When on a fixed width of square grit
is used (Switch 4 has to be on also).

Switch 1 When on a print out of the surface
profile is given. This switch controls 
variable JIM.
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Switch 2

Switch 3

Switch 4

Switch 5

Switch 6

Switch 7

When on a new random number primer 
will be read. This switch controls 
the variable JAMES.

When on a new origin for the grit 
height distribution is requested. This 
shift is called DROP in the program and 
is controlled by the variable JED.

When on a rectangular (or square) grit 
is used. The variable is JEF.

(Then on a triangular grit of 45° angle 
is used. The variable used is FIXANG.

When on the one side of the triangular 
grit is suppressed. The variable is ONEAEG,

When on the variable HARD is read in.
This gives the percentage of metal removed 
that has to be displaced. The variable 
used is JEN.

Input variables via the card reader.

IT (5)

ANR (0.1672401) 

IBLO (20 values)

Only used when switches 0 and 4 on. This 
determines the half width of the fixed 
rectangular grit.

The primer for the random number 
generator.

This is a card containing twenty numbers 
describing a distribution of grit heights 
This is only brought in if ANR is made 
negative, otherwise a uniform height
distribution is assumed.

ICHECK (1500) The number of operations before 
statistics are examined.

the

I TOT (3) The number of runs

LIMIT (20) Tangent of the maximum angle of the grit.

JOHN (2) If equal to 1 a continuous take away of
material from no fixed base line is 
assumed. If equal to 2 then the drop 
facility can be used.
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BOTANG (0.0)

HARD

DROP

(4.0)

Only read when switches 4 and 5 are 
off. It is the tangent of the lowest 
angle of grit.

Only read when switch 7 is oii. It gives 
the amount of ploughing i.e. for 50% 
ploughing HARD = 2.0.

(5.0) Only read in when switch 3 is ON.

The program takes about five minutes to make one run and 

uses 16094 store locations. The author gratefully acknowledges 

the assistance of Mr. G. Burger in tidying up the ploughing 

routine.
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lu  recent work it  has been shewn th a t  m any types of surfaces used in engineering practice 
have a random structure,  'j'iio ])aper takes, as a roiiresentation of the profile of such a  surface, 
the waveform of a random  signal ; this is comj)leteiy defined by two parameters,  a  height 
distribution aiid an  au to  correlation function. I t  is shown how such a, reju'osentation can be 
transformed into a modi i, appropi'iate for the study  of surface contact,  consisting of an  a rray  
of asperities ha\' ing a sta tist ical distribution of both  heights and  curvatures. This theory  is 
compared with the results of an  analysis of  surface profiles presented in digital fo rm . The 
significance of these findings for the theory  of surface contact  and for the measurement and 
characterixation of surface finish is discussed.

1. J X T y t O E U C T J O N

All s u r f a c e s  a r e  r o u g h .  T h i s  is t h e  s t a r t i u g - p o i n t  f r o m  w h ic h  c u r r e n t  i d e a s  a h o u t  
f r i c t i o n ,  'wear, a n d  o t h e r  a s p e c t s  o f  s u r f a c e s  in  c o n t a c t  h a v e  e v o lv e d .  B e c a u s e  
s u r f a c e s  a r e  r o u g h  t h e  t r u e  a r e a  o f  c o n t a c t ,  w h ic h  is  m u c h  s m a l l e r  t h a n  t h e  
u j t p a r e n t  a r e a  in  c o n ta c t  , m u s t  s u p p o r t  p r e s s u r e s  so l a r g e  t h a t  t l i c y  a r e  c o m p a r a h l e  
v i t h  t h e  s t r e n g t h s  o f  t h e  m a t e r i a l s  o f  t h e  c o n t a c t i n g  b o d ie s .  I n  t h e i r  e a r l i e r  w o r k  
B o w d e n  & T a b o r  s u g g e s t e d  t h a t  t l i e s e  c o n t a c t  ] i r e s s u re s  a r e  e q u a l  t o  t h e
h o w  ] i r e s s u re  o f  t h e  s o f t e r  o f  t h e  tw o  c o n t a c t i n g  m a t e r i a l s  a n d  t h e  n o r m a l  l o a d  is  
t h e n  s u j j p o r l e d  h y  p l a s t i c  h o w  o f  i t s  as] «critics.  T h e  t r u e  a r e a  o f  c o n t a c t .  A ,  is  t h e n  
p r o ] io r t io n a l  t o  t l i e  l o a d ,  I f ;  t h u s  i t  w a s  p o s s ib le  t o  p r o v i d e  a s im j i le  a n d  e l e g a n t  
e x p l a n a t i o n  o f  A m o n t o n s ’s la w s  o f  f r ic t io n .  H o w e v e r ,  i f  t h e  a s p e r i t i e s  a r e  p l a s t i c a l l y  
d e f o r m e d  t h e  d e t a i l s  o f  t h e  s u r f a c e  f in ish  s e e m  r e l a t i v e l y  u n i n p i o r t a n t  s in c e  t h e  
t o t a l  a r e a  o f  c o n t a c t  a n d  t h e  c o n t a c t  p r e s s u r e  d o  n o t  d e p e n d  u p o n  s u r f a c e  
to ] )O g rap h y .

M o re  r e c e n t l y  i t  h a s  b e e n  r e c o g n i z e d  t h a t  s u r f a c e  c o n t a c t  m u s t  o f t e n  in v o l v e  a n  
a] i j ')reciable  j i r o p o r t io n  o f  a s j i e r i t y  c o n t a c t s  a t  w h ic h  t h e  d e f o r m a t i o n  is e n t i r e l y  
c la s t i c .  .It h a s  l ieen  s h o w n  t h a t ,  u n d e r  c o n d i t i o n s  o f  m u l t i p l e  c o n t a c t s ,  e v e n  i f  t h e  
d e f o r m a t i o n  v e r e  e n t i r e l y  e la s t i c ,  t h e  t r u e  a r e a  o f  c o n t a c t ,  A ,  c a n  i n c r e a s e  a l m o s t  
] ) ro ] io r t io n a l ly  v  i th  t h e  lo a d ,  Ih  ( A r c h a r d  1 9 5 7 ; G r e e n w o o d  & W i l l i a m s o n  1 9 6 6 ); 
t h u s  a  s a t i s f a c t o r y  e x p l a n a t i o n  o f  A m o n t o n s ’s la w s  o f  f r i c t i o n  is n o t  d e p e n d e n t  
u p o n  t h e  a s s u m p t i o n  o f  ] h a s t i c  d e f o r m a t i o n .  I t  t h e r e f o r e  b e c o m e s  m o r e  i m p o r t a n t

7 [ 9 7 ]  Vol. 316. A.
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t u  u n d e r s t a n d ,  in  s o m e  d e t a i l ,  t h e  ro le  w h ic h  s u r f a c e  t o p o g r a p h y  p l a y s  i n  t h e  
co n t  a c t  o f  s u r f a c e s .  F o r  c x a u p d e ,  i t  is  c l e a r  t l i a t  s u r f a c e  f in i sh  w ill  ] ) lay  a  la rg e  
]>art i n  d e t e r u h i i i n g  t h e  p r o p o r t i o n s  o f  e la s t i c  a n d  p l a s t i c  d e f o r m a t i o n  w hi(d i  will  
o c c u r  u n d e r  a n y  g iv e n  s e t  o f  c o n d i t io n s .

K n o w l e d g e  o f  t h e  t o p o g r a p h y  o f  s u r f a c e s  h a s  l )cen d e r i v e d  f r o m  t h e  u se  o f  m a n y  
te c h n ic ju e s  o f  s u r f a c e  e x a m i n a t i o n .  H o w e v e r ,  in  c o n s id e r in g  t h e  c o n t a c t  o f  
n o m i n a l l y  H a t  su r f a c e s ,  t h e  m o s t  r e l e v a n t  i n f o r m a t i o n  h a s  c o m e  f r o m  t h e  u se  o f  
p ro f i le  m e t e r s  in  w h ic h  a  l i g h t l y  l o a d e d  s t y l u s  is  m o v e d  aci os.s t h e  s u r f a c e .  I n  t h e  
p a s t  i t  h a s  s o m e t i m e s  b e e n  a s s u m e d  t h a t  t h e  o n l y  s ig n i f i c a n t  i n f o r m a t i o n  t h u s  
o b t a i n e d  c o u ld  h e  e x p r e s s e d  a s  t h e  r .m . s .  o r  c e n t r e  l in e  a v e r a g e  (e . l .a .)  v a l u e  o f  t h e  
])rofilc. H o w e v e r ,  in  m o r e  r e c e n t  y e a r s  t h e  o u t p u t s  o f  p ro f i le  m e t e r s  h a v e  b e e n  
a n a l y s e d  in  g r e a t e r  d e t a i l  b y  b o t h  a n a l o g u e  a n d  d ig i t a l  t e c h n i q u e s .  I n  t l i e  f ie ld  o f  
p r o d u c t i o n  e n g in e e r in g  t h i s  i n f o r m a l i u n  h a s  b e e n  p r e s e n t e d  in  m a n y  d i f f e r e n t  w a y s ;  
h e i g h t  d i s t r i b u t i o n s ,  s lo p e  d i s t r i b u t i o n s ,  jx n v e r  s p e c t r a l  d e n s i t y  c u r v e s ,  a n d  a i i to -  
eo rj -e la t ion  f u n c t i o n s  a r e  b u t  a  f e w  o f  t h e  c h a r a c t e i ' i s t i e s  w h ic h  h a v e  b e e n  disjDlayed 
( F e k l e n ik  1967 - 8 ).

F ic u i iK  1. Modcl.T o f  .-jarfdco.s coT.Uiining a.>periiie> o f  (liffoiiag s e a l ' s  of-si/.o. W lien  ih o  ck'foi'- 
i jiaiioii is clastic- th e  i-elatioii.^lhps b e tw e e n  tlie  a rea  o f  c o n ta c t  (J.) a n d  t l ie  load  (11') a rc  
as  follows: (a) . - i x U ’ii', (b) d  x  l l 'H  ; (c) * d x T I 'H .

O n  t h e  o t h e r  h a n d ,  t h o s e  c o n c e r n e d  w i t h  t h e  j i r o ld c m s  o f  s u r f a c e  c o n t a c t  h a v e  
u s e d  m o d e l s  o f  s u r f a c e s  b a s e d  u p o n  m a n y  d i f f e r e n t  a s s u m p t i o n s  a b o u t  t h e  n a t  u re  
o f  s u r f a c e  to])Ogr;i]>h,y. fi 'lnis A r c h a r d  ( 1957 ) p a i s tu l a te d  a  sc r ie s  o f  m o d e l s  (f igu re  1 ) 
w h ic h  w e re  u se d  to  p r o v i d e  t h e  f i r s t  e x j i la n a f  ion  o f  A m o n t o n s ’s l a w s  o f  f r ic t io n  
f o r  e l a s t i c  d e f h r t n a t i o n  o f  a s p e r i t i e s .  A l t h o u g h  i t  w a s  a d m i t t e d  t h a t  t h e s e  m o d e l s  
w e r e  a r t i f i c ia l ,  t h e y  c o n ta i n  a n  i m p o r t a n t  f e a t u r e  t o  w h ic h  w e  s h a l l  r e v e r t  l a t e r ;  
t h i s  is  t h e  a s s u m j i t i o n  t h a t  t h e r e  e x i s t s  iq io n  t h e  s u r f a c e s  s u p e r | i o s e d  a s p e r i t i e s  o f  
w id e ly  d i f f e r in g  sca le s  o f  size.

I t  is, o f  c o iu ’se, i m p o r t a n t  t h a t  t h e  m o d e l s  u se d  in t h e o r i e s  o f  s u r f a c e  c o n t a c t  
b e  m o r e  c lo se ly  b a s e d  iq x in  k n o w le d g e  g a i n e d  f r o m  t h e  e x a m i n a t i o n  o f  s u r f a c e  
to j x i g r a p h y .  G re e n  w o o d  & W i l l i a m s o n  ( 1966 ), a n d  o th e r s ,  u s i n g  i j i f o r m a t io n  
o b t a i n e d  b y  d i g i t a l  a n a ly s i s  o f  p ro f i le  m e t e r  outp.mts , h a v e  s h o w n  t h a t  fo r  in a n y
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s u r f a c e s  t h e  d i s t r i b u t i o n  o f  i i e ig h t s  is v e r y  c lose  t o  G a u s s i a n .  G r e e n w o o d  & 
W i l l i a m s o n  a lso  m a d e  a n  i n v e s t i g a t i o n  o f  t h e  h e ig l i t  d i s t r i b u t i o n  o f  ] ) e a k s ;  t h e  
m o s t  c o m m o n  t e c l m i q u e  u s e d  in  t h i s  i n v e s t i g a t i o n  w a s  t h r e e  p o i n t  a n a ly s i s ,  a  p e a k  
b e i n g  d e f i n e d  w h e n  t h e  c e n t r a l  o f  t h r e e  s u c c e s s iv e  s a m p l e d  h e ig h t s  l ies  a b o v e  t h o s e  
o n  e i t h e r  s id e .  T l i u s  t h e  d i s t r i b u t i o n  o f  p e a k  h e i g h t s  w a s  a lso  s h o w n  t o  b e  c lose  t o  
G a u s s i a n  b u t  b o t h  t h e  m e a n  v a l u e  a n d  t h e  s t a n d a r d  d e v i a t i o n  o f  t h i s  d i s t r i b u t i o n  
d i f f e r e d  f r o m  t h a t  o f  t h e  h e i g h t s  o f  t h e  o r d i n a t e s .  I n  a d d i t i o n ,  l iy  t h e  s a m e  
t e c h n i q u e s ,  a  d i s t r i b u t k m  o f  p e a k  c u r v a t u r e s  w a s  o b t a i n e d ;  t i n s  w a s  s k e w e d  
t o w a r d s  lo w e r  v a l u e s  o f  c iu’v a t u r e .  A s  a  r e s u l t  o f  t h e s e  o b s e r v a t i o n s  G r e e n w o o d  & 
W i l l i a m s o n  p o s t u l a t e d  a  m o d e l ,  r e j w e s e n t i n g  a  I 'ough  n o m i n a l l y  f l a t  s u r f a c e ,  
c o n s i s t i n g  o f  a  s e r ie s  o i  s j ih c r i c a l  p e a k s ,  e a c h  h a v i n g  t h e  s a m e  r a d i u s  o f  e i u v a t u r e ,  
a n d  h a v i n g  a  G a u s s i a n  d i s t r i b u t i o n  o f  h e ig h t s .  O n  t h e  b a s i s  o f  t h i s  m o d e l ,  a n d  t h e  
a s s u m p t i o n  t h a t  t h e  d e f o r m a t i o n  w a s  e l a s t i c ,  i t  w a s  s h o w n  t h a t  t h e  r e l a t i o n  
b e t w e e n  A  a n d  IF  w a s  c lose  t o  d i r e c t  p r o p o r t i o n a l i t y  ; t h u s  a  s e c o n d  t h e o r e t i c a l  
d e r i v a t i o n  o f  A m o n to n s v s  l a w s  fo r  e la s t i c  d e f o r m a t i o n  c o n d i t i o n s  Avas p r o v i d e d .

] ' h c  t h e o r y  o f  G r e e n w o o d  & W i l l i a m s o n  ( 1 9 6 6 ), a l t h o u g h  r e p i e s e n t i n g  a  n o t a b l e  
a d v a n c e ,  is  s t i l l  f a r  f r o m  a  c o m p l e t e  o r  a c c u r a t e  r e jn  e s e n t a t i o n  o f  r a n d o m  s u r f a c e s  
s u c h  a s  t h o s e  a n a l y s e d  in  t h e i r  w o r k  ; in  p a r t i c u l a r  t h e  a s s u n q h i o n  o f  a  s in g le  
r a d i u s  o f  c u r v a t u r e  fo r  s u r f a c e  a s p e r i t i e s  is c l e a r ly  a  m a j o r  s im p l i f i c a t i o n  o f  t h e  
m o d e l .  M o r e o v e r ,  it, Avill b e  s h o w n  b e lo w  t h a t  t h e  u se ,  in  t h e i r  e x a m i n a t i o n  o f  
s u r f a c e  ])rofiles, o f  t h r e e  p o i n t  a n a ly s i s  t o g e t h e r  w i t h  a  s in g le  s a m p l i n g  i n t e r v a l  
s e v e r e l y  l i m i t s  t h e  i n f o r m a t i o n  o b t a i n e d  f r o m  t l i e  s u r f a c e  ]»rofile.

'L'he i i r e s e n t  p a p e r  c o n s id e r s  t h e  r e ju 'e s e n ta h io n  o f  a  s u r f a c e  p ro f i le  a s  a  r a n d o m  
s ig n a l .  A l t h o u g h  s u c h  a  r e p r e s e n t a t i o n  c a n  b e  a  c o m p l e t e  d e sc r i jd . ion  o f  t h e  p ro f i le  
t h e  ] ) ro b le m  lies  i n  i t s  t r a n s f o r m a t i o n  i n t o  a  f o r m  a j i p r o p r i a t e  t o  t h e  s t u d y  o f  
s n i ’fa c e  c o n t a c t .  F r o m  e a r l i e r  w o r k  t h i s  l e q u i r e m e n t  is se e n  a s  a  m o d e l  c o n s i s t i n g  
o f  a  d i s t d b u t i o n  o f  a s p e r i t i e s ;  t h e r e f o r e  t h e  p a p e r  is c o n c e r n e d  w i t h  t h e  d ie t r i b i i -  
t i o n  o f  t h e  h e i g h t s  o f  t h e  p e a k s  a n d  t h e i r  r a d i i  o f  c u r v a t u r e .

2. Fun MODUL
A  s u r f a c e  p ro f i le  (f igu re  2 ), i f  i t  is  o f  a r a n d o m  t y p e ,  c a n  b e  d e f in e d  c o m p l e t e l y  

( in  a  s t a t i s t i c a l  r a t h e r  t h a n  a  d e t e r m i n i s t i c  s en se )  b y  t w o  c h a r a c t e r i s t i c s :  t h e  
h e i g h t  d i s t r i b u t i o n  a n d  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  (see, fo r  e x a m p l e ,  B e n d a t  
1 95S). In  t h e  m a i n  b o d y  o f  t h i s  p a p e r  w e  s lu d l  co n f in e  o u r  a t t e n t i o n  t o  t h e  j i a r t i -  
c u l a r  e x a n q i l e  o f  a  s u r f a c e  pi ofile h a v i n g  a G a u s s i a n  d i s t i  i t m t io n  o f  h e i g h t s  a n d  a n  
e x p o n e n t i a l  a u t o c o r r e l a t i o n  f u n c t io n .  T l i e r e  a r e  a  n u m b e r  o f  r e a s o n s  fo r  u s i n g  
t h i s  ] i a r t i o u l a r  m o d e l .  F i r s t ,  a n d  f o r e m o s t ,  a n a ly s i s  l>y o n e  o f  u s  (J).  d . A d d  t  eh ou  sc, 
t o  b e  p u b l i s h e d )  o f  a  l a r g e  n u m b e r  o f  s u r f a c e s  u s e d  in  e n g in e e r in g  j i r a c t i c e  h a s  
s h o w n  t h a t  a n o t  i n s ig n i f i c a n t  i i r o p o r t i o n  o f  s u c h  s u r f a c e s  t i t s  t h i s  m o d e l  o r  is a  
r e a s o n a l i l e  a p p r o x i m a t i o n  t o  i t .  ^Moreover, t h i s  m o d e l  h a s  b e e n  A\ id e ly  u s e d  in  t h e  
t h e o r y  o f  r a n d o m  j i ro c e s s e s ;  i t  l ias  a lso  b e e n  u s e d  t o  r e p r e s e n t  s u r f a c e s  in  s t u d i e s  
o f  t h e  s c a t t e r i n g  o f  e l e c t r o m a g n e t i c  r a d i a t i o n  ( B e c k m a n n  & S p iz z i c h in o  1 96 3 ).

7-2
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T h o  m o d e l  a lso  s im p l i f i e s  s o m e  a s p e c t s  o f  t h e  r m d h c m a t i c s  a n d  a l lo w s  a  c l e a re r  
s t a t e m e n t  o f  t h e  i m y m r t a n t  p h y s i c a l  p r in c ip l e s  t o  e m e r g e .  T h r o u g h o u t  t h i s  a n a ly s i s  
i t  w il l  b e  a s s u m e d  t h a t  t h e  s u r f a c e s  a r e  i s o t r o p ic  a l t h o u g h  i t  is  p o s s ib le ,  a t  l e a s t  in  
p r i n c ip l e ,  to  e x t e n d  t h e  t h e o r y  t o  s u r f a c e s  h a v i n g  a n  a jn s o t r o p i c  s t r u c t u r e .

1 fini
20 fini

F i o u a u  2. SiD’facc profilas o f  A a c h e n  04-13  show ing  coorfl ina le  sy s tem .  T h e  profile  is o f  a 
su rface  chosen for a do ta i lod  an a ly s is  w h ich  is clcacribecl l .i tcr in th e  p a p e r .  T h e  m a g n i tu d e  
of  Iho  r .m .s .  v a lu  - o f  th e  licigli t d is t r ib u l  ion (rr) a n d  th e  co rre la t io n  d i s t a n c e  /?* a rc  sh o w n  
for  compari.son w i th  th e  profile.

T h e  s y s t e m  o f  c o o r d i n a t e s  u s e d  is s h o w n  in f ig u re  2 ; t h e  m e a n  l ine  t l i r o u g h  t h e  
p ro f i le  w ill  b e  t a k e n  a s  y  — 0 . I n  p r a c t i c e  t h e  d .c .  leve l ,  t h e  g e n e ra l  slo])e a n d  t h e  
c u r v a t u r e  o f  t h e  s u r f a c e  a r e  r e m o v e d  b y  a  f i l te r  e l i m i n a t i n g  t h e  l o n g e s t  w a v e ­
le n g t h s .  'I 'h is  d o e s  n o t  s u b s t a n t i a l l y  a f f e c t  t l i e  a u to c o r r e l a t i o n  f u n c t io n .  T h e  
p r o b a b i l i t y  o f  f in d in g  a n  o r d i n a t e  a t  a h e i g h t  b e tw e e n  It- a n d  (/i +  d/t) is /  (A) d /o  
W h e n  t h e  h e i g h t  d i s t r i b u t i o n  is G a u s s i a n  t h e  h e i g h t  ju o b a h i l i t y  d e n s i t y  f u n c t i o n  is

/( îy) =  (2TT)-lexj)  ( - 12/- ) ;  (1 )

t h e  hicigiits /b h a v e  b e e n  e^vjU'cssed in t h e  mujmdi/.ed form y —• Itja, v.h e r e  o 
is  t h e  s t a n d a r d  d e v i a t i o n  o f  t h e  h e i g h t  d i . s t r ib u t io n .

T h e  a u to c o r r e l a t i o n  f u n c t io n  o f  t h e  p ro f i le  is  d e f in e d  as

a p )  -  l im  y  f  y{x )  y { x ^  p )  d.r,

w h e r e  y{x)  is t h e  h e i g h t  o f  t h e  jtrofi le  a t  a g iv e n  c o o r d i n a t e  x  a n d  y{x - \ -P )  is t h e  
h e i g h t  a t  a n  a d j a c e n t  c o o r d i n a t e  {x +  p ) .  I n  t h e  t h e o r y  w h ic h  fo l lo w s  i t  v  ill b e  

a s s u m e d  t h a t
=  e x p  ( - / ? / / ? * ) ,  (8 )

w h e r e  /,'* w ill  h e  c a l l e d  t h e  c o r r e la t io n  d is tan ce . '! '  W h e n  p  =  2 .8/?*, C{p)  l ias 
d e c l i n e d  t o  1 0 % ;  in  w h a t  fo l low s  we sh a l l ,  a r b i t r a r i l y ,  t a k e  t h i s  s p a c i n g  a s  t h a t  a t  
w h i c h  t h e  t w o  p o i n t s  on  t h e  p ro f i le  h a v e  j u s t  r c a c l i c d  t h e  c o n d i t i o n s  w h e r e  t h e y  
c a n  b e  r e g a r d e d  a s  i n d e p e n d e n t  e v e n t s .

t  W o  u se  I lie t e r m  b-drrela tioii  d i s t a n c o ’ to  m a i k  a d is t inc t  ion b e tw ee n  ou rse lves  an d  
Peklciiilc (1967-S )  wlio uses th o  t e r m  ‘co rre la t ion  l e n g t h ’ fu r  2.3/?*.
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T h ere  e x is t s  a F o u r ier  tra n sfo rm  ]'clation  betAveen th e  a u to e o iT c la tio n  fu n c t io n  
C(/?) a n d  t l ic  p ow er  sp ectra] d e n s ity  fu n c t io n  F (w ) o f  a ra iid o m  Avaveform g iv e n  b y

(4)

l^or an  e x p o n e n tia l a u to c o r r e la tio n  fu n c t io n  th e  poAA cr sp ec tra l d e n s ity  fu n c t io n  is 
r e p r e se n te d  b y  Avliite n o ise  lim ite d  o n ly  in  th e  u p p er  freq u en c ie s  b y  a  cu t-o ff  o f  
6  d l l  per ociaA'e. T liis  is  il lu s tr a te d  in  figure 3. T h u s th e  jdiysicrd m ea n in g  o f  our

l ia lf  p o w e r  p o in t

1.0

0.8

0.6

0.4

0.2

100

FiGi'JiE 3. T h e  m o d e l ;  a n to c o i r e l a t i o n  fo n c t io n  a n d  p o w e r  sp e c tra l  d en s i ty .

m o d e l is  th a t  th e  m a in  co m p o n e n ts  o f  th e  su rface  ])rofile c o n s is ts  o f  a b an d  coA'^cring 
th e  loAver fr e q u en c ie s  (lon ger  AAowolengtlrs). S h orter  AvaA'clcngth c o m p o n e n ts  e x is t  
b u t tlic ir  m a g n itu c ie  d e c lin e s  Avith in crea s in g  fre q u e n c y  so  t i ia t , in  t l i is  ra n g e , tn e  
a m p h tu d e  is  p ro p o rtio n a l to  AAavelength. T h erefo re , in b ro a d  term s, th e  ra n d o m  
s ig n a l r ep r e se n ta tio n  o f  a  in ’ofilc Avhich h as b een  in tr o d u c e d  h ere  h as fea tu res  a k in  
to  siij'ter])0sed  a sp e r it ie s  o f  d iffer in g  s c a l e s  o f  s ize ; i t  in tro d u ces  th e  tn u ltip le  sca le  
o f  s ize  fe a tu r e s  o f  figure I c  (ef. figure lu )  in to  a ran d om  m o d e l re jtresetita tio n .

^Ve are co n cern ed  h ere  Avith th e  ]>3’o p cr tie s  o f  su r fa ces o f  s ig n ifica n ce  in  th e ir  
c o n ta c t . T h e se  are th e  h e ig h ts  o f  th e  j)oaks an d  th e ir  curA a tu res; th e y  Avill b e  
d e fin e d , a s in th e  earliej' Avork, b y  th ree  }>oint a n a ly s is . T h is  te c h n iq u e  AA ill first b e  
a p p lie d  to  th e  th e o r e t ic a l m od el o f  ou r ran d om  pi ofilo an d  th e  r e su lts  o f  th is  
th e o r y  co]U ])aied  Acith e x jie r in ien ta l I'csults o b ta in ed  from  th e  d ig ita l ja e s e n ta t io n  
o f  p ro filo m cter  record s.

3. T u e o k y

A s a start h ig  jAoint in th e  d e v e lo p m e n t  o f  th e  th e o r y  Ave a ssu m e  th a t  th e  p rofile  
h a s  b een  sa n q h e d  a s a  sc (pi cn ee  o f  cffectiA T ly in d e])cn d en t e v e n ts ;  th ere fo re  th e  
o r d in a te s  co n sid ered  are sep a ra ted  by le n g th s , I ^  2.3/7*. '.Phus a p ea k  a t  a h e ig h t
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bcl 'W ccn  y  a n d  y ^ ^ y  m a y  bo d o b  n o d  b y  t h r o e  s i ie h  c o n s e c n t iv e  e v e n t s  s h o w n  in  
f ig u re  4 a  w i t h  t h e  fo l lo w in g  ] - e s l r ic t io n s :  (a) t h e  c e n t r a l  e v e n t  lies b e tw  e e n  y  a n d  

y  +  ^ y \  (&) e v e n t  (1) h a s  a  v a l u e  o f  less  t h a n  y \  (c) e v e n t  (3) a lso  h a s  a  v a l u e  o f  
le s s  t h a n  y .  T h u s  t h e  j j r o b a b i l i t y  t h a t  t h e  c e n t r a l  o r d i n a t e  r e p r e s e n t s  a ]) eak  
b e t w e e n  y  a n d  y  + 8 y  is t h e  m u l t i p l i c a t i o n  o f  1 \ ,  1 \  a n d  P.^ w h e r e  t h e  P ’s r e f e r  t o  
t h e  s h a d e d  a r e a s  o f  t h e  h e i g h t  d i s t r i b u t i o n s .

oven't y e v c n l  2 ,  % ev e n t  y .

 ^̂2.3,3:---,

T  f
-<L

Frexnu',  4. I\loct4 nsnj in de ilue ing  i l i s t r i ln i t ion  o f  ] ) c a k s .  ( a) Siunp i ing  in te rv a l .  I zz 2.3/7*; 
co i  iela'i jv-iji. f' — 0 . 1 0 ;  {u) ^ i u u j u i u g  in ie i  v ai, I ~  0 .  i n/7" ; co i ' ie iauun ,  p  =  u . s c .

U s i i tg  t h i s  s im j i le  d e f i ih t io n  o f  a  p e a k  a n d  e q u a t i o n  ( 1) to  d c l in e  t h e  p r o ! l a b i l i t y  
d e n s i t y  o f  a  h e i g h t  di.'- t r i b u t i o n  we can  s h o w  (see t h e  a jp x en d ix )  t h a t  t h e  p ro l  ial i i h ty  
d e n s i t y  o f  a n  o r d i n a t e  b e in g  a yieak a t  h e ig l i t  y  is  g iv e n  b y

/*(?/) = L' +ei-r(;,/v2)]=exi, (-j,r),
=  11 /s/(2 it)] <?'=(?/) c x - l> ( -  4ÿ=), (5)

w h e r e  lu ' r e .  a n d  s u b s e q u e n t l y , / ' "  is u s e d  t o  i n d i c a t e  t h a t  ] i r o p e r t i e s  o f  p e a k s  a r c  
c o n s i d e r e d ,  /  b e in g  r e t a i n e d  fo r  p r o p e r t i e s  o f  t h e  w h o le  profile .

T h i s  a r g u m e n t  c a n  b e  e x t e n d e d  t o  in c l u d e  t h e  s i t u a t i o n  w h e r e  t h e  s a m p l e d  
o r d i n a t e s  a r e  t a k e n  to o  c lose  t o  b e  c o n s id e re d  i n d c j i e n d e n t  o f  e a c h  o th e r .  S u c h  a  
s i t u a t i o n  is  s h o w n  in  f ig u re  i b .  i n  t h i s  case ,  a lso ,  t h e  ] i r o b a b i l i t y  o f  a n  o r d i n a t e  
b e i n g  a  p e a k  a t  h e ig h t  b e tw e e n  y  a n d  y - \ - d y  is  g iv e n  b y  P^P.^F^.  H o w e v e r ,  t h e  
o r d i n a t e s  a d j a c e n t  t o  t h e  c e n t r a l  y ^  a r e  now ' n o t  a l l o w e d  t o  t a k e  a ll  t h e  v a lu e s  o f  
t h e  o r ig in a l  h e ig h t  d i s t r i b u t  ion ; t h e y  t a k e  v a l u e s  t h a t  f i t  i n t o  a  m o d i l i e d  d i s t r i b u t i o n
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w h o s e  s h a p e  d e p e n d s  u p o n  l l ie  s a m p h u g  j n t e r v a h  T l ie  m o d i  b e d  i ie ig l i t  d i s t r i b u ­
t i o n s  s l io w n  in  b g u r e  4 5 a r c  t h e  r e s u l t  o f  h a v i n g  o r d i n a t e s  a n d  y_-^ so  c lose  
t o  t h e  c e n t r a l  o r d i n a t e  y^„ t a k e n  a s  a  r e f e r e n c e ,  t h a t  t h e y  a r e  d o m i n a t e d  b y  i t .  
d ’ln is ,  f o r  s h o r t  s a m p l i n g  in t e r v a l s ,  y ^ j  c a n n o t  d i f fe r  g r e a t l y  f r o m  ?/„ b e c a u s e  o f  t h e  
i n a b i l i t y  o f  t h e  s ig n a l  le v e l  to  c h a n g e  r a p i d l y  ; th i s ,  in  t u r n ,  is  a  c o n s e q u e n c e  o f  t h e  
l im i ta t io j )  o f  t h e  poxver s p e c t r u m  a t  h ig h  f r e q u e n c i e s  (b g u r e  3/;). I n  g e n e r a l ,  t h e  
d i s t r i b u t i o n  o f  is  in b u e im ed .  n o t  o n ly  l)y ?/o, b u t  a lso ,  t o  a  le s se r  d e g re e ,  b y  
H o w e v e r ,  f o r  t h e  p a r t i c u l a r  e x a m p l e  o f  t h e  m o d e l  u s e d  l ie re  (an  e x p o n e n t i a l  
c o r r e l a t i o n  f u n c t i o n )   ̂ c a n  b e  c o n s i d e r e d  a s  in f lu e n c e d  b y  //„ o n ly  a n d  n o t  b y  
y _ i ;  t h i s  is  a  p r o ] i e r t y  i n d i c a t i v e  o f  a  b r s t  o r d e r  A la rk o v  p ro c e s s  ( B c j i d a t  1 9 5 8 , 
p .  215) a n d  t h e  d i s t r i b u t i o n s  o f a n d  y_y  (h axvn in b g u r e  4-h a r e  d e p e n d e n t  o n l y  
u p o n  t h e  s a m p l i n g  i n t e r v a l  a n d  t h e  v a l u e  o f  (See t h e  a p p e n d i x ,  w h e r e  t h e  
d e r i v a t i o n  o f  t h e  e q u a t i o n s  o f  t h i s  s e c t io n  is  o u t l i n e d  a n d  t h e  b a s i s  o f  a  t h e o r y  fo r  
a n y  fo rm  o f  c o r r e la t io j i  f u n c t i o n  is  i n d i c a t e d . )

O n  t h e  m o r e  g e n e r a l  t h e o r y  a s s o c i a t e d  w i t h  b g u r e  4b,  t lm  p r o b a b i l i t y  d e n s i t y  
o f  a n  o r d i n a t e  b e in g  a  p e a k  a t  h e i g h t  y  is  g iv e n  b y

= qL) (y/r+7) '''' ( - ky:). {«)
F i g u r e  b s h o w s  p lo t s  o f  tin 's p e a k  h e ig l i t  d i s t r i b u t i o n  f o r  a h igh  a n d  a  low  v a l u e  o f  
t h e  c o r r e l a t i o n ,  p ;  t h e  h e i g h t  d i s t r i b u t i o n  o f  t h e  o r d i n a t e s  is a ls o  s h o w n  fo r  e o m -  
] )a r iso n .  T h e  t r e n d s  w i t h  v a r y i n g  v a lu e s  o f  p  will b e  o t i s e rv e d .  A s  p  -> 0 ( la rg e  
s a m p l i n g  in t e r v a l ) .  H ie  s h a p e  o f  t h e  p e a k  he igh t ,  d i s t r i b u t i o n  b e c o m e s  s l ig h t ly  
s k e w e d ,  i t s  m e a n  v a l u e  a p j i r o a c h e s  4- 0 .8b a n d  i t s  s t a n d .a r d  d e v i a t i o n  a ] r p ro a c h e s  
a  v a l u e  o f  b .7 0  T h u s ,  w h e n  o n e  u s e s  l a r g e r  s a m p l i n g  i n t e r ' - a l s  t l ie  j n a in ,  lo n g e r  
w a v e l e n g t h ,  s t r u c t u r e  o f  t h e  p ro f i le  is r e v e a l e d  ( i ieg h w tin g ,  h e ro ,  t h e  j i r o b l e m  o f  
a l i a s in g  ( B e n d a t  195 8 )) a n d  t h e  p e a k s  t e n d  t o  lie a b o v e  t h e  c e n t r e  l ine .  A s p - >  1 
t h e  s h a p e  o f  t h e  ] )cah  h e i g h t  d i s t r i b u t i o n ,  a n d  i t s  m e a n  v a l u e  a n d  s t a n d a r d  
d e v i a t i o n ,  a p p r o a c h e s  t h o s e  o f  t h e  h e i g h t  d i s t r i b u t i o n  o f  t h e  o r d i n a t e s .  T h u s ,  w h e n  
u s i n g  s h o r t  s a m p l i n g  i n t e r v a l s  o n e  is c o n c e r n e d  w i th  t h e  s h o r t e r  w a v e l e n g t h  
s t r u c t u r e  o f  t h e  ] ) rob le  a n d  t h e r e f o r e  t h e  ] )cak s  r e v e a l e d  b y  th r e e  j io in t  a n a ly s i s  
fo l lo w  c lo se ly  t h e  b r o a d  sca le  s u r f a c e  s t r u c t u r e  (cf. b g u r e  l b ,  c).

T h e  m e a n  v a l u e  o f  t h e  p e a k  h e i g h t  d e n s i t y  c u r v e  y*(p )  is  f o u n d  b y  t a k i n g  t h e  
f i r s t  m o m e n t  o f /* (? / ,  p )  in  t h e  n o r m a l i z e d  v e r s io n  o f  e q u a t i o n  (0 ) a n d  y ie ld s

S i m i l a r l y ,  t h e  v a r i a n c e  o f  t h e  j ie ak  h e ig h t s  is  t h e  s e c o n d  c e n t r a l  m o m e n t .  T h u s

(i-p)|fT*(p)P =
2 .YTT t a j i “ (Aut) -j-rrA"- (8)
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w lic r e  t h e  n o r m a l i z i n g  f a c t o r  N ,  g iv i n g  t h e  r a t i o  o f  nninl.)cr o f  ])paks  t o  n u m b e r  o f  

o r< l in a te«  is =  ( l / s r )  t a n "  , ' { ( « - / ; ) / ( !  + ,- )} .  (H)

I t  will b e  n o t e d  t h a t  é q u a t i o n s  (5) a n d  (G), w h e n  d i v i d e d  b y  e q u a t i o n  (9), a r e  t h e  
p r o b a b i l i t y  d e n s i t i e s  o f  p e a k  h e ig h t s .  E q n a t  ion (9) s h o w s  t l i a t  a s  t h e  e o r r e la t  ion , p ,  
i n c r e a s e s  f r o m  ze ro  t o  u n i t y ,  A  fa l ls  f r o m  d t o  T h e s e  l i m i t i n g  v a lu e s  h a v e  a  
sim]>le e x p l a n a t i o n .  A s  t h e  s a m p l i n g  i n t e r v a l  is  i n c r e a s e d ,  p -> 9 a n d  A  -> -1 ; t h e  
t h r e e  e v e n t s  a r e  t h e n  e f fe c t iv e ly  i i i d e j i e n d e n t  ( f igu re  4 e )  a n d  t h e  c h a n c e  t h a t  a n y

tco

-2

- 3

0.2

p iu b a b i l i t y  d rn s i t}

0.4

F i o u j u :  a. f r o b a h i l i t y  deus i t ic s  o f  c.a n ;d in a lu  licing ri j jcak at licielit //. T)ic  Itciylil. y,  i.s 
n o n n a l i z c d  l>y I lie i .in..s. va lue  (cr) o f  th e  ofiliiiatr.s. Posa i t  s a te  show u  for tw o  difforont  
v a lu e s  o f  th e  sa tnpii i tg  in te rv a l  (/). (A) I =  2.3/y*; oonv-lalion. p  ~  (>.10 ; a v e ra g e  p e a k  
lic ighf =  0 .82 ;  (P)  I ~  0 . 10/2*; co rre la t io n ,  p  ~  0 80; axeragu  p e ak  h e igh t  -- 0 11 ; 
(C) G au ss ian  di.s lrihuti( ,n o f  o rd in a tes .

o n e  o f  t h e m  (e.g. t h e  c e n t r e  o n e )  is  t h e  h i g h e s t  b e c o m e s  o n c - t l i i r d .  O n  t h e  o t h e r  
h a n d ,  a s  t h e  s a n q d i n g  in t e r v a l  is  d e c re a s e d  />-> 1 a n d  A -> j .  'The m o d i f i e d  
d i s t r i b u t i o n s  o f  t h e  t w o  o u t e r  e v e n t s  a r e  n o w  c e n t r e d  u p o n  t h e  c e n t r a l  o r d i n a t e  
(f ig u re  46) ; t h e  a r e a s  1 \  a n d  h a v e  v a l u e s  o f  & a n d  t h e  ])rol>al)ihty t h a t  t h e  c e n t r a l  
e v e n t  is  a  p e a k  is | .

T o  p r o v i d e  a n  a d e q u a t e  d e s eri ji t  Ion o f  a  s u r f a c e  in  t e r m s  o f  a d i s t r i b u t  ioji o f  
as |> e r i t ie s  it is  a lso  n e c e s s a r y  to  specif)-  t h e i r  r a d i i  o f  c u r v a t  u re .  I t  is  m o r e  c o n ­
v e n i e n t  t o  d i s c u s s  tin 's in t e r m s  o f  a  d i s t r i h u t  ion o f  c u r v a t u r e s  a n d  w e  sh a l l  fo l low  
( I r c c n w o o d  & AViiliamson ( 1966 ) in d e r i v in g  c u r v a t u r e s  f r o m  t h e  d ig i ta l  ] j r e s e n ta -  
t i o n  o f  t h e  p ro f i le .  T h e  a s s u n q t t i o n  h e re  is  t h a t  o n e  is ju s t  ified in f i t t in g  a ] )a ra l)o la  
t o  t h e  p ro f i le  b y  t h r e e  p o i n r  a n a l y s i s ;  t h e  }>roblems in v o l v e d  in  t h i s  a s s u n q i t i o n
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a n d  t h e  l i m i t s  w i t h i n  w h ic h  th i s  a n a ly s i s  is ju s t i f ie d  will b e  d is c u s s e d  l a t e r .  C o n s id e r ,  
f i r s t ,  t h e  e x a m j h e  o f  t h r e e  i n d e p e n d e n t  e v e n t s  ( f igu re  4a) .  F i g u r e  (in s h o w s  o n e  
})Ossible a r r a n g e m e n t  o f  t h e  t h r e e  e v e n t s  w h ic h  w il l  g iv e  a  ])eak a t  h e i g h t  y  w i t h  a  

curvature C  givmi by  ̂-  Z/n i -  2/-i- (̂  0 )
I n  t h i s  e c ju a t io n  C  is  n o n - d i m e n s i o n a l  b u t  t h e  t r u e  v a l u e  o f  c u r v a t u r e  d o ] jc n d s  
u p o n  t h e  s a m p l i n g  i n t e r v a l  ?; t o  o b t a i n  a  t r u e  v a lu e ,  C  m u s t  lie m u l t i p l i e d  b y  
( i jP .  W e  d e s i g n a t e  t h e  s a m p l i n g  i n t e r v a l  a s  I, r a t h e r  t h a n  /? o f  e c ju a t io n  (2 ), t o  
e m p h a s i z e  t h e  i m p o r t a n t  p o i n t  t h a t  t h e  p r o p e r t i e s  o f  t l i e  p ro f i le  a r e  b e in g  d e d u c e d  
b y  f in i t e  d i f fe re n c e  m e t h o d s  f i 'om d a t a  o b t a i n e d  b y  a  s a m p l i n g  te c lm icp ie .

oveni, 1, ?/_.] e v e n t  2, go e v e n t  3, g . , ,

F i c e r n :  ü. luodel n%ed in d e d u c in g  ilie  clisrri l iulion o f  c u r \ ' a tu i r s .  (r/) S a inp ling  in le iv a l ,  
/ =  2 .3/j*; e o r re l i i t io n , /; =  Ü.10; (6 ) .samjding in te rv a l ,  ? =  0 .10/?'*"'; c o r r e l a t i o n , /> — O.sO.

T h i s  t r e a t m c r i t  a s s u m e s  t h a t  t h e  s e c o n d  d e r i v a t i v e  o f  t h e  ] n o  file is a n  a e c e ] ) ta b l e  
a p p r o x i m a t i o n  t o  t h e  c u r v a t u r e .  T l i e n  t h e  p r o b a b i l i t y  o f  t h e  e o n l i g u r a t io n  sh o w t t  
in  f ig u re  Ga. is I ]  7 b if ; ,  w h e r e  I f  / t  a n d  Fg, a r c  g iv e n  b y  t h e  s h a d e d  a r e a s  s h o w n .  
I n  o r d e r  t o  o b t a i n  t h e  total  p r o b a b i l i t y  o f  a  p e a k  w i t h  c u r v a t u r e  C  a t  a  h e i g h t  
b e t w e e n  y  a n d  g H -d g  m a n y  c o n f ig u r a t io n s ,  s im i la r  t o  t h a t  sho^vn in  f ig u re  On, 
m u s t  b e  t a k e n  in t o  a c c o u n t .  I t  is  s h o w n  in  t h e  a p p e n d i x  t h a t  t h i s  t o t a l  p r o b a f i i l i t y  
is  g iv e n  fiy a c o n v o lu t io n  i n t e g r a l .  T h u s  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  t h a t  a n y  
o r d i n a t e  is a ] ieak  o f  c u r v a t u r e  C  a t  h e i g h t  y  is

( - !?/") 
2txJ2

e x p [ - ( y - | C T ] c r f ( l C ) . ( II)

A s  b e fo re ,  t h e  a r g u m e n t  c a n  lie r e p e a t e d  fo r  a  s h o r t e r  s a m p l i n g  in t e r v a l  ( f igu re  05).  

e x p  ( - ! ; / = )
27T|2(I-/F)|I exp

Id -dj/yc?
(I-/a

e r f
■ C

d v d  - p - ) _
(12)
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lOÜ I). J .  W liitehouse  and. d. F. A rchard.

1 1 1e p r o b a b i l i t y  d e n s i t y  f u n c t i o n  t h a t  a n y  o r d i n a t e  is a  p e a k  o f  c u r v a t u r e  C  ( a t  
a n y  h e ig h t )  is o b t a i n e d  b y  i n t e g r a t i n g  e q u a t i o n  ( 12 ) t o  g iv e

p) =
_ 4 T r (3 - p )  (I -  p )

ex]j
- C P

4 { o - p )  (1 - / ; ) .
ei-f (13)

T h i s  d i s t r i b u t i o n  is  s k e w e d  t o w a r d s  ze ro  c u r v a t u r e ;  t h i s  is  in g e n e ra l  a cco i 'd  w i th  
t h e  d i s t r i b u t i o n  o f  c u r v a t u r e s  o b t a i n e d  b y  ( h 'c e n w o o d  & W i l l i a r u s o n  ( j ç 6 6 ) f r o m  
d ig i t a l  a n a ly s i s  o f  a  b e a d  b l a s t e d  siu-faee. I l i c s e  a u t h o r s  s u g g e s t  a  F  f u n c t i o n  a s  a  
s u i t a b l e  d e s c r i jT i o n  o f  t h e  d i s t r i b u t i o n  b u t  e q u a t i o n  (13) is n e a r e r  t o  a R ay le ig h ,  
d i s t r i b u t i o n  t h a j i  a  F  f u n c t io n  a n d  fo r  l a r g e  c u r v a t u r e s  is  v e i y  n e a r l y  G a u s s i a n .  
A f u r t h e r  c o n q ia r i s o n  o f  t h e s e  c c ju a t io n s  w i th  r e s u l t s  d e r i v e d  f ro m  s u r f a c e  ]>rofiles 
is  g iv e n  b e lo w .

I l i e  m e a n  c u r v a t u r e  C *  fo r  a l l  p e a k s  is  o l h a i n e d  b y  f in d in g  t h e  f i r s t  m o m e n t  o f  
/ * ( C ,  /)) in  e q u a t i o n  (13). I l i i s  y ie ld s

(It)

w h e r e  t h e  d i s t r i b u t i o n  h a s  b e e n  n o r m a l i z e d  b y  Ay t l ie  r a t i o  o f  ] ieak s  to  o r d i n a t e s  
( e q u a t i o n  (9)). T h e  c u r v a t u r e  (or, m o r e  s t r i c t l y ,  t h e  s e c o n d  d i f f e r e n t ia l )  o f  t h e  
j no j i l e  a s  a  w h o le  is g iv e n  b y

L4TT(3-/d(I-/))]i exp ~C'2 

[4(3 (15)

w h ic h  is e q u a t i o n  (13) w i t h  t h e  erro i '  f u n c t i o n  r e m o v e d .  1 l h s  is  a G a u s s i a n  d i s t r i b u ­
t i o n  h a v i n g  a m e a n  o f  z e ro  a n d  a st a n d a r d  d e v ia t i o n  o f  [ 2 ( 3 -  f>) (1 —p )J h  A s im p le  
c h e c k  o n  t h i s  v a l u e  o f  t h e  s t a n d a r d  d e v i a t i o n  (or, m oi e s t r i c t l y ,  t h e  \  ai ian ce )  is 
o b t a i n e d  Iry f i n d in g  t h e  square ,  o f  t h e  c x ] ) c c te d  v a lu e  of t h e  c u r v a t u r e  f ro m  c q u a -

t i c n ( 1 0 ) . T h n s A % ' o
T h e  d i s t r i b u t i o n  o f  s lo p e s  is o f  i n q i o r t a n c e  b e c a u s e  o n e  w id e ly  u s e d  c r i te r io n  fo r  

t h e  o n s e t  o f  })lastie f low  (B lo k  1 9 5 2 ; J f a l l i d a y  1955 ) u se s  t h e  m e a n  s lo p e  o f  t h e  
f l a n k s  e f  t h e  a s p e r i t i e s .  T h e  d i s t r i b u t io ] i  o f  s lo p e s  {ni) on  t h e  p ro f i le  is eas i ly  
o b t a i n e d  f r o m  t h e  f a c t  t h a t  t h e  f o r m u la  i n v o l v e s  a s i n q i l e  l i n e a r  r e l a t i o n  o f  t h e  
G a u .s s ia u  v a r i â t e s  ?/_, a n d  a n d  so  is i t s e l f  G a u s s i a n  w it h  a m e a n  o f  z e ro  a n d  a  
v a r i a n c e  |2 o-"( 1 —f r ) \ / 4 p .  H e n c e

-
-/).f { m ,  p )  -  e x p [t-TT(l - / A ) ] l , (l(i)

f r o m  w h ic h  o n e  d e r i v e s  t h e  a v e r a g e  i q n v a r d  o r  d o w n w a r d  slo]ie (m e a n  v a l u e  o f  t h e  

m o d u l u s )
"  (>7;_ a  

m  —  -
\ ^ p [

TT

1 'h e se  f o r m u l a e  c a n  a lso  lie o b t a i n e d  b y  t h e  s a m e  t y p e  o f  jn ’o c e d i i r e  a s  t h a t  u s e d  
in  t h e  d e r i v a t i o n  o f  e q u a t i o ] i  (15).
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4. R e s u l t s  o f  a n a l y s t s  o f  SU R FA C E  i’ n o  f i l e s  

T h e  v a l i d i t y  o f  t h e  t l i e o r y  g iv e n  a b o v e  h a s  b e e n  c h e e k e d  b y  d ig i t a l  a n a ly s i s  o f  
])rofile  m e t e r  o u t p u t s .  I n  o r d e r  t o  ] i r e s e n t  a  c o h e r e n t  ] ) ic tn re  w e  g iv e  b e lo w  a  
f a i r l y  e o n i j d e t e  a n a ly s i s  o f  t h e  r e s u l t s  o l i t a in e d  f r o m  o n e  s u r fa c e .  T h e  s u r f a c e  
c h o s e n  (A a c h e n  0 4 -1 3 )  is  a  ty]» ica l  g r o u n d  s u r f a c e  u s e d  i n  a n  O .K .0 .1 ) .  c o o p e r a t i v e  
r e s e a r c h  p r o g r a m m e  (O .K .0 .1 ) ,  t o  b e  ]Hiblisl ied). T h e  s u r f a c e  ji ro f i lcs  w e i e  t a k e n  
a t  r i g h t  a n g le s  t o  t h e  d i r e c t i o n  o f  g r in d in g .

'The m a i n  e x p e r i m e n t a l  r e s u l t s  w e re  d e r i v e d  f ro m  s u r f a c e  ]Wofiles m e a s ru 'c d  o n  
a  T a l y s n r f  4 s t y l u s  s u r f a c e  r o u g h n e s s  i n . s f r u m e n t  in w h ic h  a l ig l i t ly  l o a d e d  d i a m o n d  
s t y l u s  is  t r a v e r s e d  a c ro s s  t h e  s u r f a c e  u n d e r  ex a m i iT a t io n .  A  n o r m a l  s t y l u s  w i th  a  
n o m i n a l  t i p  d im e n s i o n  o f  2 .5 /xm  w a s  u s e d .  I n  t h e s e  e x p e r i m e n t s  t l i e  s t y l u s  w a s  a  
d i a m o n d  in  t h e  fo r m  o f  a  t r u n c a t e d  p ^ T a m i d  a n d  t h e  t e r m  ‘ t i p  d im e n s i o n  ’ r e f e r s  
t o  t h e  l i n e a r  d i m e n s i o n  o f  t h e  f l a t  r e g io n  a t  t h e  t i p  i n  t h e  d i r e c t io n  o f  m o t io n .  
A  h o r i z o n t a l  m a g n i f i c a t i o n  o f  50 0  w a s  o b t a i n e d  b y  u s i n g  t h e  50 0  x  d r i v e  u n i t .  
C o u p le d  t o  t h e  T a l y s u r f  w a s  a  d a t a  lo g g in g  s y s t e m ,  S jiceially  d e v i s e d  fo r  i t ,  
c o n s i s t i n g  o f  a  S o l a r t r o n  A / J )  c o n v e r t o r  a n d  s e r ia l i z e r  t o g e t h e r  w i t h  a  .D a ta  
D y n a m i c s  1 10 p a p e r  t a p e  p u n c h .  F r o m  t h i s  e q u i p m e n t  t h e  a m p l i l i e d  a n a lo g u e  
s ig n a l  o f  t h e  s u r f a c e  p ro f i le  w a s  c o n v e r t e d  i n t o  a  s e q u e n c e  o f  o r d i n a t e s  o n  t h e  t a p e .  
U s i n g  t h i s  s y s t e m  o r d i n a t e s  w e re  s a m p l e d  a t  i n t e r v a l s  o f  1 p m .  T h e  i n f o r m a t i o n  
o n  t h e  ] ) a p e r  t a j i e  w a s  s u l i s e q u e n t l y  p r o c e s s e d  in  a n  I C I j  1005 c o m p u t e r .

A d d i t i o n a l  r e s u l t s  w e r e  a ls o  o b t a i n e d ,  w i th  a  s j iec ia l  s h a r p  s t y l u s  h a v i n g  a  t i p  
d i m e n s i o n  o f  0 . 2 5 p m ,  t h e  T a l y s t e p  i n s t r u m e n t  b e in g  c o iq i lc d  t o  t h e  s a m e  d a t a  
l o g g in g  e q u i p m e n t .  T h e  T a l y s t e p  a p j i a r a t u s  is  c a p a b l e  o f  v e r t i c a l  m a g n i f i c a t i o n s  
o f  u p  t o  1 0° a n d  h o r i z o n t a l  m a g n i f i c a t i o n s  o f  u p  t o  2 x  10' .̂ T h i s  l a t t e r  f a c i l i ty  m a d e  
i t  p o s s ib le  t o  s a n q i le  t h e  jirofi le  a t  i n t e r v a l s  o f  0 . 2 5 p m .  A n o t h e r  f e a t u r e  o f  t h i s

( ( u i e - h i m d r e d th  o f  t h e  lo a d  on  t h e  T a l y s u r f  s t y lu s )  a n d  t h i s  m a d e  t h e  u s e  o f  a v e r y  
s h a r j )  s t y l u s  j io ss ib le .  Kigvu'c 7 s h o w s  an. e l e c t r o n  m ic r o g j 'a p h  o f  t h i s  s h a r p  s t y l u s . |  

A ty j i i e a l  s e t  o f  T a l y s u r f  r e s u l t s ,  f r o m  a  single, p ro l i lc ,  c o n s i ' - ted  o f  s o m e  10 000  
o r d i n a t e s  w it l i  a  s a m ]) l in g  i n t e r v a l  o f  1 p m  ; o f  t h e s e ,  s o m e  7000  w e re  a v a i l a b l e  fo r  
u s e  a f t e r  f i l t e r in g  t o  r e m o v e  t h e  d .e .  level ,  t h e  g e n e ra l  s lo p e  a n d  'w a v e le n g th s  
c o m p a r a i  lie w i th  t.lie l e n g t h  o f  t h e  jirofile . T h e  r e s id t s  ju 'e s e n te d  b e lo w  a r e  b a s e d  
iq io n  f ive  p ro f i le s  a n d  s t a t i s t i c a l  a n a ly s i s  s h o w s  t h a t  t h e  n o r m a l i z e d  s t a n d a r d  
e r r  m s  a r e  ca.  2 %  fo r  m e a n  v a l u e s  (e.g. e q u a t i o n s  (7) t o  (0)) a n d  cxi. 5 %  fo r  j io in t s  
o n  t h e  p r o b a b i l i t y  d i s t r i l i u t i o n s  (e.g . e q u a t i o n s  (4), (5) a n d  (13)).

B y  s u i t a b l e  s e le c t io n  o f  d a t a  i t  w a s  jxis.siblc t o  j i r c s c n t  r e s u l t s  foj- s a m p l i n g  
i n t e r v a l s  b e t w e e n  0 .25  a n d  1 5 p m .  I t  w a s  t h u s  f o u n d  (f igu re  8 ) t h a t  t h e  m o d e l  u s e d  
in  t h i s  jv q i e r  w a s  a  g o o d  r e j i r c s e n ta t i o n  o f  t h e  d a t a  o b t a i n e d  f ro m  t h e  s u r f a c e  
p ro f i le s ;  t l ie  d i s t r i b u t i o n  o f  o r d i n a t e s  w a s  v e r y  close t o  G a u s s i a n ,  w i t h  a n  r .m .s .  
v a l u e  ( a)  o f  0 . 5 p m ,  a n d  t h e  a u t o c o r r e l a t i o n  f u n c t io n  w a s  c lose  t o  e x p o n e n t i a l

i" W o  ai'o indL'btod to  M r J .  Ju n g le s  ( l îosoaroli  D e p a r t  m eu t  I t a n k  J ’rocisiou Tiidnstrios L td )  
fo r  lii.5 skill ill m a k in g  a n d  m oasm  lag tin's .st\ lns.
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F iguhe  7. E leciroii iiiicrogriipli o f  slun’p sty lu s used in the oxperiineuts.

i.n

0.S

O.G9':)

c
0.-1

a

0.2 -ZJo

J 0.1

hciglit'/o-

]"i g i u ;k  8 . Chara.ctcria(ics o f  profiles o f  A a ch e n  0 1 -1 3  repre.scntccl a s  a  r a n d o m  signa l,  (a) 
C u m u la t i \ e  d i s t r ib u t io n  o f  lieiglit.s (norm al  })rol)ability j iao e r) ;  (b) C o i re la t io n  a s  a  
fu n c t io n  o f  s a m p lin g  inti, r e a l  ( logari l l im ic- linear  plot).
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w itl) a corre la tio n  d is ta n c e  [fP) o f  ().5 /im . In  su b se q u e n t d iscu ss io n  w o sh a ll u se  
th e o r e t ic a l v a lu e s  o f  th e  co rre la tio n  {f>) for th e  se le c te d  v e lu e s  o f  th e  sa m p lin g  
in te r v a l a s  sh o w n  in ta b le  1. I t  w ill b e  ob serv ed  th a t  a n y  d iv e r g e n c e s  lie tw e e n  
th e s e  v a lu e s  a.nd th o se  o b ta in e d  from  tlie  jirofilcs are, for th e  m ost jiart, w ith in  th e  
l im its  o f  ex jie r im en ta l error. In  th e  i-esult-s, p r e sen ted  b e low  in g ra |)b iea l form , 
sa n q d in g  in te r v a ls  (/) o f  \ h, .3 an d  1 p m  (corre.sponding to  corre la tio n s (p) o f  0 .10 , 
0 .0 3  an d  0 .80  r e sp e c t iv e ly )  h a v e  b een  se le c te d  to  d isp la y  certa in  im p o r ta n t fea tu res.

T a ELIÎ 1. J I e LATIOX EKTW'KEN SA^iirLlNO INTEllVAL [1) AND CORUEEATION 
(p) BETWEEN SUCCESSIVE SAMPLES ECU A ACE EN 0 4 -1 3

sa m p l in g  in te rv a l ,  Ppiii  1.) 0.0 3.0 2.0 1.0 0.5 0.25
co rre la t io n ,  p  0.10 0.40 0.03 0.74 0.80 0.92 0.90

F ig u r e  9 sh o w s a  co m p a riso n  o f  th e o r y  and. ex jie r im en ts  for th e  p r o b a b ility  th a t  
a n  o rd in a te  is  a  jieak  at, a h e ig h t y  (eq u a t io n  (G)). I t  w ill b e  o b serv ed  t h a t  for  
I — to  p m  an d  / =  3 p in  th e  a g r e e m e n t betaveen  th e o r y  and  e x p e r im e n t is r em a rk ­

a b ly  g o o d . H o w e v e r , for  I =  1 p m  (figure 9c) th ere  is  a  ju ark ed  d iv erg en ce , th e  
n u m b er  o f  p ea k s d e te c te d  fa llin g  s ig n if ic a n tly  b e lo w  th e  th eo re tica l v a lu e s . T h e  
re su lts  for a ll v a lu e s  o f  th e  sa m p lin g  in te r v a l arc sh o w n  in  figure 10 in w h ich  th e  
m ea n  v a lu e  a n d  th e  s ta n d a r d  d e v ia t io n  o f  th e  d is tr ilm tio n  o f  p ea k s (c fju a tio n s (7) 
a n d  (8)) are p lo t te d  a g a in s t  th e  v a lu e  o f  th e  correla tion  b etw een  su c c e s s iv e  
sa m p le s . T h e  m o s t  s ig n ific a n t d iv erg en ce  b e tw een  th e o r y  an d  e x p e r im e n t is  th e  
fa c t  th a t ,  for  th e  sh o rter  s a n q d in g  in te r v a ls , t l ic  m ean  v a lu e s  lie  a b o v e  th e  
th e o r e t ic a l p r e d ic t io n s  (see a lso  figure 9 c).

F ig u re  11 p resen ts  th e o r y  an d  e x p e r im e n t for th e  jw o b a b ility  th a n  an  o rd in a te  
is  a ]'>cak o f  g iv en  cu rv a tu re . A s b efore , for I —  lo p in  and I —  3 p m  th e  a g reem en t  
is  e x c e lle n t  b u t  th ere  are s ig n ifica n t d if le ren ees  for th e  sh orter  sa n q d in g  in terv a l  
o f  / =  1 p m . J t w ill be o b serv ed  ii'om  th e  m a g n itu d e s  o f  th e  cu rv a tu res  sh o w n  in  
figu res 11 a to  e, th a t ,  a s  th e  sa m p lin g  in te r v a l is d ecrea sed , on e  is  co n cern ed  w ith  
a sp er itie s  o f  sm a ller  an d  sm a ller  rad iu s . T h is  is  m a d e  q u ite  c lear in  figure 12 w h ic h  
co m p a res  th e o r e t ic a l v a lu e s  o f  th e  m ean  cu rv a tu re  o f  th e  ]ieak s w ith  th e  v a lu e s  
fo u n d  from  th e  p rofiles for d iffer in g  sa m p lin g  in te r v a ls . O nce m ore, th e  o n ly  
s ig n if ic a n t d iv erg en ce  b e tw een  th e o r y  an d  cxjxu’im e n t o ccu rs a t  th e  sh o r te s t  
sa m p lin g  in te r v a l (/ 1 /,.m).

T h e  r e su lts  o b ta in e d  a t  sh orter  sa m p lin g  in te r v a ls  (see , in p a rticu la r , figu res 9c , 
11c) su g g e s t  th a t  t lie  m ea su rem en ts  o f  th e  su rface  p rofiles arc a lfc c tc d  b y  th e  
fin ite  s i /e  o f  th e  s ty lu s . In  figure 11c  a  v a lu e  o f  th e  n om in a l s ty lu s  cu rv a tu re  h as  
b een  in d ica ti'd  ; th is  is ta k en  as th e  reciproca l o f  th e  n o m in a l t ip  d im en sio n  o f  th e  

s ty lu s . T h e  ch a ra cter  o f  th e  d iv erg en ce  b e tw e e n  th e o r y  a n d  e x p e r im e n t sh o w n  in  
figure 1 1 c is c e r ta in ly  c o n s is te n t  w ith  t l ie  a ssu u q itio n  th a t  it  arises from  th e  fin ite  
size  o f  th e  s ty lu s . T h e to ta l n u m b er  o f  ]leak s d e te c te d  is  le ss  th a n  th a t  fo r e c a s t  b y  
th e  th e o r y  an d  th e  d is tr ib u tio n  h as a p p a r e n tly  lieen  d is to r te d  to w a rd s sm a ller  
v a lu e s  o f  th e  cu rv a tu re .
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I t  is , o f  cou rse , e q u a lly  p o ss ib le  t h a t  th e  su rface  u sed  in  th is  w ork  d o es  Jiot 
co n fo rm , a t  th e s e  sh o rter  w a v e le n g th s , to  th e  m od el a ssu m ed  in th is  ])aper. 
F ig u res  9 c  a n d  1 1 c  w o u ld  th e n  im p ly  th a t  th e  s tru c tu re  o f  sh orter  w a v e le n g th s ,  
a lth o u g h  p resen t in th e  m o d e l, d o es  n o t  e x is t  up on  th e  su rface . In  an  a ttem })t to
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0.1 0.2
bC
5

— t-

-1

on'0.05 0.051Ï 0.15 0
p ro b a b i l i ty  dcj is i ly

F iG u rm  9. P ro b a b i l i t y  ueu.sities o f  a n  o rd in a te  b e in g  a p e a k  a t  a heipln y. 'I'lie full  linos g ive  
t h e  t h e o r y  (ocpiaiion (C)). T h e  oxjioi-iincntal p o in ts  a re  d e r iv e d  from  d ig i ta l  an a ly s is  o f  
p rofi les  o f  A a ch e n  04-1 :i. R e su l t s  a rc  sh o w n  for th e  v a lu es  o f  t h e  .saiujding in te r \  al (I) 
c o r re sp o n d in g  to  d iffering  va lu es  o f  th e  co rre la t io n  (p) b e tw e e n  success ive  .sanijdcs. 
(a) I — l.j /iin. (> ~  0 . 10 ; (6 ) I =  IbO/nn, /» =  0 .09;  (o) I =  1 .0 /an ,  p  — O.SO.

resolve th is  question experim ents  Avere perform ed with a sty lus Avitii a smaller t ip  
dimension. T he results  are shown in ligure 19 Avhere th e  la t io  (A) of })eaks to  
o r d in a te s  is p lo tted  against the  correlation (/>) bc1.A\een successiA'c samples. I t  Avill 
be recalled th a t  the  theo ry  (equation 9) fo reca s ts  t h a t  this ra tio  v a r ies  betAvecn 
0.99 {p — 0) and  0.2.5 {p — ]). Idgure  19 shoAvs, once more a  divergence between 
th e o iy  an d  experim ent for sampling in tervals  o f  less th a n  2 /on ;  in th is  region the
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sam p lin g  iu te rv a l /p m

I
I
I

o
O.H

o

i
s

o= 0.2

Ig U.6 0.H0.2
c o n  e la t io n  b e tw e e n  successivo sarnple.s, f>

F i g u k k  10. C h a rac te r i s t ic s  o f  th e  d i s t r ib u t io n  o f  peak s .  T h e  full l ine  g ives t lu ' m e a n  v a lu e  
( e q u a t io n  (7)) a n d  th e  bi 'oken line t h e  s t a n d a r d  d e v ia t io n  (e(]ua1 ion (S)); t h e y  a re  
n o rm a l iz e d  b y  t h e  s t a n d a r d  d e v ia t io n  o f  t h e  o rd in a te s  (cr). T h e  e x p e r im e n ta l  p o in t s  a rc  
d e r iv e d  from  d ig i ta l  an a ly s is  o f  profiles f rom  A ach en  04 -13.

0.10

o

cr

0.10

0.0.7

100 200
c u rv a tn re /m m ~ ^

■100

FiCit'KK 11. P robaf i i l i ty  den s i t ie s  o f  a n  o rd in a te  b e ing  a  p e a k  o f  a g iv en  c u r v a tu r e .  T h e  full 
l ines g ive  t l ie  t h e o r y  ( e q u a t io n  (13)). Tiio e x p e r im e n ta l  p o in ts  a re  f ro m  d ig i ta l  an a ly s is  o f  
|)rofiles f ro m  A a e h e n  (34 13 (cr =  0.7 /tin, /?* =  0.5 pm ). Ke.sults a re  show n for  th re e  
v a lu es  o f  the  s a m p lin g  in te rv a l  (?) corre.-=ponding to  differing v a lu e s  o f  t h e  eorre la t  ion (p) 
b e tw e e n  success ive  satnj<le.s. («,) I =  15 p in ,  p  =  0 .10; (5) I =  3.0 pm ,  p  ~  0 .03; 
(c) / =  1.0 pin,  p  =■ O.SO; th e  a r ro w  ind ic a te s  t h e  n o m in a l  s ty lu s  c u r v a tu r e ,  400 / im ~k



273

] 1.2 1). J. W hitehoiise and J. F. Arcliard

s a m p ] j  iig i n  t.or\ ai//ii n

O.â

>  10“

0 Ü.2 0.1 Ü.Ü 0.8 1.0
c o r re la t io n  b e tw e e n  success ive  sam ple s ,  p

Frc4UKK 12. M ean  cu rv a t i r re  o f  (lie p e a k s  as  a  func t  ion o f  t h e  eo rre la t io  i (p) b e tw een  success ive  
sam ple s .  'J’he  full l ino g ives t h e  t l ieo ry  ( e q u a t io n  (14)). T h e  ex jie r im en ta )  p o in ts  a r e  
d e r iv e d  f ro m  d ig i ta l  an a ly s is  o f  profiles f rom  A a ch e n  04 13 {cr — O.ô y in ,  ft* =  0.5 /an) .  
O ,  N o r m a l  s ty lu s ,  n o m in a l  t ip  d im e n s io n  2.5 y m  ; A ,  spec ia l  s t \  lus, n o m in a l  t ip d im e n s io n  
0.25 y m .

sam ji l ing  in te rv a l /y m

d
o

5,
oc

1.00 0.2 U.r ' 0.0
c o rre la t io n  b e tw e e n  success ive  sarnple.s, p

I'btiUKt: 13. R a t i o  (.Y) o f  p e a k s  to  o r d in a te s  a s  a  fu n c t io n  o f  th e  c o rre la t io n  (p) b e tw e e n  sue- 
ces ive  sanq i les .  T h e  full l ine g ives t h e  th e o r y  (eq u a t io n  (Oj). T h e  e x p e r im e n ta l  ]>oints a re  
d e r iv e d  f ro m  digita l  an a ly s is  o f  ]irofiles f ro m  A ach en  04 - 13. Q ,  N o rm a l  .stylus, n o m in a l  
t ip  d im e n s io n  2.5 / u n ;  A, sj iecial s ty lu s ,  n o m in a l  t ip  d im en s io n  0.25 yin.
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n u m b e r s  o f  j i e a k s  d e t e c t e d  fa l ls  w e ll  b e lo w  t h e  t h e o r e t i c a l  v a lu e s .  .S im ilar  ] d o t s  
sh o^v ing  a d e c l in e  in  t h e  n u m b e r  o f  j j c a k s  d e t e c t e d  a t  s h o r t  s a m p l i n g  i n t e r v a l s  l i a v e  
b e e n  p r e s e n t e d  b y  S h a r m a n  ( 1967 - 8 ), b u t  n o  e x p l a n a t i o n  o f  t l ie  c a u s e  h a s  b e e n  
a d v a n c e d .  F i g u r e  13 a l s o  s h o w s  t l i a t  w h e n  u s i n g  a  s t y l u s  w i t h  a s m a l l e r  t i p  d i m e n ­
s io n  t h e  d e c l in e  is  d e l a y e d  t o  s m a l l e r  v a l u e s  o f  t h e  s a m p l i n g  in t e r v a l s .  C le a r ly ,  
t h e r e f o r e ,  s t y l u s  r e s o lu t i o n  is  a  s i g n i f i c a n t  f a c t o r  a f f e c t in g  t h e  b e h a v i o u r  in  t h i s  
re g io n .

5. D i s c u s s i o n

T h e  s t a r t i n g - p o i n t  o f  t h e  p r e s e n t  w o r k  is  t h e  co n c e ]) t ,  w e ll  a c c e p t e d  in  t h e  t h e o r y  
o f  r a n d o m  p ro c e s s e s  b u t  u n e x p lo ]  ed  in  t h e  field o f  s u r f a c e s  a n d  t h e i r  c o n t a c t ,  t h a t  
a  r a n d o m  p ro f i le  c a n  b e  c o m j) le tc ly  d e f i n e d  b y  tw o  ] i a r a m e t e r s  : t h e  h e i g h t  d i s t r i b u ­
t i o n  a n d  t h e  a u t o c o r r e l a t i o n  f u n c t io n .  F o r  t h e  p a r t i c u l a r  e x a m p l e  o f  t h e  m o d e l  
u s e d  in  t h i s  p a p e r ,  t h e s e  t w o  p a r a m e t e r s  b e c o m e  s im j i ly  t w o  le n g t h s ,  t h e  r .m .s .  
v a l u e  o f  t h e  h e i g h t  d i s t r i b u t i o n  (cr) a n d  t h e  c o r r e l a t i o n  d i s t a n c e  (/?*). T h e  s t a t i s t i c a l  
d i s t r i b u t i o n s  o f  a ll  s i g n i f i c a n t  g e o m e t r i c  c f i a r a c t e r i s t i c s  o f  t h e  s u r f a c e  ])rofile, f o r  
e x a m p l e ,  s lo p e s ,  p e a k s  a n d  c u r v a t u r e s ,  c a n  t h e n  b e  p r e d i c t e d  f r o m  t h e s e  t w o  
i n d e p e n d e n t  p a r a m e t e r s .  I t  is  s i g n i f i c a n t  t h a t  t h e  j j r e s e n t  w o r k ,  w h ic h  h a s  a r i s e n  
f r o m  m a r k e d l y  th e o r e t i c a l  c o n s i d e r a t io n s ,  is s e t  a g a i n s t  a  })arfcicular b a c k g r o u n d  
o f  c o m m e n t  f r o m  t h o s e  c o n c e r n e d  w i t h  p r a c t i c a l  a s ] jc c ts  o f  t h e  m e a s u r e m e n t  o f  
s u r f a c e  f in ish  a n d  i t s  u s e  i n  e n g in e e r in g .  T h i s  i n c l u d e s  m a n y  c o m m e n t s  t h a t  a  
m e a s u r e m e n t  o f  s u r f a c e  f in ish ,  w id e ly  a d o p t e d  h i t h e r t o ,  b a s e d  so le ly  u p o n  t h e  
h e i g h t  d i s t r i b u t i o n  ( r .m .s .  o r  c . l .a .  r o u g h n e s s )  is  n o t  a n  a d e q u a t e  d e s c r i p t i o n  o f  t h e  
f u n c t i o n a l  s i g n if i c a n c e  o f  s u r f a c e  r o u g l in e s s  ( R e a s o n  1967 - 8 ). T h e r e f o r e ,  t h e  i d e a s  
o u t l i n e d  h e r e  s e e m  v e r y  r e l e v a n t  in  a n y  a t t e m p t  t o  ] ) ro v id e  a  m o r e  co j i i j i le te  
s p e c i f i c a t io n  o f  s u r f a c e  f in ish .  I n  p r a c t i c e ,  f o r  r e a s o n s  c o n n e c t e d  w i t h  e a s e  o f
iA I 1.» A V-i I » vixJLt-j T v  AilCVj KVt.fi K'V/ 1 I A V-1 vO ».« 1. \_y KV i L \ \ À. jVlLl iL I ti b  I'JIO

a v e r a g e  u p w a r d  o r  d o w n w a r d  s lo p e .  H o w e v e r ,  a l t h o u g h  n u n i y  s im face s  d o  n o t  
c o n f o r m  e x a c t l y  to  t h e  s i m p l e  m o d e l  u sed  in  t h i s  p a p e r ,  t h e  p r iu c i jd o  o f  s p e c i fy in g  
s u r f a c e  f in ish  i n  t e r m s  o f  t w o  i n d e p e n d e n t  p a r a m e t e r s  s e e m s  c a p a b l e  o f  w id e r  
a p p l i c a t i o n .

'The i m p o r t a n c e  o f  /?"' in  t h e  s ] )cc if ica t ion  o f  s u r f a c e  fm ish  h a s  b e e n  s t r e s s e d ,  b u t  
i t  h a s  a n  a d d i t i o n a l  s ig n i f i c a n c e  in  i t s  o w n  r i g h t .  C o n s id e r  t h e  m e a s u r e m e n t  o f  t h e  
c . l .a .  o r  r .m . s .  ro u g h n e ,s s  v a l u e  o f  a  l a n d o m  s u r f a c e ;  i t  is  d e s i r e d  t o  k n o w  t h e  
c o n f id e n c e  l i m i t s  o f  s u c h  a, m e a s u r e m e n t  a n d  thus is e a s i ly  e x p r e s s e d  i f  o n e  k n o w s  
t h e  s t a n d a r d  d e v i a t i o n  o f  a  la rg e  n u m b e r  o f  s u c h  m e a s u r e m e n t s  m a d e  iq io n  t h e  
s a m e  s u r f a c e .  A l t e r n a t i v e l y  t h i s  c a n  b e  d e d u c e d  i f  /?" is  h n o v i i .  I t  c a n  b e  s h o w n  
t h a t  t h e  s t a n d a r d  d e v i a t i o n  o f  s u c h  m e a s u r e m e n t  o f  t h e  c .l .a .  r o u g h n e s s  o f  a  
r a n d o m  s u r f a c e ,  w h e n  n o r m a l i z e d  a s  a  r a t i o  o f  t h e  in c a n  v a lu e ,  is  % 1 I n
t h i s  e x p r e s s io n  J i  is  t h e  r a t i o  o f  t h e  a s s e s s m e n t  l e n g t h  (L) ,  u s e d  in  t h e  m e a s u r e ­

m e n t  o f  c . l .a . ,  t o  t h e  d i s t a n c e  b e tw e e n  p o i n t s  o n  t h e  s u r f a c e  (2.3/î'*) w h ic h  j u s t  
] i ro v id e s  e l f e c l iv e ly  i n d e j x m d e n t  ev en ts ' .  (T h is  r a t i o  .di is a n a lo g o u s  t o  t h e  b a n d  
w i d t h  X d u r a t i o n  ] i r o d u c t  u s e d  in  c o m m u n i c a t i o n s  th eo j-y  t o  e s t i m a t e  t h e  r e l i a b i l i t y

S Vol. 3 1 6 . A.
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o f  d a t a , ) F o r  e x a m p l e ,  o n  t h e  0 .03  in  c u t - o f f  r a n g e ,  t h e  T a l y s m f  4 i n s t r u m e n t  h a s  
a n  a s s e s s m e n t  l e n g t h ,  o f  0 .15  in (3.81 m m ) .  'The v a lu e  o f  2.3/?* fo r  A a e h e n  0 4 - 1 3  
is  1 5 p m .  T h u s  t h e  n o r m a l i z e d  s t a n d a r d  d e v i a t i o n  o f  c . l .a .  r e a d i n g s  on  t h i s  s u r f a c e  
s h o u l d  h e  4 . 5 % .  A  m e a s u r e d  v a l u e  o f  t h e  s t a n d a r d  d e v i a t i o n  fo r  A a c h e n  0 4 - 1 3 ,  
b a s e d  u p o n  a  la rg e  n u m b e r  o f  r e a d i n g s ,  w a s  4.3 % .

T h e  co m p a r iso n  o f  th e o r y  and  e x p e r im e n t o u tlin e d  in  th is  pap er sh o w s th a t  th e  
m o d e l w h ich  h a s  b een  a d o p te d  can  j)rov id e  a sa t is fa c to r y  d cscr in tio n  o f  the, g e o ­
m etr ic  fea tu res  o f  p rofiles from  a su rface  ty p ic a l o f  en g in eer in g  p ra c tice ; th e  
s ta t is t ic a l  d is tr ib u tio n  o f  su rface  ch a ra c ter is tic s  are a c c u r a te ly  fo reca s t o v er  ii w id e  
ra n g e . T liis  ra n g e  co v ers  an  order o f  m a g n itu d e  in  th e  lin ear  d im e n sio n s  o f  th e  
a sp e r it ie s  a n d  m ore th a n  tw o  orders o f  m a g n itu d e  in  th e ir  cu rv a tu res . D iv e r g e n c e s  
apipear o n ly  a t  sh orter  w a v e le n g th s  a n d  th e se  arise , a t  le a s t  in  ]iart, from  th e  
re so lu tio n  o f  th e  s ty lu s . T h is  is  cleai- from  a m ore d e ta ile d  co n sid era tio n  o f  th e  
re su lts  o b ta in e d  v i t h  th e  sh arp  s ty lu s .

F i r s t ,  c o n s id e r  t h e  r e s u l t s  o f  f ig u re  13. T h e  m o d e l  a d o p t e d  in  t h e  j i r e s e n t  p a p e r  
r e i ju i r e s  t h a t  a t  s h o r t  s a m p l i n g  i n t e r v a l s  { N  -> J) t h e  n u m b e r  o f  p e a k s  d c ' t e c t e d  o n  
a  g iv e n  l e n g t h  o f  p ro f i le  s h o u l d  be  i n v e r s e ly  p ro j io i  t i o n a l  t o  t h e  s a m j i l i n g  i n t e r v a l .  
H o w e v e r ,  w i t h  t h e  n o r m a l  s ty lu s ,  r e d u c i n g  t h e  s a m p l i n g  i n t e r v a l  f r o m  1 t o  0 . 5 p m  
in c r e a s e s  t h e  n u m b e r  o f  p e a k s  b y  o n ly  1 6 %  a n d  a  f u r t h e r  r e d u c t i o n  t o  0 . 2 5 p m  
c a u s e s  n o  d e t e c t a b l e  i n c r e a s e  in  t h e  n u m b e r  o f  ]>eaks. T h e s e  r e s u l t s  s u g g e s t  t h a t  
e i t h e r  t h e  l in e  sca le  s t r u c t u r e  d o e s  n o t  e x i s t  u p o n  t h e  s u r f a c e ,  o r  i t  is ),r e s e n t  a n d  
is  n o t  d e t e c t e d  b y  t h e  s ty lu s .  4 'h e  r e s u l t s  o b t a i n e d  w i t h  t h e  s h a r p  s t y l u s  s h o w ,  
c le a r ly ,  t h a t  s t y l u s  r e s o lu t i o n  is a  s i g n i f i c a n t  f a c to r .  A t  a  s a m p l i n g  i n t e r v a l  o f  1 / o n  
t h e  r e p l a c e m e n t  o f  t h e  n o r m a l  s t y l u s  b y  t h e  s h a r p  s t y l u s  c a u s e s  a n  i n c r e a s e  o f  20  %  
in  t h e  n u m b e r  o f  p e a k s  d e t e c t e d .  I n  a d d i t i o n ,  w h e n  u s in g  t l ic  s h a r p  s t y lu s ,  a  r e ­
d u c t i o n  in  t h e  s a m j j l i n g  i n t e r v a l  t o  0 . 5 p m  a n d  t o  0 .2 5 /o n  c a u s e s  i n c r e a s e s  in  t h e  
n u m b i .T  o t  ]ienk= b y  37 .and 75 %  F.ig’.'.re J 2 s h o w s  t h a t  u se  o f  t h e
s h a r j )  s t y l u s  a lso  r e s u l t s  in a n  in c r e a s e  in  t h e  m e a n  c u r v a t u r e  o f  t h e  j te a k s ;  in  o t h e r  
w o r d s  t h e  s h a r p  s t y l u s  r e v e a l s  m o r e  d e t a i l  a n d  l in e r  d e t a i l .  T h e  s u g g e s t io n  t h a t  
t h e  f in i t e  s ize  o f  t h e  s t y l u s  h a s  a n  in f lu e n c e  u p o n  t h e  re ,so lu tion  o f  t h e  f in e s t  deta.il 
is suj>jx>rtcd b y  o t h e r  e x p e r i m e n t s  (R .  F .  R e a  .son, u n ] ) u b l i s h e d )  i n  w h ic h  a  sh a r j )  
s t y l u s  h a s  r e v e a l e d  c o n s id c ra l t le  d e t a i l  u])on s m o o f h  s u r f a c e s  v h i e h  t l ie  n o r m a l  
s t a i n s  d o e s  n o t  r e v e a l .

A  d e t a i l e d  d i s c u s s io n  o f  t h e  e f fe c t  o f  t h e  s ize  a n d  s h a p e  o f  t h e  s t y l u s  u p o n  
r e s o lu t i o n  is o u t s i d e  t h e  sc o p e  o f  t h e  p i 'e s e n t  j ia j te r .  H o w e v e r ,  s o m e  g e n e ra l  c o n ­
s i d e r a t i o n s  a r c  w o r t h y  o f  c o m m e n t .  I 'h rs t ,  t h e  e f fec t  o f  t h e  f in i te  s ize  o f  t h e  f la t  t i p  
o f  t h e  s t y l u s  is n o t  l i k e ly  t o  p r o d u c e  a  s h a r j )  c u t - o f f  in  r e s o lu t i o n  b u t  s h o u l d  
e x e r c i s e  a n  in l lu e n c e  o v e r  a  r a n g e  o f  w a v e l e n g t h s  s o m e w h a t  a s  h a s  b ( \  n i n d i c a t e d  
in  t h e  d is c u s s io n  o f  f ig u re  13. N e v e r th e l e s s ,  a s s u m i n g  t h a t  t h e  j i ro iile  c o r r e s j t o n d s  
t o  t h e  m o d e l  o f  t h i s  ])a jier,  t h e  c h a n g e  in  t h e  s t y l u s  t i p  d im e n s i o n  f r o m  2.5 t o  
0 . 2 5 / o n  jj roduce .s  a  s m a l l e r  c h a n g e  in  t h e  l e s o l u t i o n  t h a n  m i g h t  b e  e x j ) e c te d ;  
j i e r h a p s  t h e  l ine  sca le  s t r u c t u r e  is p r e s e n t  b u t  i t s  m a g n i t u d e  is less  t h a n  is r e q u i r e d  
})y t h e  t h e o r e t i c a l  m o d e l .  H o w e v e r ,  it s h o u l d  b e  n o t e d  t h a t  t h e  li j)  d im e n s io n  m a y
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n o t  1)0 th e  o n ly  fa c to r  w iiich  d e term in es  th e  re so lu tio n  o f  th e  s ty lu s . E q u a tio n  (17) 
sh o w s  th a t  a s  t l ie  san i])lin g  in te r v a l is  red u ced , a n d  s tru c tu res  o f  sh o rter  w a v e ­
le n g th  are in v o lv e d , th e  lo ca l s lo p e  o f  th e  su r fa ces b eco m es stecjier  (cf. figu res l u ,  c). 
Ill)u s , a lth o u g h  e x is t in g  in s tr u m e n ts  r e v e a l th e  d e ta ils  k n o w n  to  b e  o f  fu n c t io n a l  
s ig n ifica n ce , to  r e so lv e  th e  fin est d e ta il on  ra n d o m  su rfa ces i t  m a y  b e  n e c e ssa r y  
to  co n sid er  th e  co m p le te  sh a p e  o f  th e  s ty lu s , th e  s id e s  as w e ll a s th e  tip .

The present work has also focused attrition ujion a problem associated with the 
representation of random surfaces by models. It has been explained that the random 
signal re])resentation used in this paper is a complete desciiption of the profile, 
in a statistical rather than a deterministic sense. Howeve)', models appro])riate 
to the prolilems of surface contact are expressed as a distribution of peaks and 
such models have been derived from digital analysis of surface profiles; consider­
ation of the results olnained in this ])aper shows, immedialcly, the difficulties 
associated with any definition of a jieak. The simpler foi'ins of digital analysis 
(for example, the three-point system which has been widely used) cause, 
inevitably a loss of information compared with that ])rovided in the original random 
signal representation, or that which is present in the sruface jirofile. Thus, a 
close samjiling technique collects the m a x i m u m  amount of information about 
the profile ; but three-jioint analysis of these data restricts the information to 
structures of this same small order of size. Only by the use of more sophisticated 
techniques, such as digital filtering, can the total information in the saiujile be 
utilized. A n  alternative is to use differing selections of the same information, by 
rejecting some data, but still to use three-point analysis; e.g. to present, as we 
have done, information from tlirce-point analysis for a wide range of sampling 
intervals.

However, these techniques present problems of rigour. W h e n  using the longer 
saiiipling intervals om^ is pi'esenflng .statistical information aliont the 1 ongei- wa.ve- 
lengtli structure of the profile obtained by drawing a smooth curve through v idcly 
separated jioints upon it. Thercfoi'c the I'csnlts j'resented above, in particular, the 
values of curvature obtained from long sampliiig intervals, should be interjircted 
with, these reservations in mind.

Eecau.se the description of the profile as a random signal is statistical in its form 
an overemphasis iqion the limitations of three-jmint samjfiing is not, jicriuijis, the 
most significant jToblem. 'J’lie more important, and difficult, question is deciding 
the range of sampling intervals from which it is accc])table to use information in 
devising models for theories of surface contact. The significance of the shorter 
wavelength structures (revealed by the use of shorter samjiling intervals) in the 
contact and ral>!)ing of surfaces ma y  l.)C questioned; in any event, a lower limit 
to the acccjitable range of sampling intervals is set by stylus I'csolution. At the 
other extreme it is clear that the use of veiy kaig samj'ling intervals will give 
results which have little jihysical significance.

A  more relevant quest ion is the sjiacing of eve nts that will define the dominant 
oi- main structure of the profile; such a sjiacing might be considered as the ujiper

6-2
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limit of sampling intervals to be nscci in devising models for tlie study of surface 
contact. To outline this structure inpilies that the profile be considei’cd as a series 
of events wliich have just reached the Sjiacing where they can be regarded as 
clFcctivcly independent. As discussed earlier, this suggests a spacing of events of 
2.3/T" and also im])li(;s that the main structure of the profile has a wavclengtli of 
cu. JO/?*. Similarly the profile can be considered in terms of the power spectral 
density function (figure 35). This suggests that f he most significant iiifornuition 
is contained in a lo\r-pass band of fi-cquencics having a cut-off frequency of 
(2 tt/?*)-i. This a.jiproach suggests a wavelength of ca. 0/?* foi' the main srructure 
of the profile. Jdnally, we can airive at an estimate of tlie broad scale structure 
from a consideration of the number of times the profile crosses the centre line; 
the mean distance between such crossings might be rogardcd as half the wave­
length of this main structure. To obtain a meaningful result with tins apjiroach one

(6)

100 [im

F itn u iE  14. T a ly s u r f  prc 'filcs o f  c y lin d r ic a l sp ec im en s  u sed  in lu b r ie a fe d  fric tio n  e x p e rim e n ts .
{a) O rig inal su rfa ce  jiro lilc ; (/<) jirofile o f  th e  sam e  line  a f te r  on.’ t ra v e rsa l o f  th e  load .
SnofiTucns 0 A W ( ' st^cl ; 300 cl.p.::. ; 0.C3"; m m  d ia m c h r ;  lo .id  2.1 f b

must ]'cmove the high frequency comjioncnts. If we rcjilace the jiower spccti'al 
density distrilmtion of figure 35 by one )\ith a sharj) cut-off at an angular frequeiicy 
of .]//?* (low-pass filt'Crod white noise) it is possible to use a result derived by Rice 
(sec Bendat 1 9 5 S, p. 128). For this situation the mean distance betvecn centre 
line crossings is 0 .0/?* and a représentative value of the wavelength of the main 
structure is ll/i*. it can be argued that, when con.ddering the rosults of three- 
point analy.sis, a somev hat shoi’ter interval is ajiprojmate because in sm face 
contact one is concerned with the tips of the higher asperities. As a general guide 
to the main structure of relevance in contact jiroblems we shall thereforc use the 
results derived from a samjiling interval of 2.3/?*.

TJic significance of this distinction between the differing scales of size involved 
in surface structure and the imjiortance of the main, broad scale, structure is 
illustrated in figure 1 1. The ujijier rocord shows the original jirofile of a cylindrical 
sj)ecimen u.sed in a low sjieed boundary luliricated friction cxjicriment using a 
crossed-cylinders friction machine (Arcliard 1 9 5 8 ). The lower jirofile is of the sa7ne
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tmcJ: upon the surface after just one traversal of the load. It will he seen that the 
smaller scale structure has hecn lost by plastic flow during the first traversal but 
the longer wavelength structure remains u])on the surface and is the dominant 
factor in determining the contact conditions in subsequent traversals of the surface. 
A  more comjfietc account of these experiments will be jiublished el sen li ere
(I). J. AVhitehouse &  J. F. Archard. to be published).

An important aim of recent studies of t he topography of surfaces has been t o 
provide an estimate of the chances that a given surface will be sub jected to plastic 
flow dining contact. Jilok (1 9 5 2 ) and ffalliday (1 9 5 5 ) considered the shape of 
asperities which could be pressed flat without recourse to plastic d.efoi'ination. 
It was shown that this criterion could be expressed in the form

m  ̂  (18)
Where JJ is the hardness and E' — 77/(1 — jA), E  being the Young modulus and r 
tiic Poisson ratio; m, as above, is the average upward or downward slope and K  is 
a numerical factor, in the range 0.8 to 1.7, which dejicnds only upon the assumed 
shajie of the asperity. Greenwood & Williamson (1 9 6 6 ) assessed the jirobability of 
plast ic deformation using their model in which asperit ies, each of radius A', are 
disposed in a Gaussian distribution of heights of standard dev iation rr*. In this 
model there is always a. finite cliancc of plastic flow ; however, it was shown that it 
dcjicnded very little upon the load but was critically dependent ujion a jilasticity 
index, given by ,

The pla.sticity criteria of ecpiations (18) and (10) are similar in form. The Blok- 
li alii day criterion (equation (18j) is, however, unduly severe because it assumes 
eomjiletc dcpres^sion of the asjieritics. The plasticity index of Greenwood &  
Uniiamson (1 9 0 6 ) takes account oJ tiio fact that only the tiji.s oi asperities are 
normally involved in contact. The jwesent work' emjihasizcs the simplifications 
which have been made in these jilasticity criteria because they take no account of 
the existence, ujion surfaces, of supeiqiosed asperities of differing scales of size. 
The plast icity calculations of equation (18) and (19) assume that the deformation 
of each of the asjierities is indcjiendent. Tliereforc the plasticity index of equation 
(19) lias a signiiicance only if it is ajiplied to the main, long wavelength structure; 
it sliould then indicate the jirobability of plastic flow over regions associated v ith 
this scale of size. If values of 7i‘ corresjionding to smaller scale structure are u.sed 
the argumcnt.s iin olved in the dci ivation of equation (19) become in\ alid because 
the deformation of adjacent asperities interact, as in the model of ligures 15, c.

To summarize the results derived from the mud el of the present jiajier, table 2  
shovs the way in w hich the significant characteristics of a surface profile depend 
upon the two independent jiarameters a and /?*. To emphasize the importance of 
the scale of size used in the analysis each characteristic (except if, for reasons 
outlined above) is shown for two scales. The main structure of the profile is derived
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a ssu m in g  a  sa m p lin g  in te r v a l, I, o f  2.3/?* a n d  th e  fin e  sca le  s tru c tu re  a ssu m e s  
a sp e r ity  d im en sio n s  o n e  order o f  m a g n itu d e  sm a ller  {I =  0 .23/?*). F or A a c h e n  04—13, 
u se d  in  ou r d ig ita l a n a ly s is  d escr ib ed  a b o v e , th is  is ju s t  w ith in  th e  l im its  o f  
r e so lu tio n  o f  th e  T a ly s u r f  in s tr u m e n t u sin g  th e  n o rm a l s ty lu s . I n  d e r iv in g  a v a lu e  
o f  th e  p la s t ic i ty  in d e x , if, a  v a lu e  o f  th e  m ea n  cu rv a tu re  o f  th e  p e a k s , d e r iv e d  
fro m  e q u a tio n  (14), h a s  b e e n  u sed . T h e  v a lu e  o f  d er iv ed  in  th is  Acay som cA vhat 
u n d e r e s t im a te s  th e  p r o b a b il ity  o f  p la s t ic  floAv b eca u se , as eq u a tio n  ( I I )  shoACS, 
th e  c u r v a tu r e  o f  th e  p ea k s in crea ses AA ith  in crea s in g  h e ig lit . T h u s th e  h ig lie s t  
p e a k s , Avhich arc th o s e  iuAmlved in  c o n ta c t , luiA'c a  sm a ller  rad iu s th a n  th e  to ta l  
p o p u la t io n .

'TABLE 2. CjfABACTEETSTlCS OF A BAN DOM PBOFJLi:

IN  TEBAIS OF (T AND /?*

c h a ra c te r is tic  o f  th e  profile  m a in  s t ru c tu re  fine s t ru c tu re
(f =  2.3/?*) (f =  0.23/?*)

m e a n  o f  p e a k  d is tr ib u tio n  -t-0.S2cr + 0 .47cr

s ta n d a rd  d e v ia tio n  o f  p e a k  0.71cr O.Ofr
d is tr iln it ion, a*

ra tio  o f  p e a k s  to  o rd in a te s , N  0.33 0.26

a v e ra g e  u p w a rd  o r d o w n w ard  0 .24(t//?* i.GGcr//?*
slope , Tfi

m ea n  p e a k  c u rv a tu re ,  c* 0.45cr//E - 20cr//?*-

p] a St ici t y  in d ex , f  0.3 ^

A  co m p le te  th e o r y  o f  th e  c o n ta c t  o f  su r fa ces on th e  b asis tlio  m o d e l o f  th is  jjajicr  
c a n n o t  b e  jiresen ted  h ere . IIowcAX-r, o n e  in te r e s t in g  fea tu re  o f  th e  m o d e l and  it s  
co m jia r iso n  Avitii th a t  o f GrccriAvood & W illia m so n  (1966) is  Avorthy o f  c o m m e n t.  
T h e  G reenw ood & W illia m so n  m o d e l is  specified b y  th ree  jiaram eters; cr*, the. 
s ta n d a r d  d e v ia f io n  o f  th e  p eak  h e ig h t d is tr ib u tio n  ; Ji, th e  ra d io s  o f  c u r v a tu r e  o f  
th e  a sp e r itie s ;  an d  ?/, th e  d e n s ity  o f  a sp er itie s  p er u n it  area. Jn th e  m o d e l o f  th is  
p a p er  th e  req u ii’c d  p a ra m eter s  are c o m jile te ly  d e fin ed  b y  cr, th e  sta n d a rd  dcA iat ion  
o f  t l ie  h e ig lit  d is tr ib u t io n  an d  /?*, t l ie  correla tion  d is ta n ce . T h e th eo ry  o f  c o n ta c t  
b a sed  on our m o d e l iiro o lv es  a s ta t is t ic a l d is tr ib u t io n  o f  b o th  p ea k  h e ig lu s  and  
j ica k  cu rv a tu res . C o m p a iin g  th e  tw o  m o d e ls: a *  is  p ro p o rtio n a l to  cr, Tl is  ]>ro- 
piortional to  /F'fcr, an d  1/ is p ro p o rtio n a l to  1//?*“. T h erefore  for a ll ra n d o m  su r fa ces , 
AA h e n  th e  G reenw  o o d  & W illia m so n  m o d e l is used  th e  p aram eters sh o u ld  be I'clated  
])A' th e  eq u a tio n o'*iib/ =  constant.

There is some evidence (J. A. GreeriAvood, private communication) from the 
analysis of liead-blastcd surfaces that this relation is, indeed, obeyed.

Finally, a brief comment upon the generation, by mechanical jirocesscs, of 
surfaces having a random structure. Such surfaces are generated by multiple
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contacts between jiarticles and the surfaces. Tlius in grinding and sand blasting 
the unit event is the interaction of a grit with the surface resulting in the disjilace- 
inent or removal of material. If one postulates a random element in these events it 
seems likely that the surfaces thus generated would have a random structure in 
which the standard deviation of tlie height distributioji bears a simple relationship 
to the depth of the unit event and the correlation distance similarly bears a simple 
relation to the A\ idth of the unit event.

W e  are indebted to Dr J. A. Greenwood and Dr J. B. P. Williamson for discus­
sions of their published and unpublished work. Our tlianks are due to our colleague 
Dr P. H. Idiillipson for helpful discussions of the theory of random processes. W e  
also thank the Directors of Bank Precision Industries Ltd for financial sujiport and 
for jiermission to jmblish.

A r r E x n i x .  G e n e k a l  e o u m  or t h e  t h e o r y  

Jn the derivation of the relevant expressions use Avill be made of the multi­
dimensional normal distribution (m.n.d.) which is concerned with the joint 
jirobability density function of a number of Gaussian variâtes; in our problem 
these variâtes will be simply profile ordinates. The m.n.d. will be Gaussian because 
any linear combination of Gaussian variâtes is itself Gaussian.

Def nition (see Bendat 1 9 5 8 ). If the ordinates y.,, ..., have Gaussian height 
distributions, having a mean of zero and a variance unity then their combined 
joint density function is given b\

N

2|J/| (Al)

Where ]J/| is the determinant of d/; Ji is given by the sqiuue matrix

d-ip
M  =

\d.\l dy.̂  . . . dyyj

dij b e in g  t h e  s e c o n d  m o m e n t  o f  the  v a r ia b le s  Jlfj is th e  co -fa c tor  o f  in Ji.
'Take, for examjile, t lv ' jo in t  j irob a b il i ty  d e n s i t y  o f  t w o o rd in a te s ,  sa y  and

coiTf'lated b y  p. Then

/(.Vo. >J-,) -= ( - kS) (2/-1 
2(1-/P) ,

Similarly, for three ordinates, y_̂ , ŷ , y.̂ ,̂ having a correlation of py between 
adjacent ordinates and p., between extreme ordinates the joint jirobability density 
is given Inr
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where

D. J. Wliitehouse aiid »T. F. Arcliard

1.

1
f(y-M =

(2/-I —J h  2/o)“
' :2(l-pO

(i-pn
V {2t t ( 1 — p.2 ) ( 1 -f- p2 —

{2/1(1 ~p\j -  y„Pi( J -p-fl-y-xUA - P-dYX e x p

For the model under considérât ion the autocorrelation is exponential. Hence 
p \  =  P 2- Then /[y^ i/yo, y_J reduces to f { ] P  y i y d ) which is a critciion for a first- 
order Markov process. Hence for an cxj)onential correlation function equation 
(A 2 ) becomes

/(2/-P I/o, </..) = exp ( - 1̂/5) %
1 { l h - \ - p ! u Y

J
. (A3)

It will be noted that the simplified form of the theory used in this jiaper arises 
because p., —  p\ and for a jxariicidar sampling interval this result does not depend 
Ujion the fact that the autocorrelation function is exponential. However, the 
exponential correlation function is an essential requirement for the general 
applicability of t he simplified tlieory at uU sanqiling intervals.

P e a k  h e i g h t  d i s t r i b u t i o n  

Tiio probability of an ordinate being a ]>e.al< at a height lietween y .mi4 y ->~f]y L. 
wi'ittcn in teims of a restriction of the joint probaliility density iange in tlie 
following form (see theory):

prob h/_] <  y , y  < yu < y T d y ,  y , i  <  y]
n y+tii/ fu

/(y_i, 2/0,2/̂ 1) d//_idy(,d//_i.
V J

AVhicli is the gcneial equation of a peak using the three ordinate nmdel ; when 
the correlation is exponential the probability density reduces to the following form

f - E ‘ 2(1 -p=) dy_.i r  exp 
J — X)

-  (y ̂ ipp’/od dŷ i.

T’his reduces to ecjnation (fi) of the theory and, for p  0 , gives equation (5).
The ratio (A') of the numher of jieaks to ordinates, for any value of the corre­

lation p ,  is olitained simply by integrating equation ((i).
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ika/j curmfiire distrUmtion 
]‘\)]‘ a given cin'vature, C, as defined in (lie text, the ordinates are related hy an

5' = -yo“ 2/-i-2/.fi-exjiression

Hence tlie total jirobahility of an ordinate being a peak between y and y + dy and 
describing a cuiwatnre, C  covering all possible configurations of y_y and y.̂ i, 
is friven bv

-2/o “ V -\ ~  Ufiz-i a.'/ Cu
P ' i y P h p ) = f i i h d j f y - i k h P f

J !/ J y —O yo, 2/-0 dy-idyo- (A4)

Hence the probability density of an ordinate being a peak at height y with 
curvature C  is

' f d - y - i - P 'r(y,(7,p)=/(y)rJ y-C y, y-i d y -v (A 5)

Tins is a convolutioji integral Avhich enables sinqilc graphical equivalents to be 
consti-ucted ; ec|uation (A 5) corresjionds to the general cui-vature formula Avith a 
general autocorrelation functio]i. HoAA CAmr, for the simple exjionential correlation 
it becomes

'u  ]

^(1-?)
*0,C,p) = D _ e > : p ( - |

X exj) (2 y - y_] —  G  - py)-
L (1:^-/) .

ex])
_  " 2 ( 1 - Y )  _

This reduces to equation (1 2 ) of the theory and when p —  0 one obtains 
equation (1 1 ).
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ri ie P ro p e r t i e s  o f  R a n d o m  Surfaces  in C o n t a c t
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and 
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Ab s t r a c t

Theories of the contac t  of rough surfaces use models  in which the surfaces are 
represented as a dis t r ibut ion of asperities. Realistic models  of surfaces should be based 
upon  knowledge of the topography of surfaces used in engineering pract ice.  In recent  
years much knowledge of surfaces has been gained f rom tfie digital presentat ion and 
analysis of the ou tpu t  of ins t ruments  in which the surface profile is explored by means  of 
a lightly loaded stylus.

This paper explores  the concept  of a random signal as a model  of the surface profile; 
such a model ,  expressed as a height dis t r ibut ion and an auto-correlat ion funct ion,  is a 
complete  representat ion of the proliie.  It is shown that ,  wi thin the iimiis wiiete siyius 
resolut ion is not  a significant factor,  such a model  is an adequat e representat ion of the 
profiles of a typical ground surface. For  surface con tac t  studies it is then required to 
t ransform the random signal model  into a form in which the surface is represented by a 
dis t r ibut ion of asperities.  Suitable asperity models  are discussed in the light of the 
theoret ical  analysis and the results of digital analysis of surface profiles.  The significance 
of this work  is il lustrated by some lesulis showing changes in surface finish caused by 
running in under condi t ions of bounda ry  lubrication.

I n t r o d u c t i o n

Two  concepts  form the background of this paper.  The first is the idea t ha t  the way 
in Vv/hich surfaces touch is of vital importance in many br and ie s  of engineering; friction 
and wear,  the conduc t i on  of heat  and electricity between bodies in contac t  are examples 
of impor t an t  areas of engineering pract ice where the na ture  of the t rue area of contac t  is 
of vital significance. The second concept  is that  all surfaces are rough; certainly all sur­
faces used in engineering practice consist of hills and valleys which arc very large compared 
with a tomic  dimensions.  The major problem in this field is to take the me thods  by which
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the foufjhness of surfaces are measured and character ized and to t ransform this i nforma­
tion into a form in vziiich it can be used in theories of  surface contac t .

Th e o r i e s  o f  Surfac e  C o n t a c t

It is well accepted that ,  because surfaces are rough,  the t rue area of con tac t  is very 
much smaller than the apparent  area in contac t .  Much of the development ,  over , the post ­
war eià, of a scientific approach to the s t udy of friction, lubricat ion and wear  [1] is based 
upon the idea that  the pressures at t rue areas of contac t  are very large indeed.  It is c o m ­
monly assumed that  the hills, or asperities, upon  surfaces can be regarded as spherical caps. 
If the load on a single asperity is sufficiently small the deformat ion is elastic and the rela­
t ionship between area of contac t .  A ,  and load, W,  is given by the Hertz equat i ons  (2)

A  = n
3WR

2E'
(1)

where E' = F/(1 -  r’̂ ); E  is Young 's  modulus  and v is Poisson's ratio.  R  is the rela­
tive radius of curvature of the surfaces in contac t .  A t  heavier loads the deforma t ion  is 
plastic and the area of con tac t  is given by [3]

A  = M W (2)

where R  is tfie hardness of the material.

In their earlier work Bowden and Tabor  [1] suggested t ha t  the de fo rmat ion  of the 
asperities was plastic. Therefor e the t rue area of contac t  was propor t ional  to the  load 
and,  assuming t ha t  fr ict ion arises from tlie force required to shear these areas, the fr ict ion­
al force is also propor t ional  to tlie load. Thus  it was possible to provide a simple and

(b)

t—

(c)

FI G.  1 M O D E L S  OF  S U R F A C E S  C O N T A I N I N G  A S P E R I  f I t S  O F  D I F F E R I N G  S C A L E S  O F  S I Z E .  

Wh e n  t h e  d e f o r m a t i o n  is e l as t i c  t h e  re la ' . i onships  b e t w e e n  t h e  area o f  c o n t a c t  { A )  a n d  t he  
l oad  n v j  arc as f o l l o w s :  (a) (b) (c)  o c ; y 4 4 / 4 5
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In recent  years it has been recognized t ha t  the cont ac t  of surfaces mus t  involve an 
appreciable propo r t ion  of asperity con tac ts  at  which the de fo rmat ion  is ent irely elastic. 
Archard [4,5] suggested a series of models  (Figure 1) to represent  surfaces.  It was shown 
tha t  as these models  became more  complex  the relationship between A  and fV, assum­
ing ent i rely elastic deformat ion,  moved more  closely t owards  direct  propor t ional i ty .  Thus 
it was shown tha t  a sat isfactory explana t ion  of Amo n to ns '  laws of frict ion is no t  depend ­
ent  upon  the assumpt ion of plastic deforma t ion .  Af though it was admi t t ed  t ha t  these 
models  were artificial, two features are wo r thy  of comment .  First,  the geometr ic  features 
of the  part icular model  used may no t  be of the greatest  significance in seeking an explana­
t ion of Amon ton s '  laws. What  is impor t an t  is the physical consequences ;  in the complex 
models  an increase in the load is a lmost  ent i rely used in creat ing new areas rather  than 
enlarging existing ones.  Secondly,  the model s contain a feature to which we shall revert 
later; they assume tha t  there exists upon the surface superposed asperities of widely differ­
ing scales of size.

In the mos t  impor t an t  recent  cont r i bu t i on  to the subject  Greenwood  and Williamson 
[6,7] used the results of  an analysis of measured surface profiles. They showed t ha t  for 
many  surfaces the asperities have a Gaussian dis t r ibut ion of heights.  Their  model  of sur­
faces therefore  consisted of a series of  spherical asperities,  each having the same radius of 
curvature as in the model  of Fig. l a ,  bu t  having a Gaussian dis t r ibut ion of heights.  With 
such a model  the relat ionship between A  and M/ is again close to direct  propor t ional i ty .  
Thus  a second theoret ical  derivation of Amo n tons '  laws of fr iction was provided for 
elastic defo rmat ion  unde r  mul t iple contac t  condit ions.

If, as in the earlier work of Bowden and Tabor  [ 3 ] ,  it is assumed t ha t  the defo rma­
tion is ent i rely plastic, the details of the surface finish seem relatively un impor t an t  since 
the total  area of cont ac t  and the con tac t  pressures do  no t  depend  upon surface topography.  
However,  if an appreciable propor t ion  of the load is borne by elastic deformat ion  the role 
of surface t opography becomes much more significant.  For  example,  the propo r t ion  of 
the load which is borne  by plastic flow, even t hough it be very small, may be highly sig- 
iilficdiil ill Lite i i i i i iduon of various forms oi surface failure.

The Measurement and Characterisation of Surface Roughness

Many dif ferent  methods  have been used in tlie measuremen t  and character izat ion of 
surface t opography.  These include optical ,  capaci tance,  and electron optical  methods .  All 
of these have a role in the examinat i on  of surfaces.  However in this paper  we shall confine 
ourselves to the mos t  common ly  used me thod  in which a lightly loaded stylus is moved 
over the surface.  Its vertical movemen t  is conver ted into an electrical signal v/hich is 
ampilificd. Tlic ou tp u t  signal is displayed on a char t  recorder,  thus presenting a repre­
sentat ion of the surface profile,  or is used, af ter  suitable filtering to provide a met er  read­
ing. In engineering pract ice an acceptable character izat ion of the surface roughness is often 
taken as the center  line average (c/a) or rms  value of this signal. A typical profile t o ­
gether wit!) the coordinate  system used in this paper  is shown in Fig. 2. In recent  years it 
has been widely recognized,  by tliose concerned with the measurement  of surface finish 
and its use in engineering practice,  tha t  a character izat ion based solely upon nns  or c/a 
readings is somet imes  no t  an adequa t e  descr ipt ion of tlie funct ional  significance of  surface 
roughness [8] .
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2.3 P"20 n M

FI G.  2  S U R F A C E  P R O F I L E  O F  A A C H E N  6 4 - 1 3  S H O W i r ' G  C O O R D I N A T E  S Y S T E M .
T h e  m a g n i t u d e  o f  t he  r ms  val ue  o f  t he  h e i g h t  d i s t r i b u t i o n  la )  a n d  t he  c o r r e l a t i on  d i s t a n c e  

p '  are s h o w n  for c o m p a r i s o n  w i t h  t he  prof i l e .

One feature of stylus ins t ruments  which is of particular importance in the cont ex t  
of our  present  discussion is the ease wi th which the ou tpu t  can be analyzed by analogue 
and digital techniques.  In the field of product ion  engineering this informat ion has been 
presented in many di f ferent  ways [9] ; height distr ibutions,  slope distr ibutions,  power  
spectral densi ty curves and autocorrelat ion funct ions are but  a few of the characterist ics 
which have been displayed.  However,  the relationship betv/een these characterist ics and 
the funct ional  performance of surfaces has received little at tent ion.

Greenwood  and Williamson [6] ,  and many others,  have shown that  for many  sur ­
faces the dis tr ibut ion of heights is very close to Gaussian.  Using digital analysis. Greenwood 
and Williamson also investigated the dis tr ibut ion of peak heigfits. The most  com m on  tech ­
nique used in this type of investigation is three poin t  analysis in which a peak is defined 
when the central of three successive sampled heights lies above those on either side. It was 
shown that  the dis tr ibut ion of peaks v/as also close to Gaussian but  the mean value and 
the s tandard deviat ion of this dis tr ibut ion differed from that  of the heights of the o rd i ­
nates.  We shall consider later the significance of these findings.

A Pann'oni Signal Modnl of a Surface Profile

Since many surfaces have a dis t r ibut ion of heights which is Gaussian it seems app ro ­
priate to use tlie powerful  techniques which have been used in the analysis of random 
processes as an aid in analysis of surface topography.  We therefore consider as a model  
of a surface profile a random signal defined completely (in a statistical rather tfian a 
determinist ic sense) by two parameters:  a height dis tr ibut ion and an autocor relat ion 
funct ion.  Wo shall confine our  a t t en t i on . to  tire part icular exa.miple of a surface profile 
having a Gaussian dis tr ibut ion of heights and an exponent ial  correlat ion funct ion.  The 
major reason for using this model  is t ha t  many surfaces used in engineering pract ice con ­
form to this model  or are a close approximat ion  to it [10] . Moreover this model  fias 
been widely used in bo th  the theory of random processes [11] and the representat ion of 
surfaces in studies of the scat tering of elect romagnet ic radiation [12] .

Fig. 2 shiows a typical profile and the coordinate  system adopted  here; the mean 
line through the profile will be taken as y  -  0. In practice,  tire dc  level, the general 
slope and curvature of the surface are removed by a filter removing the longest wave­
lengths. 1 his does not  substantially affect  the autocorrelat ion funct ion.  If the disir ibu- 
lion of heiglits is Gaussian the [irobnbility of finding an ordinate at a height be tween y
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and (y + dy )  is d y  where the height  probabi l i ty densi ty funct ion is given by

(31

In this equat i on the x axis (y = 0) is taken as the mean line through the profile and 
the ordinates  have been normalized by the s tandard deviat ion,  o, of the height  distr ibut ion.

The autocor relat ion funct ion is defined as

9.im 1 < L n
-f- / / U)
^ -L/2

y (x + ]3) dx (4)

in this equat i on  y  (xj  is the height  of the  profile at  a given coordinate  and y (x+]3) is 
its height  at an adjacent  coordinate  (x+/3). C (p) is an expression of the way in which the 
statistical dependence of the heights of two adjacent  points  on the profile depends  upon 
thei r  spacing. We assume that

= exp (p/p*) (5)

where P* will be called the correlat ion distance.  Thus  the statistical dependence  of the 
heights of  two  points  on the profile declines towards  zero as their spacing, P, increases.

There is a well known Fourier  t ransform relationship between the autocorrelat ion 
funct ion,  C (j3), and the power  spectral  densi ty funct ion of the vzaveforrn, P (oj). of a 
random waveform given by the equat i on

1 + oo
c  (p) = ----- /  P (co) exp (jcjp) d c j

2n -oo
(6)

This relat ionship between C (p) P (co) for t!ie part icular model  used here  is shown 
in Figure 3. The spect rum consists of whi te  noise limited only at higher frequencies  by a 
cut-off  of 6 db per octave.  The moaning of this, in physical terms,  is tha t  the re  exists a

r-lalf
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T H E  M O D E L :  A U T O C O R M E  L A T I O N  F U N C T I O N  A N D  P O W E R  S P E C T R A L  D E N S I T Y .
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wide band of lower frequencies (longer wavelengths) in the  s t ructure of the profile.  At 
higher frequencies (shorter wavelengths) the magni tudes of the componen ts  present  de ­
clines so that  in this range the ampl i tude is propor t ional  to the wavelength.  It will also 
be noted that ,  at  least in principle,  these componen t s  cont i nue  to exist to an infinitely 
sliort wavelength.

Theory' of Peak Distributions for the Random Signai fdlode!

VVe now show how this random signal model  of a surface profile can be t ransformed 
into a model  which is appropr iate  to the theory of surface contac t .  It will be recalled that  
models  of surfaces used in the theories of contac t  consist  of a dis tr ibut ion of spherical 
asperities. This pract ice will be fol lowed here, the cfiaracteristics of the asperities being 
derived from the characterist ics of the peaks of the surface profiles. As in the earlier work 
on digital analysis of measured profiles, the peaks v/iti be defined by three po int  analysis. 
An outl ine of this derivation will be given here; a more complete  account  will be pu b ­
lished elsewhere [13] .

The results obtained in this type  of analysis depend upon the spacing of the three 
samples which are assumed to be separated by const ant  sampling intervals 2. Consider 
first samples separated by intervals P = 2.3/3*. It will be observed from equat ion (5)

E V E N T  1
(y -t)

E V E N T  2 
(yO)

E V E N T  3 
(y+1)

y -

(a) Cor r e l a t i o n C. I O

0 . 1 6
( b )  C o r r e l a t i o n 0 . 8 5

II

-Ç,

FI G.  A M O D E L  U S E D  ID D E D U C I N G  D I S T H I B U T I O N  OF  P E A K S ,  

(a) S a m p l i n g  interval ,  P  ̂ 2.3 ,K; co r r e l a t i o n ,  p = 0 .1 0  
lb)  S a m p l i n g  interval ,  P = 0.1 C,. ' ; c o r r e l a t i o n ,  p -  0.8G.
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and Figure 3 t ha t  wi th this separat ion the correlat ion between successive events  has de ­
clined to 0.10.  This will be taken as the separat ion where  the ordinates  have just  reached 
tlie condi t ion  where  they can be regarded as independent  events.  The just i f icat ion for 
this assumpt ion is given elsewhere [13 ] .  The probabi l i ty dis t r ibut ions for the three ordi ­
nates are therefore  each given by the original Gaussian dis t r ibut ion of  height and this is 
shown in Figure 4(a).  Thus  the probabi l i ty of the central  ordinate  being a peak at  a 
height  between y  and [y^dy]  is given by three i ndependent  probabili ties.

(a) the probabi l i ty t ha t  event  1 ( / -  i ) is less than  y
(b) the probabi l i ty t ha t  event  2 ( / o )  lies between /  and (y+dy)
(c) the probabi l i ty t ha t  event 3 (y^j) is less than  y.

The probabi l i ty is therefore  the p roduc t  of these three probabili t ies given by the  shaded 
areas PiP-^ and P^ in Figure 4(a).

For  shor ter  sanripling intervals the two outer  ordinates  (y^j and y_ ; ) lie so close 
to the central  point  (yq, ) t ha t  there exists a st rong statistical correlat ion between the 
heights y_ % and y^^ and the central  ordinate  y^ .  The  effect  of this is shown in Fig.
4(b) where  it will be observed t ha t  the probabi l i ty dis t r ibut ions of y_ i and y^j are now
modif ied by the fact tha t  yo lies be tween y and (y + 5y) .  Hov/ever,  the probabi l i ty 
t ha t  the  central  event  is a peak between y and (y + 6y) is, once again, given by the 
p roduc t  of  the probabili t ies Pi ,  P 2 , Pj, shown by the shaded areas of the dis tr ibut ions.

Figure 5 shows tha t  similar techniques  can be used to  deduce  the probabi l i ty t ha t  a 
given ordinate  is a peak of curvature C. Fig. 5(a) shows one combinat i on  of events which 
leads to this result  Vv/hen

C = 2yo - y , i  - y - i  (7)

In this equat i on  C is nondimcnsional  bu t  the t rue value of the curvature depends  upon 
X and is obidined by mulupiyiuy C by {u /Z ' ] .  Cncë again tliC p iobabi i i t y is Lhc-product 
of the three shaded areas P i ,  P 2 , "3 bu t  the total  probabi l i ty tha t  the central event  is a 
peak of curvature C is obta ined by considering all possible configurat ions which satisfy 
equat i on  (7). Fig. 5(b) shows the similar system for shor ter  sampling intervals when a 
high correlat ion exists between successive events.

Using these me thods  the fol lowing expressions for the probabi l i ty densi ty funct ions 
have been derived. The  probabi l i ty densi ty of an ordinate  being a peak at height y is

1
L (K/P) =P A\f2-n

I terff-^ /—  \>/7V 1+p (8)

where p is the correlat ion between successive ordinates.  For  larger sampling intervals 
p 0, and equat i on (8) becomes

fp (y) = 7 ^ 2 7  { y i s f Y ) ] ' ^  c x p ^ - - ^ ^  (9)
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(a)  C o r r e l a t i o n 0.10

 Î.

( b )  C o r r e l a t i o n

F I G.  5  M O D E L  U S E D  IN D E D U C I N G  T H E  D I S T R I B U T I O N  OF C U R V A T U R E S .
(a) S a m p l i n g  interval ,  2  = 2. 3 /1 ' ;  c o r r e l a t i o n ,  p  = 0 . 1 0
(b) S a m p l i n g  interval ,  C = 0 . 1 6 3 * ;  c o r r e l a t i o n ,  p = 0 . 8 6 .

Similarly the probabi l i ty densi ty of an ordinate being a peak of curvature C at  height y  
is given by

exp^ iy,C,pi = zz; - exp p) y -V2 C]^~\

d V )  I27T\/2(1-p:)

As before,  for large sampling intervals p ^  0 and equat i on (10) reduces to

C 1  

L2V T V J  ' '

exp(%/̂ ) 2

exp [ - ( / - % C )  ] erf [%C]
277 \ /  2 :ii)

The probabi l i ty densi ty of an ordinate being a peak of curvature C (at any height) is o b ­
tained by integrat ing equat ion (10) wi th respect to y .  Thus

(C,p) =

The ratio of peaks to ordinates  N  is

1

1 ’/2 C _

4/7 (3-p> ( l “p)
exp

A ( 3 - p ) ( 1 - p )
erf

271:7 (12)

N  — - -  tan" ' \ / 7 3 - p ) / ( U p ) :i3)
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The conclus ions to be drawn from this analysis can be summari zed as follows;

(1) In defining the funct ional  characterist ics of the profile by three po in t  analysis 
or similar techniques  the sampling interval used is a critical parameter .

(2) According to equat ions (8) and (9), if the height  dis tr ibut ion is Gaussian the 
peak height  dis t r ibut ion is also approximately  Gaussian for all sampling intervals; Green­
wood  and Williamson [7] obta ined this result  f rom digital analysis of bead blasted sur­
faces using one sampling interzal. Moreover,  the characterist ics of this peak height  dis­
t r ibut ion depend  upon  the sampling interval and lie between t.vo limiting condit ions;  
these correspond ei ther  to a sampling interval so shor t  tha t  a high degree of correlat ion 
exists be tween successive samples,  or,  a t  the o ther  ext reme,  to the sampling interval t ha t  
will select a series of events which are effectively independent .

(3) Similarly the  ratio of peaks to ordinates,  N , depends  upon the sampling inter­
val. Equat i on  (13) shows tha t  at long sampling intervals (p-» 0) N  is V3 and at  shor t  
sampling intervals (p ->1) N  is V4 . These limiting values can be explained in simple 
terms.  p ->0 implies that  the three events are independen t  and the chance t ha t  any one 
of t hem (e.g., the central  one) is the highest  is obviously one third. As p->-l the modified 
d is t r ibut ions  of j and y (Fig. 4(b) ) become centered on the central j/q so tha t  the 
areas . and P^ b ecome and the probabi l i ty t ha t  the central event  is a peak be­
comes V4.

(4) The peak curvature dis t r ibut ion (equat ions (10) and (11)) is a funct ion of  the 
peak height .  This dependence  upon height  increases as the sampling interval increases 
and the correlat ion between successive samples is consequent ly  reduced.

(5) The mean curvature of the peaks increases with increasing peak height.  For  
example,  wi th  a sampling interval of 2.3/3* (Fig. 4(a) ), the cuivature of the higher peaks 
is approximately  three t imes t ha t  at the mean line.

(6) Theory  and exper iment  show tha t  the peak curvature dis t r ibut ions exhibi t  a 
general tendency to  be skewed towards  zero curvature.  This has been previously d em on ­
st rated from digital analysis of profiles [ 7] .  However our  work shows t ha t  this dis t r ibu­
tion becomes more nearly Gaussian at the highest  levels of the surface profile.

(7) The results given by Greenwood  and Williamson [7] correspond,  in the terms 
of our  analysis, to an intermediate sampling rate.  The characterist ics of their  peak height 
dis t r ibut ion (bothi its s tandard deviat ion and its disposit ion with respect to the height  dis­
t r ibut ion)  indicate a correlat ion co eff icient  be tween successive samples of abou t  0.7.

(8) The me thods  described here can bo extended in various ways.  For  example,  
defini t ions of a peak o ther  than that  descr ibed here can be accommoda ted .  Similarly the 
sar,,e basic me thods  can be employed in the analysis of random profiles having height  dis­
t r ibut ions o ther  than Gaussian; where  appropr iate ,  graphical rather  than analyt ic tech­
niques can be used.

Digital Analysis 0 f  Pro files

We outl ine here the results of digital analysis of surface profiles and their compar i ­
son with the theory given above. The surface chosen,  Aachen (G4-13), is a typical ground 
surface used in an OECD cooperat ive research programme [14] . The results were  obtained 
by convert ing the analogue signal f rom a Talysurf  4 ins t rument  into digital form and sub­
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sequent ly processing the informat ion in an ICL 1905 computer .  A typical set of results 
used in the analysis consisted of some 10,000 ordinates  wi th a sampling interval of I/lw. 
By suitable selection of the results the effect  of larger sampling intervals could be investi­
gated. The Talysurf 4 ins t rument  has a stylus which is a t runcated pyramid,  the d imen­
sion of  the tip in the direct ion of traverse being approximately 2.5/am; we term this the 
nominal  tip dimension.  A special series of exper iments  was also conduc ted using the 
Talystep apparatus using a special lightly loaded stylus having a nominal tip dimension of 
0 .25pm.  In this worl: the sampling interval was reduced to 0.25/L(m.

Analysis of the results showed that  the model  used in this paper was a good repre­
sentat ion of the data obtained from the surface. The dis tr ibut ion of heights was  very 
close to Gaussian wi th an rms  value (a) of O.bp.m and the autocorrelat ion funct ion 
was very close to exponent ia l  with a correlat ion dis tance (/3*, equat ion (5) ) of 6.5pm.  
Table 1 shows the values of the correlat ion (p) between successive ^amples for the values 
of the sampling interval (S?) used in this work.

Ta bl e  1 
R e l a t i o n  B e t w e e n  Correl at ion (p)  and  S a mp l i n g  Interval  (Ç) for A a c h e n  6 4 - 1 3

Sampling Interval (pm) 15 6.0 3.0 2.0 1.0 0.5 0.25

Correlat ion (p) 0 .10 0.40 0.63 0.74 0 .86 0 .92 0.96

Figures 6 to  8 show compar isons between the theory,  out l ined above,  and the results 
derived from the digital analysis of Aachen 64-13.  Figure 6 shows the probabi l i ty densi­
ties tha t  an ordinate  is a peak at a given height (Equat ion (8) ) for sampling intervals of 15, 
3 and Ip/n,  corresponding to correlat ions of 0.10,  0.63 and 0.86 respectively. Similarly 
Figure 7 shows the probabi l i ty densi ty tha t  an ordinate is a peak of cur\/ature C (equat ion 
(12) ) for these same sampling intervals. It will be obsewed that  the agreement  between 
thr>ory and exper imen t  is very aood except  at tlic shor test  sampling interval.

This divergence between theuiy and exper iment  suggests that  the measurements  
may bo affected by the finite size of the stylus.  Consider the results shown in Fig. 7. It 
will be observed tha t  as the sampling interval is reduced one is concerned with the de tec­
tion of peaks of larger and larger curvatures.  In Fig. 7(c) a nominal  value of t he  stylus 
curvature is indicated; this is taken as the reciprocal of the nominal  tip dimension,  as 
defined above. It will be seen that  the divergence between theory and exper iment  occurs 
in the region expect ed if it were at t r i buted to tfie finite size of tlie stylus.

The effect  of stylus size is also shown in Fig. 8 in which the theoretical values of /V, 
the ratio of peaks to ordinates (equat ion (13)) ,  are compared witli values derived from 
digital analysis of surface profiles. It will be recalled that  according to the theory tliis 
ratio varies between values of V3 for large sampling intervals (p->0) and for very 
short  sampling interv'als (p-^ 1) Fig. 8 shows that  for sampling intervals greater than ?pm  
(p <  0.74) the ratio of peaks to ordinates detec ted by digital analysis of profiles agrees 
well with the theory.  For shorter  sampling intervals the numbers  of peaks detec ted fall 
well below the theoretical  values. Fig. 8 also shows that  when using a stylus with smaller 
tip dimension upon the same surface the number  of peaks detec ted in this region sliows a 
significant increase.
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H e i g h t  (y)

3 .0

2.0

1.0

- 2.0

0 .0 5 0.150.10
P r o b a b i l i t y  D e n s i t y

r i G .  6 ( a )  P R O B A B I L I T Y  D E N S I T I E S  O F  A N  O R D I N A T E  B E I N G  A  P E A K  A T  A  H E I G H T  V  
T h e  ful l  l i nes  give  t h e  t h e o r y  ( e q u a t i o n  8 ) .  T h e  e x p e r i m e n t a l  p o i n t s  are der i v e d  f ro m  

digi tal  a n a l y s i s  o f  p r o f i l e s  o f  A a c h e n  6 4  13 .  Re s u l t s  are s h o w n  for t h e  va l u e s  o f  t he  

s a mp l i n g  interval  (C) c o r r e s p o n d i n g  t o  d i f f e r i n g  va l u e s  o f  t he  c o r r e l a t i o n  (p) b e t w e e n  
s u c c e s s i v e  s a m p l e s  (a) £  = 1 5 / i m,  p  = 0 . 1 0

3 .0

2.0

1.0

H e i g h t  (y)

P r o b a b i l i t y  D e n s i t y

- 2.0

0 .1 5 0.200.100 .05

F I G .  6  (b)  C = 3 . 0 ; r n) ,  p -  0 . 6 3
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3.0

2.0

1.0

H e i g h t  (y)

-1.0

-2.0

0.05 0.10 0.15 0.20

P r o b a b i l i t y  D e n s i t y

FIG. 6 (cl C = .̂Ô un, p = Ü.8G.
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0.15

0.10

P r o b a b i l i t y
D e n s i t y

0.05

5 10 15

C u r v a t u r e  ( MM * )

r i G .  7 P R O H A B I L I T Y  D E N S I T I E S  O F  A N  O R D I N A T E  B E I N G  A  P E A K  O F  A  G I V E N  C U R V A T U R E .  

T h e  ful l  l i nes  give  t he  t h e o r y  ( e q u a t i o n  1 2 ) .  T h e  e x p e r i m e n t a l  p o i n t s  arc f ro m  digi tal  ana l ­

ysi s  o f  p r o f i l e s  front  A a c h e n  6 4 - 1 3  io  = 0 . 5 p m ,  ~ 6.5p/7?) .  R e s u l t s  are s h o w n  for t hree

va l u e s  o f  t h e  s a m p l i n g  interval  ( 0  c o r r e s p o n d i n g  t o  d i f f er i ng  va l ues  o f  the  c o r r e l a t i o n  (p)  

b e t w e e n  s u c c e s s i v e  s a m p l e s ,  (a) C = 1 5 p m ,  p  = 0 . 1 0
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P r o b a b i l i t y
D e n s i t y

0.10

0 . 10

0.05

50 100 150 200
C u r v a t u r e  ( MM )

F I G.  7 (b) C = p  = 0 . 6 3

P r o b a b i l i t y
D e n s i t y

0.3

0.2

0.)

200 0.00400 SCO 1 . 0 0 0

C u r v a t u r e  {MM )

FI G.  7 (c) C = 1 .0.um, p = 0 . 8 6 .
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S a m p l i n g  I n t e r v a l  ( p m )

R a t i o  o f  
P e a k s  t o  
O r d i n a t e s  
(N)

15 10 0.50.4

0.3

0.2

0.1

0 0.2 0.4 0.6 0.8 1.0
C o r r e l a t i o n  B e t w e e n  S u c c e s s i v e  S a m p l e s  (p)

FI G.  8  R A T I O  (N)  O F  P E A K S  T O  O R D I N A T E S  A S  A  F U N C T I O N  O F  T H E  C O R R E L A T I O N  ( p)  
B E T W E E N  S U C C E S S I V E  S A M P L E S .  T h e  ful l  l ine g i ves  t h e  t h e o r y  ( e q u a t i o n  1 3 ) .  T h e  

e x p e r i m e n t a l  p o i n t s  are d e r i v e d  f r o m  digi tal  a n a l y s i s  o f  pro f i l e s  f r o m  A a c h e n  6 4 - 1 3 .
Us i ng  n o r m a l  s t y l u s ,  n o m i n a l  l i p  d i m e n s i o n  2 . 5 p m .
U s i n g  s pe c i a l  s t y l u s ,  n o m i n a l  t ip d i m e n s i o n  0 . 2 5 p m .

This compar ison between the theory and the results of digital analysis of surface 
profiles shows t i iat stylus ins t ruments  are capable of detect ing surface features covering 
tv.'o orders  of rr .agnitude (see the magni tudes of curvatures in Fig. 7) and this covers most  
ui i l i e  f e c i t u i e s  o f  sui f d c e  sii u c l u i  e  known Lu b e  u f  f u n c L i u n a i  b iyi i i i iucj i i ce ,  a i  Lite s m a l l e s t  

scale of size, however,  the resolut ion may be inf luenced by the finite size of the stylus. 
Tfiere is some evidence that  features of the stylus,  o ther  than the tip dimension,  influence 
the resolution [13] and,  clearly, this is a subject  wor thy  of furtfier study.

An Experiments! Study of Surfscc Profiles During Running-!n

VVe now discuss some exper iment s which form part  of a larger p rogramme devised 
to s t udy the factors of surface t opography of significance in friction and wear.  The ex­
per iments  to be described were conduc ted  using a simple crossed cylinders friction 
machine [15] in which two cylindrical specimens were loaded together  and rubbed at  
low sliding speeds. The direct ion of sliding (Fig. 9) was at  45° to the axes of the two 
cyl inders so that ,  during sliding, the point  of contac t  moved constant ly  to a new region of 
both the specimens.

In these exper iment s  ar r angements  were made to  locate one of the specimens 
accurately,  both  in the fr iction machine and in the Vee-block of the Talysurf apparatus.
In this way it was possible to measure the profile of t!)C same track on tfie specimen,  both 
in its original s tate and after one  or more  traversals of the loaded contac t  in the  fr iction
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machine.  As a demons t ra t ion of the accuracy of the relocation techniques Fig. 10* shows 
profiles (both examples repeated after relocation) of two parallel tracks on the surface of 
a specimen separated by a distance of 5 X  10~'* in (1.27 X 10“ "* cm).

In the exper iments  to be descr ibed the cylindrical specimens were 0.25 in (0.635 
cm) diameter  and were of a 0.5% plain carbon steel hardened and tempered to a hardness 
of 300 DPN. They were rough ground to a finish of 32 X 10~^ in c!a and were rubbed 
together  under  condi t ions of bounda ry  lubricat ion using a plain mineral oil as a lubricant.

Figure 11 (a) shows the profile of a specimen before running and Figure 11 (b) shows 
the profile of the same track on the specimen after  one traversal under  a load of 2.5 Kg.
It will be observed that  as a result of one traversal of the load th.e tops of the higher asper­
ities have been greatly m.odified by plastic deformat ion but  the valleys arc largely unaf­
fected. This is shown in Fig. 11(a) where the modif ied profile has been superposed on 
the original profile.  Where the two  profiles differ the modified profile has been shown 
by a broken line. This same technique has been adop ted in Fig. 12 which shows the 
original profile of a similar specimen and the superposed profiles obtained after  a series 
of exper iments  involving successive traversals at loads of  0.25,  2.0 and 8.0 Kg.

' T h e s e  p r o f i l e s  i n v o l v e  n o  r u b b i n g  in t h e  f r i c t i o n  m a c h i n e  a n d  w e r e  d e v i s e d  s i m p l y  t o  d e m o n s t r a t e  
t h e  a c c u r a c y  of  t h e  re l o c a t i o n  s y s t e m .  We  a r e  i n d e b t e d  t o  Mr. M.  S .  L u n n  f o r  t he se  r e s u l t s  w h i c h  
w e r e  u n d e r t a k e n  as p a r t  o f  a f i na l  y e a r  u n d e r g r a d u a t e  p r o j e c t  in t h e  D e p a r t m e n t  of E n g i n e e r i n g  of 
t h e  U n i v e r s i t y  o f  L e i c e s t e r .

C

FIG.  9  THE. C R O S S E D  C Y L I N D E F t S  F R I C T I O N  M A C H I N E .

A.  Lovvcr s p e c i m e n .  B, upp e r  s p e c i m e n .  C,  d i r e c t i o n  of  m o t i o n  o f  l ower  s p e c i m e n  a n d  

carriage.  W.  l oad .  F , ca l i bra t i o n  o f  f r i c t i ona l  f or c e .
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F I G.  1 0  D E M O N S T R A T I O N  O F  T HE  A C C U R A C Y  O F  R E L O C A T I O N .
R e c o r d s  A  a n d  B are t ak en  a l o n g  t h e  s a m e  t rack,  re l o c a t i n g  t h e  s p e c i m e n  a n d  re adj us t i ng  

t h e  m i c r o m e t e r  b e t w e e n  the  t w o  re cord i ng s .  R e c o r d s  C a n d  D are t a k e n  a l o n g  a paral lel  

t rack C 0 0 0 5  in ( 1 . 2 7  x 1 0   ̂ c m )  f ro m  that  o f  A  a n d  B; as  b e f o r e ,  s p e c i m e n  re l ocâte t f  
a nd  m i c r o m e t e r  a d j us t e d  b e t w e e n  tracks .

D .V

FI G.  11 T A L Y S U R F  P R O F I L E S  OF C Y L I N D R I C A L  S P E C I M E N S  U S E D  IN L U B R I C A T E D

F R I C T I O N  E X P E R I M E N T S .  ( A)  Original  s ur f ac e  pr o f i l e  ( wi t h  p ro f i l e  o f  lb)  s up e r po s e d ) .  

(B) Pr of i l e  o f  t he  s o m e  l i ne  af t er  o n e  traversal  o f  t h e  l oad .  S p e c i m e n s  0 . 5 % C stee l ,  3 0 0  

D . P . N. ,  0 . G 3 5  m m  d i a m e t e r ,  c la 3 2  x 1 0   ̂ in.  L o a d  2 . 5  Kg.
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Figures 11 and 12 show that  one immediate effect  of rubbing is that  much of the 
shor ter  wavelength s t ructure of the surface finish at the regions of contact  is fost as a 
result of the first traversal of tlie load. The dominance  of tfie longer wavelength st ructuw 
of the surfaces after rubbing is also illustrated in Fig. 12 by reference to the rolling circle 
envelope.  Above each profile in Fig. 12 is displayed this rolling circle envelope corre­
sponding to  the locus of the lowest point  of a 0.25 in (0.635 cm) diameter sphere (repre­
senting here the upper  specimen) moved over the original profile w i thou t  deformat ion.  
This technique operates as a mechanical filter [8] and the resemblance betVv'een the roll­
ing circle envelope and the profiles of the surface after  rubbing will be noted.

The fact that  these changes in the profile are produced in tfie first few traversals 
is demons tra ted in Fig. 13. As a simple measure of changes in the surface topography,  ih 
change in the c b  value of the roughness is used. This change is plot ted as a funct ion of

V

c

?pM
lOOpM

FI G.  1 2  T A L Y S U R F  P R O F I L E S  OF S P E C I M E N S  U S E D  IN L U B R I C A T E D  F R I C T I O N  

E X P E R I M E N T S .  In thi s  e x p e r i m e n t  t hree  traversal s  o f  t he  load w e r e  m a d e  «nd  

t h e  l oad s  us e d  in s uc ces s i ve  runs  w e r e  0 . 2 5  Kg,  2 . 0  Kg and  S.O Kg.  Ea ch  record  

s h o w s  t h e  original  p ro f i l e  and tl ic pro f i l e  at t he  part icular s tage o f  the  exper i mer i t s .  

A b o v e  t h e  p rof i l e s  is a l s o  sho-wn t h e  rol l i ng  ci rc l e  e n v e l o p e  (sf*e t e x t ) .
(A)  Prof i l e  af ter o n e  run (B) Prof i l e  a f ter  t w o  runs  (C) Prof i l e  af t er  three runs  

T h e  c o n d i t i o n s  w e r e  o t h e r w i s e  as in F i g ur e  1 1.
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the number  of repeated traversals at  the  same load. It will be seen t ha t  af ter  t he  first few 
traversals fur ther  changes in roughness are very small indeed.

301

Di sc us s i on

It has long been recognized,  in the s tudy of random processes,  t ha t  a random signal 
can be completely defined,  in a statistical sense, by two parameters:  the height  dis t r ibu­
tion and the  autocor relat ion funct ion.  The present  paper  takes t h ’s same model  for the 
profile of a random surface. In the  part icular model  used in this paper  these two  param­
eters become simply tv/o lengths associated with the y  and x coordinates  of the profile; 
tliese lengths are the standard deviat ion of the height dis t r ibut ion (a) and the correlat ion 
distance (/3*). It can be shown [ 13] t ha t  all the required geometr ic parameters  of the 
profile can be defined in terms of these two i ndependent  parameters.  Thus it is possible 
to derive statistical dis t r ibut ions of peak heights,  peak curvatures and slopes. Al though 
many surfaces do not  conform exact ly to the model  of this paper,  nevertheless the pr in­
ciple of characterizing surface finish in terms of two such i ndependent  parameters  seems 
capable of wider  applicat ion.  In pract ice,  for reasons connect ed  with ease of measurement ,  
it may bo desirable to measure a derived parameter  such as the mean slope.

The theory and its compar ison with the results of digital analysis of surface profiles 
also raises a f undamenta l  problem associated wi th the representat ion of surfaces by models.  
The r andom signal model  is a complete  description of  the profile in a statistical rather than 
a determinist ic sense. In t ransforming this model  into a form sui table for the s tudy of 
surface contac t  the techniques  of three point  analysis v/ere used.  It was then found tha t  
the results thus  derived depend upon  the sampling interval used. The meaning of this 
result is tha t  three point  analysis causes, inevitably, a loss of informat ion compared  with 
tliat which was present  in the r andom signal model  or tha t  wliich existed in the original 
surface profile.  Three point  sampling provides informat ion about  t ha t  part  of the surface
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R e p e a t e d  runs  w e i e  m a d e  at a c o n s t a n t  l oad  t he  s ur f ac e  f ini sh b e i n g  

m e a s u r e d  t h r o u g h o u t  t he  seri es  of  e x p e r i m e n t s  w h i c h  w e r e  p e r f o r m e d  
for t h r e e  d i f f e r e n t  l oads .  ( A)  0 . 2  Kg,  (B)  1 Kg,  (C) 2 . 5  Kg.
T h e  graph s h o w s  t h e  p er c e n t a g e  cf tange in c la  r o u g h n e s s  w i t h  the  

numtx?r o f  runs.  E x p e r i m e n t a l  c o n d i t i o n s  o t h e r w i s e  as in Fi g.  11 .
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st ructure which has a wave length comparable  with the sampling interval. An over­
emphasis upon the limitat ions of three point  analysis is perhaps irrelevant here; what  is 
more important  is a broader  pfiysical interpretat ion of the results of the analysis.

Consider therefore the dis tr ibut ion of peak heights (equat ions (8) and (9) and Fig.
6 ). The results obtained can first be considered in terms of two extremes.  It has been a 
theme of this paper that  a profile can be considered as a series of events,  independent  
when widely spaced, highly correlated when closely spaced. When the profile is considered 
as a series of closely spaced events this means that  one is concerned v/ith the finest  scale 
of structure.  Thus,  in the limit, the finest scale of s t ructure lias a peak dis t r ibut ion which 
is identical with the overall distr ibut ion of ordinates,  adding the proviso, argued above, 
tliat only one in every four events is a peak.  This emphasizes the point  that  the profile 
consists of superposed asperities of a wide range of sizes. The model  adopted  here is, 
tfierefore, in a very reai sense, analogous to the model  of Fig. 1 (c). F igure 1 (c) is a de ­
terminist ic model with superposed asperities of three different scales of size. We have 
shown that  the random signal model of this paper consists of asperities covering (at least 
in principle) an infinitely wide range of sizes superposed in a random fashion and which 
can be interpreted only in a statistical sense. It is f rom the complexi ty  of this type of 
s t ructure that  the difficulties associated wi th the theory of surface contac t  arise.

The results of the experiments,  shown in Figs. 11 and 12, suggest that  there is a 
main,  broad scale, s t ructure which is of the greatest  significance in surface contact .  It has 
been argued elsewhere [13] that  this s t ructure  corresponds to a v/avelength of app rox i­
mately 10/3*. The theoretical  a rguments  for a scale of tliis order  of size may be summar ­
ized as follows:

(a) Events separated by a dis tance 2.3/3* have a correlat ion of 0.1 and can be re­
garded ap those which have just reached the condi t ion where they can be regarded as 
effectively independent .

(b) The comifonents of the s p e c t r u m  of  nmnter t  power (Fig. 3 c. ' arc in c bend cf 
wavelengths with an upper  limit of abou t  27f/3*.

(c) The mean distance between mean line crossings [16] (after removing wave­
lengths shorter  than 2/7/3' ) is 5.5/3*.

This emphasis upon ansvvering the quest ion of wha t  const i tutes the main s t ructure 
of practical random profiles which contain a wide range of wavelengths is of import ance  
in considering the practical as/)ccts of surfaces in contac t .  It is now recognized that  in 
many,  in perhaps the vast majori ty,  of the asperity contac ts  the deformat ion is entirely 
elastic. It therefore seems possible that  many forms of surface failure may be linked with 
the incidence of plastic deformat ion.  Two  criteria had been suggested which link the 
probabi l i ty of plastic deformat ion to the t opography of the sur face and the mechanica l  
proper t ies of the material.  Blok [17] and I lalliday [18] have suggested a criter ion which 
is based upon a calculation of the sha/re of an asperity whicli can be pressed flat into the 
surface wi thout  plastic flow. This can be cast in the form

where m  is the average s!o[)e and K  is numerical  constant ,  in the range 0.8 to 1.7, wliich 
depends  upon the assumed shape of the as/jerity. Greenwood and Williamson [7] used a
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model  of  the surface similar to Fig. 1 (a) in which the asperities, all of the same radius of 
curvature R , were disposed in a Gaussian dis tr ibut ion of heights having a s t andard devi­
at ion o It was shown that  the probabi l i ty of plastic flo’W depended very little upon the 
load bu t  was critically dependen t  upon a plasticity index given by

Using the random signal model  of the present  paper  both of these criteria take the same 
form.  The Blok-Halliday cri terion can be expressed as

"> = 7i (“ ) < (16)

and the plasticity index of equat ion (15) takes the form,

= 72 (17)

where,  in these equat ions,  and 7a arc numerical  constants  depending upon  the scale 
of size used. The derivation of equat i ons  (16) and (17) can be readily unders tood since 
the theory shows t ha t  the slopes on a random surface are propor t ional  to o//3*, is 
propor t ional  to o and R  is propor t ional  to (j3*)^/o. However,  a more careful consider­
ation of the way in which these plasticity criteria are derived shows the difficulties in­
volved. They  are based upon the assumption t ha t  the  deformat ion of each asperity can 
be regarded as independent .  Therefore  for the determinist ic models  of Fig. 1 they are 
valid only for the  simpler model  of Fig. 1 (a). Similarly for the random signal model  of 
this paper  plasticiW criteria are valid only if they  are applied to the main,  long wavelength,  
s t ructure:  they then show the probabi l i ty of plastic flov.' over regions associated with this 
scale of size. Using the equat ions corresponding to a sampling interval, ,Ç = 2.3/3* it can 
be shown [13] tiiat in equat ions (16) and (17) 7 , = 0.24 and 72 = 0.3.

Finally,  we return to  a major  theme of this paper;  the concept  t ha t  random surfaces 
are defined by two parameters;  a  and /3*. Consider  the way in which such random sur­
faces are generated by mechanical  methods .  These processes involve multiple contac ts  
between particles and tfie surfaces; for example,  in grinding and sand blasting the unit  
event is the  interact ion between a grit and the surface resulting in the removal or displace­
ment  of  material.  If one postulates a random element  in this interact ion,  it seems likely 
that  the surfaces thus  generated could well have a random st ructure  in which the value of 
0 bears a simple relationship to the dep th  of tlie uni t  event  and j3* bears a simple relat ion­
ship to the width  of the uni t  event.  Thus  a character izat ion of typical random surfaces 
in te rms of 0 and /3* is not  only a valid descript ion of thei r  funct ional  behavior but  
also may be closely linked with the mechanism of thei r  generat ion.

Acl <now!e [ ’!> ni ent
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suppor t  and for permission to fiublish.
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P a p er  12

IMPROVED TYPE OF WAVEEÎLTER FOR USE IN 
SORFACE-FÎNISH MEASUREMENT

By D. J. Whitehouse*

This paper is concerned with the use of phase-corrected filters in surface-textnrc measurement. I t  is divided 
into two parts; Part 1 is devoted to the requirements of surfacc-lcxturc measurement, and Part 2 is concerned

with the rclet ant ihcorv.

Part 1— A|>pHcation
I N T R O D U C T I O N

A NECESSARY PRELIMINARY to num ertcal a sscssm cn i o f  
surface profiles is to extract the frequency com ponents  
reprcsentati\ e o f  the undulations to be m easured (the so-  
called roughness) and to elim inate those that w ould  be  
irrelevant— in particular, the general slope and curvature  
o f  the surface relative to the m echanical datum  o f  tire 
instrum ent.

Tins separation can be achieved graphically by restrict­
ing the length o f  sample used in the assessment o f  the 
roughness to a, given length called the sample length. 
Assessm ent o f a number o f such sample lengths placed end 
to end usually gives a fair estimate o f the surface roughness. 
A sim ple and convenient method to achieve this separation 
instrumentally is to pass the profile signal coming from  
the pick-up through an electric wavefilter before applying 
it to a meter. Many early instruments made use o f a filter 
which had a transmission characteristic resembling that of 
two capacitor-resistor networks connected in cascade in 
such a manner that the second did not load the first, the 
cut-off wavelength o f the filter being made nominally equal 
to the sample length. Eventually this type o f filter, with 
specified cut-off wavelengths, was standardized in the 
A m erican-British-Canadian Standards. It will be referred 
to in tiiis paper as the standard filter.

For industrial purposes the standard filter has consider^ 
able merits. It is simple and has the property o f establish­
ing a mean line naturally which does not suffer from the

The M S. of this paper tvas received at the Instiiiaion on 15th 
Jamuiry J96S.

* Rivik Taylor Jlohson, Leicester.

Proc Instn .Mech I'.ngvs 19̂1-68

discontinuities sometimes present in the construciion o f  
the mean line according to the accepted graplncal proce­
dure ( i ) t  (2). M oreover, this mean line is established  
without dependence on instrument adjustment. It may 
also be mentioRjUu that the mean line o f the filter can now  
be calculated dirsctiy using equations and a technique 
developed at the Rank Taylor Hobson Research Labora­
tory (3). Because o f iis  ximplicTfv, its very widespread use, 
and the fact that it is demonstrably serviceable for a great 
many applications, the standard filler seems likely to find 
continued industrial acceptance for many years to come.

Nevertheless, tl>e standard filter has the disadvantages 
of a rather gradual transition from the nominal ‘pass’ band 
o f the filter to the nominal rejected region (Fig, 12. la ), and 
o f distorting the signal within the pass band (sometimes 
appreciably) because o f  phase shift. T hese disadvantages 
set problems in standardization and calibration o f  
instrum ents, and also make it difficult to assess som e o f  
the parameters o f  the roughness when undulations with 
wavelengths near to the cut-ofi arc present.

It is the pm pose o f  this pajicr to discuss the possibility  
o f a filter which introduces no phase distortion and has 
either the same or a more suitable amplitude transmission 
characteristic than the standard filter. Such a filter is 
shown to be feasible and highly desirable, but it would be 
more costly at present than the standard filter.

T he s ta n d a rd  w a v e filte r — p h a se -c o r r e c te d  
w a v efilter
The amplitude transmission characteristics shown in 
t  References arc given in Appendix I?.I.

Vol 18? Pt 3K
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Fig. 12.1. Comparison befioeen standard and phase-corrected fdters

l-'ig. 12. lo  for the standard wavefilter arc defined in 
British Standard 1134 and American Standard B46. 
Seventy-five per cent o f the amplitude o f  those undula­
tions whose wavelengtli is equal to the accepted cut-ofi’ is 
transmitted by the filter. Also a maximum rate o f attenua­
tion o f 12 dB;octavc is specified (Fig. 12.1a). T he signal 
emerging from the filter is often referred to as a filtered or 
modified profile. It is usually assessed in surface-measuring 
instruments by measuring one or other o f  its parameters,

rtS IIJC c.i.a . ul I .111.a.
Before proceeding to discuss these characteristics, it is 

useful to imagine that any profile comprises a number 
o f sinusoidal compottenis each o f  different amplitude and 
wavelength. It is not quite so sim ple for purely random  
waveforms, but the picture is still useful. W hen the profile 
is passed through the standard wavefilter, each o f  these 
components gets attenuated according to its wavelength. 
Also, these components get shifted in time by different 
amounts depending upon the phase-wavelength charac­
teristic o f the filter, so that the filtered profile does not 
represent only the simple subtraction o f the attenuated 
components from the original profile, but is also modified 
by the relative shifting o f the transmitted components. 
T he result o f this relative shifting is that the filtered 
profile is a distorted version o f the original profile. This 
distortion is called phase distortion.

A point to note is that an electric wavefilter reacts only 
to the way the input signal behaves in time. Consequently, 
to find out how the filter deals with a profile it is necessary 
to know how the profile is converted to a tim e-dependent 
signal. Actually this is very sim ple; the measuring instru­
ment incorporates a scanning device such as a motor and 
gearbox which causes a stylus to track across the surface

Proc Instn Aiech Iln^js 191)7-68

at a given speed, say v in/s. In this way an undulation o f  
A in wavelength on the surface is transformed into a 
frequency o f  v\\ in time.

In order to elucidate the nature o f possible im prove­
ments, the manner in which the standard filter responds to 
som e idealized repetitive waveforms will be considered  
first. This is because the standard wavefilter is generally 
satisfactory for random roughness waveforms. Som e 
practical cases wi.'l be considered later. Repetitive wave-
AUriïlO lCIÂÜ LU ÜvCCijlUUlC tiilj g>iiui

Look first at Fig. 12.2 which shows how the standard 
filter responds to sine waves. T he figures show sine waves 
o f different wavelengths. T he full line shows llie original 
wave, the dotted line is the mean line found by the wave­
filter, this being the line that accounts for ihc output 
behaviour. T he difference at any instant between the 
two lines is the filtered profile value. T he top four graphs 
are within the pass band; notice that the mean line is 
displaced to the right relative to the original sine wave in 
all cases, which means that it is delayed in time relative to 
the profile, and further that the mean line has a large 
amplitude o f  undulation even for wavelengths much 
smaller than the cut-off, e.g. for one-third o f  the cut-off 
(the top graph). Another point is that the amplitudes o f 
the mean line can be o f  the same order as the original sine 
wave, even just outside the pass band. D espite these 
points the filtered profile, which is the difference at any 
position between the mean line and the profile, obeys 
exactly the specified amplitude transmission characteristic 
mentioned previously. As an example, at the cut-off the 
mean line has an amplitude o f  just over 90 per cent o f the 
original sine wave profile, but the filtered profile has 
the correct amplitude o f 75 per cent o f the amplitude o f

V ol 182 P i .Î/C
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the profile. T h e  am oun t by which the mean line is shifted 
relative to the profile depends on the wavelength o f  the 
sine wave profile.

Tor most commonly used filters, specifying the am pli­
tude transmission characteristics automatically fixes the 
phase characteristics. T h is  class is know n as m in im um  
phase, o f  which the s tandard filter o f  two C R  networks is a 
typical member. Specifying the transmission characteris­
tics for the standard  wavefilter automatically implies a 
phase-shifted mean line.

Suppose that a filter is available which has the same 
transmission characteristic as the s tandard  filter, b u t  at 
the same time has a mean line which is no t shifted in phase 
relative to the profile. Mow is the mean line amplitude 
affected ?

T h is  situation is shown in Tig. 12.3 for the same sine 
waves as in Tig. 12.2, and it can be seen that the mean line 
is nearly straight at one-th ird  o f  the cut-off. Com pare  this 
with the same profile for the s tandard  wavefilter. T here  
is a dramatic reduction in the am plitude  o f  the mean line, 
and this is true for all the cases shown. At the cut-off the 
filtered profile for this new filter has the required  amplitude 
o f  75 per cent of the profile— the  25 per cent a ttenuation 
is accounted for entirely by the am plitude  o f  the mean line. 
In other words, if the mean line is kept in phase with the 
sine wave profile, then  for any value of wavelength the 
m axim um  amplitudes of the filtered profile and the mean 
line add up to un ity— a criterion which does not hold in 
the case o f  the phase-shifted mean line. A direct result of 
this is that the mean line in phase with the profile undulates 
less. Sum m ari / ing , it may be said that the mean line be­
comes straight m uch  nearer to the cut-off in the filter 
whose mean line is in phase than  it  docs in the s tandard 
wavefilter, although the filters have precisely the same

r‘tr"rict^

fundan 1 cnial im portance.
Tor a sine wave profile the phase distortion simply takes 

the form of a phase shift o f  the filtered profile relative to 
the original profile, bu t for any other profile which can be 
considered to be m ade up  o f  a n u m b e r  o f  such sine wave 
components, the dis tortion is m ore complicated.

Consider now Figs 12.5 and 12.6. T hese  show triangular 
waveform profiles o f  diflering wavelengths. R em em bering 
that the filtered profile is the dif iercnce at any point be­
tween the mean line and the profile waveform, it can be 
seen that the filtered profile for the zero phase-slufted 
mean line hears a m uch  closer resemblance to the original 
wavcfoim than it docs for the s tandard  wavefilter.

T h e  zero phase filter has a more realistic mean line be­
cause the sine wave components making up the triangular 
waveform are not shifted relative to  each other in the filter. 
Consequently, the components have the same relative 
positions upon emerging from it. Hence, even taking 
account o f  those components  tha t  have been attenuated 
in the filter, the ou tpu t still resembles the input. T h is  is 
not so true in the case o f  the standard  was efilter. D is to r­
tion o f  the filtered profile can make it dilTicuit to assess 
numerically. This is the prob lem  that can be encountered

Proc hi<:n .tfcvA Prigr^ I<e67-6S

in practice when highly repetit ive profiles just within the 
pass band  are p u t  into the standard  wavefilter. As an 
example, the  triangular waveforms shown in Figs 12.5 and 
12.6 are a close enough approximation to a practical wave­
form to illustrate how the prob lem  arises. Consider th e  
filtered profile in Fig. 12.5; the concept o f  a peak ou tpu t  
at the cut-off, say, is difficult to im agine— the peak shape 
has virtually disappeared. N ow  look at Tig. 12.6 where 
the peak is noticeable and unam biguous to measure.

So far only the phase characteristics have been con­
sidered. It is also desirable that the mean fine should be 
straight for all wavelengths within the pass band of the 
filter, i.e. up  to the cut-off. T h is  would mean tha t  the 
profile would suffer no attenuation for wavelengths up  to 
the  cut-off. From a surface-roughness measurem ent point 
o f  view this seems sensible, because it is natural to suppose 
tha t if a cut-off has been chosen for the filter o f  a value 
larger than the longest roughness wavelength on the su r­
face, then  all the roughness will be passed unattenuated. 
A nother point about the transmission cnaractcristics which 
can be m entioned concerns the behaviour outside the cu t­
off. A lthough the behaviour outside the cut-off is no t so 
im portan t as tha t  wfitnin the cut-off it still has some rele­
vance to the measurement o f  the roughness. T h e  standard 
wavefilter tends to fall off too gradually for wavelengths 
longer than the cut-off, with the result that waviness 
components can be included in the roughness assessment.

F ro m  these factors it appears tha t  an amplitude t rans­
mission characteristic which is unity  up to the cut-off 
wavelength and which falls rapidly after the cut-off would 
be more suitable for roughness measurement. Txcessivcly 
high rates o f  a ttenuation, however, could be unrealistic 
mechanically because a considerable variation is not 
expected in the functional behaviour of, say, two surfaces 
having roughncoS ot cq.un aiUuiiluuc um hugmly diiiei eui 
wavelength. Fig. 12.16 shows one such characteristic tha t 
has seemed practical, having unity  transmission up to the 
cut-off and then  falling off to zero at three times the cut-off, 
the rate, o f  attenuation being linear with equivalent 
frequency.

Tigs 12.4 and 12 7 show how a filter having an in-phase 
mean line similar to the one mentioned previously, bu t 
having the new transmission characteristics,  behaves to 
the sine and  tr iangular waveforms. T he  figures show a 
straight mean line right up to the cut-off and no dis tor­
tion o f  the filtered inolile. This is what could justifiably 
be called a filter with a well-behaved mean line. T h is  
filter will be referred to as the phase-corrected filter.

So far only idealized waveforms have been shown. In 
fact these accentuate the difficulties encountered  in 
practice. M ean  lines, as a rule, do not oscillate with such a 
large am plitude  for practical waveforms v i ih in  the cut-off 
even for periodic profiles, because a random  component is 
always jircscnt. In  the case o f  profiles which arc random , 
the undulation  o f  the mean line and distortion of the 
filtered profile from the standard  wavefilter arc not so 
obvious. T h e  majority o f  profiles o f  this type have realistic 
mean lines, providing that the longest spacings are short
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compared with the cut-off length. However, for the 
s tandard  wavefilter the dis tortion of the filtered repetitive 
profile and the  undulation  o f  the mean line do presen t a 
serious enough problem in some instances to warrant 
correction.

Some practical profiles are shown in Figs 12.8 and 12.9 
together with a comparison o f  the  mean line found by the 
s tandard  wavefilter and the phase-corrected  wavefilter. 
T h ey  show tha t the phase-corrected filter has advantages 
over the s tandard  wavefilter in  a n u m b e r  o f  ways. T h e  gain 
is usually greatest when other factors apart from roughness

m easurem ent have to be considered, such as only a small 
am ou n t  o f  available traverse or waviness components 
lying near to the dom inant tool marks on the surface. In 
fact, the advantage is usually greatest in cases where it  is 
impossible for one reason or ano ther to choose a cut-ofi' 
for the s tandard  filter long enough to make phase distor­
tion  negligible. M any o f  the param eters used to measure 
roughness such as the peak value, the derivatives, or the 
bearing ratio curve are affected by phase distortion. 
Centre-line average is affected to a lesser extent, while 
r.m.s. and  some related param eters are not affected at all.
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T h e  roughness w hich  is t r a n sm i t ted  by the  phase-  
correc ted  filter actually  looks like the  roughness  on  the 
original profile and  it is a sensib le  p recau t ion  to m easure  
any desired  p a ram ete r ,  even for waveform s conta in ing  
com po nen ts  near to  the  cut-off. A n o the r  p o in t  is th a t  the  
m ean  line for co m p on en ts  w ith in  the  cu t-o ff  is s t ra igh t ,  
with the  result th a t  all roughness  w ith in  th e  cut-ofi is 
assessed. Yet ano the r  possibil ity  offered by this filter is 
tha t  the  m ean  line o f  the  roughness  fou nd  by its use could  
prop e r ly  be regarded  as the  waviness. T h is  is because the  
shape  o f  the m ean  line is only  affected by com ponen ts  o u t­
side the  cu t-off  (w hich  are usually due  to waviness) and 
also because  the  m ean  line will be in phase  with these 
com ponen ts .  T h e  m ean  lines for the repet i t ive  waveforms 
ou ts ide  the cut-ofi'  can be seen in Figs 12.6 and 12.7;

Figs 12.8 and  12.9 show how the m ean  lines for practical 
profiles look convincing as the  wvtviness.

O n  the  basis o f  these p roper t ie s  it is suggested tha t  the 
phase-co rrec ted  fi lter is part icu lar ly  su ited  to th e  needs 
o f  surface m easurem en t.

I t  has been  show n how th e  p hase-co rrec ted  wavefilter 
can assist in  th e  in te rp re ta t io n  an d  assessm ent o f  roughness.  
H o w  can it  be m ade ? T h is  quest ion  will be answ ered  in 
the nex t section.

Practical models
W o rk  has been  carr ied  o u t  for a n u m b e r  o f  years by the 
Research  L abora tories  o f  the  R ank  O rganiza t ion  w ith  a 
view to investigating  and im p rov in g  the  behav iour  o f  the
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Standard wavefilter mean line, especially the phasc- 
distortion aspects. A ttem pts  to improve the am plitude 
transmission characteristics using conventional m in im um  
phase networks have usually resulted in worse phase 
distortion.

Eventually, a practical filter system having phase- 
corrected properties was conceived at the Rank Taylor 
Hobson  Research Laboratory, and  its cfFectivencss was 
established by means o f  com puting techniques. T h e  theory 
is described in Part 2. In this system the am plitude  trans­
mission characteristics could be adjusted at will w ithout 
affecting the phase characteristics. T h u s  any characteristic 
could be investigated. Ways o f  realizing the filter were 
considered in conjunction with Rank Research Laboratories 
(D irector D r A. T . Starr), where two methods were su b ­
sequently developed and are now being investigated in a 
working model, the details o f  which m ust  form the subject 
o f  a later publication.

Basically, the solution to the phase-dis tortion  problem 
can be explained quite simply. F or  no phase distortion the 
constituent components o f  a waveform should no t be 
shifted relative to each other in their  passage through  the 
filter. Obviously i f  all components passed instantaneously 
th rough  the filter, then  this cri terion v/ould be fulfilled. 
However, this is not: possible in practice, the nearest 
possible achievement being to ensure that all components 
arc delayed by the same amount. I t  can be shown (Part 2) 
that the criterion can be interjircted in another way. I t  is 
well known that the ou tpu t from a filter depends not only 
on what is going in at any ins tant but also on what has 
been put in previously. Earlier signals p u t  in at a time that 
is long in relation to the time constant o f  the filter have 
little or no effect on the filter’s ou tp u t ,  but events at earlier 
times which arc small compared to the time constant o f  
the filter have an cflcct. I f  the filter can be arranged so 
that the ou tpu t at any instant is equally affected by fu ture  
and past signals, then  phase dis tortion does not take place.

I t  is interesting to note that the graphical procedure to 
determine the mean line called the mid-point locus m ean 
line, devised by Reason as early as 1962, inherently incor­
porates the above ]winciple and consequently did not suffer 
from phase distortion. U nfortunate ly  the transmission 
characteristic was no t suitable and sometimes led to an 
excessively wobbly mean line despite the  phase correction 

(4).
As previously stated, the above requ irem en t can only be 

achieved instrumentally by causing a uniform delay of 
the components o f  a profile, in then passage through  the 
filter. T h is  is achieved by using a filter which has a phase -  
f iequency characteristic that is linear. Filters o f  this type 
arc called linear phase filters. Having this phase charac­
teristic for the high pass filters used in surface-roughness 
measurem ent ensures that the mean line is in phase with 
the profile, and consequently has the advantages described.

As a basis for investigation, the am plitude transmission 
characteristics (Fig. 12.16) m entioned earlier have been 
used. Tltis has been judged useiiti from results found by 
computation o f  a n um ber  o f  surfaces. T h e  transmission

Proc Instn M txli Pngn 1967-6S

is unity  up  to the cut-off, then  reduces at a rate p ropor­
tional to the  frequency up to three times the cut-off wave­
length.

T h e re  are, o f  course, many other transmission charac­
teristics tha t  could be used. Some have already been 
investigated by com puter,  and it is possible that others 
will have to be considered, although the 3:1 attenuation 
characteristic has so far seemed quite acceptable.

T h e  two practical em bodim ents  which have now been 
built for comparative assessment will be called the time- 
rcvcrsai and transversal filter techniques. T hey  have 
am plitude  transmission characteristics to within 5 per cent 
o f  the  desired transmission.

In  the time-rcvcrsal technique the profile signal from 
the T a ly su r f  is filtered using an ordinary wavefilter and 
is then recorded on magnetic tape. T h e  tape is reversed 
in direction and  the once-fil tered signal is picked up and 
again passed through  the filter. Phase distortion resulting 
during  the first run  o f  the signal through the filter is 
exactly cancelled out during  the second because the signal 
is reversed in direction. T h e  overall transmission o f  the 
signal is the square of the characteristic o f  the filter, which 
can be chosen to give any desired shape. In  this arrange­
m en t  the filtered signal finally emerging, backward, can 
be m easured in the same way as an ordinary signal, b u t  all 
parameters can now be measured from a realistic mean line.

T h e  second m ethod consists basically o f  using a low- 
pass filler and, in parallel, a system to enable the profile to 
be delayed. T h e  former produces the mean line which is 
then subtrac ted  from the  delayed profile to give the 
filtered profile. In other words, an artificial time called 
hiow’ that is slightly later than the  real ‘now ’ has been 
arranged for the filter. In  this way the filter can know what 
is coming as well as what has gone— at lca«t to the extent 
ot the dif iercnce between the two 'now s’. Using this 
technique it is possible to fulfil the criterion for no phase 
distortion.

T h e  transversal filter technique provides one method of 
synthesizing the low-pass filter. It is built up from a delay 
line made up  from repetit ive blocks of circuit elements. 
Any desired amplitude transmission characteristic or a 
close approximation to it  can be realized.

F u r th e r  work on these filters is in hand.
Subjects like this arc more easily explained in m athe­

matical term s than in words, and in Part 2 the theory c f  
these phase-corrected or linear phase filters is shown to ­
gether with some m ethods o f  making them  by correlator 
and matched-filier techniques.

R E S U L T S

Surfaces which have roughness components unavoidably 
near to the cut-off are called G roup  I, while those which 
have their roughness well within the pass band are called 
G roup  I I .  O f  about 50 surfaces examined, approximately 
twelve were in G roup  1. Fig. 12.9 shows three o f  these 
while Fig. 12.8 shows six other profiles, each with the mean 
lines found by the s tandard  and phase-corrected filters. 
T h e  nu m b er  at the ex iicm c left-hand side refers to the
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c.l.a. value and the other n u m b er  refers to the m axim um  
peak-to-vallcy he ight; both  o f  these param eters are 
measured in micro-inches. T h e  pcak-valley param eter is 
used as an example of a param eter tha t  is badly affected 
by phase distortion, although others could equally have 
been used.

T o  present some idea o f  how these param eters change, 
three types of surface have been considered. T h e  first is 
for surfaces in G roup  I, the second for surfaces in G roup  
I I ,  and the th ird  is for s tandard  repetit ive waveforms near 
to the cut-off. In this way, the two limiting cases will be 
covered. In  G ro up  I I  one would expect little difference 
between results from the two filters, whereas for the 
standard repetitive waveforms one would expect the most 
difference; the results from G rou p  I should be somewhere 
between these two. As a measure of the  eflcct o f  the  dis­
tortion, the ratio o f  both the c.l.a. and peak-valley readings 
for the outputs  o f the standard  and  phase-corrected wavc- 
filtcrs were compared.

Taking first the case o f  the s tandard  waveforms such as 
the sine, triangular, square, sawtooth, etc. it was found 
that the c.l.a. and peak-valley ratios are generally lower 
than unity, bu t no t always. Both ratios could be as low as 
0 5, while on the high side the peak-valley ratio could be 
2 0. For  the tr iangular waveform at the cut-off, for instance, 
the c.l.a. ratio is 0 82 and the peak-valley ratio is 0 5. T h e  
way in which these and other parameters arc affected by 
distortion is not straightforward ; for some waveforms the 
pcak-valley value is accentuated by phase dis tort ion (for 
the square wave), whereas for others it is reduced.

For surfaces o f  G roup  II the c.l.a. ratio was 0 98 with 
variations o f  about ± 1 0  per cent and the peak-to-vallcy 
ratio l-0 0 ± 2 0  per cent, which means that well within the 
cut-olT the results from the  two filters arc substantially 
the seme. However, for these surfaces having roughnc-ss 
components near to the cut-off, the same average ratios 
were 0 65 and 0 75 respectively, showing tha t  in these 
circumstances phase distortion does affect the measure­
ment of the roughness. T h is  can be seen quite clearly in 
Fig. 12.9r/, for example, which consists o f  a planed su r ­
face having a periodic waveform near to the cut-off. T h e  
ou tpu t from the s tandard filter has taken on a directional 
shape when compared to the original profile which is not 
realistic. U pon passing the same profile through the phase-

corrected filter the roughness is completely undistorted 
and separated from the wavincss.

A point to notice about Figs 12.8 and 12.9 is that the 
mean line found  by the phase-corrected wavefiltcr seems 
to be a convincing basis for the m easurem ent o f  the 
waviness.

C O N C L U S I O N S  

T h e  phase-corrected or linear phase wavcfilter has the 
following advantages:

(1) T h e  filtered profile within the pass-band is no 
longer dis torted due  to phase dis tortion, which means 
tha t  the roughness signal emerging from the filter 
actually looks like the roughness on the profile. T h is  
helps interpre tation considerably.

(2) Meaningful use o f  parameters such as bearing area 
and peak height in  the region of the cut-off is now pos­
sible, which could be im portan t in assessing some o f  the 
functional properties o f  the surface,

(3) Calibration o f  ins trum ents  is m uch  more straight­
forward because any m easurem ent o f  the filtered 
profile as indicated on a m eter can agree closely with 
measurem ents taken on the chart with  respect to a 
straight centre or m ean line draw n within each sample 
length, and  for repetit ive waveforms can agree exactly 
for wavelengths right up  to the cut-off.

(4) I t  is a plausible proposition to consider the mean 
line o f  the roughness as the waviness. T h e  mean line of 
this filter only responds to undulations longer than the 
sample length and, fur ther,  it responds exactly in phase 
with these undulations. T h is  means tha t  the mean line 
immediately  responds in a mechanically realistic way 
to any wavincss present.

T h e  behaviour of  the pnasc-corrected filter to any 
waveform can be exactly calculated in a m anner  similar 
to the s tandard  wavefiltcr (3), except that a different 
weighting function m ust be used.

T h e  phase-corrected wavefiltcr represents an operative 
step forward in the evolution of the instrum entation  o f  
the M  system. U nfortunately , it looks like being more 
costly, and the extent to which the extra realism introduced 
by its use will be w orth  the expense remains to be 
seen.
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P a r t  2—T h eo ry

I N T R O D U C T I O N  

' I ' h i s  p a r t  b k h f l y  explains the theory behind the phase- 
corrected filter. I t  is approached from the time domain 
point o f  view because both the am plitude  and phase 
characteristic can be investigated by manipulating the 
impulse response o f  the filter. A nother reason for working 
in the lime domain is that it enables a graphical procedure 
to be worked ou t which will enable the m ethod to be 
applied to surface finish graphs. In  this part  the frequency 
equivalent o f  a wavelength on a surface is used  because 
the impulse response transforms naturally into the fre­
quency domain. W avelength A and frequency /  can be 
converted by the simple formula

A = T^ . . . .

where v  is the scanning speed o f  the p ick-up. Some of 
the properties o f  filters will be first discussed as an aid to 
the unders tanding  of linear phase or phase-corrected 
filters.

,̂(w)
T im e  variable under  the convolution integral. 
Phase characteristic.
Angular frequency variable.
A ngular frequency variable under the convolu­

tion integral.
Convolution operation.
Indicates a transform pair.
Process o f  taking the modulus.

F I L T E R S  IN  G E N E R A L  

T h e  frequency characteristics (or Fourier transform) 
H{a>) of a filler can be expressed as

)?(a,) , (12.2)
where k(oj) is the am plitude  transmission characteristic 
and </>(w) is the  phase. T h e  problem  in surface metrology 
is to get a useful form for k{a>) while maintaining a form 
for </>(oi) which eliminates phase distortion.

N o ta t i o n

B  Ratio of wavelengths having unity to zero trans­
mission th rough  the filter.

C(w) Fourier transform of <:(/).
c(/) T ru nca t in g  function.
F(ûj) Fourier transform  o f /( ; ) .
/  Frequency.
/ ( f )  In p u t  to filter.
G{o>) Fourier transform  ofg(f).
'fr\ Tror»"' filtpr

/7(w)
#")

/'(f)
h(j)

Ac(f)
k{oj)
p/7(w)
t
h
V
%(w)

h'

Fourier  transform of the impulse response, 
d 'ransfcr function of high-pass filter.
Transfer function o f  low-pass filter.
Fourier transform o f  the iruncated  impulse 

response.
Complex conjugate of H(iu).
Im pulse response of high-pass filter.
Impulse response of low-pass Idler.
T runca ted  impulse response.
A mplitude transmission characteristic.
Laplace operator.
Real com ponent o f  transfer function.
T im e  variable.
T im e  delay.
Velocity o f  scan o f  pick-up.
Imaginary com ponent o f  transfer function. 
Fraction o f  sample length.
Position o f  axis o f  symmetry.
Variable under the convolution integral.
Im pulse o f  unit weight when integrated with 

respect to time.
Impulse o f  unit weight when integrated with 

respect to a.
W'avelengthA

1‘roc hiUii Mcch Pfiprs /ViS.’-O.V

I m p u l s e  a n d  s t e p  r e s p o n s e s

These  arc the response o f  a filter to a unit impulse or step 
respectively. E ither can be used to determine the o u tp u t  
o f  a filter to any input. T h e  ou tpu t o f  the filter is given by 
the superposit ion iiitcgral, equation (12.3), which says in 
effect tha t  the o u tp u t  at any time is given by the convolu­
tion o f  the inpu t signal with the impulse response of the 
filter (5), i.e.

/A —:(0
sometimes w riucn

X O = /(t)W ;(z )  . . . (12.3)
w h e re / ( / )  is the input ,  g{t) is the ou tpu t ,  and li{t) is the 
impulse response, t  is the time variable under  the integral 
sign. Equation  (12.3) is an example of t ime convolution; 
the similar operation, frequency convolution, is involved 
in the p rob lem  of  impulse response truncation. In  this 
equation //(/ —r), the reversed impulse response, is som e­
times called the weighting function o f  the filter. I t  describes 
the am oun t  o f  influence that a part o f  the signal has on the 
ou tpu t  o f  the filter at a time t. Equation (12.3) describes 
the proper ty  o f  filtering in the time domain.

I f  h {o.)\ 6 '(«j), and F(w) are the Fourier transforms of 
/'(/), g { t \  a n d /(0  where

H{oi) =  h{i) e - ' " (  dt,  etc. . (12.4)

then

(%(/)== F/c/bjNXA') . . . . (12.5)
A nother po int about equation (12.3) is tha t  it shows 

the similarity between the processes o f  correlation and 
filtering. T h e  filtering process can be regarded either as 
the convolution o f  the inpu t waveform with the impulse
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response of the filter, or the cross-corrclation o f  the input 
waveform with the weighting function  of the iilter. T h e  
similarity is important where embodim ents  are concerned.

Equally, the prohlc could be considered to be m ade up 
of Steps.

Equation  (12.4) is very im portant because it shows that, 
the frequency characteristics of a filter, i.e. its response to 
sinusoidal signals, arc tied down to the shape o f  its impulse 
response. Altering the impulse response alters the fre­
quency characteristics.

T h e  impulse response can alternatively be expressed in 
terms o f  the fraction of the time constant o f  the filter 
which, in turn, can be expressed in terms o f  a fraction o f  
the sample length when referred to the profile. T h is  has 
the advantage of making not only the weighting function 
bu t also the variable in the superposition integral non-  
dimensional as well as relating more directly to the surface.

D iÜ c rc n t  i m p u l s e  r e s p o n s e s  a n d  w e ig h t in g  
fu n c t io n s

Consider a low-pass filter (Fig. 12.10a). I t  attenuates high 
frequencies. \^Twn referred to the time domain it means 
that the impulse response actually spreads in time. Because 
o f  this the impulse response tends to average out the high 
frequencies in the inpu t waveform during the convolution 
process.

For high-pass filters (Fig. 12.10c) the situation is dif­
ferent because an impulse is present in the impulse
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}-ig. 12.10. Impulse response of linear phase and standard  
fdter
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response, which is opposed by a low-pass component.  I f  
the transfer function o f  an ordinary  high-pass filter is 
//(//) it can be written in the form

/7(f) ;= l--/7%f) . . . (12.6)

where H{p)  is for a low-pass filter and p  is the Laplace
operator.

Equation  (12.6) inverse transforms into an impulse 
response /;(r), where

A ^ )=  8 -A ^ ) . . . 0 2 J )

lj{i) is the impulse response of  the low-pass com ponent and 
b is an impulse at the origin o f  un it  weight.

A signal / ( t )  put into a high-pass filter gives an o u tpu t

<?(0 = ^
=  ( 6(r — t)/(t) d r — I h(t —  t ) / ( t )  d r  (12.8)

bu t I ô(r —r ) / ( 7) d r  = / ( r ) — the sampling property  of 

impulses. Hence ecjuation (12.8) becomes

M r - T ) / ( r )  d r  = / ( / ) - , » ( / )  (12.9)

In practice the lower limit o f  the integral can be taken 
to be zero. Electrically m f )  is the signal blocked by the 
filter. In surface metrology m(t), when referred to the 
profile graph, is called the mean line. Removal o f  >n{t) 
from the inpu t profile constitutes the high-pass filtering 
action, h ( t— r) is the weighting function o f  the mean line 
(3).

Equation (12.9) can be expressed in a form, more suitable 
for surface metrology by changing the time axis to a non- 
dimensional fraction of the sample length

M  - f d«'
= ./(«)-'"W (12.1U)

In equation ( 12. 10) a' is a variable similar to r in equation 
(12.9), i.e. //(«) =  b' —  h(rc) where b' and h{a) have unit 
weight when integrated with respect to to 

For the s tandard wavefiltcr

Â{.') -
or

(1 2.1 1)

( 12. 12)h{a) ■— b' — A[2 — Au]  C .
where A  — 2;vR C  (A is the sample length, and z' is the 
tracking speed), a — .v'A where x is the distance along the 
surface. In  equation (12.11) both parts have the d im en ­
sions of reciprocal time whereas they are dimensionless 
in ( 12.12), which means tha t the ordinate scale docs not 
change with the cut-off. T h e  factor I " / f  is taken into the 
variable da '  o f  equation ( 12.10) wEere is the equivalent 
time o f  the sample length.

L I N E A R  P H A S E  F I L T E R S  (Fig. 12J0F a n d  d) 

T h e  phase charactei isiics of a filter elTcciivcly show how 
sinusoidal signals get shifted in time in their passage

I’ollSJPr.^K
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th ro u g h  th e  filter. T h e  real c r i ter ion  for the  fi ltered profile 
to be un d is to r ted  is tha t  the  con s t i tu en t  s inusoidal c o m ­
p on en ts  making  u p  the  profile are no t sh ifted  relative to 
each o the r  d u r ing  th e  passage o f  the  profile th ro u g h  th e  
filter. O n e  m eth o d  o f  do ing  this would  be  to ensure  th a t  
none  o f  the  c o m po nen ts  go t sh ifted  at all. T h is  would 
m ean  th a t  the  phase  shift is zero for all frequencies.

N ow

//(w ) =  /:(w) (12.13)

w here  </>, the  phase  angle, is given by

tan-" Af(w).VC(w) . . . (12.14)

So XÇm ), thm im ag inary  c o m p on en t ,  w ould  have to be zero 
in equa t ion  (12.15) to  m ake the  phase  zero, leaving

77(oj) =  k(dj) =  R(co) . . (12.16)

B ut,  for the  t ransm iss ion  characteris t ic  o f  the  filter to be 
real, only the  im pu lse  response  m u s t  be an even func t ion ,  
i.e. sym m etr ica l  a b o u t  the  t im e origin axis, w h ich  is 
im possib le  in p rac t ice  because th e  im pu lse  response  or 
the  w eighting fu nc t io n  o f  th e  filter cann o t  extend in to the  
fu tu re  as well as in to  th e  past .  H ence ,  th e  only p o s ­
sibility o f  gett ing  no  d is to rt ion  o f  the  filtered profile is to 
a rrange  th a t  the co m p o n en ts  o f  the  profile are all sh if ted  
by the  same amouni in lime by the  filter. S upp ose  tha t  this 
m ean t  delaying all com po nen ts  by  /o- O n e  co m p o n en t  at 
angular frequency  w , ,  say, w ould  have to be shifted in 
phase  by — r ad to ge t this delay. A co m p o n en t  o f  
angular f requency  w ould  have to be shifted  by — wo/o, 
and similarly for any com po nen t .  In  fact, to satisfy this 
delay o f  t̂ y in  general 6{a>) -  — — t he phase  has to 
have a linear rclationsliip  w ith  frequency .  T here fo re ,  the  
transm iss ion  characteris tic  for a filter having no phase 
d is tort ion  but a nchiv is of  the form

77(<u) =  k{u>) e (12.17

S uch  a filter is called a linear phase  filter.
H ow  do the im pulse  responses o f  the zero delay and 

linear phase  filters com pare  ? I t  is easy to show  th a t  i f  
h f j )  is the im pulse  response  o f  the  zero delay filter, then  
the im pu lse  response  o f  the  linear phase filter having the  
sam e am p li tu de  transm iss ion  is /'o(t —to)- 3 'h is  m eans 
tha t  they have the  same shape, b u t  the l inear-phase  
im pulse  response  is sh ifted  by z,, along the  positive tim e 
axis— they both  have a sym m etr ica l  w eigh ting  func t ion  
b u t  the  zero delay im pu lse  response has its axis o f sy m ­
m etry  on the t im e origin, whereas the  linear phase 
im pulse  response  has the axis o f  sy m m etry  at t =  Iq. 
Shifting the axis o f  sy m m etry  to to makes the. im pu lse  
response  practically realizable. Sum m ariz ing ,  it may be 
said tha t  it is possible practically to make a filter g iving no 
phase  dis tort ion  only by allowing a un ifo rm  delay o f  all 
com po nen ts  passing th rou gh  it. T h is  is achieved by  a 
filter hav ing  linear phase characteristics, which implies 
tha t  it has an im pu lse  response  which is sym m etrica l  abou t  
an axis o f  i — z,, on the realizable side o f  the  t ime axis. 
[In  the  no n-d im ensiona l  fo rm  Zq becomes « (Fig. 12.10i) .]

Proc hisin  .Mcch PP>7-f)8

I f  //o(z) <> 7/ o(aj), then

. (12.18) '
F o r  the  zero delay case the  h igh-pass  im pulse  response 
/zo(|z|) can be expressed as 8 —/zo(k|), where /?o( |l)  is the 
low-pass im pu lse  response  and S is an im pulse  o f  the  
origin. T h e  co rrespond ing  linear phase  h igh-pass  im pulse 
response  is there fo re  given by

/,,(/) =  8 (r - /o ) - /z o ( 'k - fo |)  . (12.19)

E q u a tio n  (12.9) becom es for a linear phase filter

<?(0 = / ( ^ “ ^ o ( ^ ~h ) “ - ) / ( " )  ^^- ( 12.20)

E q u a t io n  (12.19) shows th a t  the  im pu lse  co m p o n en t  lies 
at th e  axis o f  sy m m etry  o f  th e  low-pass im pulse  c o m ­
p o n en t ,  w h ich  m eans th a t  in  te rm s  o f  equa tion  ( 12 .20 ) 
the  signal i tself  has to  be delayed by Z[, before taking it 
f ro m  th e  low-pass co m p on en t .  T h is  has the  effect o f  
p ro d u c in g  at tim e t th e  fi ltered o u tp u t— w itho u t  d is tort ion  
co rresp on d ing  to the  profile at z —Zq.

T w o  po in ts  are w orth  no tin g  concern ing  sym m etrica l  
im p u lse  responses;  one  is th a t  the  step response  has an 
axis o f  odd  sym m etry  ab o u t  t =  Zq, and the  o ther  is tha t  
the  opera t ions o f  corre la tion  and  convolution  becom e the  
sam e except for an averaging term.

D ifferen t lin ear  p liase  filters
T h e  condit ions for a sym m etrica l  w eighting  func t ion  to be 
suitable  are:

(a) I t  has an axis o f  sym m etry  later th an  z =  0 to an 
ex ten t such th a t  no  considerable  p a r t  o f  th e  func t ion  
crosses the  t — 0 axis.

(b) I t  is concenT atcd  in a central lobe and dies away
V-j J \J‘A1 A V4V, V'A ii i C.- J.

(c) A ny  negative port ions  should  be small.
(d)  I t  m u s t  have an a m p l i tud e  transm ission  charac­

te rist ic  su itable  for use in surface metiology.

A n u m b e r  o f  different linear phase  filters have been 
investiga ted , inc lud ing  those  w hich have G aussian  and 
raised cosine im pulse  responses (6 ) (7 ). Perhaps  one  ol the 
m os t obvious is the linear phase  filter having the  same 
am p l i tu d e  transm ission  as th e  s tandard  filter. T h is  was 
m en t io n ed  in P a r t  1, and  Figs 12.3 and  12.6 show  its m ean  
line to two different profile waveforms.

It has an im pulse  response  w hich by eq ua t io n  (12.19) 
becom es

/;(/) =  8( z - Z o ) - “ t^ exp 

or alternatively v ( 12.21)

/ / ( r< )  =  5 ' ( c / _ r t ) — — —  exp ( ------------   j o  —U d \ \ ' 3
w here  the  latter expression  pu ts  the im pulse  response  in 
n o n -d im en s ion a l  fo rm , as in equation  (12.3). is the  
angu lar  f requency  equivalen t o f  the  sam ple leng th , and  û 
is th e  position o f  the  axis o f  sy m m etry — equivalen t to Zq.

Vol j s :  P: 3K
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A nother alternative is the ideal linear phase high-pass 
filter where

sin w ,(r-Z o) 
■fo) :

or

//(«) = 6'(a — «) —
( 12.22)

7t(« — (?)

T hese , however, did  not seem to be as suitable a 
s tarting point as the following filter— called the phase- 
corrected filter in Part  I. I t  has unity  transmission for 
wavelengths up  to the cut-off and zero transmission at 
three rimes the cut-off. T h e  attenuation rate is p rop o r­
tional to the equivalent frequency (Pig. 12.16).

T h e  expression ‘phase-corrected filter’ has a slightly 
diflerent connotation in com m unicat ion theory, bu t it is 
useful in tins context. T h e  general equation fbr impulse 
responses having this form is

/'(') =
sin (')(( 1 -l-/?)(r — to),' 2 . sin (1 — — to)/2

or

/;(«) = 8'(«-(2). 1
77̂(1 -B)
 ̂sin 77(1 -\-B)(a — ü) sin 77(1 — —

. . . (12.23)
where D is the ratio o f  wavelengths having un it  to zero 
transmission, being equal to ] in this case. T h is  factor has 
been found useful in surface roughness instrum ents to 
separate the roughness. As time goes on it may be that 
more useful characteristics emerge.

Realizable linear phase filters
T o  make a practical linear phase high-pass filter, an 
impulsive com ponent and low-pass impulse response arc 
usually involved. Consider first the impulse response of 
the low-pass com ponent T o  be realizable it m ust all 
lie to the tight o f  the time axis / =  0. T h is  is called the 
condition o f  causality. Hence the axis o f  symmetry 
to (or r?) should be delayed as long as possible. Also the 
response should decay quickly and not extend to infinity. 
Im pulse responses o f  functions having transmission 
characteristics decaying faster than exponential do extend 
to infinity (8). Unfortunately , the theoretical impulse 
responses o f those fillers having the most suitable trans­
mission characteristics do extend to infinity, so that even if  
the axis o f symmetry is moved a long way from / =  0 the 
function is still finite at the  t =  0 axis. Practically it has 
to end at r — 0, so that some degree o f  truncation o f  the 
impulse response from the ideal response must occur, 
fnickily, for the cases of interest, it is possible to get a 
useful approximation to the desired characteristic.

T h e  effect of this truncation can be worked out using

Proc histn Mcch lln g n  I967-(><S

the technique of frequency convolution (5). I t  is the same 
prob lem  as apodization in interfcrometry (9), and the 
determination  o f  the power spectrum  from the auto­
correlation function (10). T runca t ion  can be considered 
to be the multiplication o f  an ideal impulse function /;(/) 
by another function c{r) called the truncation function of 
un it  value for a limited region and usually zero elsewhere, 
which has the effect o f  modifying the ideal frequency 
characteristic //(w). I f  h{t) and c(t) have Fourier trans­
forms o f  H(to) and C(w), then  the truncated  impulse 
response h^(t) and the resultant frequency characteristic 
Hcioj)  are given by -

and

//^.(m) =  //(cu ')C (w -m ') d„ / (12.25)

where oj' is a variable similar to r  in time convolution. 
Equations (12.24) and (12.25) arc quite general. is
the approximation to lI(o)) that results in practice. c{i) 
need not be a simple box function, it can be any shape. 
I 'h e  box truncation tends to produce oscillations in the 
transmission characteristics and also to reduce attenuation 
rates in //((«), Fig. 12.11. Removal o f  this tendency can be 
achieved by a truncation  function having no lobes in its 
Fourier  transform. Unfortunately , the a ttenuation rates 
then  become even more gradual. T runca t ion  theory is 
im portant because it enables the m in im um  length o f  
impulse response to be worked out,  which allows the
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design cri ter ion  for the  frequ ency  characteristic  to be 
achieved. I n  th e  case o f  the  p hasc-co rrcc tcd  filter this  is 
just tlircc cu t-o ff  lengths to  get the  f requency  ch arac­
teristic I l c f » )  to w ith in  5 p e r  cen t o f  77(c'j).

T h e  t runca t ion  p ro b le m  only  exists for the  low-pass 
co m p on en t ,  i.e. for th e  m ean  line evaluation. I f  the  filtered 
profile is req u ired ,  it  is necessary  to position  the  im pulse  
co m p on en t  sym m etrica l ly  relative to it. T h is  m eans , in 
practice ,  th a t  the  signal has to  be delayed by the  a m o u n t  
by  which the  axis o f  sy m m etry  o f  the  m ean  line weighting 
funct ion  differs f rom  î — 0. A n exception  is in  the t im e-  
revcrsal case w here  th e  t ru n ca t io n  o f  the  im pulse  response  
d epen ds  on how long th e  tape  can  be r u n  before assess­
m e n t  com m ences. T h e  m a in  app ro x im a t io n  in  this 
te ch n iqu e  is m ade  in the  freq uen cy  dom ain  w here  the  
square  o f  the t ransm iss ion  characteris tic  o f  th e  filter has 
to fit as closely as possible  to the  desired  characteristic .

Practical embodiments
T h e re  are m an y  ways in  w hich  linear phase  filters can be 
m ade. T h e  m e th od s  u sed  in  m aking  correlators and 
m a tched  filters can be  used  because  o f  the  equivalence o f  
convolution  and  corre la tion  for sym m etrica l  weighting 
functions. Some exam ples are in the  use o f  optical, 
elec trostatic, and  e lec trom agnetic  storage devices w ith  
shaped  masks, elec trodes, an d  p ick -up  heads respectively. 
M agnetos tr ic t ive  lines ( i i )  o r quantiza tion  correlators (12) 
could also be used. D ig ita l  techn iques  are an increasingly 
feasible proposition.

At the  p resen t  tim e ,  how ever ,  e lectronic techniques  
are p robab ly  the best. T w o  tech n iqu es  have been selected 
for assessm ent and a p ro to typ e  model has been buil t  
incorpora t ing  b o th  m ethods .

Time reversal. T h is  reversal uses the  princip le  th a t  i f  a 
signal is passed th ro u g h  tw o filters, the one being the  
com plex conjugate  o f  the  o ther ,  then  the re  is no  phase  
dis tort ion . H ere  the  signal is passed th ro ug h  th e  sam e filter 
twice but the  conjugation  is aclticvcd by a reversal.

I f  a filter has an im p u lse  response  /.’(/) whose transfo rm  
is 7/((u), th en  reversing the  o u tp u t  can be show n to be 
equivalen t to conjugat ion , with  an additional phase  linear 
te rm , i.e. i f  h(t) / / (w ) ,  then

. . (12.26)

where is the  com plex  conjugate  o f  //(to). H ence
passing the  signal th ro u g h  a filter, reversing  it, and then  
rcpassing it  th rou gh  the  filter has the  overall frequency  
characteristic  of

c - ; " : ^ / f ( w ) . / / ( w ) =  |7 / (w ) |^ c -^ ‘̂ ' (12.27)

w here T  is the  tim e taken  to reverse the  tape. N otice  tha t  
this is still a linear phase  filter because o f  th e  te rm  (13).

Transversal filler  (14) In  this the  two com ponen ts  o f  the  
h igh-pass  filter are con s t ru c ted  separately. T h e  low-pass 
im pu lse  response  is syn thes ized  in t im e by m eans  o f  a 
delay line w ith  a n u m b e r  o f  taps. Each tap p ing  po in t  is 
ro u te d  by way o f  an amplif ier to a su m m in g  amplif ier. 
H en ce  by ad jus ting  these  gains any im pulse  response  can 
be b u il t  up . T h e  im pulse  co m p o n en t  is delayed to the  
cen tre  o f  sy m m etry  o f  the  low-pass weighting func t ion  by 
m eans  o f  a magnetic  tape [equat ion  (12.19)]. T h is  just 
co rresponds  to  delaying the  signal [equation  (12.20)]. T h e  
dif ference betw een the  signal and  the o u tp u t  f rom  the  
su m m in g  amplifier is th en  taken to give th e  fi ltered profile. 
Because o f  d ispersion, it  is n o t  usually possible to extrac t 
the  signal f rom  th e  position in  th e  delay line w hich  cor­
responds  to the  axis o f  sy m m etry  o f  th e  w eigh ting  funct ion  
an d  use it  as the  im puls ive  co m ponen t .
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Abstract  A n  appraisa l  is given o f  the  qualit ies o f  d iam o n d  
styli which arc used for stirfacc tex ture  m easurem ent.  Some 
o f  the  diflicultics encotin tcred  in no rm al  optical an d  electron 
optical m e th o d s  o f  assessment a re  discussed, an d  a jmssible  
so lu t ion  which involves a two-stage replica process is 
described.

1 Introduction
The assessment o f  surfaces by tactile trace instrum ents  has 
found  a great  deal o f  practical use in industry  becatisc o f  the 
ease o f  in te rp re ta t ion  o f  profile g rap h s  as well as the c o in e n i -  
ence o f  hav ing  an  electrical signal available  for  the q u a n t i ­
tative analysis  o f  v:u ious param eters .  I he increasingly 
st ringent d e m a n d  for a better  u nders tand ing  o f  the re la t ion ­
ships between surface  cond it ions  an d  the functional c h a ra c ­
teristics o f  c o m p o n e n t  parts  has been great ly  a ided by the 
de \’e lo p m en ts  d u r in g  the last decade  in elccironics, which 
have SCI \ e d  to  m ak e  possible the design o f  m o re  sophisticated 
instruments .  W’c are  now a t  a po in t  in the  developm ent o f  
profi lom etric  m easu rem en t  o f  ultra-fine surfaces where the 
d im ensions  in the con tac t  region o f  the p ro b e  are o f  the 
u tm ost  significance. 1 he chart  record  which is revealed by 
the tactile t racer ins trum ent can  differ slightly from the true 
profile for  a n u m b e r  o f  reasons ,  for  instance the load ing  o f  
the stylus can som etim es deform  m ateria ls  with low m odu li  
o f  elasticity  and  plasticity. A n o th e r  source  o f  uncer ta in ty  is 
the lack o f  knowledge  a b o u t  the geom etry  o! m e  stylus tip. 
L o r  the n o rm al  run  o f  engineering surfaces d ow n  to som e
01  /rm C l .A ,  these effects h a \ e  seemed negligible, but below 
this they becom e o f  increasing significance.

This p ap er  describes m ore  accurate ly  the finite d im ensions 
o f  the stylus tip. T h e  a im s in this en d ea v o u r  have been 
tw ofo ld :  firstly to perfect som e techniques for the rapid 
assessment o f  the stylus tip and  secondly to m ak e  use o f  these 
techniques in an a ttem pt  to set som e kind o f  acceptance  limit 
to  which stylus tips can  be w ork ed  by t rad i t iona l  m ethods.

The  tips considérer! were  (i) the nom ina l  2 5 /mi T alysu rf  
tip, an d  (ii) the u l tra -sha ip  nom ina l  0 1 /m i  Talyslep  tip.
2 M ethods  of ineasurenient of  styli
2.1 Tradiiional
Lor the m easu rem en t  o f  small  geometrical  form s using tlie 
light m ic roscope  it is often difiicult to discrim inate  between 
real goonictry  and  d iffraction p h e n o m e n a  when objects h a \ e  
d im ensions  which are  close to the theoretical limit o f  re so lu ­
tion. T h e  m e th o d  o f  light m ic roscopy  used for any specific 
app licat ion  may re \c a l  certain aspects  o f  the object by phase  
o r  pa th  dilferenccs.  l lo w e \e r ,  it is usually  found  tha t  the 
m ore  sophist ica ted  form s o f  m icroscope  will de tract  som ew hat  
from the m a.simum possible reso lu tion  for a given w a\e lcng th .  
At each lens interface a certain  a m o u n t  o f  dilfusion is p roduced  
by reflection, surface asperit ies and ,  in sonic cases, dust,  so 
that  the n u m b er  o f  optical co m p o n e n ts  shou ld  be kept to  a

m in im u m . L o r  the pa r t icu la r  p ro b lem  o f  d iam o n d  tip assess­
m en t  it has  been o u r  experience tha t  those  techniques which 
arc  con tr ived  to  increase the c o n tra s t  o f  the image do  so at 
the  cost o f  resolution.

N o  m a t te r  which  configura tion  o f  m icroscope  is used for 
exam in ing  styli, it is im p o r tan t  tha t  the objective lens lie o f  
the best qua li ty  with a large num erica l  aper tu re .  F o r  es tab lish­
ing the quali ty  o f  an objective lens we use the s tar  test, in 
which  a m in u te  p o in t  o f  light is \ ie w e d  against a d a rk  b ack ­
g ro u n d .  A  suitable  test object is an  evapora ted  film on a 
glass flat con ta in ing  small  pinholes.

E xam inat ion  o f  one  o f  the sm alle r  po in ts  o f  light at each 
side o f  focus will reveal any  spherical aberra t ions  present in 
the objective lens. It is only w hen  all the rays o f  light are 
focusing to a near  poin t  tha t  the a p p ea ran c e  o f  the diffraction 
eficct on b o th  sides o f  focus will be identical.  T h e  m eth o d  o f  
i l lum ination  for this test is n o t  crit ical,  a p a r t  f rom  the need 
fo r  a high intensity light source,  because a small aper tu re  in 
these c ircumstances can be considered  as a  se lf- luminous 
object.  O u r  experience has been that  an objective lens m ust 
pe r fo rm  well a ccord ing  to this test o therwise  it canno t  be 
exploited.

F r o m  a n  exam inat ion  o f  the m ic rographs  in figure 1, it is 
evident  th a t  bright  field (a) does indeed show the m ajo r  
b o u n d a ry  best, while phase  con tras t  (/)) is o \c rw h e lm ed  by 
the relatively large d im ensions o f  the pyram id  faces. The  
N orrna rsk i  in terference m eth o d  (e) (L an g  1968, 1969), whilst 
de tract ing  slightly f rom  the reso lu tion  o f  the boundaries ,  
does show  som eth ing  o f  the texture on  the tip itself. Figure ](d) 
show s a chisel tip stylus as is used on  the Talystep instrum ent 
for  the m easurem ent o f x e r y  fine surface  texture. This m ic ro ­
g raph  appears  to indicate that  the sh a rp  edge o f  the chisel is 
ab o u t  0 2 /m i  across ,  but figure 3(h) r c \ea ls  that it is less 
th an  0 1 /fin.

T h e  extract ion  o f  reliable in form at ion  from objects whose 
d imensions a re  close to the theoretical limits o f  the light 
m icroscope  is difiicult. W hen  a c raf tsm an  is using a light 
m icroscope  to m o n i to r  the var ious  stages in the opera t ions  
o f  d iam o n d  polishing, there is a practical limit o f  ab o u t  
0  2 /(in beyond which he m ay  only proceed and est im ate  the 
degree o f  his success by guesswork.
2.2 The scanning elecirun m icroscope
F o r  the analysis o f  the geometrical fo rm  o f  solid specimens 
the technique o f  e lectron  b o m b a rd m e n t  o f  the object in o rder  
to  genera te  secondary  electron emission will have two main
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ad v an tag es  over light m ic roscopy :  first, a large increase in 
the d ep th  o f  focus is m ad e  possible by long-focus m agnetic  
lenses which  will keep the beam divergence sm all ;  second, 
an  increase in the useful magnification will he a tta inab le  
p rov ided  that the object is no t  too  greatly  alTcctcd by the

in the solid gaining energy from them  will be greater. Elec­
tro n s  accelerated by 20 kV will penetra te  solids such as 
a lu m in iu m  to a dep th  o f  the o rd e r  o f  1 p m  and it is expected 
that  the penetra t ion  o f  electrons into  d iam o n d  w ill be a lm ost  
d oub le  this. 1 here is evidence that  surface  co n tam in a tio n  and

E. ..A
i
Co.,

Figure I (a) Bright field. (A) phase  con tras t  an d  
(r) N o rm a n sk i  interference. F o r  purposes  o f  com par ison ,  
reference should  be m ad e  to  the e lectron  m ic rograph  (a) in 
figure 3 which is tins sam e tip at a magnification o f  9000 x .
(d ) Chisel type stylus tip  which can be co m p a red  with the 
e lectron  m ic rograph  (A) o f  tins tip a t  9000 x . T he  objective 
lens used to  ob ta in  the m ic ro g rap h s  in this figure was an 
excep tiona lly  good  140X oil imm ersion o f  ! 3 numerical 
a p e i tu re

e lectron  beam , for exam ple  the object m ay  acqu i ie  a  charge  o r  
even sufter a change o f  its chemical com pos it ion .

A m o n g  the variables which de te rm ine  the resolution and 
con tras t  o f  the displayed image are shape  density , electrical 
conduciiv ity and the secondary emission ra tio  o f  the var ious 
par ts  o f  the object,  w hich is a function  o f  the p r im ary  electron 
energy. Experimental d a ta  suggest that  a p ' im a ry  electron at 
n o rm a l  incidence to d iam o n d  and hav ing an energy o f  750 eV 
will release a m ax im um  o f  ab o u t  2-8 secondary  electrons. 
Ideally, w hat  is wanted  is a yield in energy which is unity 
witli lesprcci to the eneigy o f  a p r im ary  electron as this will 
m in im i/e  the tendency for potential  gradients  to develop. 
Secondary  emission o f  an  insu la tor  such as d iam o n d  can be a 
complex phen o m en o n  because o f  the absence o f  free electrons.  
An in su la to r  will not lose energy as in a metal by interaction 
with free e lectrons in the co n d u c t io n  band. P rim ary  e lectrons 
will only lose energy by in teraction  with valence electrons, 
and unless the insulating object is a thin film on  an  electrically 
cond u c t in g  base,  a space charge  form s in the material.  It is 
possible t o r  an insulator to emit m ore  e lectrons than were 
in troduced ,  giving rise to a net loss o f  charge.  T he  implications 
o f  this internal charging becom e evident when the geom etry  
o f  the specimen is taken into  a cc o u n t ;  charges will tend to 
collect  o r  m igrate  tow ards peaks o r  o th e r  sh a rp  boundaries .

T he  higher the energy o f  the p r im ary  (incident) e lectrons 
the fu r th e r  will they penetrate ,  a n d  the n u m b er  o f  electiotts

C o J -- 10 /̂m

to am Cc- -T,-
Figure 2 E lectron  m ic rog raphs  from  a stereoscan 
m ic roscope:  (a). (A) chisel tip stylus in the (a) uncoatcd  an d  
(A) the coated  state. T he  coating  is o f  a lum in ium  a n d  is 
a b o u t  20 tim thick; (r), (d )  typical g ra m o p h o n e  sty lus whose 
lip rad ius  is abou t  12 p m .  T he  coa t ing  in this case is gold 
an d  abo it t  10 nm  thick

thin cond u c t in g  films used oti spccimetis in scanning e lectron  
m icroscopes can  greatly  alTect the emission propert ies :  
h o w c v e i , prevention  C'f the charg ing  efiects in thick insulating 
objects  would require’ an inord ina te  thickness o f  the conduct ing  
layers.

\Vc find that ovcrdeposi ted  co n d u c to rs  such as a lum in ium , 
gold and  cat bon have little efi'ect on the instrumental  reso lu­
tion a t  the d iam o n d  tip.

F igure  2(a) and (A) shows that the resolu tion  at the extreme 
tip is som ew hat i net eased l>y vacuum  overcoating  with 20 nm 
o f  a lu m in iu tn ;  however,  the gain  is not sullicient for art 
accu ra te  m casuretnent  o f  the sh a rp  ditnensions o f  the chisel 
to be made. The  m a t te r  visible arou tid  the tip is dirt. We 
have som etim es found  that an  apprec iab le  increase iti resolu­
tion is evident in the near n e ig h b o u rh o o d  o f  such foreign 
substances.

T he  suitability  o f  the scannittg e lectron  tnic ioscope  for 
d iam o n d  tips on which there are no really p rom inen t  features 
is show n by plates (c) an d  (d), which illustrate a s tan d ard  
g ra m o p h o n e  stylus having a tip radius o f  ab o u t  12 /an .
2.3 The iransm ission cdearan inicro.scope 
S o m e  single-stage replicas were tried using the familiar 
materia ls ,  gelatine, collodioti  and  Fortnvar ,  its well as som e 
two-stage techniques which util ized wax, gelatine, ace ta te  and  
m eta ls  as the first stage. O u r  lack o f  success with the various 
w ell-know n techniques was for the tnost  part due  to the 
stiingetit  lequitemerii  for a replica tliat riot only show ed the 
tip d im ensions  clearly but also a good  deal o f  the pyramid 
leading to the tip. This  sort  o f  deep replica is easy to  find in 
an  area  which m ay  be littered with various shapes and  
m arkings.
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A n ini estigation o f  the shape and dim ensions o f  som e diam ond  s ty li

G lass  as a first-stage replica materia l  was considered  in 
view o f  the p ro b lem s  encoun tered  with o th e r  materials .  
E xam in a t io n  o f  a range o f  glasses reveals that certain  liquids 
becom e par ticu lar ly  viscous near  their freezing point,  thus 
preventing  the fo rm a t io n  and growtli  o f  crystal nuclei.  If 
coo ling  o f  such a liquid is con tinued  beyond a region where  
the m ass becom es rigid, then the r a n d o m  a tom ic  s truc ture  
which is characteris tic  o f  glass w ill be held  in the solid state.
T he  a m o u n t  o f  o rd e r in g  o f  the s truc ture  o f  glass that  is 
possible is s trong ly  dependen t  u p o n  the coo ling  rate,  so that 
the final configura tion  o f  the glass w ill depend  on its co m p o s i ­
tion and  therm al history.

I he qualit ies o f  glasses are quite  dilTerent from  those o f  
the o rganic  po lym ers  which  are usually  used for replicas in 
e lectron  m icroscopy,  these substances being partly  crystalline 
and  on ly  to som e degree  am o rp h o u s .  Ii a glass cou ld  be 
softened to flow a r o u n d  the tip o f  a d iam o n d  stylus, then a 
good  replica might  v\ell be formed. T he  advan tages  o f  such a  
replica would be th a t  an  accura te  represen tat ion  o f  the tip 
should  result because o f  the a m o rp h o u s  n a tu re  o f  glass and  
because o f  the ease o f  tak ing  a second replica from the glass 
by the evapora ted  c a rb o n  technique.

As the  hardness  o f  glass (soda lime) is 530 on  the K n o o p  
scale, while d iam o n d  is p laced at 7000 on this sam e scale, the 
relative hardness o f  d ia m o n d  and  glass w ill be ab o u t  tlie sam e  
as that o f  tungsten  carb ide  and  zinc. Accordingly  one might  
not expect d am ag e  to even a fine sty lus tip when it is indented 
into glass, p rov ided  that no  lateral shear  foiccs can opeia te .

A small  rig was co ns truc ted  for use on a s ta n d a rd  instrum ent 
(Talystep), which enab led  a know n load to be applied while 
the d iam o n d  was resting on  the glass. The instrum ent cou ld  
then be used to  m o n i to r  the tota l a m o u n t  o f  plastic d e fo rm a ­
tion which occurred  on  app licat ion  o f  load.

The criterion used to m ak e  goo d  replicas is that  the force 
is applied sm o o th ly  and  within a short  period  o f  time. H aving 
such con tro l  enab les  m any  such inden ta tions  to  be m ad e  
within a defined area .  T he  replica is then shadow ed  a n d
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c a rb o n  is applied from at least two diflerent d irections to 
improve  the rigidity o f  the replica. An exam ple  o f  how the 
replica can  fracture  on  removal  frotn the glass is shown in 
figure 3(A).

T he  stylus show n in figure 3ia) is the type o f  tip usually  
em ployed  for surface texture m easu rem en t  a n d  is quite  
ad eq u a te  for the assessment o f  surfaces p roduced  by m ost  
m achine  processes used now ad ay s  in industry. F igu te  3(A) 
show s a stylus tip which is necessary to  resolve the very fine 
texture associated with polished or lapped surfaces having a 
directional finish. In figure 3(c) and  (d), a sty lus o f  exceedingly 
small  tip d im ensions is show n. With such a tip it is possible 
to m easure  very fine ran d o m ly  orienta ted  surface  asperities 
such as a rc  found  on evapora ted  films and  in certain  c o n d i ­
tions o f  devitrification which take place during  annealing  
processes, given the p roviso  tha t  only very low stylus forces 
can be used.
3 Discussion
Use o f  the m o re  precise in fo rm at ion  abou t  styli ob ta ined  by 
the m eth o d s  described has a lready  m ade  possible a better 
un de rs tand ing  o f  som e o f  the sm alle r  features on  surfaces 
(W hitehouse  and  A rch ard  1970).

W e now  know w ith a fair degree o f  certainty,  ju s t  how far 
the spatia l resolving power o f  the tactile t racer instrument 
can be eficclively taken. U n d e r  norm al loading condit ions 
this limit will a p p ro ac h  01  /m i o r  a b o u t  |  o f  the wavelength 
o f  ultraviole t  light. F u r th e r  in form ation  can be ob ta ined  by- 
vir tue  o f  the fact that if the stylus dimensions are know n then 
they can  be partly  co m p u ted  o u t  o f  a profile chart.  Tlie a rg u ­
m ent does however have l imita tions in that on the one hand  
the positive asperities can  have the stylus e r ro r  rem oved  bu t  
negative valleys in to  which the styhis can n o t  fully penetrate  
must be c om puted ,  a l though  such co m p u ta t io n  can  he m ade  
reasonably  accurately .

The  effects o f  two dilTerent stylus tip d im ensions  can be 
seen in figure 4 where  chart  (a) shows the profile o f  a small  
section o f  gauge block as m easured  by the relatively large 
tip (figtire 3(r/)), and  char t  (A) is a po r t ion  o f  this sam e stirface 
as m easured  by the fine chisel tip stylus (figure 3(A)).
C o m p ar iso n  of chr.rg

( A )

i d )

Figure 3 (a) Ty pical tip as used on otir 1 aly surf
in s trum ents ;  (A) Talystep sh a rp  stylus which is ttsed for 
resolving very line surface  tex tu re ;  (c) st ipcr-sharp  stylus tip 
that was m ade in o u r  lab o ra to ry ;  (d ) an  en larged  view o f  
this very sh a rp  tip

'/

A V ' AV \

0 0 25  RnI_ _
( o ) 5 /jm

' (i'
0 0 25  pm

( 6 )  5 pm

J-'igurc 4 (a) I’rofiie o f  a small section on a finely lapped 
gauge block using the stylus show n in figure 3(u);
(A) a secliott o f  this sam e surface as m easured  by the styItis 
show n  in figure 3(A)
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larger stylus tip rides over  and loses fine detail.  A knowledge  
o f  tip d imensions is desirable  in m ic ro h a id n ess  testing, where  
w ithin the range o f  H)0 g to 1 mg loads,  indents a rc  m ad e  
into  sjreeillc inclusions within polycisstt i ll ine bodies.

in  u ltram iero tom y where  d iam o n d  knives a re  used to 
section specimens for e lectron  m icroscopy, this m eth o d  might 
play a par t  in defining the quality  o f  the d iam o n d  knives used 
and  their ra te  o f  wear.
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