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Abstract

In this thesis we are concerned with the approximation of functions by radial basis function
interpolants. There is a plethora of results about the asymptotic behaviour of the error
between appropriately smooth functions and their interpolants, as the interpolation points
fill out a bounded domain in Euclidean space. In all of these cases, the analysis takes place
in a natural function space dictated by the choice of radial basis function—the native space.

This work establishes L,-error estimates, for 1 < p < oo, when the function being
interpolated fails to have the required smoothness to lie in the corresponding native space;
therefore, providing error estimates for a class of rougher functions than previously known.
Such estimates have application in the numerical analysis of solving partial differential
equations using radial basis function collocation methods. At first our discussion focusses
on the popular polyharmonic splines. A more general class of radial basis functions is
admitted into exposition later on, this class being characterised by the algebraic decay of
the Fourier transform of the radial basis function. The new estimates presented here offer
some improvement on recent contributions from other authors by having wider applica-
bility and a more satisfactory form. The method of proof employed is not restricted to
interpolation alone. Rather, the technique provides error estimates for the approximation
of rough functions for a variety of related approximation schemes as well.

For the previously mentioned class of radial basis functions, this work also gives error
estimates when the function being interpolated has some additional smoothness. We find
that the usual Ly-error estimate, for 1 < p < oo, where the approximand belongs to the
corresponding native space, can be doubled. Furthermore, error estimates are established
for functions with smoothness intermediate to that of the native space and the subspace
of the native space where double the error is observed.



In memory of Will Light.



Preface

This thesis concerns approximation theory, a subject first introduced to the author by
means of an undergraduate course taught by Will Light in 1998. In particular, this work
is devoted to the study of the error induced by the recovery of data from a scattered data
set, using radial basis functions. This again is a topic first introduced to the author by
Will, this time in his role as my supervisor for my final year undergraduate project. I
had, by this time, been snared by Will’s unique, captivating and inspiring teaching style,
so Will became a very natural choice as my PhD supervisor.

I acknowledge with deep gratitude Will’s supervision. It will be a lasting memory that,
despite what seemed like an eon of reporting to Will that I had got nowhere since he and
I last spoke (but not through lack of endeavour), Will was never disappointed and always
maintained (a sometimes questionable) faith in my ability. This thesis is dedicated to the
memory of Will, who died on December 8, 2002.

I also acknowledge with deep gratitude, the role that Jeremy Levesley played as my
supervisor after Will’s death. Jeremy showed great interest in my research and, at a tricky
time, provided me with renewed enthusiasm and new direction for my work.

Of all my postgraduate colleagues, fellow approximation theory PhD students David

iv



Hunt and Michelle Vail must be accredited special praise. Absolutely invaluable were the
many informal research related discussions that we shared. The friendship and support
of Richard Bruce and Steve Lakin is also deserving of special mention, as too is that of
former house mates, Sib Foster, Toby Reeve and Chris Davies, and more recently, Matthew
Shephard, Chris Young and Clare Coen. I am especially thankful to David and Steve for
their careful proof reading of my thesis. My appreciation is extended to Fran Narcowich for
helpful personal communications whilst at MATAQ03 in Cancin, and to Michael Johnson
for similarly helpful email communications. Obligatory thanks must go to EPSRC for
providing the means for my study.

I am grateful for the support and tolerance, both fiscal and otherwise, shown to me by
my family during my lengthy time as a student. Lastly, to Caz, thank you for being there

and suffering with me, more than most, during the darker days of my research.

Rob Brownlee

Leicester, UK

February, 2004



Contents

Preface

1 Introduction
1.1 The interpolation problem . . . . . . . . ... .. o oo
1.2 Solving the interpolation equations . . . . . . . . .. ... ... ... ..
1.2.1  Strictly positive definite functions . . . . . ... .. ... ... ...
1.2.2  Conditionally strictly positive definite functions . . . . . . . . . . ..
1.3 A variational approach to interpolation . . . . .. ... ... .. ... ...
1.3.1 Minimal norm interpolants . . . . . . ... ... ... oL,
1.3.2 Surface splines . . . . ... ... ... ... ...
1.3.3 Fundamental estimates for the error in interpolation . . . . .. . ..
1.3.4 Native spaces . . . . . . . . o o o
1.4 Error estimates for rough and smooth functions . . . . . . ... ... .. ..

1.5 Distribution theory, the Fourier transform and notation . . ... ... ...

2 Interpolation of rough functions using polyharmonic splines

2.1 Sobolev extension theory . . . . . . . . . ... ...

vi

iv

12

14

16

17

20

21

23

27



2.2 Lp-error estimates . . . .. ... ... L L 36
2.2.1 {lp-errorestimates . . . . .. ... 51

2.2.2  The polyharmonic spline interpolation operator . . . . . .. ... .. 57

3 Interpolation of rough functions using the scattered shifts of a basis

function 60
3.1 Local native spaces . . . . . . . . . ... L e 64
3.1.1 A compact embedding theorem . . . . . .. .. ... ... ... ... 68
3.1.2 Extension theorems for native spaces . . . . . . . . .. ... ... .. 76
3.2 FError estimates . . . . . . . ... 81
3.2.1 Fundamental estimates. . . . . . . ... ... . L L. 82
3.2.2 Estimates for rough data . . . . . ... ... o oo 92
3.23 Auxiliaryresults . . . ... Lo 101

4 Interpolation of smooth functions using the scattered shifts of a basis

function 103
4.1 TImproved error estimates. . . . . . . . . ..o 104
5 Conclusions and further work 113
List of notation and symbols 117
Bibliography 119

vii



Chapter 1

Introduction

Interpolation using the translates of a radial basis function is a popular method for the
reconstruction of a multivariate function from a scattered data set. The scheme, which we
describe shortly, has its beginnings in the empirical discovery of the multiquadric approach
by Hardy [35]. One of the next major events on the radial basis function timeline was the
publication of the seminal papers of Duchon [20, 21, 22] which gave a theoretical foundation
for interpolation using the so-called polyharmonic splines. Now, having been studied for
many years, there is a great abundance of results concerning radial basis functions, a
sample of which are easily accessible through the review articles of Buhmann [11, 12],
Dyn [24] and Powell [61], as well as Buhmann’s recent monograph [13].

Radial basis functions have found themselves useful in many interesting applications.
Communicated below are a selection of these. For example, mapping of images such as
underwater sonar scans, aerial photographs or X-rays into another image for the purpose

of comparison, lends itself well to radial basis function interpolation. Interpolation is



important in this application as the user may wish to retain, under the mapping, certain
special features which do not change over time. Zala and Barrodale [83] report that in
two-dimensions the aforementioned polyharmonic splines are well suited to such problems.
Interpolation is also important when reconstructing a temperature or barometric pressure
profile on the globe using data obtained from monitoring stations in scattered locations.
Hardy [36] reports that multiquadric interpolation performs well here. Another application
for interpolation arises in the training of artificial neural networks. Here, using radial basis
functions for the problem of learning to perform a particular task from a set of examples,
is particularly alluring. One reason for this is that radial basis function interpolation is
dimensionally independent and such neural networks usually generate high-dimensional
interpolation problems (see Girosi [30]).

Finite element methods are historically the most popular methods for solving partial
differential equations numerically. Here, the underlying principle is that one breaks up
the computational domain, using a mesh, into small manageable pieces and approximates
the solution of the partial differential equation on each of these cells. This approximation
usually comprises of low order polynomials. Finite element methods have undeniably
enjoyed much success, however, the generation of appropriate meshes in three or more
space dimensions is a nontrivial problem. Further, in situations where the computational
domain has a complicated structure, or the size and shape of the domain changes with
time, the generation of a good quality computational mesh is also a challenging task. To
overcome the difficulties just cited, there has been much interest in methods for solving
such equations which avoid the generation of a computational mesh—meshless methods.

One method is radial basis function collocation, which was pioneered by Kansa [45]. The



method has enjoyed much applied success, for example in Dubal, Oliveira and Matzner [19]
the method is used to find initial data for the configuration of two black holes.

Examples of the current nature of radial basis function research include: generating fast
algorithms for approximation such as iterative methods for implementation (e.g. Beatson,
Goodsell and Powell [3]) or fast evaluation techniques (e.g. Beatson and Light [4]), and
providing more sophisticated error estimates than the ones arising naturally from the basic
theory. The latter of these is precisely what this thesis concerns. The theory we glean
and tools we obtain from this chapter are aimed at easing the discussion of such error
estimates later. In this introductory chapter the intention is to set up and discuss some of
the fundamental theory surrounding radial basis functions. In particular, we discuss the
error in interpolation, and introduce certain important seminorms and spaces of functions

which arise naturally in the study of interpolation using radial basis functions.

1.1 The interpolation problem

Let us describe the interpolation problem that is central to this work. We are supplied with
two pieces of data. Firstly, we are given a finite set of pairwise distinct nodes, A, which
are possibly wildly scattered in IRY, with no restriction on the ambient space dimension
d > 1. Secondly, to each a € A, we are supplied a corresponding real-value. In other
words we are given a data function f : A — IR. We seek to construct a function that
agrees with this given data exactly—that is, we wish to find a function Sf : R — R that

satisfies the interpolation equations,

(Sf)(a) = fla), forallae A (1.1.1)



The name given to this process is interpolation and Sf is called an interpolant to f on
A. The members of A are called interpolation points. We shall assume that the search for
our interpolant is confined to a fixed space of real-valued functions on IR¢ that we shall
call X.

It would not be unreasonable to expect that if the data function f were replaced
by af, a € R, then the interpolant to the new data should be given by the equation
S(af) = aSf. Similarly, one would hope that given another data function g : A — R, we
would have S(f + ¢g) = Sf 4+ Sg. These sensible desires restrict our choice for X to be a
linear space of functions. A drawback of having a linear space is that interpolation may
not be uniquely specified. For, if there is a nonzero function T' € X that vanishes at all
the interpolation points, then S f + o1 € X is an interpolant to the data for all o € IR.
In order to provide numerical stability to the system (1.1.1) it is important that Sf is

uniquely specified; therefore, we demand that A is unisolvent with respect to X.

Definition 1.1.1. If X is a space of functions on R?, then a subset A of R? is called

unisolvent with respect to X if zero is the only function in X that vanishes on A.

The theory we are describing seems to be progressing well; however, there is a surprising
difficulty when considering a truly multivariate situation. Indeed, it is disappointing to

learn that the following theorem, often attributed to Mairhuber, is true.

Theorem 1.1.2 (Mairhuber [55]). Let X be an n-dimensional space of continuous real
valued functions on R%. Assume that every set of points A C R with |A| = n is unisolvent

with respect to X. Then eithern =1 ord=1.

Fortunately, there is a readily available remedy to circumvent Mairhuber’s theorem—we



choose X to depend on the nodes A. Arguably the simplest way to achieve this is to use
the translates of a single multivariate basis function, 1) : R? — R, to define the space X
as the linear span
X:span{w(‘ —a): aGA}.

One could generalise this setting by using ¢ (z,y) instead of ¢(x — y), with ¢ now defined
on R? x R%, but we do not encounter such kernels in this work. The particular choice of
1 can be highly dependent on the application the user has in mind. For example, she may
require the interpolant to have a certain degree of smoothness or a certain behaviour at
infinity.

A function v is called radial if the value of the function depends only on the Euclidean
distance of the argument. More precisely, if there is a function ¢ : IRy — IR such that
Y = ¢o|-|, where |-| is the Euclidean norm on IR?. Naturally, we refer to those basis
functions which are radial as radial basis functions. It is convenient to be a little sloppy
and refer to the underlying univariate function ¢ that generates 1 as the radial basis
function as well. In most of the common applications the function 1 is a radial basis

function. Our attention now turns to the solvability of the interpolation equations (1.1.1).

1.2 Solving the interpolation equations

As introduced in the previous section, we have the following interpolation problem. Let v
be a real-valued function defined on R? and let A € IR? be pairwise distinct. Given the

real-values f(a), a € A, we wish to construct

(Sf)(z) = Z Ao (z — @), for z € RY, (1.2.1)

acA



where the coefficients A\, are determined by the interpolation equations (Sf)(a) = f(a),

a € A. This is equivalent to solving the linear system

> Ntp(a—b) = f(a), forallac A

be A

Rewriting this system in self-evident matrix notation we have
UA=f, (1.2.2)

where A and f are vectors in IR, and W is the | A| x |.A| matrix with entries U, = 1)(a—b),
for a,b € A. Here, we are using |A| to denote the cardinality of A. Of course, the
interpolant S f will be uniquely specified if the interpolation matriz, ¥, is nonsingular.

We mostly restrict our discussions to a particular class of nonsingular matrix.

1.2.1 Strictly positive definite functions

One way to render the interpolation matrix nonsingular is to introduce the concept of

strictly positive definite functions.

Definition 1.2.1. Let ¢ : R — R. If, for any finite set of pairwise distinct points

A c R? and any vector A € RMIN\ 0, we have
M >0,

then we say v is strictly positive definite.

The linear system (1.2.2) is uniquely solvable provided the function v is strictly pos-

itive definite. This is because W is a positive definite matrix in this situation and so, in

—az|?

particular, is nonsingular. The Gaussian, defined by ¥ (x) = e , a > 0, is an example



of a strictly positive definite function (see Powell [61, Page 118]). This is our first example
of a radial basis function since ¥(z) = ¢(|z|) for ¢(r) = e~ 7 > 0. Another example

comes from those functions that can be written in the special form

o(r) = /OOO e w(a)da, >0, (1.2.3)

for some nonnegative function w. Then, the proof that ¢ (x) = ¢(|z|) is strictly positive

definite follows immediately from the established strict positive definiteness of e—alel® (

see
Powell [61]). Substituting w(a) = (7a)" /272" for ¢ > 0, into (1.2.3) leads to the
inverse multiquadric basis function ¢(r) = (¢? + r2)~'/2. This is the second example of a
radial basis function that we can add to our list. An alternative proof that the Gaussian

and inverse multiquadric are strictly positive definite comes from what turns out to be a

characterisation of strictly positive definite functions, first given by Schoenberg [69].

Definition 1.2.2. A function ¢ is said to be completely monotone if ¢ € C*°(0,00) and
(—1)j¢(j) is nonnegative for all j € Xy .
Theorem 1.2.3 (Schoenberg [69]). Let ¢ € C[0,00) be completely monotone. Then the

function defined by 1) = ¢ o |- |? is strictly positive definite.

Now we see, for example, that the inverse multiquadric is strictly positive definite as
the function ¢ = (2 4+ -)~'/2 gladly satisfies the hypotheses of Theorem 1.2.3, for all

c> 0.

1.2.2 Conditionally strictly positive definite functions

Curiously, some of the first radial basis functions to be used successfully were not strictly

positive definite functions at all. These include the thin-plate spline and the multiquadric



which we shall encounter shortly. These particular functions generate interpolation ma-

trices which are positive definite only on a specific proper subspace.

Definition 1.2.4. Let ¢ : RY — R. If, for any finite set of pairwise distinct points
A c R? and any vector A € RN 0, satisfying

Z Aap(a) =0, for all p € M,,_1(RY),
acA

we have

MW >0,

then we say v is conditionally strictly positive definite of order m.

The notation II,,_;(IR?) in Definition 1.2.4 is used to denote the space of real-valued
polynomials on IR? of degree at most m — 1. To ensure there is no confusion when m = 0
we adopt the convention H,l(]Rd) = (. Then, we see that conditionally strictly positive
definite functions of order 0 are a guise for strictly positive definite functions.

It is important to observe that we can interpolate uniquely with a conditionally strictly
positive definite function ¢ of order m. When supplied with such a basis function we
augment the sum of translates (1.2.1) with a polynomial p of degree m — 1. Our new
interpolant will now have the form

(SH@) =D Aatp(x—a) +plx), xR (1.2.4)

acA

and the linear interpolation system becomes

Z MpY(a —b) +pla) = f(a), ac A (1.2.5a)

be A



To recover a square system we must add precisely

¢ = dim (I,,,—1 (R?))

d+m—1
m—1
more equations. A most convenient way to do this is to demand that

Z Aaq(a) =0, for all ¢ € I1,,,_ (RY). (1.2.5b)
acA

We can now rewrite the system (1.2.5) in self-evident matrix notation as

P || A f
- : (1.2.6)

PT 0 L 0
where A and f are vectors in R, 1 € IR, ¥ is as in (1.2.2) and P is an |.A| x £ matrix. We

now verify that we can interpolate uniquely with a conditionally strictly positive definite

function.

Theorem 1.2.5. Let ¢ be a conditionally strictly positive definite of order m and let
A C R® be unisolvent with respect to M1 (RY). Then the system (1.2.6) is uniquely

solvable.

Proof. Let (A, pu) € RM x IR’ be a member of ker [I;IJT Ig]. Then, by multiplying out the
system we have WA + Py = 0 and PTA = 0. Premultiplying the first equation by AT
and using the second of these equations we find that AT W\ = 0. Since 1/ is conditionally
strictly positive definite of order m we conclude that A = 0. Thus Pu = 0. This last
equation can be written in full as

Z uﬁaﬂzo, a € A,

18]<m



for some numbers . Here, 8 € Zi is a multi-integer and |3| denotes the order of (3
(this concept is defined in Section 1.5). Since A is unisolvent with respect to II,,_;(IR%)
it follows that pug = 0 for |3| < m. Thus p = 0. Therefore, the kernel contains only the
zero vector. This in turn implies that [ ILI’T g ] is surjective; hence, the system (1.2.6) is

uniquely solvable. O

The unisolvency condition we impose on the interpolation points in Theorem 1.2.5 is,
in practice, not problematic. This is because the popular conditionally strictly positive
definite functions, a selection of which we see shortly, are typically of low order. For
example, with d = m = 2 we must ensure that A contains three non-collinear points.
For m = 1 the condition is trivial for any d > 1. For m = 0, as we expect, there is no
requirement made of the points.

The following result, due to Micchelli [57], generalises Theorem 1.2.3 to include condi-
tionally strictly positive definite functions. Interestingly, the converse is also true and was
supplied later by Guo, Hu and Sun [33]; therefore, Theorem 1.2.6 genuinely constitutes a

characterisation of conditionally strictly positive definite functions.

Theorem 1.2.6 (Micchelli [57]). Let ¢ € C[0,00) and suppose (—1)™¢™) is completely
monotone but not constant. Then the function defined by 1 = ¢ o |-|? is conditionally

strictly positive definite of order m.

It follows that the radial basis function ¢(r) = —(c? + r2)1/2, ¢ > 0, is conditionally
strictly positive definite of order 1. When ¢ = 0 we call this radial basis function the bare
norm, and when ¢ > 0 we call it the multiquadric. The thin-plate spline ¢(r) = r2logr

and the cubic radial basis function ¢(r) = r3, which are members of the polyharmonic

10



Radial basis function o(r),r>0 m
Cubic r3 2
Thin-plate spline r2logr 2
Bare norm —r 1
Multiquadric —(E4+r)2 >0 1
Gaussian e_o”"2, a>0 0
Inverse multiquadric | (¢ +72)"Y2,¢>0 | 0

Table 1.1: Popular radial basis functions and their respective orders.

spline family, both turn out to be conditionally strictly positive definite of order 2. It
is worth noting that interpolating using the bare norm with d = 1 produces the natural
linear spline. Similarly, interpolation with the cubic radial basis function with d = 1 leads
to the natural cubic spline. So, interpolating with these basis functions, for d > 1, can be
thought of as a multivariate analogy of the well-loved univariate natural splines.
Micchelli also established that for the radial basis function ¢(r) = (¢ 4+ r2)1/2, ¢ > 0,
the related interpolation matrix ¥ alone is nonsingular for all choices of finite pairwise

distinct interpolation points.

Theorem 1.2.7 (Micchelli [57]). Let ¢ € C[0,00) be such that ¢’ is completely monotone
but not constant and ¢(0) > 0. If ) = ¢o|-|? then U is nonsingular for every set of finite

pairwise distinct points.

Collected in Table 1.1 is a summary of the radial basis functions we have encountered

so far, and a list of their respective orders. We now have a nice sized collection of basis

11



functions with which to interpolate scattered data; however, the detour we have taken to
introduce conditionally strictly positive definite functions looks a little contrived. Indeed,
it is unclear why adding a polynomial term to the sum of translates (1.2.1) is a sensible
idea. Partly to address this issue, our discussion now moves to explain how conditionally
strictly positive definite functions can arise as part of a beautiful variational approach to

interpolation.

1.3 A variational approach to interpolation

Among the first classes of radial basis functions to be actively researched were the poly-
harmonic splines, and one of the earliest references to them comes from the aeronautical
industry in the form of a paper by Harder and Desmarais [34]. The problem there involved
finding interpolants which minimised the bending energy of thin-plates subject to some

interpolation conditions—that is, an interpolant that minimises the seminorm

e e

Duchon, building on earlier work by Atteia [2], extended this idea to higher dimensions.

9%f  9%f|?
axay"f'ain dxdy.

0% f
— +2
0z2 +

His papers [20, 21, 22] were seminal in the development of a variational approach to
interpolation. The exposition we see in this section is based, fundamentally, on the work
of Golomb and Weinberger [32] and, more recently, on the contribution by Light and
Wayne [49].

We assume we have a linear space X of continuous functions in which to carry out our
variational arguments. The space X is assumed to have a real-valued semi-inner product

(-, -)x and associated seminorm |- |x = +/(-, - )y with /-dimensional kernel K. In every

12



one of our applications, K will turn out to be a space of polynomials. The spaces that
Duchon considers are, in fact, spaces of distributions which he is able to embed in C'(IR%).
We use .’ to denote the space of all distributions, and for those unfamiliar with this
notion, Section 1.5 is provided and contains the essentials. These particular spaces of
distributions are called Beppo Levi spaces in honour, it seems, of the person who was first
to study them (see Deny and Lions [17]). For m € Z with m > d/2, the m-th integer

order Beppo Levi space is denoted by BLm(IRd) and defined as
BL™RY) = {f € 9" Df € Ly(RY), a € ZL, |a| = m}
with semi-inner product

(f,g)m’]Rd = Z Coy /]Rd(Do‘f)(x)(Dag)(m) dz, for f,g € BLm(]Rd)’ (1.3.1)

laf=m
and associated seminorm |-| gpa. The constants ¢, are chosen so that the seminorm is
bl
rotationally invariant:

Z car?® = |z|P™, for all z € R%.

lal=m
Precisely, we choose ¢, = (Zﬁ) The kernel of this seminorm is II,,_1(IR%). We have
assumed that m > d/2 here, because this has the effect that BL™(IRY) is embedded in
the continuous functions (Duchon [21]).
Returning to our general setup, we always have in mind a set of pairwise distinct
points A C IR?, containing a unisolvent subset with respect to K, on which we wish to

interpolate. Now, we choose to alter the semi-inner product (-, -)x in a special way to

form an authentic inner product on X. This is achieved by selecting, from A, a subset A’

13



of size £ which is unisolvent with respect to K. We then define

(frg)x =(f,9)x + Z f(a)g(a), for f,g € X.

ac A’

We assume X is complete with respect to the induced norm || - ||x = \/{-, -) y. Our final

assumption concerning X is that, given = € IR, there exists a C' > 0 such that
f(@)| <C|fllx, forall feX.

It follows from a classical result, called the Riesz representation theorem (Adams [1, Page
5] for instance), that a Hilbert space is a reproducing kernel Hilbert space if and only if

the point evaluation functional ¢, is a bounded linear functional.

Definition 1.3.1. Let X be a Hilbert space of real-valued functions on R®, with inner
product (-, -)x. Then X is called a reproducing kernel Hilbert space if, given x € RY,

there is a unique function R, € X such that

f(z) = (f, Ra)x, forall f € X.

The function R, is called the reproducing kernel for x in X.

1.3.1 Minimal norm interpolants

The so-called minimal norm interpolant to f : A — IR on A from X is the function Sf € X

satisfying

(Sf)(a) = f(a), for all a € A,; (1.3.2a)

ISfllx <lgllx, for all g € X such that g(a) = f(a) for all a € A.

14



The interpolation constraints reduce the second condition to

ISflx <lglx, for all g € X such that g(a) = f(a) for all a € A. (1.3.2b)

One can demonstrate that the set of all interpolants to f on A from X is both closed and
convex. So, we are assured that the minimal norm interpolant exists and is unique (see

Cheney [14, Page 22]). Furthermore, we have at our disposal a method for calculating Sf.

Theorem 1.3.2. Let f € X. Let A C R? be a finite set of pairwise distinct points
containing a unisolvent subset with respect to K. For each x € R?, let R, be the repro-
ducing kernel for x in X. Let Sf € X be the minimal norm interpolant to f on A. Then

Sf =2 acarala, where the numbers \q are determined by the linear system

Z )\b<Rb7 Ra)X = <fa Ra>Xa fOT’ alla € A.
beA

Proof. Firstly, let us define the subset V = (1, 4{v € X : v(a) = 0}. We have chosen
Sf to minimise ||Sf||x such that Sf(a) = f(a), a € A. This is equivalent to minimising
IISf|lx subject to the condition f — Sf € V. Writing v = f — Sf, we see that we are
minimising ||f — v||x subject to the condition that v € V. This is a standard problem
of best approximation (see Cheney and Light [15, Page 210]), and the solution, v, is
characterised by the conditions v € V and f —vlV. Hence, f —Sf €V and SfLV. The
set V' can be rewritten using the reproducing kernels for a € A in X as

Vo m{UEX: (v, Rg)x =0} = ﬂ R: = (Span{Ra: CLEA})J‘.

acA acA

Hence, Sf € span {Ra ta€ A} and the coefficients in the span are determined by the

interpolation equations. O

15



A very useful orthogonality property of the minimal norm interpolant emerges in the

proof of Theorem 1.3.2. In particular, we have SfL(f — Sf) for all f € X. Therefore,

If = SfIx = =St f=SFx={f.f)x —(Sf Fx

=(f.f)x —(S£.SF)x = £k — ISfl%.

for all f € X. The interpolation equations reduce this display to

\f =Stk =IfIx —|Sf%,  forall feX. (1.3.3)

We make good use this Pythagorean property later.

1.3.2 Surface splines

As an example to help facilitate our discussion, we return to the case X = BL™(R?),
which happily satisfies all of our assumptions. To compute the minimal norm interpolant
we desire an expression for the reproducing kernel for « in BLm(]Rd). Such an expression
can be readily extracted from, amongst other places, Light and Wayne [49]. We have, for

x,yEIRd,

Ro(y) = o(ly — =) = D pa(@)d(ly —al) = > pa(y)d(|z —al)

ac A’ ac A’

+ > pa(@)pe(y)dla =) + Y pa(@)paly). (1.3.4)

ac A’ be A/ ac A

Here, the functions p,, a € A’, form a Lagrange basis for II,,_; (IR?) based on the points
A’. This means that if b € A" then p,(b) is 1 if b = a and 0 if b # a. The function ¢
depends on the parity of d and is defined, up to a known constant, by

r?m=dlogr, if d is even,

o(r) = r > 0. (1.3.5)

p2m—d otherwise,
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We now see, from the form of (1.3.4), that for each a € A, R, is a linear combination of
(- —al), (|- —b]) and py, b € A'. Tt follows from Theorem 1.3.2 that we can write the
minimal norm interpolant in the form

Sf= Z)\ad)ﬂ _a|) + Z HaPa-

acA ac A’

It transpires that the coefficients appearing in the above display solve the system of equa-
tions

D edlla—b)+ D pp(a) = fla),  a€ A,

beA be A

Z Appa(b) =0, aeA.
beA

Now, we observe that the unique solution of the variational problem (1.3.2) is one which
is precisely of the form (1.2.4). Furthermore, the coefficients are selected in the same
manner as solving (1.2.5). It is perhaps no surprise therefore to learn that the radial basis
function (1.3.5) is conditionally strictly positive definite (of order m). The related radial
basis function interpolants are known as polyharmonic splines. The name polyharmonic
spline arises because the function ¢ in (1.3.5) is the fundamental solution of the m-th
iterated Laplacian:

A" o(|x]) = 0q-

1.3.3 Fundamental estimates for the error in interpolation

Let us return once again to our general setup. It is of central importance to understand

the behaviour of the error between a function f : Q2 — IR and its interpolant, as the set
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A C Q becomes “dense” in 2. The measure of density we employ is the fill-distance

h = sup min|z — a.
2€Q €

This can be thought of as the radius of the largest open ball, with centre inside €2, that
does not intersect A. It is also of interest to learn that the balls {z € R? : |z — a| < h}
cover 2. One might hope that for some suitable norm || - || there is a positive constant -,

independent of f and h, such that
If = Sfll =0O(h), as h — 0.

The reproducing kernel provides us with a useful tool to establish such error estimates
whenever f lies in X. We let V = {g € X: gla)=0, ac A’} and define the power

function, P : RY — R, via
P(a:):sup{|v(x)]: veV, |v|X:1}, for z € R%
This immediately provides us with the error estimate
[f(@) = (Sf)(@)] < P(x)|f = Sflx,  forallz € R feX.

Our hypotheses on (X I ) imply that (V, Il X) is a reproducing kernel Hilbert space
in its own right. We shall use r, to denote the reproducing kernel for = in V. Using r, we

can rewrite the power function as
P(m):sup{|<v,rx>x|: velv, |’U|X:1}, for z € R%.
Let v € V with |v|x = 1. By using the Cauchy—Schwarz inequality we obtain

(v, ) x| < [Pl xllrelx = |vlxllrzllx = llrzllx,
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which instructs us that P(z) < |72 x, for all z € R%. On the other hand, since r, € V,

P(&L’) > [(rz, 72) x| _ HTI”%{ _ HT:CHX
T ralx 72l x
Hence, P(z) = ||re|lx = \/7z(2), = € R%, and we have the error estimate
|f(z) = (S ()| < Vrz(2)|f = Sflx, for all z € RY, f € X. (1.3.6)

One can replace |f — Sf|x by |f|x in this error estimate by using equality (1.3.3).

Therefore, if one can show that, locally at least, we have the asymptotic behaviour
rz(x) = O(hY) for some v > 0, we would obtain the sought after error estimate.
For the polyharmonic splines of Section 1.3.2, it transpires that r, is given by

rz(y) = t:c(y) - Z t:v(a)pa(y)a T,y € IRd7
acA’

where

te(y) = o(ly—z)) = > pa(@)d(ly —al),  z,y e R,
acA’

with ¢ as in (1.3.5). The function ¢, belongs to X and is such that f(z) = (t, f),, ga for
all f € V. To obtain r, one takes the image of ¢, under a suitable projection. A local
asymptotic bound for

1/2
:(_2zpa(x) (z—al)+ > Y pa(z)ps(z a—b|)>

ac A/ ac A’ be A/

is available as A fills out an open, bounded, connected domain Q C R? satisfying the cone
property (Definition 2.1.1), and so an L (2) estimate is obtained. Then, by splitting 2
into balls in a special way and estimating the error separately on each of the balls one can

obtain the following L,-error estimate for f € X and 2 < p < oco.
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Theorem 1.3.3 (Duchon [22]). Let Q be an open, bounded, connected subset of RY sat-
isfying the cone property and having a Lipschitz-continuous boundary. Suppose m > d /2.
For each h > 0, let A be a finite, 1L,,_1-unisolvent subset of Q with fill-distance h.
For each mapping f : A, — R, let S* f be the minimal norm interpolant to f on Ay
from BLm(]Rd). Then there exists a constant C > 0, independent of h, such that, for

2 <p< oo,
ID(f — S )L, ) < CRMI=d2Hd/p p o0 ol <m—d/2+d/p,  (1.3.7)
for all f € BL™(Q), as h — 0.

Here, the notation BL™(Q) is the manifestly obvious local variant of the space BL™(IR%)

with seminorm defined by

|f’m,Q = <

1.3.4 Native spaces

1/2
> ca/ﬂ\(Daf)(x)\Qda:> . for f € BL™(Q).

laj=m

We have seen previously that the polyharmonic splines arise as the solution of a varia-
tional problem set in a certain natural space of functions. This space was generated by a

seminorm. The work of Light and Wayne [47] considers the seminorm

(

and, much like the integer order Beppo Levi spaces, this seminorm is used to construct a

> dr<@><x>\2w<x>dx)l/2,

|a|=m

natural, or native space of functions to carry out a variational argument. The notation
~ is used to denote the (distributional) Fourier transform (this is defined in Section 1.5).

The weight function w : RY — IR satisfies a list of reasonable axioms that we describe,
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in detail, in Chapter 3. If the weight function w = 1 is selected we would return to the
polyharmonic spline setting via the Plancherel theorem (see Section 1.4). These axioms
ensure, amongst other things, that the ensuing space is continuously embedded in the
continuous functions, so that point evaluation makes sense. Just like in the polyharmonic
spline case, the minimal norm interpolant has precisely the form of (1.2.4) that we desire.

Here, the basis function v satisfies the distributional equation

gl ==

w
Further, v turns out to be a continuous conditionally strictly positive definite function of
some appropriate order.

The work of Madych and Nelson [51, 52, 53] contains an alternative approach. They
choose instead to start with a conditionally strictly positive definite function and use it
to construct a space of functions in which to carry out a variational argument. Other
papers that embrace this approach include those of Dyn [23, 24] and several papers by
Schaback which are accessible through the survey paper [64]. As the author prefers the
line of attack described in Section 1.3, we omit the details of this construction and instead
comment that these two approaches—given a space that dictates the basis function or

given a basis function that dictate the space—are equivalent (see Buhmann [13, Page

121]). In either case, the space is given the apt name native space.

1.4 Error estimates for rough and smooth functions

Look at our fundamental error estimate (1.3.6); the analysis to arrive at this bound is

highly reliant on f belonging to X—the native space. Indeed, the bound is meaningless
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if f lies outside of X, as |f — Sf|x is not necessarily defined. To illustrate this point
further, consider again our example of the polyharmonic splines and Duchon’s error es-
timate (1.3.7). It is a natural question to ask: what happens if the function f does not
possess sufficient smoothness to lie in BL™(Q)? It may well be that f lies in BLF(Q),
where 2m > 2k > d. The condition 2k > d ensures that f(a) exists for each a € A, and
so S f certainly exists. It is simple to conjecture that the new estimate for the error in

interpolation of this rougher function might be, for 2 < p < oo,
If = Sh Flln, ) < CRF=4244P|fl o0 as h — 0. (1.4.1)

Chapter 2 of this work endeavours to establish the conjectured bound (1.4.1). Theo-
rem 2.2.8 is the definitive result we obtain. Chapter 3 again tackles the problem of ap-
proximation orders for the error in interpolation of rough functions, but this time for the
weighted Beppo Levi spaces that we saw briefly in Section 1.3.4. Here, Theorem 3.2.13
is the definitive result we obtain. The method of proof we employ is not restricted to
interpolation alone. The technique will succeed in providing error estimates for the ap-
proximation of rough functions for a variety of related approximation schemes as well
(see Page 48). The error estimates presented in Chapter 2 and Chapter 3 offer some
improvement on recent contributions from other authors who have also considered inter-
polation of rough functions. In particular, the results here have wider applicability than
those of Yoon [80, 81, 82|, and the form of the estimates is more satisfactory than those
of Narcowich and Ward [59, 60]. These assertions form part of a discussion starting on
Page 49.

Let us look once again at the fundamental error estimate (1.3.6). As we have already
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commented, the factor |f — Sf|x can be thrown away and replaced with |f|x—a term
which contains no further approximating power whatsoever. If we instead hesitate, and
choose not to dispense with |f — Sf|x, it may well be possible to extract some extra
approximating power from this term. In Chapter 4, we see that if we impose certain
supplementary smoothness and boundary conditions on f, then the fundamental error
estimate for the polyharmonic splines can be effectively doubled. Again, this treatment is
applied to the weighted Beppo Levi space setting too. The result is essentially delivered
by an application of what has become known as the Aubin—Nitsche trick (see Ciarlet [16,
Page 136]). This idea has been approached before with regards to radial basis functions
(see Schaback [66], Wendland [74] and Yoon [82]). However, the work in this chapter goes
further and establishes error estimates for the interpolation of functions with smoothness
lying (in some sense) between that of the usual native space and the subspace which enjoys
the error doubling property. The thesis is concluded in Chapter 5 with some commentary

regarding conclusions and further work.

1.5 Distribution theory, the Fourier transform and notation

To close this chapter we introduce some notation and standard results that will be em-
ployed throughout this work. All of the content here can be found in Rudin [63], in which
further details and proofs of the results stated here can be found. We use Zi to denote
the multi-integers with nonnegative entries. For o = (avq,...,aq)7 € Zi, we define the
order of a to be |a| = a1 + -+ 4+ a4 and the factorial by o! = a;!l,... a4l. If o, 5 € Z‘i,

and we write a < 3, then this is to be understood to be componentwise inequality. We
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define the differential operator D¢ as

d\" 9\
Do = 2 2
<3@’1> (9%)

If |a] = 0 then D = I, the identity operator. If = € R and a € fo_, the monomial x® is
defined by 2 = x{* - - 23
The Schwartz space of rapidly decreasing test functions consists of those members of

C*°(RY) for which

sup sup (1+ [z]))N|(D?f)(z)| < oo, for all N € Z. (1.5.1)
|| <N zeR¢

These functions form a vector space, denoted by .7, whose topology is given by the
countable collection of norms (1.5.1). We denote by .’ the space of (tempered) distri-
butions—that is, those linear functionals on . which are continuous with respect to this
topology. If A is a distribution and ¢ € ./, then we use the notation [A, @] to denote the
action of the distribution on the test function. If A is a distribution and f € C*(IR%)

then fA is the distribution whose action is defined by
[fA, 0] = [A, fo], for all p € ..
Also, for a € Zi, the distribution D*A has the action
(DA, ¢] = [A, (—1)llDY¢g],  for all ¢ € .7.

When we write f we mean the Fourier transform of f. The context will clarify whether

the Fourier transform is the natural one on Li(IR?),

~ 1

flx) = W - f(y)e ¥ dy, for all z € R,
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or one of its several extensions to Lo(IR?) or .#’. The Fourier transform is a continuous,
linear, one-to-one mapping of . onto . whose inverse is also continuous, and we have
f\ = f(—-). A routine calculation reveals the useful identity l?OTf = (i-)"‘f, for all

o€ Zi. We extend the Fourier transform to distributions by defining, for A € .7/,

~ ~

A, ¢ =[A, 4], forall e 7

The distributional Fourier transform is a continuous, linear, one-to-one mapping of .’
onto ./ whose inverse is also continuous.

We shall, at some stage, call upon the Parseval formula,

f(@)7 (2)de = / f(z)g(x) dz, for all f,g € Ly(RY).
R4 R4

The special case f = g yields the Plancherel theorem, which states that the Fourier

transform is an Log-isometry:

1F ey = Il ymey:  for all f € Ly(RY).

We occasionally invoke the Riemann—Lebesgue lemma which states that if f € Ll(]Rd)7
then f € C (R?) and vanishes at infinity.

The convolution of two functions f and g on R is given by

(fxg)(z) = /}Rd flx—y)gy)dy,  forall z € RY,

whenever the integral exists. For ¢ and ¢ in .% the convolution ¢ *1) is well-defined and is
itself an element of .. The convolution enjoys the properties gb/*\gb = &Z and &/} = 5 * 12;\
as well as DY(¢ x 1) = (DY) x 1 = ¢ x (D), for all a € Z4.

The support of a function ¢ : R? — IR is defined to be the closure of the set {z €

R? : ¢(x) # 0}, and is denoted by supp (¢). The volume of a bounded set  is the
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quantity [, dz and will be denoted vol(2). The closed ball B(a,r), r > 0, is the set
{r e RY: |z —a| <r}. The space L°(IR?) consists of all those measurable functions
f:R% — R such that f|x€ L (K) for all compact subsets K C R%.

Finally, we end with a minor remark on notation. We admit there has been flagrant
overworking of the notation |- | in this chapter. It has been used to denote the Euclidean
norm on IRY, the order of a multi-integer and the cardinality of a set. We have chosen
not to introduce new notation for each as we hope the intended meaning is clear from the
context in all of these cases. The notation |-| is also used to denote various seminorms
throughout this thesis. However, to avoid further labouring of the notation, we always

include a subscript which is intended to identify the seminorm.
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Chapter 2

Interpolation of rough functions

using polyharmonic splines

In this chapter we orchestrate an escape from the native space of the polyharmonic spline.
In the case of the integer order Beppo Levi spaces, there is a considerable freedom of choice
for the norm in which the error between f and Sf is measured. The most widely quoted
result concerns the norm ||-||z_ (), but for variety we prefer to deal with the L,-norm,
for 1 < p < oo. To do this it is helpful to assume Q@ C R? is a bounded domain, whose
boundary is sufficiently smooth.

The form of the error estimate we seek is motivated by our discussion in Section 1.4.

Hence we will endeavour to establish the following,
Ilf— ST];L,LfHLp(Q) < CRF=A244/P | £, o, for 2 <p<oo0,as h— 0. (2.0.1)

In fact we choose to be a little bolder and establish estimates for the derivatives of the

error as well. Here, C' > 0 is a number independent of both f and h. Let us also remind
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ourselves that A is a finite subset of  with fill-distance h, and S f € BL™(IR?) is the
m-th order polyharmonic spline interpolant (minimal norm interpolant) to f € BL*(Q) on
A, where m and k are integers satisfying m > k > d/2. Furthermore, in light of a recent
result from Johnson [43], which we shortly describe, we will only consider interpolation
points that possess a certain property. We define the separation distance of A as the
quantity

_|a—10]
= min
q a,be A 2 ’
ab

which is half the smallest distance between any two points in A. Alternatively, this gives

the maximum radius 7 > 0 such that all the balls {z € R%: |z —a| < r}, a € A, are
disjoint. We will consider those point sets where the ratio h/q is bounded above by some
fixed number for all h > 0.

Let us recall the familiar definition of a Sobolev space. Let W§(Q) denote the k-th
integer order Sobolev space, which consists of functions all of whose distributional partial

derivatives up to and including order k are in Ly(2). It is a Banach space under the norm

k 1/2
1llea = (er\?,ﬂ) . where f € WE(Q).
1=0

We have already, in Section 1.3, tacitly alluded to the Sobolev embedding theorem which
states that when Q is reasonably regular (for example, when € possesses a Lipschitz
continuous boundary) and k > d/2, then the space W§(Q) can be embedded in C()
(see [1, Page 97]). One can also define W;‘(Q), for 1 < p < o0, in an analogous way and

WE () by the usual convention. Now Johnson’s result is as follows.
Theorem 2.0.1 (Johnson [43]). Let  be the unit ball in R and assume m > k > d/2.
For every ho > 0, there exists an f € WF(RY) and a sequence of sets {An}tnem. with the
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following properties:
1. each set A, consists of finitely many points contained in §2;
2. the fill-distance of each set A, is at most hg;

3. if 8™ f is the polyharmonic spline interpolant to f from BL™(IR?) associated with

An, for eachn € %, then ||S}, fl|1, () — o0 asn — oo.

If the Li-norm of the polyharmonic spline interpolation operator is unbounded, there is
of course no possibility of getting an error estimate of the kind stated in (2.0.1). However,
Johnson’s proof uses point sets which have a special feature. Let the separation distance
and fill-distance of each A,, be ¢, and h,,, respectively. In Johnson’s proof, the construction
of A, is such that ¢, /h, — 0 as n — co. We make this remark, because Johnson’s result in
one-dimension refers to interpolation by natural splines, and in this setting the connection
between the separation distance and the unboundedness of S}, has been known for some
time. What is also known in the one-dimensional case is that if the separation distance is
tied to the fill-distance, then a result of the type we are seeking is true (see Schumaker [70,

Page 210]).

2.1 Sobolev extension theory

In this section we intend to collect together a number of useful results, chiefly about the
sorts of extensions which can be carried out on Sobolev spaces. We begin with a well-
known result which can be found in many of the standard texts. Of course, the precise

nature of the set 2 in the following theorem may vary from book to book, and we have
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not striven here for the utmost generality, because that is not really part of our agenda.

Definition 2.1.1. The domain Q C R? has the cone property if there exists a finite cone
C' such that each point x € § is the vertex of a finite cone C, C Q and congruent to C.
A bounded domain 2 has the uniform cone property if there exists numbers 6 > 0, L > 0,
an open cover Uy, ..., Ux of 00 and a corresponding collection of finite cones C1,...,Cy,

each congruent to a fixed cone C, such that:
1. every U; has diameter less than L;
2. for any x € Q) whose distance from 0N} is less than §, we have x € U;VZI Uj;
3. UmeQmUj(x +Cj) CQ, for1 <j<N.

A bounded domain 0 has a Lipschitz continuous boundary if each point x € O has
a neighbourhood U, such that 02 N U, is the graph of a Lipschitz continuous function.
Every domain with a Lipschitz continuous boundary has the uniform cone property (see

Adams [1, Page 67]).

Theorem 2.1.2 (Sobolev extension theorem [1, Page 91]). Let Q be an open, bounded
subset of R? satisfying the uniform cone property. For every f € W¥(Q) there is an
e WERY) satisfying fa= f. Moreover, there is a positive constant K = K(Q) such
that for all f € W3 (Q),

Q
1/ e me < KL f im0

We remark that the extension f* can be chosen to be supported on any compact subset
of RY containing €. To see this, we construct f in accordance with Theorem 2.1.2, then

select n € CF'(RY) such that n(z) = 1 for € Q. Now, if we consider the compactly
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supported function f§! = nf € W¥ (R%), we have f8a= f. An elementary application

of the Leibniz formula gives

| £ where C' = C(,n).

One of the nice features of the above extension is that the behaviour of the constant
K () can be understood for simple choices of 2. The reason for this is, of course, the
choice of 2 and the way the seminorms defining the Sobolev norms behave under dilations

and translations of €.

Lemma 2.1.3. Let Q be a measurable subset of R%. Define the mapping o : R* — IR? by

o(z) = a+ h(zx —t), where h > 0, and a, t, * € RL. Then for all f € WE(o(€2)),
If o 0lia = hY |l o)

Proof. We have, for |a| =k,
D(f o) =h(D*f)(o(-)).

Thus,

foa|kQ—an/\Dafoa x)|P dz

la|=k
=hF 3" /|Daf NP da.
|la|=k
Now, using the change of variables y = o(x),
Foally=hd S ca/ (D)) dy = WP =
o=k @

Unfortunately, the Sobolev extension refers to the Sobolev norm. We want to work

with a norm which is more convenient for our purposes. This norm is in fact equivalent to
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the Sobolev norm, as we shall now see. Throughout this chapter we make much use of the
space Hk_l(]Rd), so for brevity we fix £ as the dimension of this space, we also henceforth

assume that m and k are fixed integers satisfying the relation m > k > d /2.

Lemma 2.1.4. Let Q be an open subset of R? satisfying the cone property and having a
Lipschitz continuous boundary. Let by, ...,by € Q be unisolvent with respect to Hk_l(]Rd).

Define a norm on Wk () via

¢ 1/2
Iflo = (mz,g +Z\f(bz>\2) L forfewhQ).

i=1

There are positive constants K1 and Ky such that for all f € W§(Q),

Killflee < Iflle < Kl fllko-

Proof. The conditions imposed on k and €2 ensure that W (Q) is continuously embedded
in C(f2) (see Adams [1, Page 97]). So, given z € (2, there is a constant C' such that

|f(@)] < C|fllk.q for all f € W§(Q). Thus, there are constants Cj, ..., Cy such that

l y4
1FI3 < 1f B+ S Cillfl2g < (1 " Zoi) 112 0. (2.1.1)
i=1 i=1

On the other hand, suppose there is no positive number K with || f|jx.qo < K| f||q for all

f € WE(Q). Then there is a sequence {f;} in W5 (Q) with

1
g =1 and Il fille < =, forj=1,2,....

1751 ;

The Rellich selection theorem [6, Page 32] states that WF(Q) is compactly embedded
in Wi~1(Q). Therefore, as {f;} is bounded in W§(Q), this sequence must contain a

convergent subsequence in WQk*l(Q). With no loss of generality we shall assume {f;}
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itself converges in W&~1(Q). Thus {f;} is a Cauchy sequence in WF~1(Q). Next, as

Il filla — 0, it follows that |f;|x.q — 0. Moreover,

Ifi — fillio = I1fi — fillioio + 1fi — filka

<|fi = fillioia + 2 filia + 21f

2
k-

Since {f;} is a Cauchy sequence in W4~1(Q), and |f;[z0 — 0, it follows that {f;} is a
Cauchy sequence in W(€2). Since W¥(12) is complete with respect to || - ||, this sequence

converges to a limit f € W§(Q). By (2.1.1),
¢
17 = £ < (14 G )7 = o,
i=1

and hence || f — fjllo — 0 as j — oo. Since | fj|jo — 0, it follows that f = 0. Because
| fillko =1, 5 = 1,2,..., it follows that | f|x,o = 1. This contradiction establishes the

result. O

We are almost ready to state the key result which we will employ in our later proofs
concerning error estimates. Before we do this, let us make a simple observation. Look
at the unisolvent points by, ..., b, in the statement of the previous lemma. Since W¥(Q)
can be embedded in C'(Q2), it makes sense to talk about the interpolation projection P :
WE(Q) — Tz (R%) based on these points. Furthermore, under certain nice conditions
(for example Q being a bounded domain), P is the orthogonal projection of W} () onto

1.1 (RY).

Lemma 2.1.5. Let B be any ball of radius h and centre a € RY, and let f ¢ W2’“(B)

Whenever by,...,by € R are unisolvent with respect to I,_1(R%), let P, : C(RY) —
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Hk_l(IRd) be the Lagrange interpolation operator on by,...,by. Then there exists ¢ =

(c1,...,¢c0) € B and g € WEF(RY) such that:
1. g(x) = (f — P.f)(x) for all x € B;
2. g(x) =0 for all |x — a| > 2h;
3. there exists a C' > 0, independent of f and B, such that |g|; ga < C|fl|x,B-

Furthermore, c1,...,ce can be arranged so that ¢; = a.

Proof. Let By be the unit ball in R and let Bs =2By. Let by,...,by € By be unisolvent
with respect to II_;(IR?). Define o(z) = h~'(x — a) for all z € R%. Set ¢; = o~ 1(b;)
for i = 1,...,¢ so that cy,...,¢; € B are unisolvent with respect to IT,_;(IR%). Take
f € WE(B). Then (f — P.f)oo~! € WF(By). Set F = (f — P.f)oo~!. Let FPi be
constructed as an extension to F' on Bi. By Theorem 2.1.2 and the remarks following it,
we can assume F'BU is supported on Bs. Define g = FPloo € Wf(]Rd). Let x € B. Since

o(B) = By there is a y € By such that 2 = 071(y). Then,

g(z) = (FP og)(z) = FP (y) = (f = P-f) o0 )(y) = (f — Pef)(@).

Also, for x € R? with |z — a| > 2h, we have |o(z)| > 2. Since FP! is supported on By,
g(x) = 0 for |x — a| > 2h. Hence, g satisfies properties 1 and 2. By Theorem 2.1.2 there

is a K1, independent of f and B, such that
IEP |k, = 1FP |, e < K1l Fllk,B, -
We have seen in Lemma 2.1.4 that if we endow W¥(B;) and W4 (Bz) with the norms
¢ 1/2
ol = (1ot + b00R) . ori= 12
i=1
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then || - || g, and || - ||m,B, are equivalent for ¢ = 1,2. Thus, there are constants Ky and K3,

independent of f and B, such that

IF5 B, < K2 FP |5, < KiKo||F

kB < K1Ko K3 F|| g, -

Set C = K1K3K3. Since FP1(b;) = F(b;) = (f—P.f) (o7 (b;)) = (f —Pef)(c;) = 0, for i =
1,..., £, it follows that | B, g, < C|F|,,.p,. Thus, \goa‘1|k’]Rd <C|f-=P.f)oo  kp,.

Now, Lemma 2.1.3 can be employed twice to give

19l me = 2 kg o o e me < ChYPPH|(f = Pof)oo™

k,B1 — C|f - Pcf|k:,B-

Finally, we observe that |f — P.f|r.p = |f|k,B to complete the first part of the proof. The
remaining part follows by selecting b; = 0 and choosing bs, .. ., by accordingly in the above

construction. O

We end this section by stating a useful result concerning seminorm extension theorems.

The result is quoted from Duchon [22] and we omit the proof.

Lemma 2.1.6 (Duchon [22]). Let Q be an open, bounded, connected subset of R® satisfying
the cone property and having a Lipschitz continuous boundary. Let f € WQk(Q) Then there
exists a unique element f© € BLF(R?) such that f¢|q= f, and amongst all elements

of BL*(R?) satisfying this condition, |f%|, ga is minimal. Furthermore, there exists a

constant K = K () such that, for all f € WE(S),

e me < Elf ko

It is of interest to note that if one chooses the domain in the previous theorem to be

any ball in R?, then the embedding constant, K, can be selected independent of that ball.
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This follows by combining Lemma 2.1.6 with the change of variables result (Lemma 2.1.3)

in an appropriate way.

2.2 Lj-error estimates

We arrive now at our main section, in which we derive the required error estimates. We
begin with a function f in BLF(IR?). We want to estimate ||f — S,,f|| for some suitable
norm |- |, where S, is the minimal norm interpolation operator from BL™(RR%), and
m > k. We suppose that we already have an error bound using the norm ||| for all
functions ¢ € BL™(IR?). Our proof now proceeds as follows. Firstly, we adjust f in a
somewhat delicate manner, obtaining a function F, still in BL¥(IR%), and with seminorm
in BL*(RY) not too far away from that of f. We then smooth F by convolving it with an
approximate identity function ¢ € C§° (]Rd). The key feature of the adjustment of f to F'
is that (¢ F')(a) = f(a) for every point a in our set of interpolation points. Furthermore,
it follows that ¢ + F € BL™(IR?). We then use the usual error estimate in BL™(IR?). A
standard procedure (Lemma 2.2.3) then takes us back to an error estimate in BL*(IRY).

Before we see this let us gather two useful classical results.

Theorem 2.2.1 (Fubini’s theorem [62, Page 164]). Let f be a measurable function on

R"™ x R™ and suppose at least one of the integrals

n=[ ([ )y o = [ ([ @ia)e

exists and s finite. Then I; = I5.

Theorem 2.2.2 (Lebesgue’s dominated convergence theorem [62, Page 26]). Let {f;} be

a sequence in L1 (RY) such that:
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1. fn, — f almost everywhere;

2. there exists a nonnegative g € Li1(RY) such that |f,| < g almost everywhere for

n=12....

Then f € L1(RY) and

/ fn(m)d$—>/ f(z)dex, as n — oo.
R R

Lemma 2.2.3. Let k <m and let ¢ € C(RY). For each h > 0, let ¢p(x) = h=%¢(z/h)
for x € RY. Then there exists a constant C > 0, independent of h, such that for all
J € BL*(RY),

[ f’m,]Rd < Chk_m’f‘kmd-

Furthermore, we have |¢p, * f,, ga = o(R*=™), as h — 0.

Proof. The chain rule for differentiation gives (D7¢y)(xz) = h~ (@D (DV¢)(x/h) for all

zeR? and v e Z‘i. Thus, for 3 € Zi with |3| = k we have

2
[ o pinwlar= [ | o -0 dyf da
R R R
2
- ¥ v r—Yy
= [ o0y (S (07 ) dy e
= p2hl / (DY) () (DP f)(z — ht)dt 2d:z:
R4 |JR?
2
= p=2 / (DY) () (DPf)(x — ht)dt| dz,  (2.2.1)
R4|JK

where K = supp (¢). An application of the Cauchy—Schwarz inequality gives

[ 06 D) as
R

<wnl [ ([oranopa) ([ 0o ne - mpa) s
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and so,

| e D n@Pas <nhl [ oro@Par [ [ (0% - o dda,
R4 R4 R¢JK

(2.2.2)
The Parseval formula together with the relation (D%(¢p, * f))” = (i-)*(¢n * f)~ provide

us with the equality

Z Ca/]Rd|<Da(¢h*f))(x)’2dx: Z Ca/]Rd|(ix)a(¢h*f)A(x)\2dx

loo|=m |a|=m

_/]Rd Z ca®®|(pn * )" (z)|? da. (2.2.3)

|a|=m

Now, when (2.2.3) is used in conjunction with the relation

5 = o = a0 = 5 e F e

|of=m |8I=Fk y|=m—k
we obtain
Pt | 0@ py@Pas = [ S ot 3 e lions 0l e
-2 /. 3 sl (o
-2 /. DI G

=Y 3 e [ 0o Hy @)l da

Bl=k  |y|=m—k

=Y ¥ e [ 00w ) @k

BI=k  |y|=m—k

- Z cp Z C’Y/]Rd|(D7(D6(¢h*f)))($)|2dl‘.

1Bl=k  |yl=m—k

Since the operation of differentiation commutes with convolution, we have that

2 <o /]RJ(DQ(%*f))(@Fdl?: Yoes Y cw/Rdl(Dwsh*Dﬂf)(x)Fdx. (2.2.4)

|a|=m 18|=k Y —
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Combining equation (2.2.2) with equation (2.2.4) we deduce that

S e [ 060 NP

laf=m

<o X en [ ook | [1(07e- P dd

1BI=k  |y[=m—k

= hQ(k_m)an_k,Rd Z Cﬂ/d/ |(DP f)(x — ht)|? dtdz.
FEAS

Fubini’s theorem permits us to change the order of integration in the previous inequality;
thus,

> Ca/]Rd’(Da(%*f))(x)]de

lal=m

SRR e s [ [ 10D - )P st
U jame HRS

Finally, a change of variables in the inner integral above yields

> o [ D00 M) < N0 e 3o [ [ (D7) st

ll=m 18=k
Setting C = [¢|,, ; ge/Vol(K) we conclude that [¢p* ], ga < Chk_m|f|k’]Rd as required.

To deal with the remaining statement of the lemma, we observe that for v # 0 we have

[ D= [ (D)= (D)0 = (630 =0
K R

Then it follows from (2.2.1) that for |5] = k,

[ 060 D) s
R

— p20l

2
/K(DW)(t)((Dﬁf)(w—ht) —(Df)(x))dt| da.

Rd

Now, if we apply the Cauchy—Schwarz inequality in a different manner than we did before,
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we obtain
[ 0o s D) as
<wnl [ ( /| ﬁdt) ( /| I(DV¢)(t)((Dﬁf)(w—ht)—(Dﬁf)(x))Ith) da

— vol(K )21 / / (DY) (1) ((DPf)( — ht) — (DPF)(2))[2 dida
]Rd

= vol(K)R20 [ [ [(D7)()(DPf) (@ — ht) — (D7 f)(x) | dida.
R JIR

An application of Fubini’s theorem gives us

[ Do D2 @R ar <ol [ (DRI 1)~ D1 gy

Hence, by (2.2.4) we have

an/ [(D*(op + ))( )|2d:1:

laj=m

V(R S ey 30 ey [ DTO@PID N = 1) = DR, g .

1BI=k  |y[=m—k

Since DA f € Ly(RY) for each 8 € Z< with 3| = k, it follows from Folland [26, Page 238]

that for all t € R?,
(DO F)(- = ht) = DPf||,qgay = 0, as h—0.
Furthermore, setting
9(t) = D7 FI2, oo |((DTO)WP,  for al t € RY,
we see that g € Ly (IR?) and

(D7) O)I(D7F)(- —ht) = DPFIT, gay < 9(0),
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for each h > 0. Applying Lebesgue’s dominated convergence theorem (Theorem 2.2.2), we

obtain
/]Rd\(DW)(t)IQII(Dﬂf)(' — ht) — Dﬁf\liz(md) dt =0, ash—0.

Hence, for k <m, |pp * f; ga = o(h*=™) as h — 0. O
Lemma 2.2.4. Suppose ¢ € C’go(]Rd) is supported on the unit ball and satisfies
/ ¢(x)de =1 and ¢(z)z® dz =0, for all0 < |a| <k —1.
R4 R4

For each ¢ > 0 and x € RY, let ¢.(x) = e %p(x/e). Let B be any ball of radius h and
centre a € R, For a fized p € Hk_l(]Rd) let f be a mapping from R? to R such that

f(x) =p(zx) for all z € B. Then (¢: * f)(a) = p(a) for all e < h.

Proof. Let By denote the unit ball in R?. We begin by employing a change of variables

to deduce that

(05 1)@ = [ outa=1)f) dy

==t [ o)) ay

= | 6@)f(a—xe) da
R

= o(x)f(a — xe) da.

B
Then, for z € By, [(a — ze) —a] < e < h. Thus, f(a —xe) = p(a — x¢) for all x € By;

moreover, there are numbers bq such that p(a — ze) = p(a) + 3o« jaj<k—1 baz®. Hence,

(¢ * f)(a) = ¢@mm_x@dx:/“

By R

o) <p(a)+ > baxo‘> dz = p(a). O

0<a<m—1
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Definition 2.2.5. Let Q be an open, bounded subset of R®. Let A be a finite set of
pairwise distinct points in ) with fill-distance h > 0 and separation distance ¢ > 0. The
quantity h/q will be called the mesh-ratio of A. The mesh-ratio measures to what extent

points in A uniformly cover ().

The mesh-ratio is always bounded below by 1 for any reasonable domain 2, for example
Q open, connected and satisfying the cone property. To see this, let b € A and choose

x € Q with |b — z| > q. Then, for a € A with a # b we have
[z —alZa—bl—|b—2z[>2¢—q=q

Thus, h > ¢q. Equality only holds for uniform data in R, so the mesh-ratio is strictly

bigger than 1 in all but this special situation.

Theorem 2.2.6. Let A be a finite subset of R? of separation ¢ > 0 and let d < 2k < 2m.

Then for all f € BLF(RY) there exists an F € BL™(R?) such that:
1. F(a) = f(a) for alla € A;

2. there exists a C' > 0, independent of f and q, such that |F|, ga < C‘f‘kJRd and

‘F‘m,]ad < qu7m|f|k,]Rd-

Proof. Take f € BL*(IR?). For each a € A, let B, C IR? denote the ball of radius § = ¢/4
centred at a. For each B,, let g, be constructed in accordance with Lemma 2.1.5. That

is, for each a € A, take ¢ = (cg,...,c) € BE ! and g, € WF(RY) such that:
1. a,co,...,cs are unisolvent with respect to Il;_q;

2. ga(z) = (f — P,y f)(x) for all x € By;
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3. Paenf €1 and (P f)(a) = f(a);

4. go(z) =0 for all |x — a| > 20;

5. there exists a Cy > 0, independent of f and By, such that |g4|,, ga < C1|f|m,B.-

Note that if a # b, then supp (g,) does not intersect supp (gp), because if x € supp (g,)

then

|z —b >|b—a|— |z —a|] >2¢—2§ =66

Using the observation above regarding the support of g, it follows that

Zga Z ca/ o) ()| dz
acA kKR la|=k aGA
2
Z CQZ/ D%,)(x)| dx
loj=k  beAYSUPP (95) aEA

=> )y, / gp)(2)]? dz

lal=k  beA”SuPP (%)

= Z|ga|Z,]Rd'

acA

Applying condition 5 to the above equality we have

Zga

acA

o SCE2 T, < G e
k, acA

Now set H = f — 3", 4 ga- It then follows from condition 2 that H(z) =

(P(a,c’)f)(a:) for

all 2 € B,, and from condition 3 that H(a) = f(a) for all a € A. Let ¢ € C3°(IR?) be

supported on the unit ball and enjoy the properties
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Now set F' = ¢s x H. Using Lemma 2.2.3, there is a constant Cy > 0, independent of ¢

and f, such that

2

P e < G = S
acA

k,R?

> Ga

< 2Cp82 ™) <|f|2 R+
7 acA

2 )
kR4

< 2C5(1+ CH)F*F™ £ Lo

Similarly, there is a constant C3 > 0, independent of ¢ and f, such that

f_zga

acA

2

kR4

< 203(1 + 012)’.]6’27]1351'

Thus |F|,, ge < qu_m’f|k7]Rd and |F|; ga < C|f[; ge for some appropriate constant
C > 0. Since F' = ¢5 x H and H|p, € II;_1 for each a € A, it follows from Lemma 2.2.4

that F'(a) = H(a) = f(a) for all a € A. O

We are almost ready to state and prove our conjectured error estimate for polyharmonic
splines. As outlined at the beginning of this section, in proving this result we make use
of an existing error estimate for polyharmonic splines. In particular, we shall employ the
Ly-error estimate of Duchon for 2 < p < oo (Theorem 1.3.3). We wish to treat the case
1 < p < 2 as well, which is not significantly different. An example of how to deal with
this case can be gleaned from Light and Wayne [49].

Under the assumptions of Theorem 1.3.3, Duchon’s result, including the case 1 < p < 2

and stated without derivatives of the error, is

If = Smflr, ) < CHP™|flma,  ash—0,

44



for all f € BL™(Q2). Where,
B(m) = min{m,m — d/2 + d/p}.

The reader is wise to wonder if this approximation order is optimal. Duchon’s result only
says that the optimal L,-approximation order is at least 3(m), for 1 < p < co. Duchon’s
error estimate is a direct theorem, in the sense that an error estimate is concluded from
information about the approximand. To discover if the L,-approximation order given by
Duchon is optimal, one has to conjecture and prove an inverse theorem. The following

inverse theorem was established by Schaback and Wendland in [68]:

Theorem 2.2.7 (Schaback & Wendland [68]). Let Q be an open, bounded subset of R?
satisfying the cone property and let m > d/2. For each h > 0, let A, be a finite,
I, 1 (R?Y)-unisolvent subset of Q with fill-distance h. For each mapping f : A, — IR,
let SP f be the minimal norm interpolant to f on Ay from BL™(IR?). Suppose that for

some f € C(Q) there exists a > 0 and C = C(f) > 0 such that

If = Skl < CUHR,
for all Ap, C Q with sufficiently small h. If p > m, then f € BL™(Q).

This theorem shows, in the uniform norm setting, that the condition g > m is necessary
for showing f € BL™ (). Hence, there is a gap of d/2 between the necessary and sufficient
Loo-approximation orders. Johnson [42] goes some way to closing this gap by showing that,
for sufficiently smooth 02 and f, the optimal L,-approximation order for polyharmonic
spline interpolation is at least f(m) + 1/2, for 1 < p < oo. Johnson also shows, this time

in [40], that the optimal Ly-approximation order is at most m + 1/p, for 1 < p < oo.
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These two results coincide when p = 2 to imply that the optimal Lo-approximation order
for polyharmonic spline interpolation is precisely m + 1/2. Most recently, Johnson [44]
has further improved the lower bound on the L,-approximation order, for 1 < p < 2, to
m + 1/p. So the question of optimality is settled for 1 < p < 2. Furthermore, Johnson
conjectures on the basis of experimental evidence that the L,-approximation order for
2 <p<ooism-+1/pas well. We make these remarks so that it is clear to the reader
that, because we intend to employ Duchon’s error estimate and because the issue of optimal
L,-approximation orders is currently unsettled, the L,-approximation orders we give in
the theorem below are not necessarily optimal for 2 < p < oo, and not optimal in the case

1<p<2

Theorem 2.2.8. Let Q be an open, bounded, connected subset of R® satisfying the cone
property and having a Lipschitz continuous boundary. Suppose also that k and m are such
that d/2 < k < m. For each h > 0, let Aj, be a finite, Hm_l(Rd)—unisolvent subset of
Q with fill-distance h and mesh-ratio p. For each mapping f : A, — R, let S® f be the
minimal norm interpolant to f on Ay, from BL™(IR®). Then there exists a constant C' > 0,

independent of h, such that, for 2 < p < oo,

ID(f = Sp )Ly () < CREIZZH A=K £l 60 o] <k —d/2 +d/p,
and, for 1 <p < 2,

ID*(f = S Pz, ) < CR* ™ fl 0. lof < k—d/2,

for all f € BLF(Q), as h — 0.

Proof. Take f € BLF(Q)). By [21], f € WF(Q). We define f in accordance with
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Lemma 2.1.6. For most of this proof we wish to work with f and not f, so for con-
venience we shall write f instead of f. Construct F in accordance with Theorem 2.2.6
and set G = f — F. Then F(a) = f(a) and G(a) = 0 for all a € Aj,. Furthermore, there

is a constant Cy > 0, independent of f and h, such that

h\ k—m
Flogt < () e (2.2.50)
|G‘k,]Rd < ‘f|k,]Rd + |F|k7]Rd < (14 Cl)|f|k,IRd- (2.2.5Db)

Thus St f = ShF and S!'G = 0, where we have adopted the obvious notation for SJ;

hence,
ID(f = Sp D)z, = ID*(f = ShF)ll L,
= |ID*(F + G = S} F)| 1@
< ||D*(F = S} F)lz,0) + DG = SEG) Iz, 0)-

Now, employing Duchon’s error estimate for polyharmonic splines (1.3.7), there are posi-

tive constants C'o > 0 and C3 > 0, independent of h and f, such that
ID(f = SE ), < Coh®™|Flpq + C3h®|Glra,  ash — 0,

where we have defined
B(n) = form=1,2,....
n— |al, la] <k—-d/2,1<p<2,

Finally, using the bounds in (2.2.5) we have

ID(f = S P)lz, ) < CahP® (o™ F 4+ 1)| fl, ga < 2CahP P pm 7K f], pa, as h— 0,
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for some appropriate Cy > 0. To complete the proof we remind ourselves that we have
substituted £ with f, and so an application of Lemma 2.1.6 shows that we can find

C5 > 0 such that
ID*(f =St ), @) < 204hﬁ(k)Pm_k|fQ|k,1Rd < 20,C5hP R pmE | f g, ash—0. O

Corollary 2.2.9. With the notation and assumptions of Theorem 2.2.8, suppose there is
a quantity r > 0 such that the mesh-ratio of each Ay, is bounded above by r for all h > 0.

Then there exists a constant C' > 0, independent of h, such that, for 2 < p < oo,
ID(f — S F)llp, ) < CRFI=dR2Td/P g o o] < k—d/2+d/p,
and, for1 <p <2,
1D (f = Sh D)Ly < CR fleg, o <k —d/2,

for all f € BL¥(Q), as h — 0.

Interestingly, the proof technique employed to prove Theorem 2.2.8 is applicable to
more than just polyharmonic splines. Indeed, the technique will succeed for a range of

approximation schemes. To see this, suppose that for each m > d/2 we have an operator
Un:C(2) = BL™(Q),

which is uniquely defined by the values of f on A, and that vanishes if f is zero on A.
Suppose further that whenever A has fill-distance h and m > d/2, there is a C; > 0 and

~v(m) > 0, independent of h, and a (semi)norm || - ||, such that for all f € BL™(Q),

If = U fll < C1AO)| flm0s as h — 0.
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Then by proceeding in precisely the same manner as in the proof of Theorem 2.2.8 we

have, for all f € BL*(Q) with m > k > d/2,
If = U fl] < Cohmin OUmtk=matEl gm=k g, o as h —0,

for an appropriate constant Co > 0. Therefore, by assuming that v(m) > m — k we obtain
a useable error estimate for our approximation scheme—an error estimate for a class of
rougher functions than previously known.

Subsequent to completing this work, the author became aware of independent work by
Yoon [80, 81, 82]. In these papers, error bounds for the case we consider here are also of-
fered. Because of Yoon’s technique of proof, which is considerably different to our own, he
obtains error bounds for functions f with the additional restriction that f lies in WX (Q),
so the results here have wider applicability. However, Yoon does consider shifted polyhar-
monic splines, which employ the translates of the usual polyharmonic splines shifted by a

positive parameter:

(r? + )™= 2og(r? + ¢?),  if d is even,
o(r) = r>0.

(r? + 2)m=d/2, otherwise,
To obtain the result one is instructed to scale the parameter ¢ with the fill-distance of the
interpolation points. This so-called stationary analysis introduces artificial homogeneity
into these basis functions except for a possible log-term, and undoubtedly simplifies the
ensuing analysis. We have only considered the unshifted polyharmonic splines as an ex-
emplar of what can be achieved. In Chapter 3 we will see our technique applied to a wider

class of basis functions.

We conclude this section with a brief commentary on the approach of Yoon. It is hardly
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surprising that Yoon’s technique also utilises a smoothing via convolution with a smooth
kernel function corresponding closely to our function ¢ used in the proof of Theorem 2.2.8.
However, Yoon’s approach is simply to smooth at this stage, obtaining the equivalent of
our function F' in the proof of Theorem 2.2.8. Because there is no preprocessing of f to
H, Yoon’s function F' does not enjoy the nice property F(a) = f(a) for all a € A. It is
this property which makes the following step, where we treat G = f — F', a fairly simple
process. Correspondingly, Yoon has considerably more difficulty treating his function G.
Our method also yields the same bound as that in Yoon’s work, but for a wider class of
functions. Indeed we would suggest that BL*(Q) is the natural class of functions for which
one would wish an error estimate of the type given in Theorem 2.2.8.

Recently, Narcowich and Ward [59, 60] have contributed to the problem of providing
error estimates for interpolation by radial basis functions when the function is not in the
appropriate native space. Their approach, like ours, involves smoothing out the function
with the hope that one can control the error in interpolating to the smooth function.
However, the technique employed to smooth is to chop off the Fourier transform of the
function outside a compact set—which leads to bandlimited functions. The authors show
that if f is a ‘non-smooth’ function then there is a bandlimited function f,, where o is the
radius of the ball of support of fg, satisfying the requirement that f, interpolates f on
the required set, and f, is also close to f, where the closeness depends on the separation
distance of the interpolation points. Now if Sf is the radial basis function interpolant
to f then because f, interpolates f, they can write Sf = Sf,. This is the same crucial
technique we exploited to obtain our result, and arguably, the proof is more accessible

and natural than the methods employed by Yoon. Narcowich and Ward obtain the same
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Ly,-error estimate for rough functions as we do; however, they must work in C*(Q), rather
than BL*(Q). Consequently, they do not obtain the explicit dependence of the constant in
the error estimate on |f| o as we do. Therefore, the result given in Theorem 2.2.8 can be

considered more satisfactory than the corresponding result given by Narcowich and Ward.

2.2.1 /,-error estimates

In practice one would not calculate the continuous L,-norm that we investigated in the
previous section; instead, one actually considers a discrete version—the /,-norm. Let B
be a finite subset of . For a continuous function f : 2 — IR, we define

1 1/p
£l = (7 SUOF) . for1<p<os

beB

with the norm || - [|_(5) defined by the usual convention. The purpose of this section is
to derive a theorem analogous to Theorem 2.2.8 for this discrete norm. To do so, we will
need an /p-estimate for the error in interpolation when the target function belongs to the
appropriate native space. Then, as in the proof of Theorem 2.2.8, it will be Theorem 2.2.6

that will provide the estimate when f lies outside the native space.

Theorem 2.2.10 (Duchon [22]). Let Q be an open, bounded subset of R? satisfying the
cone property. Then there are constants My, Mo, M3 and hg such that for each 0 < h < hg

there corresponds a finite set Ty, C € such that:
1. B(t,h) C Q2 for allt € Tp;
2. Q C User, B(t, M1h);

3. ZteTh XB(t,M1h) < My;
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4. |Th| < Mgh_d.

Lemma 2.2.11 (Duchon [22]). Let m > d/2, p > 2 and |a| < m — d/2 + d/p. There
exists an R > 0, and for all M > 1, there exists a C' > 0 satisfying the following: for each
h >0, t € RY the ball B(t, Rh) contains { closed balls By,. .., By each of radius h such

that,

< Chm—\a|—d/2+d/p|f

1D f |z, (B(t,MRRY) m, B(t,MRh)>

for all f € BL™(B(t, M Rh)) that vanish at at least one point in each of the balls B;.

Theorem 2.2.12. Let Q be an open, bounded, connected subset of R¢ satisfying the cone
property and having a Lipschitz continuous boundary. Suppose also that k and m are
such that d/2 < k < m and let |a| < k — d/2. For each h > 0, let Aj be a finite,
IT,,_ 1 (RY)-unisolvent subset of Q with fill-distance h and mesh-ratio p. Let B be another
finite subset of ), with mesh-ratio o and separation distance qg < h. For each mapping
f: Ay — R, let St f be the minimal norm interpolant to f on Ay from BL™(IR?). Then

there exists a constant C' > 0, independent of h and B, such that,

Chkf\a|fd/2+d/ppm*ko-d/p|f’k’ﬂ7 2 < p < oo,
ID(f = SpF)lle, ) <
Chk—\a|pm—ko_d/p|f

k., 1<p<?

for all f € BL*(), as h — 0.

Proof. Firstly, we observe that the result is true for p = co by Theorem 2.2.8. Next, we
deal with the case 2 < p < oo. Suppose f € BL™(IR?). Let us construct R and C; in
accordance with Lemma 2.2.11 and implement Lemma 2.2.10 with Rh in place of h. Then,
there are constants Mj, My, M3, hy such that for each 0 < h < hy/R there corresponds a

finite set T}, C 2 such that:
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1. B(t,Rh) C Q for all t € Ty;

[\)

. 9 C Uyer, B(t, M1 Rh);

w

- D ter, XB(t,MRr) < M2;

W

. |Th| < M3(Rh)™,

As Q C User, B(t, M1Rh) it follows that

S = shmor <> S (DY - ShHG)P

beB t€Ty, beBNB(t, M) Rh)

Fix 0 < h < hg/R and t € T},. Then B(t, Rh) C Q contains ¢ balls of radius h. Since
Ay, has fill-distance h, each of these balls contains at least one member of A;. Hence, by
employing the L.,-bound offered in Lemma 2.2.11, we have

> D (F-Sk 1)) B

beB

m—|a|—d/2 h
< CPpbm=lel=d/2p " > \f = St o Be.a, )
tET), beBNB(t, M, Rh)

< CPRUm=1el=d/2 N 1B 1 B(t, MyRh)|| f — S fIP, Buangn:  (2:26)
teTy

where C is independent of both h and f. Let b € BN B(t, M1Rh). Since gg < h and
Mi, R > 1 we have B(b,qg) C B(t,2M;Rh). Therefore, by comparing volumes, we deduce

that

1B N B(t, MyRh)|vol(B(b, qz)) < vol(B(t, 2M; Rh)).

Hence there is a constant Cy > 0 independent of h, gz, t and b such that

d
BN B(t, M{Rh)| < Cs (q};) .
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Inserting this bound into (2.2.6) we obtain

STIDA(F = SEF B < CRCo Rl 240/t S™ | hgp o (2.27)

beB teTy,

Using the fact that if v € R" then |jv||, < ||v||2 for 2 < p < oo, we have

2/p
(Z‘f Shf’thMth)> < Z‘f Shf’thMth
teTy,

teTy,
o 2

<t;;h|0; Ca/tMth IS ))(x)‘ dz

<ZT:||ZC"/ X ) (2) (D (f = S5.)) (@) da

-2 [ (5 e @) | (0% = k)@

teTy,

My Y o [ 1D = S @ da

laj=m

< My Z ca/ |(Df)(z)|* de,

laf=m

where the last inequality is by virtue of the Pythagorean property (1.3.3). Substituting

this bound into (2.2.7), we have, for all f € BL™(IR?), m > d/2 and all |a| < m — d/2,

SOID(F = ShFNG)F < Conm-lel-dr2tdimrgdjgp (2.2.8)
beB

where we have set C3 = CfCQM§/2. Suppose now that f € BL*(IR?) with d/2 < k <m
and |a| < k—d/2. Let us construct F' in accordance with Theorem 2.2.6 and set G = f—F.
Then F(a) = f(a) and G(a) = 0 for all a € Aj. There is a constant Cy > 0, independent
of f and h, such that
B k=m
Flogs <€ (5) [l (22.90)

Glera < |fleme + 1Flegra < (14 Ca)lfly ge- (2.2.9D)

54



By Minkowski’s inequality, which is valid for p > 1,

(i i stnor)

beB

1/p
~ (1 SISt + (06 - st )

beB
1/p 1/p
< (i Sl - shrnor) (g ioe - stapor)
beB beB

Hence, by (2.2.8) there is a constant Cs, independent of h and f, such that

1D°(f = St Dl < Cs|BIMeqp? (mnrlel=ei+dlo py, o
Therefore, it follows by applying the bounds given in (2.2.9) that for all f € BLk(]Rd),

ID(f — S& F)le, () < Col B~ V/PRFlal=d/24d/p(gm=ke yq)q 0P )

— —la]— —k —d
SQC(;’B‘ l/phk | d/2+d/ppm qu /p|f|k,]Rd’

for an appropriate constant Cg > 0. Let hg be the fill-distance of B in €. Then, the balls

B(b,hp), b € B, cover Q. So, by comparing volumes once again we find that
vol(Q2) < |B|vol(B(b, hg)), for b € B.

Hence there is a constant C7 > 0, independent of B, such that C7 < |B]hd3. The proof is
now complete for 2 < p < oo because for f € BL¥(Q) we would work instead with the
extension f* described in Lemma 2.1.6.

For 1 < p < 2 we need a slightly different technique. Let f € BL™(IR?) again. We

follow the proof as far as (2.2.7) and let r be such that p/2+41/r = 1. Now, using Holder’s
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inequality,

1/r p/2
, 2/
DN = St s < (Z 1 ) (Z(‘f = Sl B0t Ry p)

€T} {€T) teT),
1/r p/2
< <Z 1r> (Z’f - SﬁLfEn,B(t,Mth))
teTy, teTy,
p/2
=l (1S =SB )

teTy

We have already established in this proof that
Z If — anffzn,B(t,Mth) < M2|f|zn,1Rd'
teTy,
As for |T},|, we know from Lemma 2.2.10 that |T},| < M3h~?. Set Cg = M§/2M§/T, then

DN = St panrny < Csh™ 1] = SRy, o = CshCVPHI2R I
teTh

Hence, by (2.2.7), which is valid for all p > 1,

STIDA(f — SHAOIF < ConmDrggd g7 .
beB

with Cy = C¥C2Cs. The proof now continues in precisely the same manner as for the case

2 <p<oo. 0

Corollary 2.2.13. With the notation and assumptions of Theorem 2.2.12, suppose there
s a quantity r > 0 such that the mesh-ratio of each Ay, is bounded above by r for all h > 0.

Then there exists a constant C > 0, independent of h and B, such that,

Chk7|a\fd/2+d/po-d/iﬂ|f’k Q, 2 <p < oo,
1D (f = Sk P)lley(8) <
ChF=1elgd/P| £, g, 1<p<2

for all f € BLF(Q), as h — 0.
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2.2.2 The polyharmonic spline interpolation operator

Look at the statement of Theorem 2.2.8. We can choose to view S!, as an operator from
BLF(Q) to BL™(Q), where m > k > d/2. The boundedness of this operator is well known
in the case k = m. To see this, we first define f* in accordance with Lemma 2.1.6. Then,

using the seminorm minimisation property (1.3.2b), we have

S0 Flm.a = 1S (FD) ma < 1Sk (D) mme < 1 re < Clf lmo-

Using the technique developed in Section 2.2, we can show that Sﬁl is a bounded operator

for m > k too.

Theorem 2.2.14. Let Q be an open, bounded, connected subset of R? satisfying the cone
property and having a Lipschitz continuous boundary. Suppose that k and m are such that
d/2 < k < m. For each h > 0, let Ay be a finite, I,,,_1 (IR?)-unisolvent subset of Q with
fill-distance h and mesh-ratio p. For each mapping f : Ay — R, let SP f be the minimal
norm interpolant to f on Ay from BLm(IRd). Then there exists constants C' > 0 and

ho > 0, independent of h, such that,

1Sh flea < Cp™F|f

k,Q
for all f € BLF(Q), and h < hy.

Proof. Let f € BLF(Q). Let f be constructed in accordance with Lemma 2.1.6. For
convenience we shall write f instead of f. Let us now construct F in accordance with

Theorem 2.2.6. Let o € Zi with |a| = k and let z € RY. Since F interpolates f on Ay,
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we have

(D(S,0)) (@) 2 = [(D*(S7,F) (x) [
=[(D(F = 53, F))(2) — (D*F)(2)?

< 2|(D(F — S5, F)(x)” +2|(D*F)(2) .

Now, by premultiplying the previous inequality by c¢,, summing over all || = k and

integrating over 2, we obtain

1St flia <2 ) cal DYF = SpF)| 0 +2F o
la|=k

By Theorem 1.3.3, there is a constant C7 > 0, independent of h and f, such that
ID*(F = Sk F)|[7,0) < CER* VR o, ash—0.

Hence,

1S fI2,q < 2C3dPRA M RIFZ o +2|FRg,  ash— 0. (2.2.10)

By construction there are constants Co > 0 and C3 > 0, independent of A and f, such
that |F|, ge < Co|fl, ge and |F| ge < C3(h/p)* ™|f|, ge. Inserting these bounds

into (2.2.10) yields
[k flmo < Calp™ 4 DIl e < 2019 | fly e, ash =0,

for an appropriate constant Cy, independent of h and f. The proof is complete once we

recall that we have been using f to denote f. O

Corollary 2.2.15. With the notation and assumptions of Theorem 2.2.14, suppose there

is a quantity r > 0 such that the mesh-ratio of each Ay, is bounded above by r for all h > 0.
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Then there exists constants C > 0 and hg > 0, independent of h, such that,

1S5 fle.a < Clf ks
for all f € BLF(Q), and h < hy.

It is of interest to note that Theorem 2.2.14 provides a neat alternative proof of The-
orem 2.2.8. To see this, let us adopt the notation and hypotheses of Theorem 2.2.8 and

let us define, as we have done before, the number 5(n) by

B(n) = form=1,2,....
n —|al, la] <k—-d/2,1<p<2,

Now, for f € BL*(Q) we observe that
ID*(f = Sk Dl < ID*(f = SED L, @) + ID*(Skf = S, @
= IDY(f = SEN Ly + 1D (SE(SRS) = Sl Ly
where the last equality is valid because S’ f interpolates f on .A. Now, using the funda-

mental error estimate (Theorem 1.3.3), there exists an appropriate generic constant C' > 0,

independent of h and f, such that

ID(f — S ), < CRPP)| flia + CRP®ISE fliq
< CHP®)|f|p0 + CHO® k| £,

< CRA®) (1 4 pm=8)| flra < CRP®) =k | £ o, as h — 0.
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Chapter 3

Interpolation of rough functions
using the scattered shifts of a

basis function

In this chapter we extend the work of the previous chapter to more general classes of radial
basis functions. To this end, we now introduce those native spaces and related spaces that
we shall be concerned with.

The work of Light and Wayne in [50] can be viewed as a successful attempt to generalise
the setup used by Duchon [22]. The authors consider generalised Beppo Levi spaces
which arise from the introduction into the semi-inner product (1.3.1) of a weight function
w : RY — R that is positive almost everywhere. Specifically, for m € Z.., these spaces

are
ZM(RY) = {f €. Dof e L°RY), / (Do f ) (z)|2w(z) dz < oo, |a = m}
]Rd

60



and carry the semi-inner product

I 1/2
S o [ (D@D @ule)ar) o fg € 2R

|a|=m

(f7g)m,w,]Rd = <

Recall that . is the space of distributions we introduced in Section 1.5. It should be clear
from the definition that the Fourier transform that appears in this semi-inner product is
taken in the distributional sense. The constants ¢, are selected as in Section 1.3.

So that we have an interpolation problem that we can handle, we need to fit the
space 2™ (IRY) into the variational framework described in Section 1.3. Recall that this
variational approach demands that the space Z”(IR?) can be continuously embedded in
the continuous functions. In order for this to occur, the weight function is initially chosen

to satisfy the axioms:

(W0) w € C(R?\ 0);

(W1) w(z) > 0 if z # 0;

(W2) 1/w e LYe(RY);

(W3) there is a positive € IR such that (w(z))~! = O(|z|~?*) as |z| — oo.

Consequently, the space Z™(IR%) is complete with respect to |- | mawRe and whenever we
have m + p > d/2 then Z™(IR%) is continuously embedded in the continuous functions
(see Light and Wayne [50]).

The kernel of the semi-inner product certainly contains II,,_1(IR?) and it transpires
that the kernel is precisely Hm(]Rd). To see this clearly, it is helpful to rewrite the seminorm
in so-called direct form—that is, without the Fourier transform of f appearing explicitly.

We demand that w satisfies the additional axioms:
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(W4) w(y) = w(—y) for all y € RY;
(W5) w(0) =0 and @ () < 0 for almost all z € RY;

(W6) w is a measurable function and for any neighbourhood N of the origin, we have

@ € Li(R*\ N);
(W7) @ (y)| = O(|y|*) as y — 0, where A +d +2 > 0.

Once armed with axioms (W1) and (W4)—(W7) it follows from the work of Levesley and
Light [46] that

1
e =5 3 o |

[ [ 80 ) - D) sy, f € 2R,
|a|=m

(3.0.1)
We see immediately that the kernel of the seminorm, and that of the associated semi-
inner product, is IL, (IR?). It is also shown in [46] that (W6) and (W7) together imply
that w € . N C(RY). This means that axiom (WO0) becomes redundant if these two

axioms are assumed.

Theorem 3.0.1. Let w: R? — R satisfy (W0)-(W3) and let m + p > d/2. Let A C R?

be unisolvent with respect to I1,,(R?). Then Z™(RY) is complete with respect to the norm

1/2
£l = (118 e+ 1)

acA

Further, there is a constant C' > 0 such that |f(z)| < C| f||ga for all f € Z™(RY).

Proof. Let {f;} be a Cauchy sequence in Z™(IR%) with respect to the norm || - || ge. Then
the sequence is Cauchy with respect to | -| . a, so there is an element f € Z™(IR?) with

|fi = flimwmrd — 0as j — oo. For each a € A we also have {fj(a)} as a Cauchy sequence
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in IR, so there is a number f, € R with |f;(a) — fo| — 0 as j — oco. Since the set A is
unisolvent with respect to IL, (IRY), there is a unique polynomial p € II,,(IR?) such that

p(a) = f(a) — fa, for each a € A (see Cheney and Light [15, Page 4]). Thus,

1 = (f =D)iga = 15 = (f =PI, e + D1 fi(@) = (f(a) = pla))?

acA

=1fi = (F =) g+ D_IFila) = ful?
acA

= 1fj = [P e + D_Ifi(a) = fal®.

acA

Finally, a constant C' > 0 such that |f(z)| < C| f|lga, for all f € Z™(RY), is provided

in [50]. 0

We hope that our setup admits minimal norm interpolants of the form

Smf =Y Xato(- —a) +p,

acA

with the extra degrees of freedom taken up, in the usual manner, by the natural boundary
conditions. We are not disappointed. Light and Wayne are able to show this by con-
structing the reproducing kernel for z in Z™(IR?) explicitly. Here, p is a polynomial of

appropriate degree and 1 is a distribution which satisfies the equation
1
=

Bl-pm =

In addition, % is a continuous function and is conditionally strictly positive definite of
some appropriate order. Notice that the basis function is not necessarily radial since w

itself is not necessarily radial. However, the archetypal case the author has in mind is
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w(zx) = |z|?*, for € R? and 0 < p < d/2, which is radial. Here, the basis function is

|$‘2m+2u—d log ||, if 2m + 2u — d is even,
Ua) = rer

|| 2mt2u—d otherwise,

Let us now recapitulate the problem we posed in Chapter 2. We intend to question
what happens if the function being approximated is conspicuously rough. If f € Z¥ (]Rd)
with k£ < m and we measure the error f — 5, f in some appropriate norm, then we predict
the approximation order achieved if we had instead approximated f with the minimal

norm interpolant to f on A from Z*(R9).

3.1 Local native spaces

To establish the conjecture we have just outlined, we will mimic the technique of Chapter 2.
This in turn requires us to establish some new tools, whose analogous variants in the
Sobolev setting were available for free—for example, the notion of local native spaces and
the existence of various extension and embedding theorems.

Let @ : R — R be a measurable function that is nonpositive almost everywhere. We

shall define, for m € Z, and for any domain Q C IR?, the following local space,
x7() = {fla: £ € CFRY, [flmuwa <o},

where

1/2
o= (-3 ¥ o [ [ 8-l @ N@-00Fa) . fexmo),

laj=m

It is convenient for us to work, from now on, with a more common norm on W3*(Q2) than

64



we have previously been working. This is given by

1/2
T ( > \\D“f!!i(m) C for feWP(Q).

la|<m
Clearly, this norm is equivalent to the norm we first imposed on W3 (€2) on Page 28. Now,

we impose a norm on X" () via

1/2
1 llmae = (112 + 1 ) s for f € X™(Q).

The notation X™(2) is used to denote the completion of X" (€2) with respect to || - ||;m,w.0,
while Y (€2) denotes the completion of X™(£2) with respect to |- |mw.q- It is these spaces

that we call the local native spaces.

Theorem 3.1.1. Let w : R — R satisfy (W1)-(W7). Then X™(R?) c Y™(R?) C

Z™(RY).

Proof. The inclusion X™(RY) ¢ Y™(IR) is clear as a consequence of the definition of the
norm |||, , ge- To see the other inclusion we first let f € X™(IR?) and |a| = m. Then
D?f € Co(IR?). It follows that 5‘1\]‘ is certainly in L°°(IR?). Furthermore, it is manifestly
true that for all f € X™(IR?%) we have | fl 0 me < 00; hence, X"™(RY) c Z™(RY). We
have, in an earlier comment, acknowledged that Z™(IR?) is complete with respect to

|- Hemce, Y"(B) € 27 (). .

For our later work on extension theorems, it is necessary at this point to take on board

four additional axioms and introduce an important type of domain:

Definition 3.1.2. Let O and Qo be domains in R, and ® a bijection from Q1 to Q.

We say that ® is m-smooth if, writing ®(x) = (¢1(x1,...,24),...,Pq(r1,...,2q)) and
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O (z) =¥(2) = (Y1(x1,...,24),...,Ya(x1,...,24)), then the functions ¢1, ..., dq belong
to C™ () and vy, ..., 9q belong to C™(Qy). Let ® be a bijection from R to RE. We

say ® is locally m-smooth if ® is m-smooth on every bounded domain in R,

(W8) for every locally (m + 1)-smooth map ¢ on IR?, and every bounded subset Q of R?,

there is a C1 > 0 such that @ (¢(z) — ¢(y)) < Cr1w (x — y), for all z,y € Q;

(W9) there exists a constant Cy > 0 such that if z = (2/,24) € R? and y = (2/,yq) € R?

with |z4| > |yg|, then @ (z) < Cow (y);
(W10) [, @ < 0 whenever A has positive measure;
(W11) @ (y) = @ (—y) for all y € R

Definition 3.1.3. Let B = {(y1,92,---,v4) € R : |y;| < 1, 1 < j < d}, and set

By ={yeB: y=(y,yq) andyqg > 0} and By ={y € B: y = (¥, yn) and y, = 0}.
An open, bounded, connected and convez set Q in R? with boundary 0Q will be called a

V-domain if the following all hold:
(A1) there exist open sets Gy,...,Gn C R? such that 9Q C Uj\;l Gj;

(A2) there exist locally (m+1)-smooth maps ¢; : RS — R such that ¢;(B) = G},

¢j(B+) =G;NQ and gf)](Bo) :Gjﬂaﬂ, j=1...,N;

(A3) let Qs be the set of all points in  whose distance from 0S) is less than 6. Then

for some § > 0,

N
1 .
Qs C U¢j<{(y1,yz,~-7yd) e R”: [y,] < 1S Sd}>.

Jj=1
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The definition of a V-domain is taken from a paper by Light and Vail [48] in which
extension theorems for our local native spaces are considered. Indeed, the name lends itself
to one of the authors of that paper—Michelle Vail. It is not immediately obvious how to
exemplify the conditions we have placed on the domain. However, useful information that
we feel we should convey to the reader is that a V-domain is an open, bounded, convex
subset of R? with a “pleasantly smooth boundary”. In particular, a V-domain has the
cone property (see Wloka [76, Page 35]) and every open ball is itself a V-domain. The
conditions are a fairly stringent requirement on 02, and for further details the reader is

directed to the thesis of Vail [72, Page 63].

Theorem 3.1.4 (Light & Vail [48]). Let @ € R? be a V-domain. Let @ : R — R satisfy
(W6)-(W11). There exists a continuous linear operator L : X™(Q) — X™(IR?) such that,

for all f € X™(Q):
1. Lf=f on$;
2. supp (Lf) is compact and independent of f;
S NLf o re < Kl fllmw,0, for some positive constant K = K({2) independent of f.

A very useful feature of the construction of the extension operator in Theorem 3.1.4
is that Lf can be chosen to be supported on any compact subset of R? containing ().
For the precise details of the construction of the extension operator, the reader should

consult [48]. Also at our disposal is a seminorm version:

Theorem 3.1.5 (Light & Vail [48]). Let Q@ € R? be a V-domain. Let @ : R — R satisfy

(W6)~(W11). Given f € Y™(Q) there exists a function f& € Y™(IR?) such that:
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1. f@=f onQ;

2. |fQ|m’w’]Rd < C|flmuw., for some positive constant C' = C () independent of f.

3.1.1 A compact embedding theorem

The purpose of this section of work is to replace appropriately the Rellich selection theorem
that we employed without hesitancy in the proof of Lemma 2.1.4. That theorem states
that W3*(Q) is compactly embedded in W3" (). The analogous result we desire is that

X™(§2) is compactly embedded in W3 (£2).

Theorem 3.1.6. Let @ : R — R be a measurable function that is nonpositive almost

everywhere and let Q C R? be a domain. Then for all f € X™(Q),

[ fllm. < 1 llmw0-

Proof. Let f € X™(Q). Then |[f|}, o < Ifl7,.0 + I/} =

m,w, "

More succinctly, Theorem 3.1.6 states that X™(2) is continuously embedded in W3 (2).
As we have already mentioned, it will be useful in the sequel to know that this embedding
is also compact. We remind ourselves that this means that every bounded sequence in

X™(§2) has a convergent subsequence in WJ™().

Lemma 3.1.7. There exists a constant C' > 0 such that for all f € Wi*(RY),

1 s < 1@+ 1 D™ F Ly ety < ClLE N e

Proof. Let x € RY. Then (1 4+ |z|)?™ = 2: 2my g Using this expansion it follows
J=0 1\ j
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that,

m m
§ :anZE :E :x2o¢§§ :E :Cal}a
|| <m J=0 |a|=j 7=0 |a|]=j

2m

_ ZWJ < ZIxP <> ( | )w‘ (1 [P

Furthermore,

2m+1
2 1 .
At = 3 (m* )W

=0\ 7
2 1
2m + 1\ x|
<  max , ||
0<j<2m+1 j

max
0<j<2m+1

= max
0<j<2m+1

< max .
0<j<2m+1 j
|| <m

max cCq ]
0<j<2m+1 j
lal<m |or|<m

Hence, there is a C' > 0 such that for all z € RY,

Yo <(A+ja)Pm<C ) 2™ (3.1.1)

la|<m la|<m
Let f € WJ*(IR?). The Parseval formula together with the relation 50‘\]" =(i- )O‘]? provides

us with the equality

1 pe = 3 [ D" o

|a|<m
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|a|<m
:/< x2°‘>|f(x)|2dx
R || <m
Hence, by (3.1.1),
1912 e < [ 04121 @) do < CII, g =
Lemma 3.1.8. Let fi1, fo,... form a sequence in Wg”(]Rd) all of whose supports are

contained in a fived compact set and let o € Zi. Then there is a C > 0 such that for all

neZy and x € RY,

(DT, ) ()] < Cll falln ge-

Proof. Let ¢ € Cgo(Rd) such that ¢ =1 on Un€Z+ supp (fn). Fixn € Z4 and «a € Zi.

Then
D*fn = D*(¢fn) = D($ * fu) = (D6)  fu.
Using the Cauchy-Schwarz inequality it follows that, for z € IR?,

2

(0T @ =| [ (05~ )T 1) ay

2
= ‘/}Rd(l +y)) (DY) (x — ) (1 + [y Fn (y) dy

< [ 0D d @ =y [0+ ) W) dy

< Ol s [ )2 I(0°3) = ),

for an appropriate number C; > 0. For y € RY, (1 + ly|)~2™ < 1. Therefore, by using a
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change of variables,

(DT )@ < CrllalE s [ N0 =)y
= CllFul?, D8 1y =

The following theorem is the mean value theorem in IR?, a proof of which can be found

in almost all elementary texts on real analysis.

Theorem 3.1.9 (Mean value theorem [56, Page 121]). Let f be a continuous real-valued

and differentiable function defined on RY. Then there is a 0 <t < 1 such that

d

) = 1) = 2 (5 )+ = )4y = ),

j=1
We also take this opportunity to state another classical result from real analysis—the

Arzela—Ascoli theorem. Our chosen reference for this theorem is again McShane and

Botts [56].

Theorem 3.1.10 (Arzeld-Ascoli theorem [56, Page 92]). Let K be a compact subset of R?
and let F be a collection of real-valued functions defined on K. If F is uniformly bounded
and equicontinuous on K, then every sequence of functions in F contains a uniformly

COTLU@T’g@TLt subsequence.

Remember we say that a collection F of real-valued functions defined on € is equicon-
tinuous if to every € > 0 there corresponds a 6 > 0 such that |f(z) — f(y)| < € for every
f € F and all pairs of points z,y € Q with |x — y| < §. It is the Arzeld—Ascoli theorem
that offers us the opportunity to find the convergent subsequence that will establish the
sought after compact embedding. In the next lemma we talk about a collection being uni-

formly Lipschitz. This means that each member of the collection is Lipschitz continuous,
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and that the same Lipschitz constant can be used for each member. A collection which is

uniformly Lipschitz is automatically equicontinuous.

Lemma 3.1.11. Let K be a compact subset of R%. Let {fn} be a collection of real-valued
functions in C*(RY). Suppose that for all |a| = 1, the collection {D*f,} is uniformly
bounded on compact subsets of R?. Then {f,} is uniformly Lipschitz on K ; hence, {f}

18 equicontinuous on K.

Proof. Let z,y € K and n € Z,. By the mean value theorem in R? (Theorem 3.1.9)

there is a 0 < ¢t < 1 such that

| (Ofn
) = Ful@)] < 30| (5o @ 4ty = )|l —
=t

The line segment {x +t(y —z): 0 <t < 1} is a compact subset of IR?, so by assumption

there is an appropriate C' > 0 such that

d
oY) = fa(@)] < CY lyj — 25 < CVd|y — =,

j=1
Hence, each f,, satisfies a Lipschitz condition with constant Cv/d on K. Now, let € > 0

and choose § = ¢/CVd. Then, |f,(y) — fu(x)| < € whenever |z — y| < 6. O

Lemma 3.1.12. Let f1, fo,... form a sequence in Wzm(]Rd) all of whose supports are
contained in some fived compact set. Let us assume there is a B > 0 such that || f,|,,, ga <
B for alln € Zy. Let K be a compact subset of RY. Then {ﬁ} contains a subsequence

uniformly convergent on K.

Proof. Let K be a compact subset of R? and let a € Zi. Using the uniform boundedness

of || full,, g¢ and Lemma 3.1.8 we may assert the existence of a C' > 0 such that for all
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n e Z, and x € RY,

(Dfa ) ()] < C.

Hence, {Daﬁ} is uniformly bounded on R?. Now, Lemma 3.1.11 states that {ﬁ}
is equicontinuous on K. Finally, an application of the Arzeld—Ascoli theorem (Theo-

rem 3.1.10) delivers the sought after uniformly convergent subsequence. O

Theorem 3.1.13. Let w : RY — R satisfy (W1)-(W7). Let fi, fa,... form a sequence
m Xm(IRd) all of whose supports are contained in some fixed compact set. Let us assume
there is a B > 0 such that ||full,, yme < B for all n € Z,. Then {f,} contains a

convergent subsequence in Wi (IR%).

Proof. By Lemma 3.1.12 we know that {ﬁ} contains a subsequence uniformly convergent
on the compact set B(0,7). Here, r > 0 is a parameter to be chosen shortly. For brevity
of our exposition, and without loss of generality, we shall call this subsequence {ﬁ} as

well. Now, using Lemma 3.1.7,

o= 5l < [+ a2 (@) = i o) o

Let € > 0. Since {?;} converges uniformly on B(0,r), there is an N > 0 such that for all
s,t >N,

~ -~ 2
/B(O AT ) - T e < (3.12)

Furthermore, by using (3.1.1), there is a constant C; > 0 such that
[ asRlPmR @ - f@P
lz|>r

<o [0 e ds

|| <m

73



xz(m_l)A:U—:xZ:U A fs— N (@) dz ).
<cl</|x>r<1+| EDIF @) = Fr @) dz+ 3 /IMKD (fs = f0)"(@)| d)

|a)|=m

(3.1.3)
Let us consider each part of the last inequality separately. Firstly, there is a Co > 0 such

that,

/| ORI @)~ @) ar < / A+ [2)*|F (@) - F (@) do

|z|>r

< Cor | fo— fill% g (3.1.4)

Secondly, using axiom (W3),

3 /| 0 @ = S /| D 0y @) o) e

|oo|=m |aj=m
<Co 30 [ DS ) @) Pule) do
la|]=m |z|>r
<Cyr N[ [(D(fs = fi) (@) Pw(x) da,
|a—m/]Rd

for an appropriate C'5 > 0. By assumption we are in a position whereby we can move

freely to the direct form of the seminorm (3.0.1). Hence

Z /|x|>T’(Da(fs - ft))A(x)|2 dx < Cgr*2u|fs _ ftﬁn,w,ﬂ{d' (3.1.5)

|la|=m

Now, by combining (3.1.3), (3.1.4) and (3.1.5), there is a C4y > 0 such that
/I (1+|$|)2m’ﬁ (x)iﬁ ()" dv < C4(T_2+T_2“)||fs*ft“i@,w,]Rd < AB*Cy(r—24r2).
z|>r

Set C5 = 4B%Cy and choose 7 > max{(C5/e2)'/2, (C5/2)'/?}. It follows that

. - 22
[ Qe ) - R e < (3.16)
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Combining (3.1.2) with (3.1.6) we see that, for s,t > N,

1fs = fellme <&

Hence, {f,} is a Cauchy sequence in W3*(R%). Since W3*(IR%) is complete the result

follows. O

We are finally in a position to state and prove the following compact embedding the-

orem.

Theorem 3.1.14. Let Q € R? be a V-domain. Let w : R? — R satisfy (W1)-(W11).
Let {fn} be a sequence in X™ (). Suppose there is a B > 0 such that || fn||mw,o < B for

alln € ZZy.. Then {f,} contains a convergent subsequence in W3 ().

Proof. Let {f,} be a uniformly bounded sequence in X (Q2). For each n € Z let us

construct an fS in accordance with Theorem 3.1.4. That is, £ € A™(IR?) such that:
1. f& = f, on Q
2. supp (f%) is compact and independent of f,,;
3. ||f7§)||m?w?]Rd < O fallmaw,q, for some constant C' > 0 independent of f;,.

Now, flg, fy, ... forms a uniformly bounded sequence in X m(]Rd) all of whose supports
are contained in some fixed compact set. Hence, {fS!} contains a convergent subsequence
in W3 (RY) by Theorem 3.1.13. We label this subsequence { £} too and let f € W3*(IR%)
be the limit of this sequence. Now, because || fn, — fllm.a = |1 f2 — fllma < |13 — fllm we

the proof is complete. O
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3.1.2 Extension theorems for native spaces

In this section we collect various useful results concerning extension theorems cast on
X™(Q). Fortunately, we already have at our disposal the very useful extension operator of
Light and Vail (Theorem 3.1.4). That theorem refers to a norm not too dissimilar to the
intrinsic fractional order Sobolev norm. We prefer to work with an alternative equivalent
norm. Note that for brevity we shall fix ¢ as the dimension of IT,,,(RY) for the remainder

of this chapter, unless otherwise stated.

Lemma 3.1.15. Let Q € R? be a V-domain. Let w : R* — R satisfy (W1)-(W11) and
let m+4 > d/2. Let by, ..., by € Q be unisolvent with respect to I,,(RY). Define a norm

on X™(Q) via

¢ 1/2
1o = (\f\?n,w,ﬂ +er<bi>\2) L e fexm().

i=1

Then there are positive constants K1 and Ko such that for all f € X™(Q),

Killfllmweo < [flle < K[ fllmw.a-

Proof. The conditions imposed on m and €2 ensure that X™(£2) is continuously embedded
in C(Q2). So, given x € , there is a constant C' such that |f(z)| < C||f|lmwan for all

f € Xx™(Q). Thus, there are constants C, ..., Cy such that

l y4
18 < B+ Y Cill e < (14 X C ) e G0
=1 i=1

On the other hand, suppose there is no positive number K with || f|lm.w.0 < K| fllq for

all f e X™(Q). Then there is a sequence {f;} in X™(Q) with

| fillmwo =1 and Il filla < for j=1,2,....

S| =

76



Theorem 3.1.14 states that X ((2) is compactly embedded in W3"(€2). Therefore, as { f;}
is bounded in A™(£2), this sequence must contain a convergent subsequence in W3(£2).
With no loss of generality we shall assume {f;} itself converges in W3*(Q2). Thus {f;} is a

Cauchy sequence in W3*(Q2). Next, as || f;|lo — 0 it follows that |f;|m w0 — 0. Moreover,

I1fi = filliwa = 1fi = fillang + 1fi = filowa

<Wfi = fillza + 2l filawa + 21filowa-

Since {f;} is a Cauchy sequence in W3"(§2), and |fj|mw,0 — 0, it follows that {f;} is
a Cauchy sequence in X™(€2). Since A™(Q) is complete with respect to | - ||, w0, this
sequence converges to a limit f € X" (Q2). By (3.1.7),

l

17 = 51 < (14 5615 = Glren

i=1
and hence || f — fjllo — 0 as j — oo. Since | fjljoa — 0, it follows that f = 0. Because
| fillmweo =1, 7 =1,2,..., it follows that ||f|mwa = 1. This contradiction establishes

the result. O

In the above proof we stated, with impunity, that X" () is continuously embedded
in the continuous functions for m + p > d/2. We feel that we should say something more
on this matter. To prove this claim, one can first show that X m(]Rd) is continuously
embedded in the fractional order Sobolev space W3 (IR?). Then, since W, *(R9) is
continuously embedded in C(IR?) for m + u > d/2 (see Adams [1, Page 217]) we obtain
the required embedding for X m(]Rd). The local result then follows by appealing to the

extension operator from Theorem 3.1.4. In more detail, the intrinsic norm on Wy" e (R%)
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can be written in the form

D ) — (D% 2 1/2
(et 3 o [, [ LD (DEDOLE )

laf=m

Now observe that for f € X™(IR%), we have

Daf ) — Daf 2
>, ] >|;>_y|gu+d W 4,

lor|=m
=Y e [ D)) Ploda

laj=m

-y ca/ (D @) Pl e+ 3 ca/ (DoF ) () P2 da
B |z[>1

0, 1
lal=m ( lal=m

< Z ca/B(o,l)KDaf) ’2dx+C Z ca/‘r>1 Daf ’2 (7)dx

laj=m laf=m

an/ (D" f)(@) > de + CIf2, , p

lal=m

for an appropriate generic constant C' > 0. Hence,

gt 3 e [ [ DO OENOE gy < 017 e

loe|=m
Returning to our exposition, we shall shortly wish to understand the behaviour of the

constant K () in the previous theorem for simple choices of Q. To realise this, we shall

require that our weight function satisfies one further and final axiom:

(W12) there exists C1, Cy > 0 such that C1h 0 (z) < @ (hx) < Coh @ (z), for all h > 0,

z € R

Note that when (W7) holds in addition to the above axiom, the number X in (W12) is

understood to be precisely the same A that appears in (W7).
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Lemma 3.1.16. Let @ : RY — R be a measurable function that is nonpositive almost
everywhere and satisfies (W12). Let Q2 be a measurable subset of R?. Define the mapping
o:RY— RY by o(z) = a+ h(z —t), where h > 0, and a, t, x € RY. Then there ewists

constants K1, Ko > 0, independent of 2, such that for all f € Y™ (0(R2)),

Q) < ‘f o a|m,w,ﬂ < K2hm_>\/2_d|f|m,w,a(ﬂ)'
Proof. We have, for |a| =m

(D(f o 0))(x) = h™(D*f)(0(x)).

Thus,

FooPuna =3 3 / / (& — 9)|(D*(f 0 0))(x) — (D°(f 0 0))(w)[? dudy

laj=m

=5 Y o [ [ =)0 ol@)) = (D Pl dady.

laj=m

Now, from the change of variables u = o(z), v = o(y) we obtain

‘f © U’?n,w,ﬂ =

DS / / — o~ @)D F)(w) = (D*f)(v)]? dudo.

la|=m (Q)
A simple calculation reveals that @ (¢~ (u) — 01 (v)) = @ ((u — v)/h) for all u,v € R%

y (W12), there exists C1, C2 > 0 such that
C1h™ 0 (u—v) < @ ((u—v)/h) < Coh™ 0 (u — v), for all u,v € RY.

Hence,

CLhP DR oy S 1 0 0l wa < Coah® =D 12

myw,o ( m,w,o ()
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Lemma 3.1.17. Let w : R — R satisfy (W1)-(W12). Let B be any ball of radius h
and centre a € R?, and let f € X"(B). Whenever by,...,by € R? are unisolvent with
respect to I, (RY), let Py : C(R?Y) — T1,,,(RY) be the Lagrange interpolation operator on

bi,...,bp. Then there exists ¢ = (c1,...,c;) € B and g € X™(IR?) such that:

1. g(x) = (f — P.f)(x) for all x € B;

2. g(x) =0 for all |x — a|] > 2h;

3. there exists a C > 0, independent of f and B, such that |g|m’w’]Rd < C|flmuw,B-
Furthermore, c1,...,ce can be arranged so that c; = a.

Proof. The proof uses the same framework as the proof of Lemma 2.1.5. Let B; be the
unit ball in R and let By = 2B;. Let by,...,bp € By be unisolvent with respect to
IT,,(RY). Define o(z) = h~'(x —a) for all 2 € R% Set ¢; = o~ *(b;) for i = 1,...,4
so that ¢i,...,¢, € B are unisolvent with respect to IL,(IR?). Take f € X™(B). Then
(f = P.f)oo! € X™(By). Set F = (f — P.f)oo~!. Let FB1 be constructed as an
extension to F' on B;. By Theorem 3.1.4 and the remark following it, we can assume F'5!
is supported on By. Define g = F51 0 0 € X™(IR%). Let = € B. Since o(B) = Bj there is

ay € By such that = 07! (y). Then,

g(z) = (FP oo)(x) = F7 (y) = (f = Pof) o 07 )(y) = (f = Pef)(2).

Also, for z € R? with |z — a| > 2h, we have |o(z)| > 2. Since FP! is supported on By,
g(x) = 0 for |x — a| > 2h. Hence, g satisfies properties 1 and 2. By Theorem 3.1.4 there

is a K1, independent of f and B, such that

||F31Hm,w,B2 < HFBIHm,w,]Rd < KIHFHm,w,Eh-
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We have seen in Lemma 3.1.15 that if we endow A™(B;) and A™(Bz) with the norms

¢ 1/2
loll, = (rv\;,w,gi +er<bi>\2) L fri—12,
=1

then || - || g, and || - ||m,B, are equivalent for ¢ = 1,2. Thus, there are constants Ky and K3,

independent of f and B, such that
IFP 3, < KallFP w8, < K1 Ko || Fllinw,n < KiKao K3 Fl| 5,

Set C = K1K3K3. Since FP(b;) = F(b;) = (f — P.f)(0 (b)) = (f — P.f)(¢;) = 0, for
i =1,...,4, it follows that |FP|y, B, < C|F|muw,p,- Thus, |go O'_1|m’w’]Rd < C|(f -

P.f)oo™! lm,w,B,- Now, Lemma 3.1.16 can be employed twice to provide us with constants

Cs and C'5 > 0, independent of f and B, such that

|g|m,w,]Rd < Czhd+/\/2im|g o Uﬁl‘m,’w,]Rd

< CLOIA2=m(f — Pof) o 0 M., < C1C2C3|f — Peflmaw.B-

Finally, we observe that |f — P.f|mw,B = |f|mw,B to complete the first part of the proof.
The remaining part follows by selecting by = 0 and choosing b, ..., bs accordingly in the

above construction. O

3.2 Error estimates

Let us remind ourselves that the goal of this chapter is to provide error estimates for
functions that lie outside the native space of a particular class of interpolants. Specifically,
if f e ZF(RY), we want to estimate ||f — SmfllL, ), where Sy, is the minimal norm

interpolation operator from Z™(IR?) based on A, and m > k. The technique that we
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intend to use hinges on the existence of a fundamental error bound for all functions in
Z™(RY).
3.2.1 Fundamental estimates

The purpose of this section is to establish the fundamental error estimate on which our
technique for providing estimates for rough functions is so reliant. Our proof mirrors the
framework used by Duchon to establish his fundamental error estimates for the polyhar-

monic splines.

Lemma 3.2.1. Let Q € R? be a V-domain. Let w : R — R satisfy (W1)-(W11) and let

m++p > d/2. Let us introduce the following pair of well-defined norms on X™(2) /11, (),

HmQ - i f - m,w,ids
7 +Tn(@)ll = _inf 117 = Pl

m(
and

1+ ()2 = [flmw,0-

Then || -||1 and || -||2 are equivalent.
Proof. Let f € X™(Q). Then, for all p € II,,,(2),
If = plavwe = I1f = pllig + 1f = plrwae = 1f = Pliwae = 1flowa-

Thus, ||f + n(Q)|2 < ||f + L,(2)]|1. On the other hand, by Lemma 3.1.15, for all

g € X™(Q) there is a C' > 0, independent of g, such that

¢
19120 < c(wgm,w,g n me?),
=1
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where by,...,bp € () are any fixed set of points which are unisolvent with respect to
I,,(RY). Let P : C(RY) — TII,(IR?) be the Lagrange interpolation operator based on

bl, ey bg. Then,

¢
1 = P2 < c(|f PPt SIS —Pf)(bz')|2> O~ PPre = Ol Panor

i=1
Hence, |[f + ILn(Q)[1 < Cllf + n(Q)]2. =
The norm || -||; appearing in Lemma 3.2.1 is often called the Hilbert quotient norm

and makes X" (Q)/IL,,(Q) into a Banach space. This will be important when we apply
the uniform boundedness theorem (Jameson [39, Page 183] for instance) in the proof of

Lemma 3.2.3.

Lemma 3.2.2 (Jameson [39, Pages 72 & 180]). Let S be a normed vector space and T a
complete normed space. Let D be a dense linear subspace of S and let Ag be a continuous

mapping of D into T. Then there is a unique continuous extension A from S to T that

extends Ng. Further, A is linear and |A|| = ||Aol|-

The above result will also hold when one has a seminormed rather than a normed

space; however, in this situation the extension A will no longer be uniquely defined.

Lemma 3.2.3. Let Q@ € R? be a V-domain. Let w : R? — R satisfy (W1)-(W11)
and let m + p > d/2. Let B C QF be a compact subset of (R’ with the property that
if b = (by,...,by) € B then by,..., by are unisolvent with respect to IL,(IRY). Let P :
C(R%) — IL,,(RY) be the Lagrange interpolation operator based on by, ..., by. Finally, let

p>2and |al <m—d/2+d/p. Then there exists a C > 0 such that for all f € Y"(Q)
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and b € B,
I1D(f = o)L, < Clflmuwa-

Proof. Let p1, ..., p; denote the Lagrange basis for IL,(IR?), and for each b € B let A(b)
denote the ¢ x ¢ matrix with entries A(b);; = p;(b;). Let A(b)i_j1 denote the entries of
A(b)~L, then
I
Pof =) > A®); f(b)pi,  for all f € C(RY).

i=1 j=1
Let f € X™(Q), then

I
1f = Pofllmaws < 1 Flmave + > Y TA®) ML) 1Pellm w0

i=1 j=1

The matrix A(b) depends continuously on b, and the operation of matrix inversion is itself
continuous. Therefore, since B is compact, {]A(b)z_jl\ : b€ B} is bounded in IR. Similarly,
{lf(bj)] - b€ B} is bounded in IR; thus, for each f € X™(Q) there is a C; > 0 such that
|f — Pofllmwa < Ci for all b € B. For each b € B, the mapping
Ty: X7(Q)/T, () — X™(9),
defined by
Ty f+Hn(Q) = f—Bf,
is well-defined, linear and continuous. Now, the uniform boundedness theorem states that

there is a C5 > 0 such that

Hf - beHm,w,Q < CQHf+ Hm(Q)Hl’

for all f € X"™(Q) and all b € B. An application of Lemma 3.2.1 subsequently provides

us with a C5 > 0 such that for all f € X™(Q) and all b € B,

Hf - be”m,w,ﬂ < CS‘f|m,w,Q- (321)
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If p > 2 then the condition |a| — d/p < m — d/2 is precisely the condition needed in
the Sobolev embedding theorem (Adams [1, Page 97]) to ensure W3*(2) is continuously
embedded in Wf'(Q). Now, it follows by combining (3.2.1) and Theorem 3.1.6 that there

is a constant Cy > 0 satisfying

|1D(f = Pof)llL, @) < Callf = Pofllma
< Cullf = Pofllmw,e

< C3C4|f|m,w,97 (3'2'2)

for all f € X™(Q) and all b € B. Clearly (3.2.2) must also hold for all f in the precomplete
space X" (Q2). Finally, we are in a position to invoke Lemma 3.2.2 and its subsequent

remark to complete the proof. More precisely, in the notation of Lemma 3.2.2, we let

D=X"Q),S=y"(Q),T=w,NQ) and Ay : f — f — Pf. O

Lemma 3.2.4 (Light & Wayne [49]). Let vy,...,v, € R? be unisolvent with respect to
IT,,(RY). Then there exists a § > 0 such that if (bi,...,by) € B(v1,8) x -+ x B(vy,d),

then by, ...,by form a set of unisolvent points with respect to Hm(IRd).

The next lemma involves an inequality which one could aptly label “Duchon’s inequal-
ity”. This is because it constitutes, in our setting, a generalised version of the important
inequality that Duchon establishes in [22]. Informally, the inequality says that a function
with many zeros in a ball cannot get too large. Another generalisation of this important
inequality can be found in Narcowich, Ward and Wendland [60] who consider a fractional

order Sobolev space setting and more general domains.

Lemma 3.2.5. Let w : R — R satisfy (W1)-(W12) and let m + pu > d/2. Let p > 2

85



and |o] <m —d/2+d/p. There ezists an R > 0, and for all M > 1, there exists a C > 0
satisfying the following: for each h > 0 and t € RY, the ball B(t, Rh) contains ¢ closed

balls B1,..., By each of radius h such that,

< Chm—\al—/\/Z—d+d/p|f

D% fll L, (B, MRR)) myw, B(t,MRh)>

for all f € Y™(B(t, MRh)) that vanish at at least one point in each of the balls B;.

Proof. Take vi,...,v, € R? to form a set of unisolvent points with respect to Hm(]Rd).
Then there is a § > 0 such that if (b1,...,bs) € B(v1,d) x -+ x B(vg,d), then by, ..., by
form a set of unisolvent points with respect to II,,(IR?) (Lemma 3.2.4). Thus, scaling the
points v1,...,v by a factor of 1/6 gives us points ui,...,us such that, if (by,...,by) €
B(uj,1) x -+ x B(ug, 1), then by,...,by form a set of unisolvent points with respect to

IT,,(RY). Choose R > 0 such that

4
|J B(ui, 1) € B(0, R).
=1

Let M > 1 and let f € Y™(B(0, MR)). By applying Lemma 3.2.3 to the ball centred at

0 of radius M R, there is a C; > 0, independent of f, such that

ID(f = Pof)llL,Bo,mR) < C1lf|lmw,B0,MR)>

for all b € B(u1,1) x -+ x B(ug,1). Now, let f € Y"™(B(0, MR)) vanish at at least one
point in each B(u;,1). There exists a by € B(u1,1) x -+ x B(uy, 1) such that B, f = 0.
Thus

1D fll L, Bo,mR)) < C1lflmw,B0,MR)-
Let h > 0 and let t € RL  Set o(z) = (z — t)/h for all z € R? and set B; =
oY (B(u;,1)) = B(hu; + t,h) for i = 1,...,4, so that each B; is a closed ball of ra-
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dius h. Let x € B;, then o(z) € B(u;,1) C B(0,R). Thus, x € 0~ }(B(0,R)) = B(t, Rh)
so that B; C B(t, Rh). Finally, let f € Y™(B(t, M Rh)) vanish at at least one point in
each B;. Then foo~! € Y™(B(0, M R)) and vanishes at at least one point in each B(u;, 1).
Hence, by systematically applying the change of variable result of Lemma 2.1.3 followed

by Lemma 3.1.16, it follows that
W= DfI L suarrny) = 1D*(f o 0 YL, Bo.MR))
< C1|f 00 mwBOMR)
< CLOh™ N2 fl o B AT RS
for some constant Cy > 0, independent of f. O
It is worth commenting that one only obtains a useful estimate in the previous lemma
when —\/2 —d/2 > 0 (in other words when A +d < 0).
Theorem 3.2.6 (Light and Wayne [50]). Let w : R? — R satisfy (W0) and (W1). Then
the set {f € Z™(R%) : fe C3°(RY)} is dense in Z™(RY).
Lemma 3.2.7. Let w : R? — R satisfy (W1) and (W4)-(W7). Let Q be a bounded
domain in R and let f € Z™(RY). Then floe Y™ ().

Proof. Let f € Z™(IR?%). By virtue of Theorem 3.2.6, for each n € Z, there is a g, €
N Z™MRY) with |f — gal,, yrge < 1/n. Let ¢ € C(RY) with ¢ = 1 on Q and set

fn = ogn € C’go(IRd). Now, for each n € Z, |fulmwao = |gn

m,w, 2 < ‘gn’m,w,]Rd < 0.

Thus, {f»} is a sequence in X" (). Let £ > 0 and choose s,t > 2/e, then we have

|fs - ft

m,aw,Q — ’gs - gt‘m,w,Q < ‘gs - gt|m7w7]Rd

<f = Gslmwmre 1 = Gty wre <1/s+1/t <e.
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Hence, { f,} is a Cauchy sequence in X" (Q2). Furthermore, f|q is a limit of this sequence;

hence, floe Y™ (). O
It is now time to demonstrate the purpose of all our preparatory steps.

Theorem 3.2.8. Let Q be an open, bounded, connected subset of R¢ satisfying the cone
property. Let w : RY — R satisfy (W1)-(W12) and let m + p > d/2. For each h > 0,
let Ay, be a finite, Hm(]Rd)-unisolvent subset of Q0 with fill-distance h. For each mapping
f: A — R, let St f be the minimal norm interpolant to f on A, from Z™(R?). Then

there exists a constant C' > 0, independent of h such that, for 2 < p < oo,
ID(f = SE )|, < ChmlelmA2mddp p Gh g| - pas ol Sm—d/2+d/p,
and, for 1 <p <2,

1D (f = SE )y < CRm1elmA22d2 p gl g o, | <m—d/2,
for all f € Y™(RY), as h — 0.

Proof. We choose to deal with the case 2 < p < oo first, so we fix |a| < m —d/2 + d/p.
Let us begin by invoking Lemma 3.2.5. So, there exists an R > 0, and for all M > 1, there
exists a C > 0 satisfying the following: for each h > 0, t € R the ball B (t, Rh) contains

¢ closed balls By, ..., By each of radius h such that

1D fll 1, (Bt vrrnyy < CLh™ 1= 2mdb A/ £ vy (3.2.3)

for all f € Y™ (B(t, M Rh)) that vanish at at least one point in each of the balls B;. Now,
let us invoke Lemma 2.2.10 with Rh in place of h. Then there are constants My, Ms, M3

and hg such that for each 0 < h < ho/R there corresponds a set Tj, C 2 such that:
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1. B(t,Rh) C Q for all t € Ty;

2. Q C Uye, B(t, MiRh);

w

> teTy, XB(t,MyRR) < Ma;

W

. |Th| < Mgh_d.

Fix 0 < h < hg/R and t € T},. Then B(t, Rh) C Q contains ¢ balls of radius h. Since
SUp, g Minge 4, |7 — a| < h, each of these balls contains at least one member of Ay,. Let
f € Y™(RY). Then the function f —S* f € Z™(R?) vanishes on Ay, and by Lemma 3.2.7

we are assured (f — S% ) g rny € Y™ (B(t, M1RR)). Hence,

ID*(f = Sp I

al-/2—d+d h
HLP(B(t,Mth))Sth( ~lal=A/2=dtd/p)p| p _ gh ¢

m,w,B(t,M1Rh)" <324)

As a consequence of property 2 and (3.2.4) we obtain

ID(f — Sk f) ML @) < D ID(f - glf)Hip(B(t,Mth))

teTy,

< Cph(m |a|=A/2=d+d/p)p Z |f Sh f’m w,B(t,M1Rh)"
teTy,

Set v(x,y) = —w (x —y)/2. Using the fact that if b € R™ then ||b||, < [|b]|2, for 2 < p < oo,

we have

.\ 2/p
<Z|f S f’mwBtMth>

teTy

Y Y

teTy, |a|:m

/ / o, ) [(D(f — St 1) (&) — (D*(f — % 1)) () darly
(t,My Rh) J B(t,My Rh)

Z /W/B(tMth) o(@, ) |(D(f = Sh (@) = (D*(f = S} )P dedy

€Ty,
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—Z Z Ca/}Rd/ XBtMth) z)

tET) lal=m

(@, )|(D*(f = Sp)) (@) = (D(f = Sp.f))(w)]* dady.

L (S

|a|= teTh

(@, )|(D*(f = Spf)) (@) = (D(f = Sp.f))(y)]* dady.

Continuing, it follows from property 3 that,

S U= S seanny < MEPLf = ShFE o

teTy

Hence, upon setting Cy = C’1M21/2,
1D (f = Spf)lzy () < Coh™1N2RR A f — S| e

We fix |a] < m — d/2 for the remainder of the proof. For the case p = co we simply

observe that

ID*(f = St Pllpw) < sup | D*(f = SiF) Lo (Bt RR)-

teTy,

Now, we can use (3.2.3), which is valid for p = oo, to obtain

ID*(f — Sk )l < CLR™ [ =A/2= dfu})’f SP Flimwo.B(t.My BR)
€1lh

1/2
< Clhm_al_/\/2_d<z ‘f Sh f‘mwB tM1Rh))

teTy

< Coh™ IR f ST f e
The remaining part of the theorem concerns the case 1 < p < 2. Here, we have

1D =Sy < 2 [ (D = S @) de.

teT, / B(t,MLRh)
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Employing the Ly-bound in (3.2.3) once again, we find that

1D (f = S,y < CTRU 12200 N P vol(B(t, MuRR)|f — Sy, £

teTy

(Q) m,w,B(t,M1Rh)

S Cfc?)h( |a‘ /\/2 d+d/p)p Z |f m w,B(t,M1 Rh)’ (325)
teTy

for an appropriate constant C's > 0, independent of h and f. Let r be the number satisfying

p/2 + 1/r = 1. Now, using Holder’s inequality,

1/r p/2
Z|f mwB (t,M1Rh) < <Z 1T> (Z (‘f |mwB tM1Rh))2/p>

teTy, teTy, teT),
1/r \ p/2
< (Z 1T> <Z’f S f|mwB tMth)>
tETh teTh
1 h g2 o/
=071 = SR )
teTy,
We have already established in this proof that
Z|f thMth < Ms|f — f|mw1Rd
teTy
As for |T},|, we know from property 4 that |T},| < M3h~?. Set Cy = Mp/2 l/r , then
Z|f mwB (t,M1Rh) < C’4h*d/7"|f f|mw]Rd - C4h(7d/p+d/2)p‘f f|mw]Rd
teTy,
Hence, by (3.2.5),
1D (f = Sp )G, )  Csh(m1l=A2=a2e p — Gl fP s
with C5 = Cf0304 ]

Our fundamental error estimate for f € Y™ (€2) now follows from the previous theorem
by first extending f in accordance with Lemma 3.1.5 and then using the characterising

Pythagorean property (1.3.3). Let us summarise this as a corollary.
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Corollary 3.2.9. Assume the hypotheses of Theorem 3.2.8. Suppose, in addition, that
Q is a V-domain. Then there exists a constant C > 0, independent of h, such that, for

2 <p< oo,
1D (f = Sh )|z, < CHT A2 6, ol < m —d/2+d/p,
and, for1 <p <2,

ID(f =SB )L,y < CRMIITAZAR2 g g, la| <m —d/2,
for all f € Y™(R2), as h — 0.

The Lj-approximation orders given in Corollary 3.2.9 are not known to be optimal.
For one reason this is because the complete version of Theorem 2.2.7 that appears in [68]
holds for the class of radial basis functions with algebraically decaying Fourier transforms.
Therefore, the theorem reveals the same d/2-gap in the necessary and sufficient Loo-

approximation order that appears in the polyharmonic spline setting.

3.2.2 Estimates for rough data

As before, our rough target function f € Z*(IR?) is adjusted to obtain another function
in 2*(R%), with seminorm in Z*¥(R%) close to f. If k < m, an interpolant F € Z™(IR%)
to f on A is then produced by convolving our adjusted function with an appropriate
approximate identity. We then apply the fundamental error estimate in Z™(IR%) to ||F —
SmF||L, ) (Corollary 3.2.9) before a standard procedure (Lemma 3.2.10) returns us to
an error estimate in Z¥(RY).

Although the following results bare a sizeable resemblance to those we have already
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seen in Section 2.2, we feel we should nevertheless entertain their proofs where appropriate.

This is because the seminorms involved are very different.

Lemma 3.2.10. Let w : R — R satisfy (W0) and (W1). Let k < m and ¢ € C°(RY).
For each h > 0 let ¢p(x) = h=%p(x/h) for x € RE. Then there exists a constant C' > 0,

independent of h, such that for all f € ZF(IRY),

|Pn * f’mngd < Chk_m’f‘k@md-
Furthermore, we have |¢p, * f|,. o ge = o(hF~™), as h — 0.

Proof. Let f € Z¥(R?) and 8 € Z% with |8 = k. Then, (lgﬁ\f)\/ef € Ly(RY). Let us
define (Bf)(z) = f(—x) for all z € RY. Then (B((ﬁf)ﬂ))A € Ly(IR?%). The chain rule
for differentiation gives (D7¢yp)(z) = h=@+*)(DV¢)(z/h) for all z € RY, v € Z4. Thus,

for any v € Z‘j_, we have

[ @605 (BUDTF )W) @) da

:/]Rd

— p2d+h)

e /
Rd

where K = supp (¢). An application of the Cauchy—Schwarz inequality provides us with

2
dx

| (D)@ =) (BUDTF V) () dy

2
dx

/RJDW)(T)(B((@ )Vw) () dy

Rd

/K (D76) () (B((DPf )Ww)) (& — ht) dt

2
dz,

the inequality

[ D6 (BUDPT Vi) )@ da

< h—lel/K|(DV¢)(t)|2dt/RdA\(B((ﬁf)ﬂ)ﬂx—ht)Ithdfr-
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Employing the Parseval formula and Fubini’s theorem in the previous inequality gives

[ D6 (BT V) )@ da
<w2l [ profar [ [ BTV - h) P dedr
<w2l [ orowPar [ |07 Py ar

= vol(K 27/ |(D7¢)(t |2dt/ (DBF)(y)Pw(y)dy,  (3.2.6)

where we have used the change of variables y = ht — x in the inner integral above. Now,
using routine calculations in conjunction with the relation

Z CQZL'QQ _ |:E|2m _ |:L,‘2(k+m—k) _ Z Cﬁl’Qﬁ Z ny{L‘QW

la|=m 18|=k Iy|=m—k

we obtain
D ca [ (DY ) (@) Pw(e)de
la]=m /
= 3 o [ #N0ns @) Pute) da

laf=m

=Y o 3 e [ P en s £ @) ule) ds

1Bl=k  |yl=m—Fk

~ Yo X o [ 000 D) @)

1Bl=k  |yl=m—Fk

=> e > 07/ (DV¢p + D )™ () Pw(z) de

1Bl=k  |yl=m—Fk

Therefore, using the identity

(DY = D ) v/w = (D73, ) (DO f )/w = (D¢,  (B((DP f )V/w)) ™)™,
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and the Parseval formula, we have

S o [ D (60 % ) (@) Pulz) da
Rd

laj=m

=Y o 3 o [ 0 BUDT W) )P e (32)

1Bl=k  |yl=m—k

Combining (3.2.6) with (3.2.7) we deduce that

S o [ D@ ) (@) Puta) da

la)l=m

<Y X e [ ool | 107 Pu)dy

1Bl=k  |vl=m—Fk

vl (R ST e [ (Da)0Far Y e [ DT @)y

Iy|=m—Fk 181=k
This deals with the first part of the statement of the lemma, and we have already seen

how to deal with the remaining part of the lemma in the proof of Lemma 2.2.3. O
For our own convenience we restate Lemma 2.2.4 below in terms of k instead of k — 1.

Lemma 3.2.11. Suppose ¢ € C’(‘)’O(IRd) is supported on the unit ball and satisfies
/ p(x)dr =1 and o(x)x*dx =0, for all 0 < |a| < k.
R4 R4

For each ¢ > 0 and x € RY, let ¢.(x) = e %¢p(x/e). Let B be any ball of radius h and
centre a € RY. For a fized p € T(RY) let f be a mapping from R? to R such that

f(z) =p(x) for all z € B. Then (¢ * f)(a) = p(a) for all e < h.

Theorem 3.2.12. Let w : R? — R satisfy (W1)-(W12) with respect to k. Let k+u > d/2
and m > k. Let A be a finite subset of R? of separation q > 0. Then for all f € X*(IR?)

there exists an F € X™(RY) such that:
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1. F(a) = f(a) for all a € A;

2. there exists a C > 0, independent of f and q, such that \F|k’w’]Rd < C|f|k’w,]Rd and

|F‘m,w,]Rd = qu_m|f|k,w,]Rd‘

Proof. Take f € X¥(IR?). For each a € A let B, C IR? denote the ball of radius § = ¢/4
centred at a. Let ¢ = dim(II;(IR?)). For each B, let g, be constructed in accordance with
Lemma 3.1.17. That is, for each a € A take ¢/ = (co,...,¢,) € B! and g, € XF(RY)

such that:

1. a,c, ..., co are unisolvent with respect to II;(IR%);

2. ga(z) = (f — P,y f)(x) for all x € By;

3. Plae)f € (RY) and (P f)(a) = f(a);

4. go(x) =0 for all |x — a|] > 26;

5. there exists a C1 > 0, independent of f and By, such that |gal ,, ga < C1[f|kw,B.-
Note that if a # b, then supp (g,) does not intersect supp (gp), because

|z —b] > |b—al — |z —a] > 2q— 26 = 6,

for all € supp (ga). Let U = Jyc 4 supp (gp) and set v(z,y) = —w (z — y)/2. Then, by

splitting up the double integral, we obtain

2 2
a;g“ . O%fa /IR /]Rd“@”’y) a;((D 9a)(x) = (D"ga) ()| dody
2
s Ay 2 (D) @)~ (D°gu) )| ey
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2
dzdy

+AMMLMawg;w%mm—@wmwn
S (D)) — (D0 ()

o o N
+ [ [ o)

We now consider separately each of these four double integrals. Firstly, the integral over

2
dzdy

2

> (D%ga) (@) = (D%9a) (1))

acA

dxdy).

R? \U x R? \ U is zero because ), 4 ga is supported on U. Next, using the observation

above regarding the support of g, it follows that

2
O;kay /le\U/UU(x’y) g((D 9a)(z) — (D%¢a)(y))| dzdy
2
- o uL, D q)(z)| dzd
l;‘lh;k /IRd\U/Supp(gb) (@,y) (;4( 9a)() Yy

:cha/

[ el 0P dsdy
beA |a|=k RAU Jsupp (95)

[ el 0rm)e) - (D) )P dody
NU Jsupp (gp)

be A
Similarly,
2
S [ [ vl (D)) - (D)) dedy < Slanl g
loj=k YU /RAU acA beA

Before calculating the final integral let us examine the following expression. Let b € A

and o € Z% with |a| = k be fixed, then

v(z, D%g)(x) — (D%g, 2 dzd
S Lo o) - (%)) drdy

o)
- v(z, y)I(D%gp)(z) — (D" Dg.)(x) — (D%ge) (y)|? dzd
%Amﬂmﬁym%w<gmw<m><ww y
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= Z /Supp (g¢) /Supp (9v) v(@,y)|(D*g)(x) = (D%gp) (y)|* dudy

ceA
c#£b

2 v(z, D%g.)(x) — (D%g, 2 dad
w2 [ e (D% - (D) andy

ceA
c#b

<2 | @0 @) — (D g ) dedy

i C;L\ /md /supp (o0) v(@, y)|(D?ge) (@) — (D%ge) (y)|* dady.
c#b

Now, by using our observation regarding the support of g, once again, it follows that

ZCQ/U/U’U(JZ,Q)

|a|=k

2
dzdy

> (D%a)(x) = (D*ga)(y))

acA
[ et
(ge) Jsupp (gp)

DI
/ o (D) (&) — (D*g0) ()P dady
) Jsupp (gp)

2

> (D%ga)(x) = (D%ga)(y))| dady

acA

bEA cEA |a|=k Supp

-y Y

bEA cEA |a|=k supp (ge

:cha/

beA |a|=k supp (gs)

DI |

bEACEA o=k 7 SUPP(ge
c#£b

S Z‘gb@,w,ﬂ%d +2 Z|gb‘i,w,]Rd +2 Z’gc‘i,w,]f{d
be A be A ceA

S 5 Z’gb‘i,w,le'
be A

/ (D))~ (D)) dedy

| el @) - (D) )P dedy
) Jsupp (gp)

Hence,
2

> Ga

acA

<7 Z ‘ga’i,w,]Rd'
kRS Gen

Applying Condition 5 to the above equality we have

2

> Ga

acA

< 7O Y R, < TCHSI o
kaw,RY acA
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Now, set H = f — > ,c 4 ga- It then follows from Condition 1 that H(x) = (P, f)()
for all # € B,, and from Condition 3 that H(a) = f(a) for all a € A. Let ¢ € C§°(RY) be

supported on the unit ball and enjoy the properties
/ o(x)dr =1 and ¢(x)x*dx =0, for all 0 < |a| < k.
R? R?

Let FF = ¢5 * H. By Lemma 3.2.10, there is a constant C> > 0, independent of ¢ and f,

such that

2

P2, g < Czé“’“””\f N
aceA

< 208%™ (f\i w R T

> 9a

acA

2 )
kaw,RY

kaw,IR?

< 205(1+ 7CH)S*E M| fE e

Similarly, there is a constant C3 > 0, independent of ¢ and f, such that

2
‘F|i,w,]Rd < 03

f_zga

acA

o <205(1 + 7012)|f\§7w7Rd.
7w7

Thus, |F],, , ge < qu_m]f\k7w7Rd and |F|; , ge < C|f;,,, ge for some appropriate con-
stant C' > 0. Finally, because F = ¢s * H and H|p, € II;(IR?) for each a € A, it follows

from Lemma 3.2.11 that F'(a) = H(a) = f(a) for all a € A. O

Theorem 3.2.13. Let Q € R? be a V-domain and let w : R — R satisfy (W1)-(W12)
with respect to m. Let k + pu > d/2 and m > k. For each h > 0, let Ay be a finite,
Hm(]Rd)—unisolvent subset of Q with fill-distance h and mesh-ratio p. For each mapping
f:An — R, let St f be the minimal norm interpolant to f on A, from Z™(R?). Then

there exists a constant C' > 0, independent of h, such that, for 2 < p < oo,

ID(f = Sk )l ) < CRETIZA2mdRdppm=k g6, ol <k —d/2+d/p,
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and, for1 <p <2,
ID(f =SB )1,y < CRFTII=A A2 gm=k g o, la| <k —d/2,

for all f € Y¥(Q), as h — 0.

Proof. Take f € X*(RY). Construct F in accordance with Theorem 3.2.12 and set G =
f—F. Then F(a) = f(a) and G(a) = 0 for all a € Aj. Furthermore, there is a constant

C1 > 0, independent of f and h, such that

h k—m
Fluwrs <€ (5) Wl (3.2.80)

Thus St f = St F and S!'G = 0, where we have adopted the obvious notation for SJ;

hence,

ID*(f = SmN)z,0) = IDY((F + G) = SpF) 1,0

< IDU(F = Sy F)l ) + DG = SEG)| 1, 0)-

Now, combining the error estimate in Corollary 3.2.9 with the bounds in (3.2.8) we obtain
the result for all f € X*(IRY). In particular, we have established the result for all f €
X*RY). As X*(IR?) is a dense linear subspace of Y*(IRY) the result extends to hold for
all f € Y*(IR?) using a standard normed space argument (Theorem 3.2.2). To complete

the proof we merely let f € Y*(Q) and define f in accordance with Theorem 3.1.5. [

Corollary 3.2.14. With the notation and assumptions of Theorem 3.2.13, suppose there

is a quantity r > 0 such that the mesh-ratio of each Ay, is bounded above by r for all h > 0.
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Then there exists a constant C' > 0, independent of h, such that, for 2 < p < oo,
ID(f — S ),y < CRFII=AZ=dvd g o0 ol <k —d/2+d/p,

and, for1 <p <2,

ID(f =SB )1,y < CRFleI=A2=dl2 ¢

kw, Qs la| <k —d/2,

for all f € Y*(Q), as h — 0.

3.2.3 Auxiliary results

After we established the Ly-estimate for rough functions in Section 2.2, we went on to gen-
erate £,-estimates and also prove the boundedness of the associated interpolation operator.
For the /,-estimates, the same can be done here in this more general setting. We choose
to omit the proof, which follows the same pattern as Theorem 2.2.12, and merely state
the result below. However, following the proof pattern of Theorem 2.2.14, in an attempt
to show the boundedness of the interpolation operator in this setting, will fail. This is
because we do not possess an estimate for the seminorm |- | .0 like we did, analogously,

in the polyharmonic spline setup.

Theorem 3.2.15. Let Q € R? be a V-domain and let w : R — R satisfy (W1)-(W12)
with respect to m. Let k4 p > d/2 with m > k and let || < k —d/2. For each h > 0, let
Ay be a finite, I, (RY)-unisolvent subset of Q with fill-distance h and mesh-ratio p. Let
B be another finite subset of 2, with mesh-ratio o and separation distance qg < h. For

each mapping f : A, — R, let S® f be the minimal norm interpolant to f on Ay from
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Zm(]Rd). Then there exists a constant C > 0, independent of h and B, such that,

| D(f — Sh Il Chk_‘al_/\/Q_der/pp _kad/p|f|k,w,(z, 2<p<oo,
m 25(B) <
Chk—\ozl—>\/2—d/2pm—/“30d/p‘f|k,w,Q7 1<p<2,

for all f € Y¥(Q), as h — 0.

Corollary 3.2.16. With the notation and assumptions of Theorem 3.2.15, suppose there
s a quantity r > 0 such that the mesh-ratio of each Ay, is bounded above by r for all h > 0.

Then there exists a constant C' > 0, independent of h and B, such that,

1D (f gh Al Chk—|Oz|—/\/2—d-l-cl/100d/p‘f|k’w’Q7 2 <p< oo,
md M, B) <
Chk_|a|_)\/2_d/2ad/p‘f|kz,w,Qa 1<p<?2,

for all f € Y*(Q), as h — 0.

Finally, we close this chapter by noting that the comment given on Page 48, when
rewritten in the weighted Beppo Levi setting, remains valid. That is, the method of proof
we employ to establish Theorem 3.2.13 is not limited to interpolation, but can be used
to deliver an error estimate for rough functions for a class of approximation schemes as

well.

102



Chapter 4

Interpolation of smooth functions
using the scattered shifts of a

basis function

Whenever the interpolation points are taken to be an infinite grid of fill-distance h and
Q is taken as the whole of IR?, it can be shown that the m-th order polyharmonic spline
interpolant enjoys, in the uniform norm, the convergence order O(h®™), provided f is
sufficiently smooth (see Buhmann [11]). Notice that this is around twice the established
approximation order that one has in the bounded domain setting. It is owing to edge
effects that one loses around half the accuracy near the boundary. This corroborated
experimental evidence first reported by Powell and Beatson [61].

The purpose of this chapter is twofold, firstly we would like to show that if certain

additional smoothness requirements and boundary conditions are met, the fundamental
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error estimate can be at least doubled. This is achieved by an elegant trick, reminiscent
of the Aubin—Nitsche trick which arises in the theory of partial differential equations
(see Ciarlet [16, Page 136]). We consider both the polyharmonic spline and generalised
polyharmonic spline settings that have dominated this work so far. Secondly, we add new
estimates for classes of functions with smoothness lying, in some sense, between the native

space and the space of functions that enjoy this super-convergence property.

4.1 Improved error estimates

Although applying the Aubin—Nitsche trick to radial basis functions is not a particularly
new idea (see Schaback [66], Wendland [74] and Yoon [82]), we still repeat it here. However,
we do so not unnecessarily, for we also close a gap missed in these papers by considering
derivatives of the error as well. It is this step that allows us to achieve our second goal of
the chapter.

We begin by working in the setting described in Section 3.1. For a domain Q c R?

and 3 € Z% | we define the space Y (3,Q) b

. 12m
"(6,9) = {f = ym(Rd) g€ LQ(IRd) and supp (g) C Q2 where g = H()glv}y

and define a seminorm on Y™ (f3,2) via

a 202 1/2
f\wm—( > ca/ (D2] x%' (@ )da:) . for feY™(B,Q).

|a|=2m

A helpful routine calculation reveals that

2m
’f‘uﬂ,ﬂ H | | fw

Lg(]Rd).
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Theorem 4.1.1 (Lebesgue’s monotone convergence theorem [62, Page 21]). Let {f;} be

a sequence of measurable functions on RY, and suppose that:
1. 0< fi(z) < fa(z) < -+ < 00 for every x € RY:
2. fo(z) — f(z) as n — oo, for every x € R,
Then f is measurable, and
- fn(:p)dx—>/]Rd f(z) dex, as n — oo.

Theorem 4.1.2. Let Q be an open, bounded, connected subset of R? satisfying the cone
property. Let w : RY — R satisfy (W1)-(W12) and let m 4+ u > d/2. For each h > 0,
let Ap, be a finite, Hm(IRd)—umsolvent subset of Q0 with fill-distance h. For each mapping
f: A, — R, let St f be the minimal norm interpolant to f on A, from Z™(R?). Then

there exists a constant C' > 0, independent of h, such that, for 2 < p < oo,

D = Sl Ly < ORI PImATSZR R 1 o 5 o] < mo—d)/2+d/p,
and, for1 <p <2,

ID(f =SB )1, ) < CREI=IBI=A ) o s, la] <m —d/2,
for all |B] <m and all f € Y™(5,92), as h — 0.

Proof. Let f € Y™(3,9Q) and set E = f — S” f. By invoking Theorem 3.2.8 we may assert
the existence of positive constants C; and hg, independent of f and h, such that, for a

fixed h < hg, we have, for 2 < p < oo,
IDE|| 1) < Clhmf\alfA/LcHd/p|E|m’w’]Rd7 la| <m—d/2+d/p,
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and, for 1 <p < 2,
IDElp,0) < CrR™ N ARIB] ey Jal <m - df2,

Since f € ym(IRd) the interpolant S’ f has the characterising Pythagorean property (1.3.3).

In other words, for all |a| = m,

[ (BB DT @t az =o.

Consequently,

2 = C /a\ X T r)w\xr X
PBs = 3 o [ (DTB)@)(DF)whu(e)d

laf=m

= [ JoPmF@E @)ule) s
Rd
Fix || < m. If we could establish the inequality
/}Rdm?mﬂx)ﬁ (@)w(z) dz < Cohm=IB=N2=d12 g 0 p| (4.1.1)

for an appropriate constant Cy > 0, as h — 0, then the proof would be complete. The
remainder of the proof endeavours to do this. Take F € . with F € Cs°(R?) and

supp (13) C K. Let ¢ € C(RY), then

(\-\mm

[ @B wow = [ (1]

IRd

)<x><| B Vo)) de.  (412)

Because E € Z™(R%) we know that |- |™E /w € Ly(IR%). Therefore, the integral (4.1.2)

will be finite if we can show that ]|m1§¢/\/@ € Lo(IR?Y). To see this, we recall that
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1/w € L¢(RY). Tt then follows that

22| F (2)p(@)2 . [ |2 F (@)e(z))?
/]Rd dx—/K w( ) dz

w(zx) x

< C1/ ! dx
K w(z)

< 090,

for an appropriate constant C; > 0. Now, let 0 < w; € COO(IRd) form a monotone
increasing sequence of functions converging uniformly to w on compact subsets of R%. Set
Gj=|- |2m w;/(i-)P. Since (4.1.2) is finite for all ¢ € C(IRY), there is no problem with

the finiteness of the following integral,

[P F (@) B () () da = / Gy(a)()E (x) da
R R

= [ Gi(@)(DIE)(z)da.
R

For A € ./ we denote the action of A on ¢ € . by [A, ¢]. The function DPE is locally

integrable except in a neighbourhood of the origin. To see this we observe that

8 =4  pop,

55 =yE =L 6rp = 40

(i-)*
and acknowledge that D°F € LP¢(RY). Furthermore, the singularity is not too bad since
the function (-)*=" DPE is integrable near the origin. A feature of how such functions are
viewed as distributions is as follows; if the integral of the distribution against a particular
test function exists, then this is precisely the action of that distribution on that test func-
tion (see Donoghue [18, Page 114] for details of the analytic continuation of distributions).

Hence,

/]Rd|a:|2mﬁ($)ﬁ(w)wj(:v) dz = [DPE,G;] = [D°E,Gj .
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The distribution DPE is in LP¢(RY); therefore,

/ a2 F (@) F (@ywj(@) da = | G (2)(DE)(w) da.
R R

Hence, by Lebesgue’s monotone convergence theorem (Theorem 4.1.1),

/ d|x\2m? (2)E (z)w(z) dz = d@(x)(DﬁE)(x) dz,
R R

where we have set G = \-|2mf w/(i-)?. Now, by virtue of the density result (Theo-

rem 3.2.6), we can replace F' by f in the previous equality and obtain

[ JeP"F@E @) de = [ G@)DE)z) da.
R

]Rd
withg = |- \QW?w /(i-)8. By assumption supp (§) C Q. Thus, by using the Cauchy-Schwarz

inequality and Parseval formula, we have

/]Rd|x!2mf(x)ﬁ(x)w($) dz < (/Q@(x)’z(h) 1/2 (/Q‘(DﬁE)@)‘de) 1/2

_ H\-?mfw
(i.)ﬂ

IDPE|| 1)
Lo(R%)

_ H|~2mfw
()7

IDPE|| 1)
La(RRY)

= |f’w2,ﬁHDﬁEHL2(Q)

Finally, applying Theorem 3.2.8 to the term || D?E)|| Lo(0) In the previous inequality estab-

lishes (4.1.1). O

Theorem 4.1.2 yields two interesting corollaries. The first of these is the error doubling
result that we have already alluded to. This follows by setting 8 = « in Theorem 4.1.2.
The second result, although not strictly speaking a corollary, provides at most three halves

of the approximation order predicated by the fundamental error estimate.
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Corollary 4.1.3. Under the same assumptions as Theorem 4.1.2, there exists a C' > 0,

independent of h, such that, for 2 < p < oo,

ID(f = S )|z 0) < CRHMTIITARZURTARER fl o o ol < m—d/2+d/p,
and, for1 <p <2,

ID(f = S Py () < CRHTA2ADf] o o <m —d/2,

forall f € Y™(,Q), as h — 0.

Corollary 4.1.4. Assume the hypotheses of Theorem 4.1.2. Let n > 2 and suppose
a=aqi,q,...,0, € fo_ with |ag|, ..., |an| < m. Then there exists a C > 0, independent

of h, such that, for 2 < p < oo,

n—1
ID(f = ShF) L) < Cho®=dr2tdlp g2 Hml/” la] < m —d/2+d/p,

m w,]Rd w2 a; ’

and, for1 <p <2,

i—1
ID*(f = Sk AL, < Chg(h)\fuf H\f|1/2] la] <m —d/2,

w,RY w205

for all f € j_y Y™ (j,Q), as h — 0. Where o(h) =377, M

Proof. We give the proof for 2 < p < oo and comment that the case 1 < p < 2 is

established similarly. Follow the proof of Theorem 4.1.2 until we arrive at the inequality

|f = Sp oy ma < w2 s

1D°(f = S )l Lymey,  for all [B] < m. (4.1.3)

Let |a1| < m —d/2+d/p, |azl,....|an| < m and f € Ny V" (e, Q). It follows by
combining (4.1.3) with Theorem 3.2.8 that there exits a C1 > 0 and hy > 0, independent
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of h and f, such that, for h < hq,
1D (f = ST, ) < CLhPmIalm AR am gl o D (f = S )l L)
Similarly, there exists appropriate numbers he > 0 and Cy > 0 such that, for all A < ho,
1D (f = Sy )Ty < Coah A2 f o (D (f = S5 ) 1 (0)-

If we continue to split in this manner until we can no longer split anymore, we end up

with a total of n — 1 inequalities, the last of which being, for h < hy,_1,

D=1 (f = Sh P[0y < Coa B2 lont A=) fl oy o D (f = S ) Lo

ol
Using Theorem 3.2.8 for a final time, there exists a C,, > 0 and h,, > 0, independent of f

and h, such that, for all A < Ay,

1D (f = S )l Loy < CohmlomlZARZA2] p Gh f| 1

< Cnhm—|an\—>\/2—d/2

w,k,R%"

Set C' =[]}, C;/ " We now have a total of n inequalities and combining them establishes

the result. O

We do not want to neglect the polyharmonic splines in this chapter, so set out below is
the analogous restatement of Theorem 4.1.2 and its associated corollaries in that setting.

Of course, the definition of Y™ (3, 2) must be changed accordingly to

BLA) = {f € BL™(R?) : g € Ly(R") and supp (§) C Q where g = |(|2;r;f },

with seminorm

a 1/2
|f!g—< > ca/ (D ;;5 dx) ,  for f € BL™(3,9).

|a|=2m
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Theorem 4.1.5. Let Q be an open, bounded, connected subset of R? satisfying the cone
property and let m > d/2. For each h > 0, let Ay, be a finite, I, _1 (IR?)-unisolvent subset
of Q with fill-distance h. For each mapping f : A, — R, let SP f be the minimal norm
interpolant to f on Ay from BLm(IRd). Then there exists a constant C > 0, independent

of h, such that, for 2 < p < o0,

ID*(f = S|z, ) < CRH AR flg o] <m —d/2+d/p,
and, for1 <p <2,

ID%(f = S|z, < CR 1P £, o] <m —d/2,

for all f € BL™(3,9), as h — 0.

Corollary 4.1.6. Under the same assumptions as Theorem 4.1.5, there exists a C > 0,

independent of h, such that, for 2 < p < oo,

ID(f = S D)Ly < CRHmD=AH R fl, o] <m—d/2+ d/p,
and, for1 <p <2,

1D%(f = S Pz, < CRZD fla, o <m —d/2,
for all |a] <m and all f € BL™(«,Q2), as h — 0.

Corollary 4.1.7. Assume the hypotheses of Theorem 4.1.5. Let n > 2 and suppose
a=aa1,Q,...,0, € Zi with |agl, ..., |an| < m. Then there exists a C > 0, independent

of h, such that, for 2 < p < o0,

1D (f = S )y < Cho® =2l g 1200 H\fW L Jal<m—d/2+d/p,
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and, for1 <p <2,

m,R a; ’

n—1 n -
ID(f = SE )0 < CROPIFY2 L TTIAY la| <m—d/2,
j=2

for all f € (V/_y BL™(c;,9), as h — 0. Where o(h) = 7 "1%1,
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Chapter 5

Conclusions and further work

The bulk of this thesis has focussed on obtaining estimates for the error in interpolation
using radial basis functions when the approximand lies outside the interpolant’s native
space. Chapters 2 and 3 have been very successful in addressing this problem for the
polyharmonic splines and its cousins.

Some important radial basis functions fail to fit into our theory. In particular, the
Gaussian and (inverse) multiquadric, which we discussed in the introductory chapter, are
not included. These basis functions belong to the class of radial basis functions whose
Fourier transform exhibits exponential decay. Two reasons why our theory, as it stands,
can not be directly applied to basis functions, like the Gaussian and (inverse) multiquadric,
are as follows. Firstly, extension theorems are an integral part of our technique. It is shown

in Levesley and Light [46] that the seminorm for the Gaussian,

R , 1/2
lx = ([ JFanear)
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for example, can be rewritten in direct form as

* 1 1/2
x = (X 1B we)
=0

This calculation enables us to define the associated local native space in the obvious way.
Extension theorems for this local native space will need to be established. Secondly, the
technique of smoothing a rough function by convolution with an approximate identity, like
that used in Lemma 2.2.3 and Lemma 3.2.10, will need to be replaced appropriately in
this different setting. This is because it is unable to render a function, say f € BL* (]Rd),
smooth enough so that |¢p, * f|x < oc.

For the class of radial basis functions with exponentially decaying Fourier transforms,
only the spectral approximation orders that occur when the approximand belongs to the
appropriate native space are known. These date back to the work of Madych and Nel-
son [54]. However, for a radial basis function belonging to this class, there is acknowledged
a genuine scarcity of functions in its associated native space. One could almost say that
such spaces consists of little more than the bandlimited functions alone. To go some way
to completing the theory, it would be very desirable to orchestrate an escape from the
native space of this class of smooth radial basis functions as well as for the polyharmonic
splines and the generalisation of them contained in Chapter 3. It is disappointing that for
the Gaussian and inverse multiquadric there are currently no results of this flavour, and
for the multiquadric there are only the non-stationary results of Yoon [80, 81, 82].

Another reason why we would like to have established error estimates for rough func-
tions using smooth basis functions emerges when solving partial differential equations

(PDEs) via the so-called RBF collocation method (see Kansa [45] and Fasshauer [25]).

114



Here, one considers a linear PDE of the form

Lu = f, in Q c RY,

Bu =g, on 0,
where {2 is a bounded domain and 0f2 is at least Lipschitz-continuous. The functions f
and g are supplied. The operators L and B are linear differential and boundary operators,
respectively. The approach is to select two disjoint sets of nodes A; C Q, Ay C 9N and

solve the following interpolatory system

AU = f(a), ae A,
mwU = g(b), be As.
Here U is our approximation to the solution of the PDE and is chosen to be of the specific

form

U= calha®))(- —a)+ Y di(m)(- —0).

ac Ay be Az

The linear functionals A, and pp are selected to describe, in a discrete sense, the op-
erators L and B respectively. Thus to find U we must solve a square system of linear
equations—the collocation matrix. Choosing the radial basis function ¢ to be strictly
positive definite and smooth is one way of rendering the collocation matrix nonsingular
(see Wu [77]). As mentioned in the introduction to Chapter 1, the method has enjoyed
applied success. Further, the method has been given theoretical foundation by Franke
and Schaback [27, 28]. The use of smooth basis functions is particularly alluring because
experimental evidence suggests that, in this situation, appropriate convergence orders for
the method can be obtained without implicitly assuming a highly regular solution of the

PDE (see Golberg, Chen and Karur [31]). If one instead employs finite smoothness basis
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functions, such as the polyharmonic splines, then, by virtue of the fixed smoothness, one
potentially restricts convergence order.

In practice the solutions of linear PDEs can be genuinely rough. So, for one to perform
the numerical analysis of the RBF collocation method, estimates of the type sought after
for rough functions are essential. With such estimates one has the prospect of fitting them
into the PDE context and establishing new convergence estimates for the method. The
existing convergence analysis for the method, belonging to Franke and Schaback, applies
to problems with very regular solutions.

Chapter 4 addressed the problem of what can be said if the function being approxi-
mated has additional smoothness properties, and this was successful for the polyharmonic
splines and family. That the Gaussian and multiquadrics do not enter our discussion here
is not so important. This is because there is little room for improvement in the funda-

mental approximation orders that these basis functions provide, being as they are of the

form O(e~1/").
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List of notation and symbols

y/m set of all nonnegative integers

Zi set of d-tuples of nonnegative integers (multi-integers)
D~ partial differentiation operator

R the real number system

R+ set of all nonnegative real numbers

R? d-dimensional Fuclidean space

|- the Euclidean norm on RY, the order of a multi-integer or the
cardinality of a set
IL,,(Q2) the space of real-valued polynomials on Q of degree at most m
() the set of continuous functions on {2
C™(2)  the set of functions on 2 with continuous derivatives up to the m-th order
C>*(92)  the set of infinitely differentiable continuous functions on
Cy (]Rd) space of all compactly supported, continuous functions on R?
C'(R?Y)  the set Co(RY) N C™(IRY)
C3°(RY)  the set Co(RY) N C°(IRY)

Table A: List of standard notation and their meanings.
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L,(2) set of all Lebesgue measurable functions f : @ — R for which [|f[P < oo

I-1lz, ) morm on Ly(€2)

LP¢(RY)  the space of locally integrable functions

S the Schwartz space of rapidly decreasing functions on IR?

S’ the space of continuous linear functionals on .%

* convolution operator
W) Sobolev space

|- {lm,0 norm on W3 ()

the (distributional) Fourier transform

Table A: Continued.

BL™(RY) 13
BL™(Q) 20
| [0 20
~ 24
% 25
I-lle 32, 76
Z™MRY) 60
X™(Q) 64

Table B: List of special symbols and the page numbers on which they first appear.
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w9
1 .0,
Xm(Q)
ym(Q)
ym(s,9)

| lw2,
BL™(j3,9)

|- ls

65

65
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104

110

110



Bibliography

1]

R. A. Adams. Sobolev Spaces, volume 65 of Pure and Applied Mathematics. Academic

Press, San Diego, CA, 1978.

M. Atteia. Fonctions “spline” et noyaux reproduisants d’Aronszajn-Bergman. Rev.

Francgaise Informat. Recherche Opérationnelle, 4(R-3):31-43, 1970.

R. K. Beatson, G. Goodsell, and M. J. D. Powell. On multigrid techniques for thin
plate spline interpolation in two dimensions. In The mathematics of numerical analy-
sis (Park City, UT, 1995), volume 32 of Lectures in Appl. Math., pages 77-97. Amer.

Math. Soc., Providence, RI, 1996.

R. K. Beatson and W. A. Light. Fast evaluation of radial basis functions: methods for

two-dimensional polyharmonic splines. IMA J. Numer. Anal., 17(3):343-372, 1997.

A. Y. Bezhaev and V. A. Vasilenko. Variational theory of splines. Kluwer Aca-

demic/Plenum Publishers, New York, NY, 2001.

D. Braess. Finite Elements. Theory, Fast Solvers, and Applications in Solid Mechan-

ics. Cambridge Univ. Press, Cambridge, UK, 1997.

119



7]

[11]

[13]

[14]

[15]

R. Brownlee. Error estimates for interpolation of rough data using the scattered shifts

of a radial basis function. To appear in a special issue of Numer. Algorithms, 2004.

R. Brownlee and J. Levesley. A scale of improved error estimates for radial approxi-

mation in Euclidean space and on spheres. Submitted to Math. Comp., 2004.

R. Brownlee and W. Light. Approximation orders for interpolation by surface splines

to rough functions. IMA J. Numer. Anal., 24(2):179-192, 2004.

R. A. Brownlee. Error estimates for interpolation of rough data using the scattered

shifts of a radial basis function. Numer. Algorithms, 39(1-3):57-68, 2005.

M. D. Buhmann. New developments in the theory of radial basis function interpola-
tion. In Multivariate approximation: from CAGD to wavelets (Santiago, CL, 1992),
volume 3 of Ser. Approz. Decompos., pages 35—75. World Sci. Publishing, River Edge,

NJ, 1993.

M. D. Buhmann. Radial basis functions. In Acta numerica, 2000, volume 9 of Acta

Numer., pages 1-38. Cambridge Univ. Press, Cambridge, UK, 2000.

M. D. Buhmann. Radial basis functions: theory and implementations, volume 12
of Cambridge Monographs on Applied and Computational Mathematics. Cambridge

Univ. Press, Cambridge, UK, 2003.

E. W. Cheney. Introduction to Approximation Theory. McGraw—Hill, New York, NY,

1966.

E. W. Cheney and W. A. Light. A Course in Approximation Theory. Brooks Cole,

Pacific Grove, CA, 2000.

120



[16]

[19]

[20]

[21]

[22]

P. G. Ciarlet. The Finite Element Method for Elliptic Problems. North Holland, New

York, NY, second printing edition, 1987.

J. Deny and J. L. Lions. Les espaces du type de Beppo Levi. Ann. Inst. Fourier,

Grenoble, 5:305-370 (1955), 1953-54.

W. F. Donoghue. Distributions and Fourier Transforms, volume 32 of Pure and

Applied Mathematics. Academic Press, New York, NY, 1969.

M. R. Dubal, S. R. Oliveira, and R. A. Matzner. Solution of elliptic equations
in numerical relativity using multiquadrics. In Approaches to numerical relativity
(Southampton, UK, 1991), pages 265-280. Cambridge Univ. Press, Cambridge, UK,

1992.

J. Duchon. Interpolation des fonctions de deux variables suivant le principe de la flex-
ion des plaques minces. Rev. Francaise Automat. Informat. Recherche Opérationnelle

Sér. Rouge Anal. Numer., 10(R-3):5-12, 1976.

J. Duchon. Splines minimizing rotation-invariant semi-norms in Sobolev spaces. In
W. Schempp and K. Zeller, editors, Constructive theory of functions of several vari-
ables (Proc. Conf., Math. Res. Inst., Oberwolfach, DE, 1976), pages 85-100. Lecture

Notes in Math., Vol. 571. Springer, Berlin, DE, 1977.

J. Duchon. Sur lerreur d’interpolation des fonctions de plusieurs variables par les

D™-splines. RAIRO Anal. Numér., 12(4):325-334, vi, 1978.

121



23]

[24]

[26]

[27]

[30]

[31]

N. Dyn. Interpolation of scattered data by radial functions. In Topics in multivariate
approximation (Santiago, CL, 1986), pages 47-61. Academic Press, Boston, MA,

1987.

N. Dyn. Interpolation and approximation by radial and related functions. In Ap-
prozimation theory VI, Vol. I (College Station, TX, 1989), pages 211-234. Academic

Press, Boston, MA, 1989.

G. E. Fasshauer. Solving differential equations with radial basis functions: multilevel

methods and smoothing. Adv. Comput. Math., 11(2-3):139-159, 1999.

G. B. Folland. Real Analysis: Modern Techniques and Their Applications. Pure and

applied mathematics. Wiley-Interscience, New York, NY, second edition, 1999.

C. Franke and R. Schaback. Convergence order estimates of meshless collocation

methods using radial basis functions. Adv. Comput. Math., 8(4):381-399, 1998.

C. Franke and R. Schaback. Solving partial differential equations by collocation using

radial basis functions. Appl. Math. Comput., 93(1):73-82, 1998.

P. B. Gilkey. The Index Theorem and the Heat Equation. Number 4 in Mathematics

Lecture Series. Publish or Perish, Boston, MA, 1974.

F. Girosi. Some extensions of radial basis functions and their applications in artificial

intelligence. Comput. Math. Appl., 24(12):61-80, 1992.

M. A. Golberg, C. S. Chen, and S. R. Karur. Improved multiquadric approximation

for partial differential equations. Fngng. Anal. Boundary Elem., 18:9-17, 1996.

122



32]

33]

[34]

[35]

[38]

[40]

M. Golomb and H. F. Weinberger. Optimal approximation and error bounds. In
On numerical approrimation. Proceedings of a Symposium, Madison, W, April 21—
23, 1958, Edited by R. E. Langer. Publication No. 1 of the Mathematics Research
Centre, U.S. Army, Univ. of Wis., pages 117-190. Univ. of Wisconsin Press, Madison,

W, 1959.

K. Guo, S. Hu, and X. Sun. Conditionally positive definite functions and Laplace-

Stieltjes integrals. J. Approx. Theory, 74(3):249-265, 1993.

R. L. Harder and R. N. Desmarais. Interpolation using surface splines. J. Aircraft,

9:189-191, 1972.

R. L. Hardy. Multiquadric equations of topography and other irregular surfaces. J.

Geophys. Res., 76:1905-1915, 1971.

R. L. Hardy. Theory and applications of the multiquadric-biharmonic method. 20

years of discovery 1968-1988. Comput. Math. Appl., 19(8-9):163-208, 1990.

L. Hérmander. The Analysis of Linear Partial Differential Operators I. Springer—

Verlag, Berlin, DE, 1983.

A. Iske. Multiresolution Methods in Scattered Data Modelling, volume 37 of Lecture

Notes in Computational Science and Engineering. Springer—Verlag, Berlin, DE, 2003.

G. J. O. Jameson. Topology and Normed Spaces. Chapman and Hall, London, UK,

1974.

M. J. Johnson. A bound on the approximation order of surface splines. Constr.
Approzx., 14(3):429-438, 1998.

123



[41]

[42]

[43]

[44]

[46]

[47]

[49]

M. J. Johnson. Overcoming the boundary effects in surface spline interpolation. IMA

J. Numer. Anal., 20(3):405-422, 2000.

M. J. Johnson. The Lo-approximation order of surface spline interpolation. Math.

Comp., 70(234):719-737 (electronic), 2001.

M. J. Johnson. A note on the limited stability of surface spline interpolation. Preprint,

2002.

M. J. Johnson. The L,-approximation order of surface spline interpolation for 1 <

p < 2. Constr. Approx., 20(2):303-324, 2004.

E. J. Kansa. Multiquadrics—a scattered data approximation scheme with applications
to computational fluid-dynamics. I. Surface approximations and partial derivative

estimates. Comput. Math. Appl., 19(8-9):127-145, 1990.

J. Levesley and W. A. Light. Direct form seminorms arising in the theory of in-
terpolation by translates of a basis function. Adv. Comput. Math., 11(2-3):161-182,

1999.

W. A. Light. Radial basic functions from the perspective of splines. In J.-L. Merrien
A. Cohen and L. L. Schumaker, editors, Curve and Surface Fitting: Saint-Malo, FR,

2002, pages 279-294. Nashboro Press, Brentwood, TN, 2003.

W. A. Light and M. L. Vail. Extension theorems for spaces arising from approximation

by translates of a basic function. J. Approx. Theory, 114(2):164-200, 2002.

W. A. Light and H. Wayne. On power functions and error estimates for radial basis

function interpolation. J. Approx. Theory, 92(2):245-266, 1998.

124



[50]

[53]

[54]

[58]

W. A. Light and H. Wayne. Spaces of distributions, interpolation by translates of a

basis function and error estimates. Numer. Math., 81(3):415-450, 1999.

W. R. Madych and S. A. Nelson. Multivariate interpolation: a variational theory.

Unpublished preprint, 1983.

W. R. Madych and S. A. Nelson. Multivariate interpolation and conditionally positive

definite functions. Approx. Theory Appl., 4(4):77-89, 1988.

W. R. Madych and S. A. Nelson. Multivariate interpolation and conditionally positive

definite functions. II. Math. Comp., 54(189):211-230, 1990.

W. R. Madych and S. A. Nelson. Bounds on multivariate polynomials and exponential

error estimates for multiquadric interpolation. J. Approz. Theory, 70(1):94-114, 1992.

J. C. Mairhuber. On Haar’s theorem concerning Chebychev approximation problems

having unique solutions. Proc. Amer. Math. Soc., 7:609-615, 1956.

E. J. McShane and T. J. Botts. Real Analysis. Van Nostrand, Princeton, NJ, 1959.

C. A. Micchelli. Interpolation of scattered data: distance matrices and conditionally

positive definite functions. Constr. Approz., 2(1):11-22, 1986.

F. J. Narcowich, R. Schaback, and J. D. Ward. Approximations in Sobolev spaces by

kernel expansions. J. Approz. Theory, 114(1):70-83, 2002.

F. J. Narcowich and J. D. Ward. Scattered-data interpolation on IR": Error estimates

for radial basis and band-limited functions. Preprint, 2002.

125



[60]

[63]

[64]

[67]

F. J. Narcowich, J. D. Ward, and H. Wendland. Sobolev bounds on functions with
scattered zeros with application to radial basis function surface fitting. Preprint,

2003.

M. J. D. Powell. The theory of radial basis function approximation in 1990. In W.A.
Light, editor, Advances in numerical analysis, Vol. I (Lancaster, UK, 1990), Oxford

Sci. Publ., pages 105-210. Oxford Univ. Press, New York, NY, 1992.

W. Rudin. Real and Complexr Analysis. McGraw—Hill, New York, NY, third edition,

1987.

W. Rudin. Functional Analysis. McGraw—Hill, New York, NY, second edition, 1991.

R. Schaback. Multivariate interpolation and approximation by translates of a basis
function. In Approximation theory VIII, Vol. 1 (College Station, TX, 1995), volume 6
of Ser. Approx. Decompos., pages 491-514. World Sci. Publishing, River Edge, NJ,

1995.

R. Schaback. Approximation by radial basis functions with finitely many centers.

Constr. Approx., 12(3):331-340, 1996.

R. Schaback. Improved error bounds for scattered data interpolation by radial basis

functions. Math. Comp., 68(225):201-216, 1999.

R. Schaback. Native Hilbert spaces for radial basis functions. I. In New developments
in approzimation theory (Dortmund, DE, 1998), volume 132 of Internat. Ser. Numer.

Math., pages 255—282. Birkhauser, Basel, CH, 1999.

126



[68]

[71]

[72]

[75]

[76]

R. Schaback and H. Wendland. Inverse and saturation theorems for radial basis

function interpolation. Math. Comp., 71(238):669-681 (electronic), 2002.

1. J. Schoenberg. Metric spaces and completely monotone functions. Ann. of Math.

(2), 39(4):811-841, 1938.

L. L. Schumaker. Spline Functions: Basic Thoery. Krieger Publishing Company,

Malabar, FL, reprint edition, 1993.

E. M. Stein and G. Weiss. Fourier Analysis on Fuclidean Spaces. Princeton Univ.

Press, Princeton, NJ, 1990.

M. L. Vail. Error Estimates for Spaces Arising from Approzimation by Translates of

a Basic Function. PhD thesis, University of Leicester, Leicester, UK, 2002.

H. Wayne. Towards a Theory of Multivariate Interpolation using Spaces of Distribu-

tions. PhD thesis, University of Leicester, Leicester, UK, 1996.

H. Wendland. Sobolev-type error estimates for interpolation by radial basis functions.
In Surface fitting and multiresolution methods (Chamoniz—Mont-Blanc, FR, 1996),

pages 337—344. Vanderbilt Univ. Press, Nashville, TN, 1997.

H. Wendland. Scattered data modelling by radial and related functions. Habilita-

tionsschrift, Gottingen, DE, January 2002.

J. Wloka. Partial Differential Equations. Cambridge Univ. Press, Cambridge, UK,

1987.

127



[77]

[80]

[81]

Z. M. Wu. Hermite-Birkhoff interpolation of scattered data by radial basis functions.

Approx. Theory Appl., 8(2):1-10, 1992.

Z. M. Wu and R. Schaback. Local error estimates for radial basis function interpola-

tion of scattered data. IMA J. Numer. Anal., 13(1):13-27, 1993.

J. Yoon. Approximation in Lp(]Rd) from a space spanned by the scattered shifts of a

radial basis function. Constr. Approz., 17(2):227-247, 2001.

J. Yoon. Interpolation by radial basis functions on Sobolev space. J. Approx. Theory,

112(1):1-15, 2001.

J. Yoon. Spectral approximation orders of radial basis function interpolation on the

Sobolev space. SIAM J. Math. Anal., 33(4):946-958 (electronic), 2001.

J. Yoon. Ly-error estimates for “shifted” surface spline interpolation on Sobolev space.

Math. Comp., 72(243):1349-1367 (electronic), 2003.

C. A. Zala and I. Barrodale. Warping aerial photographs to orthomaps using thin

plate splines. Adv. Comput. Math., 11(2-3):211-227, 1999.

128



