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Abstract

On Finite Groups of p-Local Rank 
One and a Conjecture of Robinson

B y Charles Eaton

We use the classification of finite simple groups to verify a 
conjecture of Robinson for finite groups G where G/Op(G) has 
trivial intersection Sylow p-subgroups. Groups of this type are 
said to have p-local rank one, and it is hoped that this invariant 
will eventually form the basis for inductive arguments, providing 
reductions for the conjecture, or even a proof using the results 
presented here as a base. A positive outcome for Robinson’s 
conjecture would imply Alperin’s weight conjecture.

It is shown that in proving Robinson’s conjecture it suffices to 
demonstrate only that it holds for finite groups in which Op(G) 
is both cyclic and central.

Part of the proof of the former result is used to complete the 
verification of Dade’s inductive conjecture for the Ree groups of 
type G2.
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1 Introduction and notation

We present the beginnings of a possible inductive approach to Alperin’s weight con­

jecture (see Alperin [2]) suggested by Robinson in [47]. There a conjecture equivalent 

to Alperin’s is presented along with an inductive invariant, the p-local rank of a finite 

group. The hope is that one may reduce to the p-local rank one case (which includes 

those groups with split BN-pairs of rank one in characteristic p). Here we verify 

Robinson’s refined conjecture (Conjecture 4.4) in just this situation by applying the 

classification of finite simple groups (CFSG).

Finite groups G of p-local rank one are those in which G/Op(G) has trivial inter­

section (TI) Sylow p-subgroups (i.e., any two distinct Sylow p-subgroups of G intersect 

in Op(G), the unique maximal normal p-subgroup of G). Finite groups with TI Sylow 

p-subgroups have been studied to an extent by Blau and Michler in [7], in which the 

CFSG is used to prove an earlier conjecture of Alperin, and for a large part of our work 

here we use similar techniques to generalize their results. All groups considered in this 

thesis are finite.

Our main result is the following. The description of Conjecture 4.4 is delayed until 

Chapter 4, since the material of Chapter 3 is necessary to understand it fully.

Theorem 4.7 Conjecture 4-4 holds for every finite group of p-local rank one.

The first five chapters are general in that the results largely apply to all finite 

groups.

In Chapter 2 there is a brief review of the material necessary for the later results. 

This in particular includes a brief introduction to the theory of p-chains, an overview of 

the properties of groups of p-local rank one and a brief discussion on Schur multipliers. 

We do not include however the basic results of Clifford theory or block theory. When 

we refer to ‘Clifford theory’ we refer to any results found in, say Chapter 6 of [29]. Our 

omission of any block theoretic background may be a little more controversial, but we
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feel that what we do use (such as Brauer’s main theorems) is familiar enough not to 

warrant explicit reference. Excellent sources for this material however are [15] and [22].

Chapter 3 contains the Clifford-theoretic reductions we use later in eliminating 

complicated normal p-subgroups or p'-subgroups. The reductions themselves are well- 

known, but their compatibility with block theory has only been discussed fully in the 

setting of twisted group algebras (see [18]). We use notation set up in the first part 

of the chapter to give a review of some results of Kulshammer and Robinson and to 

sketch their proofs.

Chapter 5 largely consists of a proof that (for finite groups of any p-local rank) in 

verifying Robinson’s conjecture it suffices to consider only those groups in which Op(G) 

is both central and cyclic. In doing so we are able to present an apparent refinement 

of Conjecture 4.4 which is in fact equivalent.

The remainder of the thesis concentrates solely on finite groups of p-local rank one, 

and consists of the proof of Theorem 4.7.

In Chapter 6 there is a reworking and extension of the reduction used in [7]. Having 

proved in Chapter 5 that we need only consider finite groups with almost TI Sylow p- 

subgroups (‘almost TI’ is defined in Section 2.3), and after some more Clifford theoretic 

reductions, it is then possible to show that every such group is a central extension of 

an automorphism group of a nonabelian simple group. By examining the relationship 

between the Schur multiplier of a simple group and those of its automorphism groups, 

we are able to reduce to a consideration of automorphism groups of quasisimple groups. 

Such groups are well-covered in the literature. The efficiency of this reduction owes 

much to the results of [6] and to the Schur multiplier package in MAGMA. Classification 

results achieved by Gorenstein and Lyons (p /  2) and Suzuki (p =  2) give a list of 

all nonabelian simple groups of p-local rank one, allowing us to give a full list of the 

remaining possibilities for G.

Chapter 7 consists of the verification of Conjecture 4.4 for the automorphism groups
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of the quasisimple groups listed in Chapter 6 .

In Chapter 8 there is a review of the proof of Theorem 4.7.

In Chapter 9 we verify that Dade’s final (inductive) conjecture (see [20]) holds for 

the finite groups 2G2(32m+1) for the prime 3, completing the verification of Dade’s 

conjecture for this class of groups.

Appendix A consists of the information necessary to replicate the calculations per­

formed on MAGMA.
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L .l .[N o ta tion

G a finite group

H < G H  is a proper subgroup of G

H < G H  is a subgroup of G

H <G H  is a normal subgroup of G

N g(P) the normalizer of P  in G

Cg(P) the centralizer of P  in G

Z(G) the centre of G

Irr(G) the set of irreducible characters of G

(K, R, k) a p-modular system

J(R) the Jacobson radical of a ring R

IBr(G) the set of irreducible Brauer characters of G

with respect to (K , R , k)

KG) \Irr(G)\

1(G) \IBr(G)\

M G ) the number of p-blocks of defect zero of G

w(G,Q) the number of Q-projective irreducible characters of G

(x,0) for characters 6 of G, (*,0) =  J2x£G x{x)Q(x~l )

G a p-chain of G

\g \ the length of a

G„ =  Na (cr) the stabilizer of a under conjugation in G

K the initial subgroup of a

V° the final subgroup of a

C(G) the set of all p-chains of G

X(G) a subset of C(G)

X(G )/H a set of orbit representatives for the action of H  on X(G)

X(G\Q) g  G X(G) with Va = Q
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Xq{G) <t e X{G)  with Q < V a

M{G) o € X{G)  with V9 < NG{a)

71(G) the radical p-chains of G

plr(G) the p-local rank of G

On{G) 7r a set of primes, the unique maximal normal 7r-subgroup of G

Gn 7T a set of primes, the set of elements of G of order

divisible only by primes in 7r. Note that 1 G

H 2(G,FX) the

H2{G,Z) the

[G, G] =  G' the

M(G) the

Aut{G) the

Out(G) the

*(ff) the

wx the

Bl(x) the

CG the

x \h the

M* the

Ko (G) the

xn

bG

IgM

Ft

Ftx

fs(G)

for 7r a set of primes, the 7r-part of a group element/integer x

for a p-block b of H < G, the Brauer correspondent in G

inertial subgroup in G of the character p of N  < G

the field with t elements

multiplicative group of Ft

the number of fixed points of the G-set S

5



irr(G) the multiset of irreducible character degrees of G,

e.g., irr(G) = { . . . ,  m x t , ...}, m characters of degree t 

$(G) Frattini subgroup of G 

CFSG Classification of Finite Simple Groups

Define the defect of a character \  € Irr(G) to be the integer d such that \G\P = 

pdx(l)p- Write Irrd(G) for the subset of Irr(G) of elements of defect d, and kd(G) 

for their number. If x lies in a p-block of defect d' then the height of x is d' — d. 

This definition of kd(G) is a modern convention - care should be taken when reading 

references that d does indeed refer to the defect rather than the height.

Denote the number of p-blocks of defect zero of G by fo{G), and if H  is a section of G 

and B  is a block of G , then denote by /gB\ h ) the number of blocks of defect zero of H  

corresponding to B  under the Brauer correspondence and the natural correspondence 

with a quotient group.

In general if we are considering an invariant involving blocks of a section H  of G that 

correspond to B , then we write, for example, k(H,B).  Further, if we are considering 

only characters covering a given irreducible character p of a normal subgroup then 

write, for example, k(H ,B ,p)  (if T ,H  < G, then we say that x £ Irr(T) covers, or 

lies over p € Irr(H)  if (x\rnH, ^\tdh)  /  0).

Notation for specific finite groups is in general as given in [12].
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2 Background

2.1 Choice of p-modular system

When working with blocks it is important to choose the ring and fields of definition 

carefully. We use a p-modular system, as defined for example in [14], but since we 

make use of the results of [35] (in particular those given in Proposition 3.13) we also 

take the residue field to be algebraically closed.

Let R  be a complete discrete valuation ring with unique maximal ideal J{R) and 

field of fractions K  of characteristic zero. Suppose that the residue field k = R/J(R)  is 

algebraically closed of characteristic p, p a prime. We assume further that R  contains 

all |(j |3 — th roots of unity for whichever finite group G we are considering, i.e., K  

is a splitting field for G and any of its covers we will be considering (see [14, 15.16]). 

(K , R, k) form a p-modular system.

2.2 Radical p-chains and the p-local rank of a finite group

Following the reformulation of Alperin’s weight conjecture by Knorr and Robinson 

in [34], most work on the verification of the conjecture has centred around the study 

of chains of p-groups. Definitions of these p-chains vary a little from author to author, 

mostly in the matter of restrictions of the choice of initial subgroup. The stabilizers of 

these p-chains may be regarded as generalized p-local subgroups.

Definition A p-chain a for G of length | a | = n is a non-empty strictly increasing 

chain

Qo < • • • < !  Q n 

of p-subgroups Qi of G. We call the p-chain

@i • Qo ^  ‘ ^  Qi
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an initial subchain of a, V a =  Qn the final subgroup of a and Va — Qo the initial 

subgroup of a. Let C = C(G) denote the set of p-chains for G.

Suppose that A  is a group acting on G. For a € A  define

<T“ :<re < • • • < < £ .

and define the chain stabilizer by

Aa =  N A(a) = Na(Q0) n • • • n NA(Qn).

It is clear that length of a p-chain is invariant under this action.

If X(G) C C(G) and Q < G, then we write

X(G\Q) = { a e  X(G)  : V9 =  Q},

the set of those p-chains starting with Q. Write

Xq(G) = { a e  X(G) :Va > Q }

for the set of those chains whose initial subgroup contains Q.

Denote by Af  = Af(G) the set of p-chains whose stabilizer in G contains the final 

subgroup of the chain, i.e., all terms of the chain are normal in the final subgroup.

An important class of p-chains are the radical p-chains - a generalization of the 

radical p-subgroups, of which the p-subgroups under consideration in the statement of 

Alperin’s weight conjecture are examples:

Definition Let G be a finite group. We say that a p-subgroup Q  of G is radical 

if Q  = O p ( N g ( Q) ) -  The following lemma lists some important properties of radical 

p-subgroups:

Lemma 2.1 (a) Each defect group of any p-block is radical,

(b) Op(G) and the Sylow p-subgroups of G are radical,



(c) each radical p-subgroup of G contains 0 P(G),

(d) each radical p-subgroup may be regarded as the intersection of a collection of 

Sylow p-subgroups of G.

P ro o f For (a)-(c), see, for example [17]. For (d) see [34]. □

Definition A p-chain a  : Q0 <  • • • <  Qn is radical if Qi = Op(NG(<Ji)) for each i. In 

other words, Qo is a radical p-subgroup of G and each Qi+\ is a radical p-subgroup of

NG(°i)-

We denote the set of radical p-chains for G by 72. =  7£(G), and note that when G is 

a finite group of Lie type (of characteristic p) the normalizers of the radical p-subgroups 

are nested so that the radical p-chains are just the chains of radical p-subgroups. In 

this case the radical p-subgroups are the unipotent radicals of the parabolic subgroups.

A treatment of some other families of p-chains may be found in Knorr and Robin­

son [34]. For example, one may consider the p-chains consisting of elementary abelian 

p-groups, radical p-groups or indeed intersections of Sylow p-subgroups. However, we 

shall not be using these here.

The next result is an exercise from Robinson [50], and shows that the three families 

of p-chains are fairly interchangeable:

Lem m a 2.2  Let G be a finite group and let f  : C(G) —> Z be a function stable under 

the conjugation action of G and dependent only on N G(a) and on the initial subgroup 

Va, for o G C(G). Let Q be a p-subgroup of G. Then

53 (-1 )M/(<r)= 53 (-1)W/(<T)= 53 ( - l )w/(a).
<t£ C {G \ Q) /G  <teM { G \ Q ) / G  <t£ K { G \ Q ) / G

P ro o f It follows from the definititions that 1Z(G\Q) C  Af(G\Q). The first equality is 

demonstrated in [50]. The second is proved in [17], although the result stated is weaker 

than ours. We include a proof here.
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Let a G N(G\Q) -  Tl(G\Q), a : Q0 < ■ • • < Qn. Then Qi ±  0 p(NG(<7i)) for some i.

Choose i maximal with this property, and observe that Qi < Op(NG(ai)). Observe that

if i < n ,  then Qi+l =  Op(NG(ai+1)) = Op{NNG{(Ti){Qi+1)) > Op(NG{(Ti)) by maximality 

and by Lemma 2.1. There are two cases to consider:

(i) Suppose that i < n and Qi+1 = Op(NG(cri)). Then form the chain

o  : Qo  <  • • • <  Qi <  Q i+2 <  • • • < Q n

from a by deleting the term Qi+1. Clearly a G M{G\Q) — 7l(G\Q). We have NG(a) = 

NG(a) fl NG(Qi+i) and NG(a) < N G(Qi+1), so NG(a) = N G(a).

(ii) Suppose that i = n o r  Qi+i > Op(NG(<Ji)). Then form the chain

& • Qo <  • • • <  Qi  <C Op(NG((Ti)') <  Qi+l  ^  ^  Qn

from a by inserting the term Op(NG(ai)) between Qi and Qi+\ if i < n or at the end 

if i =  n. Again o  G Af(G\Q) — H(G\Q). We have NG(a) =  NG(a) f l  NG(Op(NG(ai))) 

and NG(a) < NG(Op(NG(cri))), so NG{a) = NG(a).

In each case Va — V# and (ag) = (a)9 for g G G, and a — <j, so the contributions 

from orbits of chains containing a and a cancel as required, since (—1) ^  =  (—1) ^ +1.D

The analogous result holds for the other families of p-chains in [34], except for the 

family of chains of elementary abelian p-subgroups (see [50]). Note that the result does 

hold for the chains of intersections of Sylow p-subgroups.

We include here a result which will be crucial in defining the variants of Alperin’s 

conjecture which involve alternating sums of the type found in Lemma 2.2

Lem m a 2.3 (Lem ma 3.2 of [34]) Let a G C(G) and suppose that b is a p-block of 

Ga. Then b has a Brauer correspondent in G.

Definition The p-local rank of a finite group G , plr(G) is the length of the longest 

radical p-chain of G. Robinson proves some strong results concerning this invariant 

(see [47]).
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A trivial observation however is that plr(G) = 0 if and only if G has a normal 

Sylow p-subgroup. An important and non-trivial property of the p-local rank is that 

it respects the partial ordering of subgroups:

Lemma 2.4 (Lemma 7.2 of [47]) Let H  < G. Then plr(H) < plr(G).

2.3 Properties of finite groups of p-local rank one

Definition A subset X  of a finite group G is said to be a trivial intersection (TI) 

set if X 9 fl X  C  1 for each g G G with g £ Nq{X). If P  G Sylp(G) is a TI set and 

P  7  ̂ Op(G), then we say that G has TI Sylow p-subgroups. If Op(G) <  Z(G ) is cyclic 

and G/Op(G) has TI Sylow p-subgroups, then we say that G has almost TI Sylow 

p-subgroups.

Lemma 2.5 (Lemma 7.1 of [47]) Let G be a finite group with plr(G) > 0. Then 

plr(G) = I if and only if G/Op(G) has TI Sylow p-subgroups.

We review a few of the properties of finite groups with TI Sylow p-subgroups.

Lemma 2.6 Suppose that P  G Sylp(G) is a TI set and 1 /  Q < P. Then N g ( Q )  < 

Nq(P)- Further if g G G and Qg < P, then g G Nq{P)-

Lemma 2.7 Let P, G be as in the previous lemma and suppose that M  < G has order 

divisible by p. Then Q = P  D M  G Sylp(M) and MNq{P) = MNq{Q)  = G.

Proof This follows by using the Frattini argument and the previous lemma. □

Lemma 2.8 Suppose that P  G Sylp(G) is a TI set of p-rank strictly greater than one. 

Then Op>(G) < CG(P).

11



P ro o f Consider E2 < P  elementary abelian of rank 2. Since this is a noncyclic abelian 

p-group of automorphisms of Op'(G), by Gorenstein [24, 6.2.4] we have

tV (G ) =  (Co^ gM )  I "  € E2 -  {1}> < N a (P).

Hence Op-(G) < NG(P), and CP(Op,(G)) = P. □

Finally we prove a special case of a result of Robinson [48].

Lemma 2.9 Suppose that Op(G) < Z(G) and that G/ Op(G) has TI Sylow p-subgroups. 

Let B  be a block of G with defect group P  £ Sylp(G). Then

k(G,B) -  k(NG(P), B) = \Op(G)\(l(G,B) -  l(NG(P ) ,B ) ) .

Now let B be the unique p-block of G = G/Op(G) corresponding to B, and let 

A £ Irr(Op(G)). Suppose further that Op(G) is cyclic. Then

k(G,B,X) -  k(NG(P), B, A) =  k{G,B) -

P ro o f G possesses an unique p-block B  corresponding to B  by [22, V.4.5]. (6D) of 

Brauer [8] gives us

k (G ,B )=  J 2  KCG(u),B).
u ^ G p / G

Choose P  G Sylp{G). By Lemma 2.6 we may choose Gp/G  so that CG(u) < N g(P) 

for each u G Gp/G — Op(G). Hence we may take Gp/G — Op(G) = NG(P)p/N G(P) — 

Op(G). For each u G Op(G) we have CG(u) = G, and so

k ( G , B ) - k ( N a (P ) ,B )=  l(Ce (u ) ,B )~  £  l(CNalP)(u),B)
u e G p / G  u e N G ( P ) p / N G (P)

= \Op(G)\(1(G,B)-1(Ng(P),B)).

Noting that l(G, B) — l(NG(P), B) = l(G, B ) — 1(Nq(P), B), we see that

k(G,B) -  k(Na (P),B) = |Op(G)| {k(G,B) -  k(NG( P ) ,B ) ) .

12



To count the irreducible characters lying over A we use an inductive argument on

|O p ( G ) | .

Suppose first that \Op{G)\ =  p. Then k(G,B,  1) — k(Nc{P), B , l )  = k(G,B) — 

k(N-Q(P),B) trivially and k(G,B,  A) — k(Nc(P), B, A) takes identical values on each 

of the remaining A G Irr(Op(G)), so the result holds in this case.

Suppose that the result holds for \Op(G)\ = p,p2, . .. ,p" -1 and suppose that |Op(Cr)| = 

pn. Then k(G, B, A) — k(Nc{P ), B, A) takes the same value for each A of order pn, and 

the result follows by the inductive hypothesis. □

2.4 The Schur M ultiplier

In applying the results of the next chapter we will make extensive use of the Schur 

multiplier of a group. Although this arises from the study of projective representations 

(as will be explained in the next chapter), it can also be explained purely in terms of 

group theory and cohomology/homology. We give a definition of the Schur multiplier 

and some results which will be of use later on. We direct the reader to [14], [29] or [32] 

for further detail, although this is by no means a definitive list.

Definition We define the Schur multiplier M(G) of a group G to be H 2(G, Cx), the 

second cohomology group of G over Cx . Equivalently, M(G) is maximal such that 

there is a central extension H  of G with A < Z (H ), H/A = G, A < [H,H] and 

A = M(G). It is important to note that H 2(G ,K X) = H 2(G,CX) (see, for example 

the proof of [35, 2.1]).

The following result is well known, and highlights the local nature of the Schur 

multiplier.

Lemma 2.10 Let G be a finite group and let P  G Sylp(G). Then a Sylow p-subgroup 

of M(G) is isomorphic to a subgroup of M(P).

13



Proof This is [28, V.25.1]. The method of proof is similar to that used in the next 

result. □

The following is a special case of [25, 4.229].

Lemma 2.11 Let G be a finite group and let N  < G with p J[[G : N] = n. Suppose 

also that p H\M{N)\. Then p K\M{G)\.

P ro o f Suppose that H  is a central extension of G with H /A  =  A  and A < Z(H)nH'.  

Write L for the preimage of N  in H , and let V : H  —> L/L'  be the transfer map. Let 

z  G Op(A). Then V(z) =  znL' (see for example [28, IV.2.1]). But H' < ker(V), so 

V(z) = V . Since (p, n) =  1, there is an integer x such that z =  znx G Op(A) fl L' < 

Op(Z(L ))nL l. So Op(A) is isomorphic to a subgroup of Op(M(N)) = 1, and the result 

follows. □

The next result allows us (after some more work) to avoid the difficulties posed by 

the presence of an outer automorphism group which is a direct product of two cyclic 

groups.

Lemma 2.12 ( [6]) Let G be a group and let N  < G, where N  is perfect and G /N  is 

cyclic. Then M(G) is a homomorphic image of M(N).

Proof This follows immediately from Theorem 4.2 of [6], observing that H 2(G, Cx) = 

H2{G,Z) (see [58, p.199]). □

The next result, although not strictly necessary for this thesis (less sophisticated 

methods would suffice), is worth including given our concentration on finite groups 

with TI Sylow p-subgroups.

Lemma 2.13 (9.6.3 of [32]) Let G be a finite group such that P  G Sylp(G) is a TI 

set. Then Op{M(G)) “  Op{M{NG{P))).
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It is convenient to include here some results concerning the Schur multipliers of 

various p-groups we will encounter.

Lemma 2.14 If P  is a finite p-group which is either (a) cyclic, (b) generalized qua­

ternion, or (c) extraspecial of order p3 and exponent p2, then M(P)  =  1. If P  is 

elementary abelian then M(P) is elementary abelian.

P roo f If P  is of the form (a) or (b), then this is [28, V.25.3]. If P  is of the form (c), 

then by [32, 2.4.9]

P = (x,y  | xp2 =  / ,  y~lxy = xp+1),

and the result follows by [28, V.25.2] since P  may be defined using two generators and 

two relations.

The last part is exercise 11.16 of [29]. □
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3 Clifford-theoretic reductions

3.1 Introduction

In this chapter we detail block-friendly character correspondences, which we will later 

apply to demonstrate that a counterexample to Conjecture 4.4 with [G : Z(G)\ minimal 

has only cyclic, central p-subgroups or p'-subgroups.

Paul Fong in the second part of his famous paper [23] introduced two character cor­

respondences, obtained by observing the action of a finite group G on the irreducible 

characters of a normal p'-subgroup and applying Schur’s theory of projective repres­

entations. Dubbed the Fong correspondences, the first shows that to some extent we 

may replace G by the inertial subgroup / g ( p ) of an irreducible character p  of N. The 

second is considerably more involved and shows that we can further replace N  by a 

central, cyclic p'-subgroup. Refinements and modifications of Fong’s work were studied 

by Reynolds [46], Cliff [11] and Okuyama and Tsushima [39].

Whereas Fong used elementary character theoretic methods to verify that the cor­

respondences may be refined to correspondences between p-blocks of characters, the 

subsequent results in [39] use the theory of twisted group algebras to establish that 

the correspondences are compatible with the Brauer correspondence. Dade in [18] uses 

similar methods to establish similar correspondences with no restriction on N , but 

in the (equivalent) setting of blocks of twisted group algebras (of which he gives a 

comprehensive account).

We work with non-twisted group algebras and use elementary methods to demon­

strate correspondences similar to Fong’s second correspondence, where we have no 

restriction on the order of N  but a restriction on the degree of p, and check that the 

correspondence may be refined to p-blocks and is compatible with the Brauer corres­

pondence (where it exists). Analogies to Fong’s first correspondence for p-singular 

normal subgroups are easy to obtain (blockwise refinements following directly from
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Lemma 3.1) and are constructed where needed.

The following lemma will be the key to the Brauer correspondence. Let G be a 

finite group.

Lemma 3.1 Let H < G and b a p-block of H. Let f  £ Irr(H, b) and C be a conjugacy 

class sum of G. I f n H : RG —¥ R H  is the projection map of G onto H, then

<*>( °  *h (C)  =

P ro o f This is [37, 5.3.1]. □

To use this we need the following observation:

Lemma 3.2 Let N  < G and write G = G/N, indicating objects associated to G with 

a Let H  < G with N  < H . Suppose that 9 £ Irr(G), and that £ £ Irr(H) and 

X € Irr(H) are characters such that for each x £ x £ H we have ((x) =  x(x )®(x)- 

Then CG{X) — XG{X)Q{X) f or each x £ G.

P ro o f

= ilr i ^  ^ x^  = W \  ^  x i ^ M x 9).
' ' g e G , x a e H  ' ' g e G , x 9 £ H

But 9{x9) = 0(x), and xg £ H  <=> x9 £ H, so

CG(*) =  T ^ r x{&) =  5Z  x(xw) =  X°(x)0(x).
g E G , x 9 e H  g 6 G , x 9 e H

□

3.2 Character correspondences

Let G be a finite group and N  <\G. Suppose that p £ Irr(N)  is G-stable. Denote by 

7r the set of primes dividing |7V|, and write ir1 for its complement in the set of primes. 

We construct a finite group G with cyclic 7r-group M  < Z(G) such that G /M  =  G /N
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and there exists a 1-1 correspondence between irreducible characters of G lying over 

p and irreducible characters of G lying over a given p G Irr(M).  This character 

correspondence is well known, but we include details here in order to establish the 

notation necessary to check its compatibility with block theory.

We establish the character correspondences by way of a third group G of which 

both G and G are factor groups.

Fix a representation r  affording fi.

Lemma 3.3 We may choose a projective representation

p : G —>• G L ^ ( R )

extending r  such that (i) p(n)p(g) = p(ng) and p(g)p(n) = p(gn) V g € G, n G N, 

(ii) det(p(g)) is a it-power root of unity for each g G G and (Hi) p has factor set 

e : G x G —» R x of order s dividing \G\pp(l) in H 2(G, K x).

P ro o f This is [35, 2.1] (that there is a complex projective representation extending r  

is [29, 11.2]). □

Let a  G R  be a primitive s-th root of unity, and define the group

G = { (a \p )|0  < i < s, g G G},

with group operation given by

(all,g1)(at2,g2) = {e(gu g2)atl+%2, gxg2).

Write M  = {(a;\ 1) : 0 < i < s} < Z(G), so that we have a short exact sequence

1 - > M - > G - > G - > 1 .

Let N  = {(a*, n) : 0 < i < s, n G Â } < G, and N  =  {(1, n) : n G N}  < G , so that 

N  = N.

18



Lemma 3.4 p : G —> G L ^ ( R )  defined by p(al,g) = a lp(g) and f  : N  —» GL^i)(R) 

defined by f ( a *,n) =  a*r(n) are irreducible representations, and t  = p\^, f \ j f  = r.

Proof That p and f  are representations is clear from the definition of a projective 

representation. It is also clear that f  = p|^, f\jf  = r. Now suppose that p = pi + p2, 

then r  = p\„ = pi |^  + p2177, so that pi = 0 or p2 = 0. Similarly f  is irreducible. □

Denote all objects associated to G with a ‘ ’ symbol.

e(g, n) =  e(n, g) = 1 for each g e G, n e N, so we may regard e as a factor set for 

G /N , i.e., e G H 2(G/N, K x). Define

G = {{a\g)  : 0 < i < s , g e  G/N}  “  G/iV,

with group operation given by

(a l l><7i)(a12, <72) =  { £ {9 i , 92 W 1+l2,9i92)-

Setting M  = {(a*, 1) : 0 < i < s} < Z(G), we have a short exact sequence

1 M  G ->• G/7V -> 1.

Let p : M  R  be the linear representation given by p(al, 1) =  a~l. Denote all 

elements, characters and subgroups of G with a ‘* ’ symbol.

Remark 3.5 M  < [G, G\ by [29, 11.19], so M  is isomorphic to a subgroup of the 

Schur multiplier of G/N.

Write 0 for the irreducible character of G afforded by p, so that 9\jf = p. Let p be 

the irreducible character of N  defined by p (a \  n) = p(n). As a consequence of Clifford’s 

theorem, the irreducible characters of G covering p are precisely the characters x  = 0 \  

where x  € I rr (G,p)- In particular there is a canonical bijection

Irr(G,p)  *-» Irr(G,p ),
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since for each ( a \ n )  E N,

x (a \n )  =  e ( a \ n ) x ( a \  I) = a%fj,(n)a~lx ( l  ,1) =  p (n )x (l,I).

Summarizing, we have:

Lemma 3.6 There is a 1-1 correspondence Irr(G,p) Irr(G,p) given by x  — 1-gX; 

w/iere x € Irr(G,fi) and x  € Irr(G,p). Note that this correspondence is the natural 

one obtained by regarding x  as a character of G.

There is a 1-1 correspondence /rr(G , /2) Irr(G,fi) given by x  — $X> where

Irr(G, p) and x  € /rr(G , /}).

We examine how the character correspondences of Lemma 3.6 fit with the p-block 

correspondences between G, G and G.

If E G, then denote the conjugacy class sum of the class of G containing g by 

s(g), with similar notation s(g) and s(g) applied to g E G and g E G. We denote the 

coset of AT in G containing g by g, and make the appropriate identification with the 

corresponding element of G. We use a similar convention for the other factor groups 

studied here.

Recall that two irreducible characters belong to the same p-block if and only if their 

central characters agree on the p-block idempotents for the group, and that this occurs 

precisely when they agree modulo J{R) on the p-regular conjugacy classes (noting that 

p-block idempotents have p-regular support). Since all the results of the remainder of 

this section are concerned with values of central characters, we may assume throughout 

that g E Gy.

Let ux : Z(RG) —> R  be the central character corresponding to x, so that o;x(s(^)) = 

_ £)efine ^  similarly.

Suppose that N  = U is a normal p-subgroup of G. Then we may assume that 

9 € Cd (U)pr.
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Lem ma 3.7 Suppose that g £ G and that g Cq(U). Then

u^(s(g)) = 0 mod J(R)

for all x  £ Irr(G).

Proof By Isaacs [29,15.38] s(g) is nilpotent and so lies in J(Z(kG)), which is contained 

in the kernel of every central character of kG. □

The first correspondence of the lemma behaves well with respect to blocks:

Lemma 3.8 Let x* correspond to i = 1,2, via the natural correspondence. Then 

Xh X2 both lie in the same p-block ofG if and only i fx i ,  X2 both lie in the same p-block 

of G.

Proof M  = Op(M)  x Opi(M).  By [22, V.4.3] there is a 1-1 correspondence between 

p-blocks of G covering the trivial character of Op>(M) (here all irreducible characters 

belonging to such a block cover the trivial character) and the p-blocks of G/Op'(M).  

By [22, V.4.5] there is a 1-1 correspondence between the p-blocks of G/Op>(M) and 

the p-blocks of G /M  = G. It suffices to show that if two irreducible characters Xi> 

X2 £  Irr (G,g)  lie in the same p-block of G , then xi and x2 lie in the same p-block of 

G. Let g £  Gp>.

. (~(nX\ — if* • C1 lynr . ynr / \ i X t ( p )  • £'<?(#)] / / \\
* * ( .( ,) )  -  [G . C , ( 3)]W )  -  ' Ca{9)]W )  W ^ C M f x M 9 ) ) -

But [G : Cg(p)]|[G : C&(<})], so if xi> X lie in the same p-block of G, i.e., o;Xi(s(p)) — 

uXi(s(g)) € J(R), then ci^(s(p)) — ^ ( s ( p ) )  £ J(R) and we are done. □

We now examine how the second character correspondence of Lemma 3.6 fits with 

the p-block correspondence between G and G.

Lem ma 3.9 LetXi £ Irr(G,p) correspond to x, € Irr(G,£i) under the correspondence 

given in Lemma 3.6, i =  1, 2 . Suppose that either N  is a p-group or p /fp(l). If  xi> X2 

lie in the same p-block of G then Xi, x 2 foe in the same p-block of G.
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P ro o f Let g E G.

ufcOm  =  [G : C6 {g)]^-  =  [ ^ ^ [C : =  fc^*.(«($)).
Xi(l) [G:C,}(9)] Xi(1)*(1)

where
[G : Cd ( g ) m
[G : Cd(9)]0(l)

Suppose that xi, Xi £ I rr(G,ji) lie in the same p-block of G. Then w^1(s(p)) — 

Wx2(s(g)) € J(R)  for each g E Gp>. So if kg E R  for each g E Gp>, then xi, Xi must lie 

in the same p-block of G. We claim that this is the case.

Since [G : C^g)} \ [G : C^(g)] and 9(g) E R  for each g E G, this does indeed occur 

when (p, 0(1)) = 1. Hence we may assume that N  =  U is a p-group. By Lemma 3.7 

we may assume that g E Cq(U)p>.

Now p\jj is irreducible and for each g E Cq(U)p>, p(g) commutes with all p(u), 

u E U, so by Schur’s lemma p(g) must be a scalar matrix, and 6(g) = k9( 1), where 

k is a p' root of unity. But we have chosen p so that (det(9))(g) is a p-power root of 

unity, so k =  1, and 9(g) =  0(1) for each g E Cq(U)p>.

Fix g E Cq(U)p>. We have

[G : Ce m  =  [G : Ce m

since U < Cq(§) and \U\ is coprime to the order of g (see for example Dornhoff [21, 

64.1]). So kg = 1 and if Xi, Xi lie in the same p-block of G then xi, Xi lie in the same 

p-block of G. □

Proposition 3.10 Suppose that one of the following occurs:

( i)p  Kp( 1),

(ii) N  is a p-group.

Then for each p-block B  of G, we have, in the notation of Lemma 3.6, a 1-1 cor­

respondence
r

Irr(G , B, p) <-» ( J  Irr(G, B{, ft),
i=i
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where B \ , . . . ,  Br are p-blocks of G.

Suppose that N  < H  < G and that b is a p-block of H. Then we may apply the same 

methods to the irreducible characters £ ofH lying over p. Suppose that £ G Irr (H , b, p). 

Let b be the p-block of H  containing (. Suppose that the Brauer correspondents ofb and 

b in G and G are defined, and that bG is one of the Bi defined above. Then bG = B.

Proof It remains to verify that the correspondence is compatible with the Brauer 

correspondence.

Let irH denote the projection G  —» H, where H  is a subgroup of G containing N. 

If b is a block of H, then assume further that ut, o nH is a central character of B. This 

does indeed occur when H  is a p-chain stabilizer, by Lemma 2.3.

Note that p restricted to H  is irreducible, so we may use 0\p to repeat the above 

process to obtain £ G Irr(H,p)  and (  G Irr(H,p)  corresponding to a given (  G 

Irr(H,p),  where H  and H  have the obvious meanings. Denote by 7T# and the 

respective projections.

Suppose first that Bl(()G = Bl(x) = B , with x, X  and X defined as before. Hence 

for each g G Gy we have LJx(s(g)) — o 7r#)(s(p)) G J(R). By Lemma 3.1, this is 

ux(s(9)) “  ^  Lemma 3.1 and Lemma 3.2

H - °  **)(*«)) =

= r&ccte){^x(s(g) ) mod J{R)

But

lG : £ S K (S(g)) = W*(8(5))
by the proof of Lemma 3.8. Hence the first correspondence of Lemma 3.6 is compatible 

with the Brauer correspondence.

Now suppose that Bl(()G = Bl(x) = B. Then for each g G Gy we have ux(s(g)) —

9 a f  e JW-
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So

K  ° *h)(s (9)) =  ^ £6 ( i f  = ^ ( i f  ^  fc»w*(s (®)) =  wx(s (9)) mod J (R)

by Lemma 3.1, Lemma 3.2 and the proof of Lemma 3.9, where kg £ R  is defined as 

before. Hence the correspondence is compatible with the Brauer correspondence. □

3.3 Characters afforded by relatively projective modules

Now that we have set up the appropriate notation we outline some results of Kiilshammer 

and Robinson [35], and of Robinson [47], who use a similar set-up to determine when 

an irreducible character of G is afforded by an N -projective RG-module, where N<G.  

We focus on the situation where N  is a p-group, although the results of [35] are con­

siderably more general.

The results of the remainder of this chapter are entirely expository.

Definition Let H < G. We say that x £ Irr{G) is if-projective with respect to R  if 

there is some #-projective i?G-module M  affording x- If R  is given then we just say 

that x is i7-projective. We say that a p-subgroup of G is a vertex for \  if it is a vertex 

for some RG-module affording x-

Write w(G, H) for the number of i7-projective irreducible characters of G.

Of course we may assume that H  is a p-group since R /  J{R) has characteristic p. 

Strong results in this direction have been achieved by Knorr in [33], where he proves 

the following. Note that he does not assume that the subgroup is normal:

P roposition  3.11 Let x  £ Irr{G) lie in a p-block B  of G with defect group D. I f V  

is a vertex of x (which we may suppose to be contained in D), then

cD(v) < v:
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P ro o f This is [33, 3.7]. □

For the remainder of this chapter suppose that N  < G is a p-group and that 

p G Irr(N). We examine when x  € Jrr((j,p ) is TV-projective. It is clear from the 

definitions that there is a bijection

Irr(G,f i ) Jrr(JG(p),p)

which respects TV-projectivity. This bijection also respects p-blocks and the Brauer

correspondence by Lemma 3.1, so we may assume that G = 7g(a0-

Lemma 3.12 ( [35]) Apply all the constructions from earlier in the chapter. Then x  

is TV-projective if and only if x  is M  -projective.

Sketch proof Suppose that x  is afforded by the TV-projective RG-modu\e T  and

suppose that 9 is afforded by the RG-module X.  Regard T  as an TV-projective RG- 

module. Then x  is afforded by (T (g> X *)^, the sum of those components of T  <g> X* 

affording characters covering p. (T <g> X *)^ is an TV-projective R(5-module, and is 

M-projective when regarded as an RG-modu\e (identifying M  with M). The reverse 

direction is clear. □

Proposition 3.13 ( [35]) The TV -projective irreducible characters covering p are in 

1-1 correspondence with the p-blocks of defect zero of Iq{p)/ N . Hence the number of 

TV -projective irreducible characters lying in a given p-block B of G is

E  / . " ' ( t St1) -
H e I r r ( N ) / G  V 7

Sketch proof For the first part fix p G Irr(N).  By Proposition 3.10 and the remarks 

preceding Lemma 3.12, we may assume that G = /<?(p) and that TV is central in G and 

cyclic. Let x  £ I rr (G,fJ<) be TV-projective. If g G G, then write gp for the p-part of g.
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Define

[  m 'H&M p) i f  gP e N  
M *X = <

I 0 otherwise

Then by [35, 2.3], p -1 ★ \  is iV-projective. p_1 * x  € Irr(G, In ) and each N-

projective element of Irr(G, 1^) may be obtained from an unique x € I rr{G,p) in

this way.

p -1*x  may be regarded as a character for G/N,  afforded by a projective R(G/N)~ 

module as required.

Notice that when g € G is p-regular we have p-1 *x(#) — x(<7)> so that p _1 *x  an(i 

X lie in the same p-block of G. Hence the correspondence established above respects 

p-blocks, and the last part of the proposition holds. □

Dade in [18] is concerned with x £ /rr(G , p) satisfying x (l)P =  [G : iV]pp(l)p, and 

calls them weights with respect to N.  Robinson in [47] demonstrates that (within our 

choice of p-modular system) this is just the same as saying that x is iV-projective:

P roposition  3.14 ( [47]) x € I r r (G,ii) is N-projective if and only if

x(l)p = [G : JVU(l).

Sketch proof As usual we may assume that p is stable under the action of G. 

By Lemma 3.12 \  is iV-projective if and only if x is M-projective. Observe that 

x(l)p =  [G : N]pp(l)p if and only if x (l)P = [G : M]pp(i)p (= [G : M]p). Hence we 

may assume WLOG that N  is central in G and cyclic.

Suppose that x is ./V-projective. Then by the proof of Proposition 3.13 x(l) = 

p -1 * x (l)  an(i P _1 ^X ma,y be regarded as lying in a p-block of defect zero of G / N , so 

x ( l)P = [G : N]p, and x (l)P = [G : Af]pp(l)p as required.

Now suppose that x ( l)P = [G : iV]pp(l)p.
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Define x* by

*. . \  |iV|x(p) i f  9 e Gp'
x ( g )  =  <

I 0 otherwise

Now for each g € G,

E  (A* x ) ( 9 ) = |  ( ^ Ae,rr(N) A(Sp)) x(s) t f 9 ” e N
xeirr(N) [ 0 otherwise

But

E  A(^) =  ( |iV| i/5p  = 1
aeirr(N) I 0 otherwise

since iV is abelian. So x* =  Hxeirr(N)(X * x)-

Recall that each A ★ x is an irreducible character, and that p -1 ★ x and x he in the 

same p-block of G. But p _1 * x  has kernel containing N  and defect logp(\N\), so may 

be regarded as a p-block of defect zero for G/N.  Hence p_1 ★ x, and so x? hes in a 

block of G with defect group N.  The result follows. □

A trivial but useful observation following from the results of this chapter will be 

needed when dealing with chains of p-subgroups:

Corollary 3.15 Let G be a finite group and N  < G be a p-subgroup of G. Let p E 

Irr(N). I f  w(G, p, N)  /  0, then N  = Op(/g(p)).
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4 Conjectures

4.1 Introduction

We outline the various conjectures of local representation theory to which we will refer, 

highlight the relations between them and give a brief review of the progress made at 

the time of writing.

Alperin’s weight conjecture, announced in the mid eighties, makes sweeping pre­

dictions based on the theory of finite groups of Lie type. Almost immediately it was 

reformulated by Knorr and Robinson based on topological methods. Part of this re­

formulation put the conjecture in a form compatible with character theory, and Dade 

used this and the Alperin-McKay conjecture to produce his own refined form of the 

conjecture. Dade has produced a series of progressively stronger conjectures, with the 

intention of giving a reduction to simple groups for the last. We are interested in a 

separate reformulation of Robinson which uses the Knorr-Robinson reformulation in 

conjunction with his work with Kulshammer outlined in the previous chapter. Included 

in this chapter is a simple demonstration of the equivalence between Robinson’s and 

Dade’s projective conjecture organized with use of the p-local rank.

4.2 A lperin’s weight conjecture

Alperin’s ‘weight conjecture’ first appeared in his article [2], the proceedings of a sym­

posium held on finite groups in Areata. It relates the number of simple fcG-modules 

to the number of ‘weights’ (which are locally defined objects).

Alperin defines a weight to be (the isomorphism class of) a projective simple 

k(NG(Q)/Q)-modu\e, where Q is a representative of a G-conjugacy class of p-subgroups 

of G, and allocates the weights to p-blocks in the obvious way. If such a (kNa{Q)IQ)- 

module exists then Q must necessarily be a radical p-subgroup of G , for otherwise 

Ng{Q)/Q has a non-trivial normal p-subgroup and fo{kNc(Q)/Q) = 0 . The weight

28



conjecture is then that the number of these weights should be 1(G), with a block-wise 

version saying that the number of weights associated to a p-block B  of G should be 

l(G,B). This is

where the sum runs over the conjugacy classes of radical p-subgroups of G. We may 

rewrite this in the language of p-chains using Corollary 3.15 to highlight the similarity 

to the reformulation due to Robinson which we give later:

Conjecture 4.1 (Alperin) Let B  be a p-block of a finite group G, then

l (G ,B )=  £  (—1)M/W )  .
a e n / G  \  * /

Alperin’s weight conjecture is known to hold in the following cases (amongst others):

• Finite groups with split BN-pairs in the defining characteristic (non-blockwise 

version only). See [9] or [53].

• p-solvable groups (see [38] or [30]).

• Symmetric and general linear groups (see [3]).

• The reduction of Alperin’s conjecture to the case Op(G) = 1 is almost trivial. 

Hence it holds for finite groups of p-local rank one by [7].

4.3 A reformulation of the weight conjecture by Knorr and 

Robinson

Soon after the publication of [2], Knorr and Robinson presented a reformulation of the 

weight conjecture in [34], relating it to the work of Quillen (see [43]) and others on 

simplicial complexes consisting of p-chains. This new conjecture is presented in several 

(equivalent) forms, varying in the family of p-chains used and in the use of simple 

fci/-modules or simple K H -modules (or indeed the p-rank of the Cartan matrix of. a 

p-block).
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The reformulated conjecture states that for each p-block B  of positive defect of each 

finite group G we have

( - 1)h *(G„,S) =  0.
o‘GC(G|1)/g

This conjecture is equivalent to the weight conjecture in the sense that if one holds 

for all finite groups then so does the other (the situation is not quite as bad as this, 

but the important thing to note is that we do not know that if one conjecture holds 

for a particular block, then that block must also satisfy the other conjecture).

Knorr and Robinson show in [34] that (amongst other things)

£  ( - l )W l(G „ B )=  £  ( - l ) w fc(G„B).
<t<EC(G|1)/G  a € C (G |l ) /G

It is proved in [34] that if A  is the sum of the p-blocks of positive defect of G, then

( - 1 ) W / ( G » M )  =  o

a € C ( G | l ) /G

for finite groups with split £7V-pairs in the defining characteristic (the proof uses the 

fact that Alperin’s conjecture holds in this situation). Since the principal p-block is 

generally the only p-block of positive defect for simple groups of Lie type in the defining 

characteristic, it should be noted that this suffices to demonstrate the fully blockwise 

conjecture in many cases.

4.4 The conjectures of Dade

Dade announced the first of his conjectures in [17]. This ‘ordinary conjecture’ states 

that for each p-block B  of positive defect of each finite group G satisfying Op(G) = 1 

and for each integer d we have

£  ( - l )W k d(G„,B) = 0.
<r€tt(G |l) /G
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7£(G|1) may be replaced by C(G|1) or any other of the families of chains discussed 

in [34]. Also, being a refinement of the Knorr-Robinson reformulation, if this conjecture 

is true then so is the weight conjecture.

If one counts only characters of defect equal to that of B , then this conjecture is 

identical to the Alperin-McKay conjecture for groups with Op(G) =  1. In fact, in 

this situation the projective form of the conjecture given below is equivalent to the 

Alperin-McKay conjecture.

Dade has announced a series of progressively stronger conjectures in [20], the 

strongest of which, the ‘inductive conjecture’, he claims admits a reduction to finite 

simple groups. Although the reduction step has yet to be published, work has already 

begun on verifying the final form of the conjecture for the finite simple groups, with a 

good portion of the sporadic groups already checked.

We give the ‘projective conjecture’, which may be found in [18]. It is convenient 

to give the form in which G is allowed to have any normal p-subgroup, although 

Dade demonstrates that it suffices to assume that Op(G) is central. We note that 

Dade defines w(G, U) to be the number of irreducible characters x °f G such that 

x(l)P =  [G : U]pfi(l)p, where p G Irr(U) is covered by x> an(f U is a normal p- 

subgroup of G , but as shown in the previous chapter this is equivalent to our definition 

of w(G,U).

C onjecture 4.2 (D ade’s p ro jective) Let B  be a p-block of a finite group G. Let d 

be an integer and A G Irr(Op(Z(G))). Then

Y  ( - 1 ) w M G „ , £ , A ) =  Y  ( - l p w d(G*,B, \ ,Op(G)).
cen{G\Op{G))/G cr£7l(G\Op(G))/G

Dade also gives a ‘weight’ form of this conjecture, which, as may be seen later, is 

essentially Robinson’s reformulation.
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4.5 Robinson’s reformulation

Robinson in [47] uses the results of [35] to present a conjecture equivalent to Alperin’s 

giving the number of irreducible ( K - ) characters in a p-block B of G in terms of the 

number of p-blocks of defect zero of certain locally-determined sections of G. We give 

the conjecture as presented in [50].

Conjecture 4.3 (Robinson [47]) Let B be a p-block of a finite group G. Then 

k{G,B) =  £ ( - l ) H  £  /o(B)( ^ M
<re1l / G  n e I r r { V a ) / G a '  a

Just as with the conjectures of Dade, this may be refined with the Alperin-McKay 

conjecture in mind:

Conjecture 4.4 (Robinson [47]) Let G be a finite group and A G Irr{Op(Z(G))). 

Then for each p-block B of G and each non-negative integer d, we have

kd(G,B,X) =  £  ( - 1 ) W  E
cen/G neirrdiVv^/Gr '  a

This refined form is the conjecture which we will be concerned with in this thesis.

The following is effectively proved in [18], and shows how Robinson’s conjecture and 

Dade’s projective conjecture are related. Our argument however is organized using the 

p-local rank.

Proposition 4.5 Suppose that plr(G) = n and that Robinson’s conjecture holds for 

finite groups of p-local rank strictly less than n. Write U = Op(G). Then

E  ( -1 )h M G v,B ,A )=  E  ( - ^ WlM G „ B , X , U )
aen{G\U) /G aeH{G\U)/G

i f  a n d  o n l y  i f

kd(G ,B ,X )=  E
iren/G
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P ro o f Note that by the inductive hypotheses both equalities hold for all groups of 

p-local rank less than n.

Suppose that the former holds.

Let Ho(G) be the set of all radical p-subgroups of G (i.e., terms of radical p-chains 

of length zero). We have

E , €K/ g ( - 1)H^ ( G „ B ,  X,V.)

— E QeKo{G)/G i^aen{NG{Q)\Q)/NG{Q)i~^)^Wd{^G(Q)a, B, A, Q) ĵ 

=  J2q £ Ko {G ) / G  (So-G^{iVG(Q)|Q)/iVG(Q)(- l ) |Cr̂ d ( ^ G ( Q ) a ,  B ,  A)^

We may pair every chain Q0 < • • • < Qr in H(G) in which Qo /  U with the chain 

U < Qo • • • < Qr in 71(G) of length r + 1. These two chains have the same stabilizer, 

so their contributions cancel. We may cancel all chains in 11(G) in this way except for 

the chain U. Hence

(-1  p w d(GtnB ,\ ,V <,) =  kd(G ,B ,\)
a€K/G

and Robinson’s conjecture is satisfied in that case.

Now suppose that B  satisfies the second equality. Then

kd(G,B,  A) 

Z r e n / G i - ^ M G ^ B ^ K K )

— H q T̂Iq{G)IG {52aeK{NG{Q)\Q)/NG(Q)(~^y^Wd(NG(Q)(T, B , A, Q) ĵ 

= YlcreTl(G\U)/G(~ ̂ y<T̂wd(Ga, B, A, U)

+ J2u^Qen0{G)/G {^2aeTl(NG(Q)\Q)/NG(Q)(~^y<T̂d(NG(Q)<T, B, xj ĵ 

Replacing each chain Q0 < • • • < Qr in 11(G) in which U ± Q0 by U < Q0 • • • < Qr , 

we have

E  ( E  ( - l p k d(Na(Q)„B,X)
Uy£QeHo(G)/G \aen(NG(Q)\Q)/NG(Q) 
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= X  ( - l ) W]+1U G * , B , \ ) - k d(G ,B ,\) ,
<ren{G\U)/G

and so

X  (-1 )h M G v,B ,A )=  X  ( - ^ a'MG<,,B,X,U)
cren{G\u)/G cen{G\u) /G

as required. □

Remark Although the conjectures of Dade and Robinson are similar, one should note 

that they represent very different approaches to Alperin’s conjecture. The driving force 

behind Dade’s conjectures is the proof using the CFSG, whereas Robinson’s approach 

is to conserve the information implicit in the action on a normal p-subgroup and to 

keep the idea of relative projectivity that lies behind Alperin’s conjecture.

4.6 Statem ent of results

Proposition 4.6 If Conjecture 4-4 holds for all finite groups G of p-local rank n or 

smaller and with Op(G) < Z(G) cyclic, then the conjecture holds for all finite groups 

of p-local rank n. In particular in proving the conjecture it suffices to check it just for 

those groups with Op(G) < Z(G) cyclic.

Theorem 4.7 Conjecture 4-4 holds for all finite groups of p-local rank one.

Corollary 4.8 Dade’s projective conjecture holds for all finite groups with almost TI 

Sylow p-subgroups. In particular, Dade’s inductive conjecture holds for all simple 

groups with TI Sylow p-subgroups, cyclic Schur multiplier and trivial outer automorph­

ism group.

Proof By [20] the inductive conjecture is identical to the projective conjecture in the 

situation given above. □

Proposition 4.9 Dade’s inductive conjecture is satisfied for the Ree groups of type G2 

for the prime p =  3.
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Remark Since the notion of relative projectivity is well understood one may identify 

group theoretic conditions for a p-chain to contribute nothing to the alternating sum 

of Conjecture 4.4. For example, suppose that a : Qo < • • • < Qn is a p-chain of G and 

B a p-block of Ga with defect group D; if

logP(\Qo\) < (logp(\Qn\) + logP(\Z(Qn)\))/2

or Cd{Qo) ^  Qo, then w(Ga, B , Q 0) = 0 (see [49], the proof is an application of the 

results at the end of Chapter 3). Stronger results of this kind may be obtained if we 

count only characters covering a given 6 € 7rr(Q0), although the result as it stands is 

optimal (see for example GL3(q) in the defining characteristic).

Clearly results of this kind are not directly applicable to Dade’s conjecture (at least 

in its non-weight form). However, by structuring via the p-local rank we may in some 

circumstances eliminate certain chains from the calculation of the alternating sums of 

Dade’s projective conjecture (assuming that the conjecture holds for finite groups of 

smaller p-local rank). As an example, when verifying Dade’s projective conjecture, we 

may eliminate the need for the calculation of p-chains totally when a group has Sylow 

p-subgroups of order p2 (as is the case when p = 3 and G = M 22) by making use 

of Theorem 4.7. Such reductions would be best done on an ad hoc basis. It should 

be noted that in Dade’s papers [17], [18], [20], etc., the residue field considered is not 

assumed to be algebrically closed, so one must use the fact that both Dade’s and our 

set-up stipulate that K  be a splitting field for G in order to apply these kinds of 

reduction.
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5 Finite groups w ith normal p-subgroups

5.1 Introduction

In this chapter we consider what happens when a finite group G has a normal p- 

subgroup. Whereas Alperin’s weight conjecture reduces quickly to the case where 

Op(G) = 1, the reduction regarding Robinson’s reformulation of the conjecture is 

somewhat more involved, and not as complete (for reasons which will become obvi­

ous). It is worth noting however that a complete reduction of the weaker form of the 

conjecture (Conjecture 4.3) to the case Op(G) = 1 follows from the results of [48].

We demonstrate that in order to verify the conjecture for finite groups of p-local 

rank n it suffices to check the conjecture for p-blocks of finite groups of p-local rank 

at most n and having only cyclic, central normal p-subgroups. This will be applied in 

later chapters to the p-local rank one case in order to use the classification of finite 

simple groups.

The reduction involves using methods developed by Robinson in [47] to ‘prepare’ 

the formula predicted by Robinson’s conjecture, so that we may apply the results of 

Chapter 3.

It is interesting to note that as a consequence of the results of this chapter we may 

give another equivalent version of the conjecture which at first sight appears stronger:

Conjecture 5.1 Let B  be a p-block of a finite group G. Then for each 9 € Op(G) and 

for each integer d we have

kd(G ,B ,9 )=  £ ( - l ) M  £
aen/G neIrrd(V,rfi)IG9 '  *
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5.2 Reduction for Robinson’s conjecture

Let A G Irr(Op(Z(G))). By Clifford’s theorem we may divide Irrd(G,B, A) into sets 

of characters lying over a given G-orbit of Irr(Op(G)), so that

kd(G,B, A) =  Y
»eIrr(Op(G),\)/G

We aim to prove the following result, which then allows us to apply the results of the 

last chapter:

Proposition 5.2 Let B be a p-block of a finite group G. Write U = Op(G). Let

A G Irr(Op(Z(G)) and d be an integer. Then

a en ( G ) /G

= E  ( E  ( - 1 )w'M I g( » U b , u, v„)
neIrr(U,\ ) /G  \ a € t t ( /G(/i))//G(/i)

Recall that Cu(G) is the set of all p-chains of G whose initial subgroup contains U 

(not necessarily properly). By Lemma 2.2 we may replace 1Z in the first alternating 

sum of Proposition 5.2 with Cu, since the initial subgroup of every radical p-chain of

G is a radical p-subgroup of G and so contains U by Lemma 2.1. We obtain

cren(G)/G creCu(G)/G

For each a G Cu,

Wd(G„, B, A, V„) = Y .  M G * ,B ,n ,V ,) ,
t i€l rr (U, \ ) /G<r

SO

Y  ( - l ) w Wd(G„,B,\,V„)= Y  ( - W  E  M G ;B , l* ,V r)
<rECu{G)/G <reCu{G)/G \neIrr(U,\)/G<,
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Lemma 5.3

Z)0-eC[/(G)/G(“ l ) ^ 1 ( 12neIrr[U,X)/G„ wd(Ga, B , /X,

— Yl(i<Elrr(U,\)/G (^2(TeCu{G)/IG{n) B, /X, V^))

Proof Observe that the pair (cr,/x) lies in an orbit of length [G : GG\[Ga : / Gff(/x)] = 

[G : /g^aO] in first instance and [G : JG(/x)][JG(/x) : ^ ( a 1)] = [G ’ Jg„(aO] in ^  

second, and that Wd{Gai B, n,VG) is constant under conjugation of (cr, /x) in G. □

We conclude that if

kd(G ,B ,n )=  ( - 1 )WlM G „ B ,n ,V „ )
aZCu{G)/IG{ii)

for each /x € Irr(U, A), then the conjecture holds for that choice of B , d and A.

We fix /x G Irr(U,\)  and write H  = / G(/x). Clifford theory then allows us to move 

from counting characters of G and Ga to counting characters of H  and Ha:

Lemma 5.4 kd(G,B,fi) =  kd(H,B,ii) and

Y  ( - l ) Mwi (G*,B ,n,V<, ) =  Y  G 1 )WM H < , ,B ,n ,V ,n H ) .
a€Cu(G)/H a<=Cu(G)/H

Proof For each a G Ct/(G), / G(T( /x) = Ha, and so Clifford’s theorem gives a 1-1 

correspondence

Irr (Ha,n) 7rr(Gff,/x)

given by induction of characters (see, for example [29, 6.11]), and note that G =  Ga for 

the chain a — U of length 0. This correspondence is clearly defect-preserving. Suppose 

that x  £ I rr(G(T,ii) corresponds to 77 G Irr(Ha, /x). We claim that x  is V^-projective 

if and only if 77 is Va H iif-projective.

Proof of claim Let (p G Irr(Var\H, /x) be a character covered by 77. Now IvAA) = 

H  D Va, so by Clifford’s theorem <pVtr = 6 for some 9 G Irr(Vff, /x). But

(xk>0) =  bt\v.,VV’ ) = (x\v.nH,<p) = (VG°\v,n h , v ) =
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But (r},T]G,T\H<T) /  0 and (r),ipH°) ±  0, so x covers 9. We have x ( 1)p =  [G<r : Ha\pr)(l)p 

and

[Ga : Vff]p9(l)p = [Ga : Va]p[Va : K  n # W(1)P = [G, : : K  n tf]P<p(l)p.

So x (l)P = [Go- : Vr£r]p^(l)p if and only if p(l)p = [Ha : Va D H]pip(l)p, and the claim 

follows by Proposition 3.14.

It follows immediately from Lemma 3.1 that every p-block of Ha containing an 

irreducible character lying over p has a Brauer correspondent in Ga and the character 

correspondence given by induction respects the Brauer correspondence, i.e., if rj e 

Irr{Hff, /x), then r)Ga lies in the p-block of Ga which is a Brauer correspondent of the 

p-block of Ha containing rj.

Hence

wd(Ga, B , p, Vo) = wd(Ha, B , p, Va n H) 

since the Brauer correspondence is transitive, and the result follows. □

We use the theory of deficient p-chains introduced in [47] in order to overcome the 

problem of summing over /^AO-orbits of p-chains of G (note in particular that a given 

a € Cu(G) need not lie in the stabilizer of p). This idea originated in [51], but was 

defined formally in [47].

Definition Given a subgroup T  of G, we say that a p-chain

o  • Qo <  • • • <  Qn £  C{G}

is T-deficient if Q „nT  < Op(G). Given a p-chain a £ C(G) we call the longest deficient 

initial subchain the T-deficient part, and denote it by drier). Note that dr{(r) may be 

empty. As an abuse of notation denote the empty chain by 0.

Returning to our original hypotheses, for brevity we write V[G) = T>h (G) for 

the set of non-empty LA-deficient chains in Cu(G). Write V*(G) = T>(G) — {U} arid 

d(a) = dH(a).
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Observe that we may write

aECu(G)/H

=  £  ( £  ( - 1  )'T'+MW i( ( H r ) „ B , / i , t O
TEV{G)/H \<reC(G|FT)/ifr)d(cr)=(70

<reCu{G)/H,d(a)=Q

since Fr D i /  = C/ when r  G V(G). We show that it suffices to consider only those

chains contained in the stabilizer of their deficient part.

Lemma 5.5

£  ( £  (-1 ) 'T|+Mwd((HT) „ B , M,U)
T6V(G)/H \aeC(G\VT)/Hr,d(<r)=<ro

= £  f £  ( " I  P +Wwd{(HT)r ,B ,n ,U)
reV(G) /H \<TeC{GT\VT) /HT,d{<j)=<To

Proof We wish to cancel the contributions to the alternating sum of those chains 

a € Cu{G) with cr 0 C[/(iVG(d(cr))). We do this by pairing such chains with identical 

stabilizers but with lengths of differing parity. Note that the pairs of chains need not 

necessarily have the same, or even conjugate deficient part.

Let a : Qo < - ■•< Qn <■•■ < Qm G Cu{G) with d(a) = on non-empty. Suppose 

that cr 0 Cu(NG(d(cr))), i.e., Qm ^  Nc{Qi) for some i < n. Choose i minimal with 

this property. Given i, choose j  maximal such that Qi < Qj. So i < j  < m  and 

Qj < NQj+iiQi) /  Qj+1- There are two cases to consider: (i) Qj = N,Qj+1(Qi) and (ii)

Qj 7̂  ^Qj+i{Qi)-

(i) Suppose that Qj = NQj+1(Qi). Then form the chain

cr : Qo < • * • < !  Q j—i <  Q j+1 <  • • • <  Qm

from cr by deleting the term Qj.  If i = j , then Qj  /  NQj+l(Qi)  since Qj+i  is a p-group, 

so in particular we must have j  /  0 for case (i) to occur, and Vw = Va. Again using
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the fact that case (i) cannot occur when i = j, Nh(o) < Nn{Qj) and so Ha — Hw. 

Also Q i  is still a term of a and j  < m, so a Cu(NG(d(a))).

(ii) Suppose that Qj ^  NQj+1(Qi). Then form the chain

O • Qo <  * ’ ' <  Q j  <  ^ Q j + i i Q i )  ^  Q j + 1 <  * ' ’ <  Q m

from cr. Of course Vw = Va, and it is easy to see that N h ( o )  < NQj+1(Qi) and so 

Ha = Hw. As above Qi is still a term of the deficient part of <f and Qm is still the final 

subgroup of <t, so a £ Cu{NG{d(a))).

In both cases (a)9 = (a9) and a  =  cr, so we may cancel the contributions from 

orbits of chains containing a and a, since (—I)'47' = (—1) ^ +1. □

The next lemma may seem somewhat technical but it will later allow us to reduce 

the summation to a consideration of chains of H rather than G, the key to proving 

Proposition 5.2.

Lemma 5.6 Given r  E T>{G), denote by C*(GT\VT) the set of those chains

O . Qo ^  ^  Qn

in C(Gt\Vt ) satisfying Qi =  VT(H fi Qi) for each i =  0, . . . ,  n. We also allow r  to be 

the empty chain, in which case we set GT = G and set C(j(G) =  Cu(H). Then

<recv (G)/H,d{a)=0 <rGC* (G)/H,d{a)=9

(representing the case r  is empty), and when r  E T>(G) we have

<7eC(GT|V^)/tfr ,d(<7)=<70

ceC*{GT\VT)/HT,d(<r)=<ro
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P ro o f Let r  G V{G), and let cr : Q0 < • • • < Q„ € C(GT\VT) with d(a) = cr0 and

suppose that cr C*(Gr \VT), i.e., Qi ^  V T(H n  Qi) for some i. Choose i minimal with

this property, noting that i > 0. Now

Qi > V T(H n  Qi) > V T{H n Qi-,) = Qi-,

by the minimality of i. There are two cases to consider: (i) V T(H fl Qi) = Qi-, and 

(ii) V T( H n Q i ) ? Q i - 1.

(i) Suppose that V T(H D Qi) = Qi-,. Observe that i > 1, since if i = 1 and case

(i) occurs, then V T(H fl Q,) =  V T, and so H  D Q, =  H  fl V T =  U, contradicting our 

assumption that d(cr) = Go- Form the chain

O' • Qo ^  Qi—2 Qi ^  ^  Qn

from a by deleting the term Qi-,. Since i > 1, we must have Vw = Va, and it is easy to 

see that NH(a) < Nn(Qi-,),  so N h {o) = Nh {o). Also a G C(Gr \VT), with d(a) = a0 

a n d a 0 C*(Gr |F T).

(ii) Suppose that V T(H fl Qi) /  Qi-,. Then form the chain

o : Qo < • • • < Qi-1 < V T{H n Qi) < Q{ < • • • < Qn

from cr. Vw — Va since i > 0. Clearly NH(a) < Nh (Vt (H Pi Qj)), so that NH(a) =

N h { o ) .  Since V T(H fl Qj) fl H  = H  ft Qi > U, we have d(a) = <t0j and a 0 C*(GT\VT).

In both cases (a)9 =  (<r9) and a = cr, so we may cancel the contributions from 

orbits of chains containing cr and a, since (—1)^ = (—1 )^ +1. Hence the second part 

of the Lemma holds.

To consider those chains with deficient part the empty chain we may use a similar 

argument to cancel all chains in which Qj /  H  fl Qi for some i. We leave this to the 

reader. □
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Lemma 5.7

5 3  { - l ) ^ w d(H<nB , ii , V ^ H )  =  5 3  ( - 1  p w ^ B , ^ ) ,
a  €C*(G)/if,d(<r)=0 a€Cu{ H) / H, d{ ( r ) =9

and i f r e  T>(G), then

5 3  ( - l ) lTl+l'lWi((ffT)ff,B ,^ l7 )
aeC*(GT|VT)//rT>d(a)=ffo

a £ C ( H T\ U ) / H T

P roof Suppose that r  £ V(G ) and cr £ {a £ C*(G?T|I^r ) : d(a) = a 0}, where 

o : Qo ^  ^  ^Thcii by definition f̂ l j for cdidi % ^  Oj ctxici. so

=  l^ H iJ n Q .I  = nQ il
lw’1 \VT n H n Q i \  \u\

(recall that H  D V T = U). Since the Qi s are distinct, the chain <p(cr) defined to be

<p{a) : H  n V T < H HQi < • • <  H  DQn

has distinct terms. Since H  fl V T = U, we have (p(a) £ C(HT\U).

Conversely, if 6 £ C(HT\U), where 6 : Po < • • • < Pn, then define i p ( 0 )  to be the 

chain

1>(0) : V TP0 < VTPi < < V TPn.

Observe that VTP{ = VT(H fl VTPi) for each i and that ip(9) £ {C*(GT\VT) : d(a) = 

a 0}. Hence ip and ip are inverse maps between {a £ C*(GT\VT) : d(a) = ao} and 

C(Ht \U) which preserve length. It is clear that chains in {a £ C*(GT\VT) : d(a) = ao} 

are conjugate in HT if and only if their images in C(HT\U) are conjugate in Hr. Hence 

we have a bijection {a £ C*(GT\VT)/HT : d(a) = a 0} £->• C(HT\U)/HT. It remains to 

check that Nht(p (ct)) = Nht(cf). But this is clear since Nht{ct) < Nht{<p(ct)) and 

(since r  is stabiized by Hr) NHr(ip(a)) < NHr(ip((p(a))) =  NHt(<j).

The first equality of the lemma is immediate since C^(G) is by definition Cu{H). □
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Proof of Proposition 5.2 We have seen that

5 3  ( - l ) ^ w d{Ga, B,  A, V„) = J 2  ( E
aen(G) /G n£lrr(U, \) /G \<reCi/(G)/JG(/x)

(see Lemma 5.3 and the discussion preceding it). We fix p £ Irr(U,X) and write 

H  = Ig{/i). By Lemmas 5.4, 5.5, 5.6 and 5.7,

<reCu(G)/H

= E  ( E  (-1  )'T]+wM ( B T)<nB,ii,U)
reV(G) /H \<reC(HT\U)/HT

+ 5 3  (—i p w ^ B , ^ ) ,
<reCu(H)/H,d(<r)=Q

where the final alternating sum represents those chains in Cu{G) with empty deficient 

part.

Now if we set a £ V(G) to be the chain a = U (of length zero), then

5 3  (—1)M+Htud((Ha) „ B , » , U ) +  J 2
aeC(Ha \U)/HQ <reCu{H)/H,d(<r)=<l>

=  5 3  ( - 1  t \ Wi{H,„B,n,Va),
aeCu{H)/H

as we are considering on the one hand chains whose initial subgroup is U and on the 

other chains whose initial subgroup strictly contains U. We claim that

E  ( E  ( - i ) |T|+kW ( ^ ) * > 5 , / ^ ) J  = o .
r e v i ( G ) / H  \<TeC{Hr\U)/Hr J

P roof of claim Suppose that r  £ V*(G), and consider a chain cr £ C(Hr \U),

o’ : Qo < • • • < Q„, of length |cr| > 0. Then U < Qi < NHt(<t) = / ^ ( ^ ( p ) ,  i.e.,

Qi is a normal p-subgroup of (HT)a strictly containing U and stabilizing p, and so 

Wd{(HT)a, B, n,U) = 0 by Corollary 3.15. Hence

E  ( E  ( - l ) M+WM (nr)< r ,B ,n ,U ) \  = 5 3  ( - l )M w d(HT,B,fl,U).
T£Vt(G)/H \a e C ( H T\U)/HT J  reV t (G ) /H
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But notice that we may pair each deficient chain r  £ V^(G) satisfying VT = U with 

another chain in V^(G) with initial term strictly containing U, since we have defined 

V*(G) to exclude the chain r  = U. Clearly paired chains lie in H-orbits of the same size, 

and the lengths of the chains in each pair differ in parity, so we may cancel their contri­

butions to this last alternating sum. This gives X^reP#(G)/i/(—l ) ^ wd{HT1 B, p, U) = 0, 

and the claim follows.

Hence we have

Y  ( - l ) w v>i(G„B,li ,Vr ) =  Y  ( - 1
(j£Cu{G)/H aeCu(H) /H

+ E  ( E  ( -1  )m+m M ( h t)«,b , u , u )
TEVt{G)/H \<reC{HT\U)/HT

= Y  Y ,  ( - 1
<reCu(H)/H <t e n ( H ) / H

completing the proof of the Proposition. □

Proposition 4.6 If Conjecture 4-4 holds for all finite groups G of p-local rank n or 

smaller and with Op(G) < Z(G) cyclic, then the conjecture holds for all finite groups 

of p-local rank n. In particular in proving the conjecture it suffices to check it just for 

those groups with Op(G) < Z(G) cyclic.

Proof Let B be a p-block of a finite group G with plr(G) = n. We have seen 

(by Proposition 5.2, its proof and the accompanying discussion) that in order to verify 

Conjecture 4.4 for B (for a given A 6 Irr(Op(Z(G))) and integer d) it suffices to show 

that

kd{IG{p),B, p) =  ^ 2  ( - l ) l<r|u;d(/G!(/Lt)(T,B ,/ i ,y cr) (1)
<t£11{Ig {h ) ) / I g {h)

for each p £  Irr(U, A). Hence we may assume that 7 g ( a 0  =  G.
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Now by the results of Chapter 3 we may choose an irreducible extension 6 of p to 

a covering group G of G, and we may use restrictions of this extension to examine the 

characters of each Ga lying over // via covering groups of Ga/U. We use the notation 

of Proposition 3.10, with N  = U.

Let B  be the sum of the p-blocks of G corresponding to B  in Proposition 3.10 (i.e., 

the sum of the p-blocks B l ( \ ), where x  corresponds to some \  € Irr(G, B, /z)). It is 

clear that H(G/M)/G  and H(G /U )/G  may be identified, so G and G have ‘similar’ 

p-local stucture. For each a G 11(G), define a in the obvious way. We may make the 

identification

Irr(Ga, B,  p, Va) <-> Irr(Ga, B , ji, V&).

Let a = logp(\G\p) and a' = logp(\G\p). In order to count characters of defect d in 

G, we must count characters of defect d' = d + a! — a + logp(g,( 1)) in G. Hence the 

correspondence above may be refined to

Irrd(Gc,B , f i ,Va) ^  Irrd,(G&, B, fi,Va).

Of course we also have a 1-1 correspondence

Irrd(G, B, p) Irrd,(G,B, ft).

Hence (1) if and only if

kd,(G,B,i i ) =  Y ,
&<=7Z{G)/G

since by Proposition 3.10 the correspondences respect the Brauer correspondence. It 

is clear that M  = Op(G) < Z(G), and by definition M  is cyclic. Hence the proposition 

holds, since by Lemma 2.4 we have p/r(/c(/i )) < plr(G). □

Corollary 5.8 Conjecture 4-4 is equivalent to Conjecture 5.1.
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P ro o f Clearly Conjecture 5.1 implies Conjecture 4.4. Suppose that Conjecture 4.4 

holds. By the proof of Proposition 4.6 it suffices in proving Conjecture 5.1 to prove 

it only for finite groups with no non-central normal p-subgroups. But in this case the 

two conjectures are identical, and the result follows. □

5.3 Groups of p-rank one

We are now in a position to verify Theorem 4.7 for those finite groups G (of p-local 

rank one) in which G/Op(G) has p-rank one (i.e., G/Op(G) has no elementary abelian 

subgroups of order p2). It is well-known that a p-group has p-rank one if and only if it 

is cyclic or generalized quaternion (see for example [24, 5.4.10]).

P roposition 5.9 Let G be a counterexample to Theorem 4-7. ThenG/Op(G) contains 

an elementary abelian subgroup of order p2.

Proof By Proposition 5.2 and its proof, it suffices to verify the conjecture for central 

extensions, with centre a cyclic p-group, of each subgroup of G/Op(G). Since each 

subgroup of G/Op(G) is either a p'-group or has p-rank one, it then suffices to assume 

that G has p-local rank one, Op(G) = Op(Z(G)) < G' and G/Op(G) has cyclic or 

generalized quaternion Sylow p-subgroups. Let B be a p-block of G. We may assume 

that B has maximal defect.

Suppose first that G/Op(G) has a cyclic Sylow p-subgroup P. Then by Lemma 

2.14 P  has trivial Schur multiplier, and so by Lemma 2.10 Op(M(G/Op(G))) = 1, so 

that Op(G) = 1. By the results of Dade [16] k(B) = k(b), where b is the unique block 

of Ng{P) corresponding to B, and all irreducible characters in B and b have height 

zero. Hence Conjecture 4.4 holds for B. (Note that Dade considers his conjectures for 

blocks of cyclic defect in [19]).

Now suppose that p = 2 and that G/Op(G) has a generalized quaternion Sylow 2- 

subgroup P. By Lemma 2.14 M(P) = 1, and so by Lemma 2.10 Op(M(G/Op(G))) =  1,
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so that Op(G) = 1. It then follows from [56], which in turn relies upon the description 

of the irreducible characters of such a group given by Olsson in [40], that the conjecture 

holds for B, and the result follows. □
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6 Characterization and classification of finite groups 

with almost TI Sylow p-subgroups

6.1 Introduction

We have already seen that it suffices to assume that Op(G) is central in G and cyclic, 

and that G has p-rank at least two, so from now on we will assume that this is so. As 

in [7], we demonstrate that it also suffices to assume that Op>(G) is cyclic and central 

in G. These reductions are crucial in order to make use of the CFSG.

Having first established such groups as automorphism groups of quasi-simple groups, 

we use the classifications of Gorenstein and Lyons [26] (which assumes that p is odd, 

Opt (G) = 1 and lists simple groups with strongly p-embedded subgroups - a condition 

similar to Tl-ness) and of Suzuki (which assumes p =  2 and looks directly at the TI 

case) to list all such quasisimple groups.

6.2 Finite groups w ith  normal p'-subgroups

Lemma 6.1 In order to verify that Conjecture 4-4 holds for finite groups with almost 

TI Sylow p-subgroups of p-rank greater than one, it suffices to verify it just for those 

with only cyclic, central normal p' -subgroups.

Proof Let B be a p-block of a finite group G with almost TI Sylow p-subgroups. Let 

P G Sylp(G). In this case, by Corollary 3.15 Conjecture 4 .4  states that kd(G,B, A) = 

kd(Nc(P), B, A) for each integer d and each A G Irr(Op(Z(G))). Let K  = Op>(G). 

By Lemma 2.8 K  centralizes P  and so K  < Nq{P). The p-blocks of K  (in this case 

all are blocks of defect zero) covered by B form a single G-orbit (see [22, V.2.3]), and 

Irrd{G, B, A) =  Irrd{G, B, p, A) for some p G Irr(K). Clifford theory gives a 1-1
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correspondence

Irr(G, B , A) =  Irr(G, B, p, A) I r r ( J G(/x), B, /x, A)

given by induction, which preserves character defects. It is clear that we also have a 

1-1 correspondence Irr(Nc{P), B, /x, A) «-»• Irr(ING(p)(p), B, p, A). Hence we assume 

that /x is G-stable.

By Proposition 3.10 there is a finite group G with Opi(G) < Z(G) cyclic, G/Opi{G) = 

G/Op'(G), /x G Irr(Op'(G)) and a sum of p-blocks B of G such that

kd(G, B, A) =  kd{G, B, /x, A) =  kd(G, B , /x, A) =  kd(G, B, A).

Clearly ^ {G I O ^ ^ ^ /G  — 7Z(G/Opi(G))/G. By Proposition 3.10 we also have

kd(NG(P), B, A) = kd(NG(P),B,  /x, A) =  kd(NG(P), B, /x, A) =  kd(Nd(P), B, A),

where P  is defined in the obvious way. Hence if Conjecture 4.4 holds for G then it 

holds for (•?, and we are done. □

6.3 Characterization o f finite groups with almost TI Sylow  

p-subgroups

Lemma 6.2 Let H be a finite group with plr(H) =  1 and Op(H) =  Op>(H) =  1. 

Then there is an unique nontrivial minimal normal subgroup N of H. Further, N  is 

nonabelian simple, plr(N) =  1 and H is isomorphic to a subgroup of Aut(N), the 

automorphism group of N.

Proof Let P  G Sylp(H). We note that P  is not normal in H, since otherwise 

plr(H) = 0 by the remarks preceding Lemma 2.4.

Let N  be a (nontrivial) minimal normal subgroup of H. Then p \ |7Vj, since 

otherwise N < Op>(H) = 1.
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Now PC\N is a nontrivial Sylow p-subgroup of N  so, by Lemma 2.7 H = Nh(P)N.  

Suppose that N\ and N2 are distinct nontrivial minimal normal subgroups of H. By 

minimality we have Ni Pi N2 = 1, and N\ < Ch{N2) < Ch{N2 n  P) < Nh{N2 n P). 

Since N2C\P is nontrivial, by Lemma 2.6 Nh(N2HP) < NH(P). But then H = Nh(P), 

a contradiction. So N  is the unique nontrivial minimal normal subgroup of H.

Now by Gorenstein [24, 2.1.5] either N  is isomorphic to a direct product Si x • • • x Sr 

of isomorphic nonabelian simple groups or N  is elementary abelian. If the latter occurs, 

then N  is a normal p-subgroup of H since p||iV|, contradicting Op(H) = 1. So we may 

assume the former. We show that r =  1:

Suppose that r > 1. Clearly p | |5X|, so we have

S2 x • • • x Sr < CH(Si) < CH{Sl n P ) <  Nh {Sx n  P) < Nh (P)

by Lemma 2.6 since Sx f lP  is nontrivial. By the same argument each Si is contained in 

Nh{P) and N < Nh(P), again a contradiction. So r =  1 and N  is nonabelian simple. 

It is clear from Lemma 2.4 that plr(N) = 1. It remains to show that Ch(N)  = 1, so

that H is isomorphic to a subgroup of Aut(N).

Since Ch{N ) < H and N  is the unique minimal normal subgroup of H, either 

Ch (N) > N  or Ch(N ) =  1. Since N  is nonabelian we must have the latter, and the 

result follows. □

Now by Proposition 4.6, Proposition 5.9 and Lemma 6.1, in proving Theorem 4.7 

we may assume that G has Op(G)Opi(G) = Z(G) cyclic and is a central extension of 

G/Z(G) with Z(G) < [G, G], and that G/Z{G) has p-rank greater than one. Of course 

plr(G) = 1. By Lemma 6 .2 , G = G/Z(G) is an automorphism group of a finite simple 

group N = N/Z(G) of p-local rank one, where Z(G) < N. We use the classification 

of finite groups with TI Sylow 2-subgroups by Suzuki, and the classification of finite 

groups with a proper strongly p-embedded subgroup, non-cyclic Sylow p-subgroups 

and no nontrivial normal p'~subgroup, for p an odd prime, by Gorenstein and Lyons to
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give a list of possibilities for N.

The following hypotheses hold throughout the remainder of the thesis.

Hypotheses 6.3 G is a finite group of p-local rank one and p-rank greater than one. 

Z(G) < G', Z(G) < N  < G and Z(G) is cyclic. N = N/Z(G) is a nonabelian simple 

group of p-local rank one and N  < G < Aut(N). Write L = N'.

Remark 6.4 It is important to note that Z(L) is central in G. This excludes some

automorphism groups of quasisimple groups which do not act trivially on the centre of 

that quasisimple group (see [12, p.xxii]).

Definition Let Q < H be a p-group, H  a finite group, and k 6 N. Let m(X) be the 

p-rank of the group X.  Define

TQtk{H) =  (Nh(X) | X  < Q,m(X) > k).

For P  € Sylp(H) we call Tptk{H) the k-generated p-core of H.

We call a proper subgroup M  < H strongly p-embedded if Tp^(H) < M  for some

P e Sylp(H).

Lemma 6.5 Suppose that Op(H) =  1. Then H has a TI Sylow p-subgroup P if and 

only ifTpti(H) = Nh {P), i.e., Nh (P) is a proper strongly p-embedded subgroup of H.

Proof The ‘only if’ part is clear from Lemma 2.6. Suppose that 1 < Q < P  is a radical 

p-subgroup of H and that Fpti(H) =  Nh (P). Then Np(Q) <  TPti(H) =  Nh (P)- So 

Q < P H N h (Q) < Op(NH{Q)), contradicting our assumption that Q is radical. Hence 

the only radical p-subgroups of H are 1 and the Sylow p-subgroups of H, so that 

plr(H) =  1. The result then follows by Lemma 2.5. □

Lemma 6.6 Consider Hypotheses 6.3. Then (p ,N ) is isomorphic to one of the'fol­

lowing:
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(a)(2,2B2(22m+1)), m > l

(b) (3, 2G2(32m+1)), (3, P S L 3(4)), (3 ,2G2(3)'), (3,M U), m  > 1

(c) (5, 2B2(32)), (5, 2F4(2)'), (5, McL)

(d)(U ,J t)

(e) (p ,P SL 2(pm)), (p ,PSG 3(pm)), m > 1.

P ro o f For p = 2 this is Theorem 1 of [55]. Suppose that p is odd. Then N  has a proper 

strongly p-embedded subgroup. So by [26, 24.9] (p, N)  is isomorphic to one of the pairs 

listed or to (5,Af22) or (p,A2p). By [26, 24.2], TQti(N) ±  Njf(Q) (for Q e Sylp{N)) 

when (p, N)  is isomorphic to (5,M 22) or (p, A2p), so by Lemma 6.5 in these two cases 

N  cannot have TI Sylow p-subgroups. Also by [26, 24.2], Tq^ N )  = Nj^(Q) for each 

of the remaining cases, so the result holds by Lemma 6.5. □

The argument used in proving the following result is essentially that used in [59].

Lem ma 6.7 Consider Hypotheses 6.3. Then (p, [G : A]) =  1, except when (p, N) = (3, 

2G2(3)') or (5, 2B2(32)).

P roo f Suppose first that p — 2. Then the result follows from Theorem 2 of [55].

Assume now that p /  2 and that (p,N)  ^  (3, 2G2(3)') or (5, 2B2(32)). By [12], N  

has p-regular outer automorphism group except when possibly (p, N)  =  (p, P S L 2(pm)), 

(p,PSU3(pm)) or (3, 2G2(32m+1)). In each of these cases an outer automorphism of 

p-power order must be a field automorphism, i.e., a power of the Frobenius map r  : 

x —> xp.

Assuming that N  is one of these classes of groups, let P  G Sylp(G) and Q = P n  N. 

We assume that p | [G : N] and derive a contradiction.

Let g E P  be a field automorphism of order p. Then g fixes a nontrivial proper sub­

field of F9, say Ft , where ¥q is the field of definition of A  as a group of Lie type. Hence 

g fixes a subgroup T  of N  isomorphic to P S L 2{F*), PSU$(¥t) or 2C?2(F*) respectively,
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so that

T  <  C<,{9) = %((<?» < %«<?))■

But N-Q((g)) < Nq(P) since G has TI Sylow p-subgroups, so T < Nq(P)C\N = N-^(P). 

But Njf(P) is of the form P B , where B is abelian, so Nq(P) is solvable, a contradiction 

since Nq(P) contains the nonabelian simple group T and subgroups of solvable groups 

must be solvable.

When (p, N) = (3, 2Gf2(3)/) or (5, 2B 2(32)), by [12] we have [G : N] = p. □

In verifying Conjecture 4.4 for the various possibilities for G we rely upon knowledge 

of the automorphism groups of covers of simple groups. The remainder of this chapter is 

devoted to overcoming the problem of deriving information concerning covering groups 

of the automorphism groups. We do this both by determining the Schur multipliers 

explicitly and by using reduction techniques developed in [7]. The aim is to show that 

we may assume L = N.

We first deal with the cases where [G : N\ is divisible by p.

Lemma 6.8 Consider Hypotheses 6.3. If (p , N ) =  (3, 2Gr2(3)/) or (5, 2B2{32)); then 

Z(G) =  1.

Proof By [12] the Schur multiplier M(N)  is trivial in these cases, and [<j : iV] = p. 

Then since G /N  is cyclic, by Lemma 2.12 M(G) = 1 and the result follows. □

We now assume that p J([G : W].

Lemma 6.9 Consider Hypotheses 6.3, and suppose also thatp )([G : N]. IfOp(Z(G)) /  

1, then L = N.

Proof By Lemma 2.11 if Op(M(N)) = 1, then Op(M(G)) =  1, so we need only consider 

those cases where Op(M(N)) /  1. By [12] this occurs only when (p, N) = (2, PSL2(4)), 

(2, 2B2(8)), (3, PSL2(9)) or (3,PSX8(4)).
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If G /N  is cyclic, then by Lemma 2.12 M(G) is a homomorphic image of M(N).  

But Z(L) < Z(G), so in this case Z(L ) = Z(G), and L = N  as required.

Hence we may assume that G /N  is noncyclic. This occurs only when (p, G) = 

(3 ,PSL2(9)) or (3 ,PS L 3(4)). We use the MAGMA package to compute the Schur 

multipliers of the relevant automorphism groups of P S L 2(9) and PS L 3(4). I would 

like to thank Derek Holt for suggesting a set of generators for P S L 2(4).22, which we 

give in Appendix B. P S L 2(9).22 may be obtained as PI\L2(9).

G M(G) G M(G)

P S L 2( 9) c 6 P S L 3( 4) Ci x C4 x C3
P S L 2( 9).2x c2 P S L 3( 4).2j C2 x C2 x C3
P S L 2( 9).22 c2 P S L 3( 4).22 c 4

P S L 2( 9).23 c3 P S L 3( 4).23 C4

P S L 2(9). 22 C2 x C2 P S L 3( 4).22 C2 X C2
Hence when G /N  is noncyclic, we have Op(Z(G)) = 1 and we are done. □

The following is essentially Lemma 3.5 of [7]. We leave the precise details of the 

proof to the reader since most of the methods have been used in Chapter 3.

Lemma 6.10 Let B  be a p-block of a finite group X  with Z(X)  p-regular. Let V

be a cyclic p'-group containing Z (X )  and let A = X  * V be a central product with 

V  n  X  = Z(X).  Suppose that Bi  is a p-block of A covering B. Then Conjecture 4-4 

holds for B  if and only if it holds for B i .

P ro o f Fix an integer d. The irreducible characters in Bi all lie over a single p G 

Irr{V/Z{X))  by [22, V.2.3]

Since V < Z(A) and (p, [A : X]) =  1 we may identify H ( X ) / X  and 11(A)/A, and

N a (ct) = Nx((?) * V  for each a G 1Z(X), with Nx (cr) fl V = Z(X).
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Fix a G 7l(X). Since N A(a)/Nx(cr) is cyclic and each x £ Irr(Nx(<r)) is NA(a)~ 

stable, by Clifford’s Theorem we have a 1-1 correspondence

I r rd(NA(a), p) <-* Irrd(Nx {<r))-

By Lemma 3.14 this takes V^-projective characters to V^-projective characters. It is 

clear from the proof of Proposition 3.10 that this correspondence is compatible with 

p-blocks and with the Brauer correspondence. Hence we have a 1-1 correspondence

I r rd(NA(a), B\)  <-> Irrd(Nx (a), B)

and wd(NA(cr), Bi, Va) = wd(Nx (cr), B, Va). The result follows. □

Suppose that G satisfies Hypotheses 6.3 and that (p , [G : N]) = 1, Op(Z(G)) = 1. 

By [12] G /N  is a product of two cyclic p'-groups. Let N  < T  < G, where T / N  and 

G /T  are cyclic. Write W  for the central extension of T/Z(G)  by T' fl Z(G) such that

W  < T. We have Z(L) < Z(W ) < Z(G).

Lemma 6.11 Let G be as above. Then there is a finite group H satisfying

(i) Z(H) < L< H ,

(ii) Op'(H) = Z ( H ) < H', Z ( H ) is cyclic and Op{H) = 1,

(Hi) Ch (L) = Z(H)  =  Z{L),

(iv) H /L  is a p'-group,

(v) Conjecture 4-4 holds for G if  and only if it holds for H .

P ro o f This is based upon [7, 3.6].

Choose u G G such that uWZ(G) = uT  generates the cyclic p'-group G/WZ{G)  = 

G /T  of order m. Hence um G WZ(G),  say um = wz where w G W, z G Z(G).

Let V  be a cyclic p'-group such that Z(G) < V, and containing an element v G V

such that vm = z. Write A  =  G ★ V, where we identify Z(G ) with G D V.
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Setting h = uv 1 G A,  define H = (W , h) < A. Now

A GV „  G G    r\J_____ _ ______
W V  ~  WV G n w v  ~ WZ{G)

and hWV  has order m, so hWV  generates A/WV.  Hence A = H * V  with Z(H) and 

V fl H  identified.

Clearly L < W. Since h = uv -1 and v G Z(A),  conjugation by h induces the same 

(outer) automorphism on L as does u. Hence

Ch{L) = Cw{L) = z { w )  = w n  z(G)  = w n { G n v )  = w n v  = H n v  = z{H).

Now by Lemma 2.12 Z(W) = Z (L ), so Z(H) = Z(L) as required. It is clear that 

H/L  is a p'-group, Op>(H) =  Z(H) = H  n  V  is cyclic and Op(H) = 1.

Hence the result follows from Lemma 6.10. □

To summarize, in order to prove Theorem 4.7, it suffices to assume Hypotheses 6.3 

and L = N,  i.e., G is an automorphism group of the quasisimple group N:

P roposition  6.12 Suppose that G is as in Hypotheses 6.3 and L = N. Then one of 

the following possibilities for (p , N) occurs:

(a) (p,PSL2(pm)), (p ,S L 2(pm)), ( p ^ S U ^ ) ) ,  (p, SU3(pm)), m > 1

(b) (2, 2B2(22m+1), m  > 1, (2,2. 2B2(23), (2,2.P5L2(4)).

(c) (3 ,2G2(3m), m > 1 odd, (3, 2G2(3)'), (Z,PSL3(4)), (3,2.PSL3(4)), (3,3.P5L3(4)), 

(3,41.PS £3(4)), (3,42.P 5L 3(4)), (3,6.PSB3(4)), (3, ^ . P S L ^ ) ) ,  (3 ,122.PSB3(4)), 

(3,3.PSL2(9)), (3,6.PSL2(9)) o r(3 ,M n ).

(d) (5, 2jB2(25)), (5, 2P4(2)'), (5, McL) or (5,3.McL).

( e ) ( l l  ,J4).

Further, p\[G : JV] only when (p , N ) =  (3, 2G2(3)') or (5, 2P?2(25)).

57



7 Checking th e conjecture

7.1 Introduction

Over this chapter we verify the conjecture for the groups listed in Proposition 6.12.

Since some of the calculations have been performed in part or in full by Blau and 

Michler in [7], we give a summary of their results, and list the cases where Robinson’s 

conjecture follows directly from their work.

We assume Hypotheses 6.3 and assume (as we may) that N  is perfect. Let B  be a 

p-block of G with defect groups the Sylow p-subgroups of G (otherwise the conjecture 

holds trivially).

7.2 Some results o f B lau and M ichler

Although we endeavour to cite any results of [7] used as fully as possible, we feel that 

due to the closeness of the two sets of calculations some lapse is inevitable and so make 

our apologies in advance.

Proposition 7.1 (Blau and Michler [7]) Let G be a finite group with TI Sylow p- 

subgroups. Let a = logp(\G\p) and let B  be a p-block of G of defect a. Let P  £ Sylp(G). 

Then the following are true:

(a) k(G,B) = k(NG(P), B).

(b) ka(G,B) = ka(NG(P), B).

(c) l(G,B) = l(Na (P),B).

Corollary 7.2 Let B  be a p-block of a finite group G with TI Sylow p-subgroups. If B  

has abelian defect groups then B  satisfies Conjecture 4-4-

Proof  By Ito’s theorem and Proposition 7.1 ka(G, B) = ka(NG{P), B) =  k(Nc{P), B) = 

k(G,B). □
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Much of [7] is devoted to the calculation of the fixed points of the action of outer 

automorphisms on conjugacy classes of groups of Lie type. We summarize one of the 

main results here.

Lemma 7.3 ( [7]) Let N  =  2G2(32m+1), 2£ 2(22m+1) or PSUz(pm), where m  > 0. 

Then the (outer) field automorphisms of N  consist of automorphisms of the form rT, 

where r is the Frobenius automorphism x —> xp. Suppose that r\2m +  1 in the first two 

cases or r\2m if N  = PSUz{pm). Then r r fixes precisely pr p-regular conjugacy classes 

of N.

In their proof of Proposition 7.1 Blau and Michler use some neat combinatorial 

results for dealing with the action of the outer automorphisms on the irreducible (or­

dinary or Brauer) characters of the group. We give these here for convenience, and 

make the trivial observation that the results can be extended to counting characters of 

any given height (given that the index is coprime to p).

Lemma 7.4 (Lemma 2.2  of [7]) Let A be a finite group acting on two sets S\ and 

S2 as a permutation group. For H  < A, write f s ^ H ) =  |{s G Si\sa =  s V a G H}\ and 

mSi(H) = \{s e Si\CA(s) = H}\.

If  f Sl(H) = f s2{H) for all H  < A then m Sl(H) = ms2{H) for all H  < A.

P roof This follows by an easy inductive argument on [A : H], given in [7]. □

Lemma 7.5 (Lem ma 2.3 of [7]) Let H < G<E, where H<E and E /G  is cyclic and 

p-regular. Suppose further that for a generator y G E of E /G  we have [E : G\ = [H(y) :

H]. Let B be a p-block of G and b a p-block of H, with both B  and b are stable under 

the action of y. Let d be an integer. Then if (in the notation of the previous lemma) 

firrd(G,B)(C) = firrd(H,b){C ) f or each subgroup C of (y), then kd(E,Bi) = kd{H(y),bx), 

where B\, 61 is the collection of p-blocks of E, H(y) covering B, b respectively.

The analogous result holds when we consider Brauer characters instead of ordinary 

characters.
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P ro o f This is a standard application of Clifford’s theorem using Lemma 7.4, and is 

given in [7]. □

7.3 Sporadic sim ple groups of p-local rank one

Proposition 7.6 Conjecture 4-4 holds for G when (p , N ) = (3,M u ) ,  (5,McL), and

(11 ,J 4).

Proof If (p, N) = (3, Mn),  then G = N  since M (M u) = Out(Mu)  = 1. Mu  has 

abelian Sylow 3-subgroups , so Conjecture 4.4 holds in this case by Corollary 7.2.

If (p,N) = (11, e/4), then again we have G = N.  By Ostermann [41] the prin­

cipal 11-block Bo is the only 11-block of J4 of positive defect. Let P  E Sylp(G), so 

|P | = l l 3. By Ostermann’s character table for N g { P )  ( [41, pp69]) ks(NG(P), B0) = 

42, k2{NG{P),B0) = 7 and k(NG(P ) ,B 0) = 49. By [12, pp.188] k3{G,B0) =  42, 

k2(G,B0) = 7 and k(G,B0) = 49. So Conjecture 4.4 holds in this case.

Now suppose that (p , N ) =  (5, McL). The conjecture has been verified independ­

ently in this case by Murray [36]. By [12] the outer automorphisms of McL do not act 

trivially on the centre of 3.McL, so by Remark 6.4 we do not have to consider the group 

3.McL.2. Hence G =  McL, 3.McL  or McL.2 . First suppose that G =  McL. By [41] 

McL has just one p-block B 0 of positive defect. It follows from the character tables 

given in [41] and [12] that for P  E Syls(G) we have ks(G,B0) = 13 =  k3(NG(P),B0) 

and k2{G,B0) = 6 =  k2(NG(P), B 0) (this accounting for all the irreducible characters 

of B0 and its Brauer correspondent in NG(P)).

Suppose that G = S.McL. Then NG(P) has the form 3.5++2 : 3 : 8 , where 5++2 is 

the non-abelian group of order 53 and exponent 25. Now CG(P) = 3.5++2, so G has 

three 3-blocks B0, Bi, B 2 of positive defect, each lying over a distinct A E Irr(Z(G)), 

Bq the principal 3-block. By [12, p.101] k3(G,Bi) = k3(G,BQ) = 13, k2(G,Bi) = 

k2(G,B0) = 6 and k(G,Bi) = k(G,B0) = 19 for each i. By Lemma 2.10 and Lemma
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2.14 we have M ( N g ( P ) / Z ( G ) )  = 1, so each A G Irr(Z(G))  extends to an irreducible 

character of NG(P), and irr(NG(P), Bi) is the same for each i. Since irr(Nc(P), Bo) = 

irr(NG{P)/Z(G), B0) and irr(G , B 0) = irr(G/Z(G), Bg), it follows that Conjecture 4.4 

holds each each Bi.

It remains to demonstrate the conjecture for G = McL.2. This has just one 5- 

block Bo of positive defect. The character degrees of NG(P) are given in full in [7] 

(irr(Nc(P),Bo) = {8 x 1,10 x 2,4 x 20, 2 x 24,2 x 40}). Comparing these to the 

character degrees given for G in [12] gives the required result. □

7.4 Groups of Lie typ e o f p-local rank one

Proposition 7.7 G satisfies Conjecture 4-4 when (p, N) = (3, 2G2(3)') or (5 ,2B2(25)).

Proof If (p,N) “  (5, 2P 2(25), then G *  2J32(25) or 2B2(25).5. Now 2J32(25) has cyclic 

Sylow 5-subgroups, so the conjecture holds when G = 2B 2(25) by Proposition 5.9. Let 

G = 2B2(25).5 and P  G Syl$(G). By [12, p.77] N G{P) has the form C25 : C2o and 

C2o acts on C25 with orbits of length 1, 4 and 20. Hence by Brauer’s theorem ( [14, 

11.9]) C2o acts on Irr(C25) with three orbits, which by counting must have lengths 1, 

4 and 20. Hence by Clifford’s Theorem zrr(ATG(P)) =  {20 x 1,5 x 4,1 x 20}. We have 

C g ( P )  <  P, so G has only one 5-block Bo of positive defect. By the character table 

in [12] we get ks(G,B0) = 25, k2(G,B0) = 1 and k(G,B0) =  26, so Conjecture 4.4 

holds for G in this case.

If (p, N) = (3, 2G2(3)'), then G =  2G2(3)' or 2G2(3). Now 2G2(3)' has cyclic Sylow 

3-subgroups, so the 3-blocks of 2G2(3)' satisfy Conjecture 4.4. Let G =  2G2(3) and 

P  G Sylz(G). By [12, p.6] NG{P) has the form Cg : Co and Co acts on Cg with 

orbits of length 1, 2 and 6. Again by Brauer’s theorem Co acts on Irr(Cg) with three 

orbits, which by counting must have lengths 1, 2 and 6. Hence by Clifford’s Theorem 

irr(NG{P)) =  {6 x 1,3 x 2,1 x 6}. We have CG{P) < P, so G has only one 3-block B0
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with defect group P. By the character table in [12] we get k^(G, B 0) = 9, k2(G, B0) = 1 

and k(G, Bq) = 10, so Conjecture 4.4 holds for G in this case. □

Proposition  7.8 Conjecture 4-4 holds for G when (p , N) =  (2, 2B2(22m+1)); m > 1.

P ro o f In this case G =  2B 2(22m+1).Ct, where t|2m + 1, or G =  2. 2B 2(23) (there is 

no finite group of the form 2. 2B2(23).3). Write q = 22m+1. The first part of the proof 

is [7, 6.3].

First suppose that G = 2B 2(22m+1).Ct, and let P  € Syl2{G). By [54, p.107] and 

since the outer automorphisms are field automorphisms, CG{P) < P  and so G has only 

one 2-block B0 of positive defect. By [54, pp.126,142], irr(NN(P)) = {q — 1 x 1,1 x 

q -  1, 2 x 2m(q -  1)}, and by [54, p.141] irr(N) =  {1 x 1,1 x q2, q/2 -  1 x q2 + 1, (q + 

2m+1)/4 x (q -  2m+1 + 1 )(q -  1), {q -  2m+1)/4 x (q +  2m+1 + 1)(9 -  1), 2 x 2m(q -  1)} 

(the only 2-block of defect zero being that consisting of the Steinberg character).

Write t : x -> x2 for the Frobenius map, and let r|2m -I- 1 so that r r gener­

ates a subgroup of Ct- Note that every 2-regular outer automorphism of N  can be 

described in such a way. By Lemma 7.5 it suffices to show that f i rrd(N,B0) { ( T r ) )  = 

f i r r d(NN(P),B0) { ( r r ) )  for each choice of r r .

By Lemma 7.3 r r fixes 2r 2-regular conjugacy classes of N. By examination of the 

character table r r fixes the 2-singular conjugacy classes of N.  Hence r r fixes 2r + 3 

conjugacy classes of N,  and so 2r +  3 irreducible characters (including the Steinberg 

character) by Brauer’s theorem. Hence f i rrAm+2(N,B0){(Tr)) — 2r , since r r must fix the 

three irreducible characters of N  of even degree.

Now Nn (P) = P W  where W  = F*. Hence r r fixes 2r — 1 of the q — 1 2-regular 

conjugacy classes of N n (P), and so 2r — 1 Brauer characters of N n (P). But r r fixes 

2r — 1 Brauer characters of N  (excluding the Steinberg character), so fiBr{N,B0){(Tr)) = 

f i B r ( NN (P),B0) { { T r ) )  and by Lemma 7.5 1{G,B0) = l(NG(P),B0). Hence by Lemma 2.9 

k(G, B0) = k(NG{P), B0). Since all but one of the irreducible characters of height one

62



of Nn(P ) are linear, it follows that /irr4m+2(NN(P),Bo)((r r )) =  2r . So by Lemma 7.5 

k4m+2 {G, Bo) = k4m+2(NG(P), Bo)- The result follows in this case since all positive 

height charaters of N, N n (P) have the same defect.

Finally suppose that G = 2. 2B2(23). Again we have just one 2-block B0 of positive 

defect. Let Irr(Z(G)) = {1, A} and P  G Syl2(G). We have already shown that 

Conjecture 4.4 holds for B0 and the character 1 G Irr(Z(G)).  It remains to verify 

that kd(G, B0, A) = kd(NG(P), B 0, A) for each d. By [12, p.28] NG(P) has the structure 

2.23+3 : 7. Using the MAGMA package we may construct the character tables of P  and 

P/Z(G)  (see Appendix B for details), to obtain irr(P , A) =  {8}. By Clifford’s theorem 

this gives irr(NG(P), B0, A) =  {7 x 8}. By [12] k4(G, B 0, X) = 7 = k(G,B0, A) and we 

are done. □

Proposition 7.9 G satisfies Conjecture 4-4 when (p, N)  =  (2, P S L 2(4)), (2,PSL2(9)) 

and (3,P5LS(4)).

Proof In each of these cases P  G Sylp(G) has order p3 and \Op(Z(G))\ =  p, so 

that P  is extraspecial. Let B  be a p-block of G with P  as a defect group. Write 

G = G/Op(Z(G)) and let B  be the block of G corresponding to B. Since P/Op(Z(G)) is 

abelian, Conjecture 4.4 holds for B  by Corollary 7.2. Hence by Lemma 2.9, k(G, B, A) = 

k(NG(P),B, A) for each A G Irr(Op(Z(G))). Now

• ( P w  I  { p 2 x l J i / A =  1 zrr(P, A) =  <
I. M  */ a #  1

so by Clifford’s theorem k{NG(P), A) =  k3{NG(P), X) if A =  1 and k(NG(P), \ )  =  

k2(N0 (P),X) if A / l .

From the character tables at [12, pp.2,4,24] we see that k (G ,B , \ )  = ks(G,B,X)  if 

A = 1 and k{G, £ , A) =  k2(G, B , A) if A /  1. Hence k3{G, B , A) =  k3{NG{P),B , A) and 

k2(G, P , A) = k2(NG(P ), B, A) for each A G /rr(O p(Z(G))) as required. □
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Proposition  7.10 G satisfies Conjecture 4-4 when (p,N)  =  (p, P 5 L 2(pm)) or (5, 

2F4(2)'), m > 1.

P ro o f In each case G has abelian Sylow p-subgroups and the result follows by Lemma 

7.2. □

7.5 Ree groups o f typ e  G 2

Our aim is to prove the following:

P roposition  7.11 Every 3-block of G satisfies Conjecture 4-4 when (p ,N ) = (3, 

2G2(32m+1), m > 0.

Note that N  = N.  Blau and Michler use Ward [57] in their proof [7] of Proposition 

7.1. However, since 3-blocks (of positive defect) of N  contain irreducible characters of 

three distinct heights we need more exact information on the character degrees. To do 

this we return to Ree’s original description of AT as a twisted Chevalley group.

We follow Carter [10] in our desciption of N  = 2G2(q), where q = 32m+1, m  > 0.

Lem ma 7.12 Let P  £ Sylz(N). Consider the automorphism of¥q defined by A (->• ,

where f  = 3m.

P has order q3, and we may label its elements as x(t,u,v),  where t ,u ,v  £ Fg, with 

multiplication given by

x ( t i ,uu vi)x(t2, u2, v2) = x(ti +  t2, Ui +  u2 -  titlf , Vi +  v2 -  t2ui +  t i t l f+1 — t\t\ f ).

Z(P)  =  {x(0,0,?;) | v £ F9} and |^ (P ) | =  q. The subgroup

Pi = {x(0,u,v)  £ P  | u,v  £ F9}

of order q2 is normal in P, P/P\ is elementary abelian and Pi = P ' .
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Proof The description of the elements and their multiplication follows from [10]. 

This gives #(£, u,v)~x =  x{—t, —u — t3f+1, —v — tu + t3f+2) V £, it,u G Fg, so we see that 

conjugation in P  is given by

x ( tu u u v i )x ( t2, u2, v2)x( tu uu  ^i)_1

= x(t2, U2 — t\t>} ~b t2t-J, v2 ~ t 2U\ “b t\U2 "b “b “b t^t^  + t^t^)-

Suppose that x(t2,u2,v2) G Z(P).  Then

- t xt \ f +  t2t \ f  =  0,

—t 2 U \  +  f i t /2  +  ~b t \ ^ ^ t 2 -f- t \ t \ ^  +  t \  —  0

V G P , so t 2 — u2 — 0. Hence

Z (P) =  {z(0,0,u) I V g Fg}

and \Z(P)\ = q as required. The last part is clear. □

Lemma 7.13 P has q conjugacy classes of length 1, q — 1 of length q and 3(q — 1) of 

length | g 2.

Proof

x ( t i ,u i , v i )x (0 ,  u2,0 )x ( t i ,u i ,  vi)~x =  z (0 ,  u2, t iu2),

so for each u2 € F * , x(0,u2,0) is conjugate to all elements x(0,u2,v) G P  where 

v G Wq. In this way we obtain q — 1 conjugacy classes of length q, each corresponding 

to a distinct value of u2 in F * . It is clear that we have q conjugacy classes of length 

one, corresponding to the elements of Z(P). We have thus accounted for every element 

of Pi.

Suppose now that x(t2,u2,v2) G P  with t2 /  0. If x(ti,Ui,vi) G CP(x(t2,u2,v2)), 

then t2t\* =  t i t \ t . Let <f> : F9 —>• Fg be the additive endomorphism sending A to
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t2\ v  -  At\! . If 0 / A g  ker((J)), then A3̂  =  Xt^/ 1- Without loss of generality, assume 

t y ~ x = 1, so A3-̂ = A. Hence

/\ 3 m + 1 — 1 —  l  —  ^ 9 - 1  _  ^ 3 m (3m +1- l ) + 3 m - l

and
I  _  ^ 9 - 1  _  ^ 3 ( 3 m - l ) ( 3 m + l ) + 2  _  ^ 2

so \ker{4>)\ = 3. This gives \Cp(x(t2,U2 ,v2))\ = 3q since we can choose u\ to give t2u\ 

any value in ¥q. Hence we have found 3(q — 1) conjugacy classes of length | q2. This 

accounts for all the elements of P . □

We use the action of P  on Irr(Pi) to calculate the nature and degrees of the 

irreducible characters of P .

Lem ma 7.14 irr(P) = { q x l , ( q - l ) x  q, 3(g -  1) x 3m}.

Proof Considering ¥q as an n =  (2m + l)-dimensional vector space over F3, write 

£ e ¥ q as C = (Ci5 • • • i Cn)- Write the elements of Irr(Pi) as Xx,y» x, V £ Fg, where, for 

z(0, u , v) 6 Pi,
n n

f \ \  T T  2u&.fA,ri I  r  2vj y.i"'Xx,y (x(0,u,u)) =  | | e  3 e 3
k= 1 j = 1

Recall that

x(ti,ui, ^i)x(0, u2, 0)x(ti ,ui,  ^ i)_1 =  x(0, u2, tiu2) V *i, Ui, Vi,u2 e  Fg.

From this we see that for any x  £ F9, we have I p ( X x , o) — P  and that for any i e F ?, 

y  e F*, we have I p ( X x , y )  =  Pi- This gives us q orbits of length one and q — 1 orbits of 

length q. Representatives of the long orbits are Xo,y> V € F*.

By Clifford theory representatives of the long orbits induce to give distinct irredu­

cible characters of P  of degree q. Xo,o = lp: extends to P  in q distinct ways to give q 

linear characters of q. Since Pi is the derived subgroup of P , every linear character of 

P  is an extension of xo,o-
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Now consider the characters Xx,o? where x G F* . Although these characters are 

stable under the action of P , they do not extend to irreducible characters of P. We 

show that all irreducible characters of P  covering such characters of Pi have the same 

degree.

Fix p = Xx,o> x £ F * . Since Ip(Xx,o) =  P, by Lemma 3.6 there is a degree preserving 

1-1 correspondence Irr(P,p)  o  Irr ((P/Pi) ,p) ,  where (P /P l) is a central extension of 

P/Px and p € Irr{Z{{pjPi))).

Now by Lemma 3.6 we may take Z ( ( P / P i ) )  to be a cyclic p-group. However, by 

Lemma 2.14 the Schur multiplier of an elementary abelian group is itself elementary 

abelian and so we have |Z ((P /P i))| =  3. Note that p is non-trivial since we may not 

extend p to P. This demonstrates that i r r ( P , x x,o) is independent of the choice of 

x e F * .

Since P  possesses hq — 4 conjugacy classes, we must have \irr(P, Xx,o)| =  3, and all 

irreducible characters of P  lying over Xx,o have the same degree, which must then be 

3m, as required. □

We examine the action of N ^(P )  on the irreducible characters of P  to calculate 

the irreducible character degrees of N n ( P ) .  It is interesting to note that by using 

Ward’s character table for G (see [57]) and the fact that the non-blockwise version of 

the Knorr-Robinson reformulation of Alperin’s weight conjecture is known to hold for 

finite groups with split BN-pairs in the defining characteristic, we may already observe 

that N n ( P )  possesses q  + 7 conjugacy classes.

Lem ma 7.15 N n {P) has irreducible characters of degrees l , q —l ,Sm(q—l)/2,3m(q —

1), q(q — 1) with multiplicity q — 1,1,4, 2,1 respectively.

Proof As noted at [57, p.63], Nn(P)  = PW,  where W  is cyclic of order q — 1 and acts 

fixed-point freely on P/P\.  Hence W  acts transitively on the q — 1 non-trivial linear
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characters of P, giving q — 1 linear characters of Nn(P)  and one irreducible character of 

degree q — 1. The irreducible characters of degree q of P  are also permuted transitively 

by W", giving one irreducible character of degree q(q — 1). Since fc(iVjv(P)) = q + 7 

we are left with k5m+3(NN(P)) =  6. By Ree [44], W  possesses an unique involution, 

h0, and Cp(ho) = {x(0, u, 0)|w E Fg}. W  acts transitively on Z(P)  and P/Pi,  and 

W / < ho > acts on Pi/Z(P)  with 2 orbits of length (q — l)/2  and one of length one. 

Recall that each Xx,o with x E F* is covered by three irreducible characters of P. It 

follows that the irreducible characters of Njy(P) of height 3m consist of two of degree 

3m(g — 1) and four of degree 3m(q — l)/2 . □

Proof of Proposition 7.11

By Ward [57, p.63], CN(P) < P. Since the outer automorphisms of N  are field 

automorphisms, Cg(P) < P- So G possesses only one 3-block B 0 of positive defect.

Ward [57, p.85] gives k(N) — q -1-8 and from the character table at [57, p.87], we 

have kom+s{N,Bo) =  q, k5m+3( N ,B 0) = 6 and k4m+2{N, B 0) = 1

Let r  be the Frobenius map as in Lemma 7.3 and let r be an integer dividing 2m + l 

such that r r generates a subgroup G/N.  We calculate the number of characters of N,  

Nn (P) of each height fixed by r r . Note that we are not assuming that r r is 3-regular 

(this will be important in Chapter 9). By Lemma 7.3 r r fixes 3r 3-regular conjugacy 

classes of N. Examination of the character table given in [57] reveals that r r fixes 

every 3-singular conjugacy class of N,  hence r r fixes 3r +  8 conjugacy classes in total. 

So f j rr(N,Bo)((rT)) =  3r +  7 by Brauer’s theorem. Further examination of the character 

table and using the fact that r r has odd order reveals that r  fixes every irreducible 

character of positive height, and so 3r irreducible characters of height zero (excluding 

the Steinberg character), i.e., f i r r 6m+3(N>B0) { ( r r ) )  = 3r , f i r r 5rn+3(N,BQ) ( ( T r })  =  6 and 

flrr4m+2(N,B0){(Tr}) = 1-

Now consider the action of r r on Irr (NN(P)). The 3-regular conjugacy classes of 

Nn (P) = P W  are represented by the elements of W,  and so r r fixes 3r — 1 3-regular
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conjugacy classes of N n ( P ) .  S o  f i B r { N N{P),B0) ( {T r ))  =  3r -  1 and r r fixes 3r -  1 linear 

characters of iVG(P). Clearly r r fixes the unique irreducible character of degree q — 1,

SO f  Irr6m+3(NN(P),Bo) ( ) )  3  .

It remains to examine the action on the characters of Nn(P)  of positive height. 

Clearly the unique irreducible character of degree q(q — 1) is fixed by r r , as are the two 

of degree 3m(q — 1) since r r has odd order. Finally it is clear from the construction of 

the remaining characters that r r cannot act on the four irreducible characters of degree 

3m(q — l)/2  with an orbit of length three, and so r r fixes these also. The result then 

follows from Lemma 7.5. □

7.6 The unitary groups o f degree 3 in the defining character­

istic

Our aim is to prove the following:

Proposition 7.16 Every p-block of G satisfies Conjecture 4-4 when N  = PSUz(pm), 

m > 1.

Our approach is similar to that used in verifying the conjecture for the Ree groups 

in defining characteristic. Again we use Carter [10] to view N  as a twisted Chevalley 

group and so calculate the irreducible character degrees for the normalizer for a Sylow 

p-subgroup of N , and compare the numbers obtained with those from the character 

tables for N  found in Simpson and Frame [52].

Let q = pm, m  > 1.

Lemma 7.17 Let P  G Sylp(N). Consider the automorphism of Fq2 defined by A \ f , 

where f  =  q.

P  has order q3, and we may label its elements as x(t,u), where t ,u  € Fq2 and 

u + u* = t*+1, with multiplication given by

x(ti, ui)x(t2, u2) = x(ti + t2, ui +  u2 -  t{t2).

69



Z(P) = {x(0,w) | uf  -- —u} and \Z(P)\ = q.

P ro o f Note that N  = 2A 2(q2), and construct G as a twisted A2(q2) following Carter [10].

The characterization and multiplaction of the elements of P  follow from [10], so 

that

u)~l =  x (— — u — t f+1) V x(t , u) G P, 

and conjugation in P  is given by

x(ti,Ui)x(t2, U2)x(ti ,Ui)~l =  x(t2, u2 +  t{ti -  t{t2).

Denote by 0 : F92 —> F92 the additive homomorphism given by

0(A) =  A + A'.

\ker(<j))\ = q, so |P | =  q3.

Suppose that x(t2,u2) G Z{P). Then — ^ 2  for all ti G F92. So t2 = 0 and 

u2 G fcer(0). Hence |Z (P)| =  □

Lemma 7.18 P  q conjugacy classes of length one and q2 — 1 of length q.

P roo f In Lemma 7.17 we saw that Z(P)  has order q and consists of elements of the 

form z(0, u), where = —u. This gives us the q conjugacy classes of length one.

Now suppose that x(t2,u2) G P , t2 ±  0. Suppose that x(ti ,ui)  G Cp(x(t2,u2)). 

Then t2t\ =  t{t2. Assume that t\ /  0, then we want t{~1 =  t2~l . This has q — 1 

solutions for each t2, and so t\ can take q values in F92. So \Cp(x(t2,u2))\ = q2, and 

we have found the remaining q2 — 1 conjugacy classes. □

We use the action of P  on Irr(Z(P))  to calculate the degrees of the irreducible 

characters of P .

Lem ma 7.19 irr(P) =  {q2 x 1, (q — 1) x q}
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Proof Consider F92 as an n =  2m-dimensional vector space over ¥p , and write £ € F92 

a s  C =  (C i> • • • > Cn)• Denote the elements of Irr(Z(P))  as xy> V € F92, where, for 

x(0,u) € Z(P) we have
nn 2tl L yju 7Tt

e p .
*=i

Each Xy is stable under the action of P.

Note that for all x(t i ,u i) ,  x(t2, u2) € P , we have

[x(*i, Mi), x(£2, ^2)] =  ar(0, t f2ti -  t{t2),

so P' = Z(P). Hence P  has q2 linear characters, namely those which are extensions of 

Xo-

Fix fj, =  Xy, y  € F^j. Since i p ( X y )  — P 7 by Lemma 3.6 there is a degree-preserving 1- 

1 correspondence Irr(P, fi) ++ I r r ( (P /Z (P )), /i), where (P /Z { P )) is a central extension 

of P/Z(P),  fi G Irr(Z((P/Z(P))))  and Z((P/Z(P)))  is a cyclic p-group. As in Lemma 

7.14, P/Z(P)  is elementary abelian and so has elementary abelian Schur multiplier 

by Lemma 2.14. Hence \Z((P/Z(P)))\ = p. Again since we cannot extend p to an 

irreducible character of P , we have p 7̂  1 and so irr(P , xy) is independent of the choice

of y G F ĵ • Hence all the non-linear irreducible characters of P  have the same degree

and the result follows. □

Let d = (3, q +  1). If N  = PSU^(q) then by [52, p.487] Cn {P) < P , and N  has just 

one p-block of positive defect. Out(N)  consists of diagonal and field automorphisms. 

By [7, p.436] and since a nontrivial field automorphism cannot centralize P , Cq{P) < P  

and G has just one p-block of positive defect. If N  = SU3(q), then G has d p-blocks of 

positive defect since |^(Cr)| =  d , which is coprime to p. Each p-block of positive defect 

consists only of irreducible characters lying over a distinct irreducible character of Z{G). 

So the principal p-block of G/Z(G) possesses precisely the same irreducible characters 

as the principal p-block of G (after factoring out the kernel of course), and similarly

71



for Ng/z{g){Z(G)P/Z{G)) and Ng{P)• Hence it suffices in proving Proposition 7.16 

to assume that N  = SUs(q), which we do.

Let B\  be the p-block of G containing only irreducible characters lying over A G 

Irr(Z{G)).

Lem ma 7.20 Eachp-block of N n (P) possesses irreducible characters of degrees 1, (q2— 

1 )/d,q(q — 1) with multiplicities (q2 — l)/d , d, (q+ 1 )/d respectively.

Proof Write N = N/Z(N) .  By [28, 11.10.12], NW(P) = N n (P) = W P , where W 

is cyclic of order (q2 — 1 )/d. Also by [28, 11.10.12], W  acts on the linear characters 

of P  with one orbit of length one and d orbits of length (q2 — 1 )/d, and transitively 

on the remaining q — 1 irreducible characters. Hence by Clifford theory zrr(iVjv(P)) = 

{(q2 — 1 )/d x 1 ,d x (q2 — l) /d ,(q  +  1 )/d  x q(q — 1)}. By Lemmas 2.13, 2.10 and

2.14 M( Nn(P) )  = 1, so each irreducible character of Z(N)  extends uniquely to an 

irreducible character of N n ( P )  and the result follows. □

Blau and Michler in [7] give a full account of the action of the diagonal and field 

automorphisms on the conjugacy classes of N  and Nn(P).  Let 5 be an outer diagonal 

automorphism such that (S N ) has order d. Write E  =< 5 > N  and note that 6 

stabilizes P.

Using Lemma 7.20, [7, 4.5] and the character tables given in [52], we see that all 

irreducible characters have defects 3m, 2m  or zero, and

k3m(NN(P ) ,B x) =  k3m(N, Bx) =  (q2 -  1 ) /d  +  d,

k2m(NN(P), Bx) =  k2m(N, Bx) =  {g +  1 )/d,  

k 3m(NE(P),Bx) = k3m(E,Bx)  =  q2, 

k2m(NE(P), Bx) = k2m{E, Bx) = q + 1

for each A G Irr(Z(G)).
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and

Let r r be a field automorphism as in Lemma 7.3 generating a subgroup oiG/E,  so 

r\2m. By [7, 4.5],

f l r r 3m(NN(P),Bx) ( ( r r ) )  =  f I r r i m{N,Bx) ( ( T r ) )

I pm i f  r\m

= < pm +  2 i f  r fm  and 3|(2m/r)

(Pm — l) /3  +  3 i f  r fm  and 3 |(2m /r)

f l r r 2m(NN (P),Bx) ( { T r ) )  =  f I r r 2rn(N,Bx) ( { r r ) )

(2,p — 1) i f  r\m 

=  < pr/2 +  1 i /  r /ra  and 3|(2ra/r)

(pr/2 +  l) /3  z/ r /m  and 3 /(2m /r)

f l r r 3m(NE(P),Bx) ( { Tr ) )  =  f I r r 3rn(E,Bx) ( ( T V))  =  P™ 

f l r r 2m(NE(P),Bx) ( ( T r ) )  =  f I r r 2m{E,Bx) ((O)
(2,p — 1) z / r | m

pr/2 4-1 z/ r /fim

The result follows by Lemma 7.5. □
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8 Proof of Theorem  4.7

Theorem  4.7 Conjecture 4-4 holds for every finite group of p-local rank one.

P ro o f By Proposition 4.6 it suffices to verify the conjecture for p-blocks B of fi­

nite groups G with Op(G) < Z(G ), Op(G) < G', Op(G) cyclic and plr(G) < 1 .  If 

plr{G) = 0, then Conjecture 4.4 states that kd(G, B , A) =  wd(G, B , A, Op(G)) for each 

integer d and each A G Irr(Op(Z(G))). But in this case Op(G) G Sylp(G), so the 

conjecture holds trivially. Hence we may assume that G has p-local rank one, and by 

Lemma 2.5 G has almost TI Sylow p-subgroups. In this case Conjecture 4.4 states 

that kd(G, B, A) = wd{G, B, A, Op(G)) -  wd(NG(P), B, A, Op(G))+wd(NG(P), B, A, P), 

where P  G Sylp(G). If B  has defect group Op(G), then the conjecture predicts that 

kd(G,B, A) = wd(G, B, \ , O p(G)), which holds trivially. Hence we may assume that B 

is a p-block of maximal defect, and so it has P  G Sylp(G) as a defect group (since defect 

groups are radical p-subgroups and the only radical p-subgroups of G are Op(G) and 

the Sylow p-subgroups). Now wd(NG(P), B, A, P) = kd(NG(P), B, A) and by Corollary

3.15 wd(G, B, A, Op(G)) = wd(NG(P), B, \ , O p(G)) = 0, so we have only to check that 

kd(G ,B , \ )  = kd(NG( P ) ,B , \ ) .

By Proposition 5.9, Conjecture 4.4 holds for every such p-block when P/Op(G) has 

p-rank one. Hence we may assume that P/Op(G) has p-rank strictly greater than one, 

and so Op>(G) < N G(P) by Lemma 2.8. By Lemma 6.1 we may then assume that 

Op'(G) < Z(G) is cyclic and Z(G) < G'. So Z(G) =  Op(G)Op>{G) is cyclic.

By Lemma 6.2 there is a unique normal subgroup N  of G minimal such that it 

strictly contains Z(G). The factor group N/Z(G)  has TI Sylow p-subgroups and is 

nonabelian simple. Further N /Z (G ) < G/Z(G) < Aut(N/Z(G)). Lemma 6.12 gives a 

list of the possibilities for N/Z(G)  using the classification of finite simple groups. By 

Lemma 6.7, Lemma 6.8 and Proposition 7.7 we may assume that (p, [G : N]) = 1.

Next we show that we may assume that N  is quasisimple, i.e., that G is an auto­
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morphism group of a quasisimple group: (a) Lemma 6.9 tells us that if Op(Z(G)) > 

1, then N  is quasisimple; (b) Lemma 6.11 tells us that we may assume that N  is 

quasisimple when Op(Z(G)) = 1.

The results of Chapter 7 give a case-by-case verification of Conjecture 4.4 for each 

of the possibilities for G where N /Z ( G ) is one of the nonabelian simple groups listed 

in Proposition 6.12, and the result follows. □
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9 Dade’s inductive conjecture for th e R ee groups 

of type G2

As an aside and whilst we have introduced the notation necessary to study the Ree 

groups of type G2 , we go on to demonstrate the inductive form of Dade’s conjecture 

for these groups for the prime p = 3. Jianbei An has achieved a verification for all 

primes but p = 3 in [4], and so the results of this section will complete the verification 

for this class of groups.

Since Out(2G2 (q)) is cyclic and the Schur multiplier of 2G2(q) is trivial, it follows 

from the remarks at the end of Chapter 3 of [20] that in order to verify the inductive 

conjecture for this class of groups it suffices to check only that they satisfy the invariant 

conjecture. We state the invariant conjecture here and direct the reader to [20] for a 

statement of the inductive conjecture.

C onjecture 9.1 (D ade’s invarian t) Let B be a p-block of a finite group G satisfying 

Op(G) = 1, and suppose that G < E. I f  G < H < E  and a G It(G), then denote by 

Irrd(Ga, B , H) the set of those characters in I rrd(Ga, B) with inertial subgroup Nh{&) 

in NE(a). Write kd{Ga,B , H )  = \Irrd(GaiB , H ) l  Then

Y  (--L)w kd(G„,B,H) = 0.
a e n ( G ) / G

Proposition  4.9 Dade’s inductive conjecture is satisfied for the Ree groups of type 

G2 for the prime p =  3.

P ro o f Let G =  2G2{q), where q =  32m+1. Let G < E  and let B0 denote the unique 

3-block of G of positive defect. Choose t|2m + 1 such that r % generates E / G , where 

r  is as in Lemma 7.3. Suppose that G < H < E, and choose r|2m -I- 1 such that r r 

generates H/G.  Note that we may now have 3|[E : G\. Let P  G Sylp(G).

From the proof of Proposition 7.11, f i r r 6m+3(G,B0) { ( r r ) )  = 3r , f i r r 6m+3(G,B0) { ( r v ) )  = 

6 and /jrr4m+2(G,Ro)((r r )) =  accounting for all the irreducible characters of
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B 0. Also from the proof of Proposition 7.11, we have f ir r6m+3(NG(p),B0) { ( r r)) = 3r,

f i r r 5m+3{NG{P),Bo)((T r ) )  =  6 and firrim+2{Na{P),Bo)({Tr)) = 1, this accounting for all the 

irreducible characters of N G(P). The result follows by Lemma 7.4. □
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10 Appendix A

10.1 Generators for P S L s ( 4).22

Regarded as a permutation group acting on a set of 56 elements, a system of generators 

for PSL3(4).22 is (a,b,c,d), where

a =  (2,6,22,31,8)(3,9 ,32 ,39 ,12)(4,14,42,46,16)(5,18,38,51,21)(7,26,49,52,27) 

(10,19,23,54,35)(11,36,50,33,37)(13,40,20,45,41)(15,30,55,44,28)

(17,47,29,24,48)(25,43,56,53,34),

b =  (1,2,5)(3,10,13)(4,15,17)(6,23,25)(7,20,19)(8, 28,32)(9,33,21)

(11,30,38)(12,18,14)(16,45,40)(22,24,53)(26,48,37)(27,39,43)(29,47,46)

(31,44,41)(34,49,55)(35,42,51)(50,52,54)

c =  (1,3)(4,11)(5,19)(6,24)(8,29)(9,32)(10,34)(12,39)(14,43)(15,23)(16,44)

(20,49) (21,50)(25,42)(27,45)(30,36)(33,56)(38,53)(40,41)(46,54)(47,48)

d = ( 1,4)(2,7) (3,11)(5,20)(6,24)(8,30)(9,34)(10,32)(12,39)(13,35)(14,33)

(15,44)(16,23)(17,18)(19,49)(21,46)(22,52)(25,53)(26,55)(27,41)(28,51)(29,36) 

(31,37)(38,42)(40,45)(43,56)(47,48)(50,54)

It can easily be checked using MAGMA that PSL$(i).22 =  (a, b, c, d) by computing 

the centre of PSLz{4).22, the centralizer of PSL^{4) and making use of the Composi- 

tionFactors command, or simply by using the CharacterTable command and comparing 

with that given in [12].

10.2  Generators for 2 . 2 £ 2(8)

Following [12, pp.28] 2. 2B 2{8) may be regarded as the subgroup of GL8(5) generated 

by the matrices a,b and c given below:
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S o O O O l O O ^  

0 0 0 0 0 0 4 0  

0 0 0 1 0 0 0 0  

0 0 1 0 0 0 0 0  

0 0 0 0 0 0 0 4  

1 0 0 0 0 0 0 0  

0 1 0 0 0 0 0 0  

^ 0 0 0 0  1 0 0 0 ^

' S i i i  

1 4  3 3 

1 3  3 4

1 3  4 1
c =

1 4  1 0  

1 1 0  3 

1 0  3 4

^ 1 3  4 3

S o o o o o o o ^  
0 0 1 0 0 0 0 0  

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

v 0 1 0 0 0 0 0 0 J

1 1 1 1 ̂

4 1 0  3 

1 0  3 4 

0 3 4 3

3 4 3 3

4 3 3 4 

3 3 4 1

3 4 1 0 y
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