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SUMMARY

The w a te r  wave -  ic e  f lo e  i n t e r a c t i o n  i s  in tro d u c e d  hy 

re v ie w in g  th e  work done to  d a te  on th e  p rob lem . S e v e ra l m a th em a tica l 

m o d e ls , in c o rp o ra t in g  h i t h e r to  u n e x p lo re d  and p o s s ib ly  s ig n i f i c a n t  

m echanism s o f th e  i n t e r a c t i o n ,  a re  th e n  c o n s tru c te d  and in v e s t ig a te d .

In  th e  f i r s t  p la c e ,  th e  e f f e c t  o f  a  p la n e  wave in c id e n t  a t  

any an g le  upon a  s e m i - in f in i te  e l a s t i c  sh e e t o f  c o n s ta n t  th ic k n e s s  i s  

c o n s id e re d , u s in g  l i n e a r i s e d  sh a llo w  w a te r  th e o ry .  The s o lu t io n  f o r  

th e  v e l o c i ty  p o t e n t i a l  u n d er th e  ic e  i s  d is c u s s e d  f o r  v a r io u s  v a lu e s  

o f  th e  p h y s ic a l  p a ra m e te rs , and in  th e  m ost i n t e r e s t i n g  c a s e ,  n u m erica l 

c a l c u la t io n s  a re  made to  d e term ine  th e  re le v a n c e  o f such  f a c to r s  as 

ic e  th ic k n e s s  and an g le  o f in c id e n c e .

S econd ly , a s e m i - in f in i te  s h e e t  o f  v a r ia b le  th ic k n e s s  i s  

exam ined and th e  p a r t i c u l a r  case  t r e a t e d  when t h i s  th ic k n e s s  has a 

s in u s o id a l  form . Ranges o f  in c id e n t  w aveleng ths c o rre sp o n d in g  to  a 

p ro g re s s iv e  wave s o lu t io n  under th e  ic e  a re  c a lc u la te d .  A lso , an ic e  

th ic k n e s s  hav ing  a r e c ta n g u la r  wave form i s  c o n s id e re d  w ith  s im i la r  

r e s u l t s .

A tte n t io n  i s  th e n  tu rn e d  to  th e  problem  o f  th e  e x is te n c e  

o f  a  p ro g re s s iv e  wave in  an i n f i n i t e  a r r a y  o f r i g i d l y  h e ld ,  e q u a l ly  

sp aced  f l o e s .  Two d i f f e r e n t  approaches a re  em ployed to  red u ce  th e  

r e s u l t i n g  p o te n t i a l  problem  to  w eakly s in g u la r  i n t e g r a l  e q u a t io n s ,  

w hich in  tu r n  a re  so lv e d  by a p e r tu r b a t io n  m ethod, and , in  th e  g e n e ra l



c a s e ,  by a  n u m e ric a l te c h n iq u e . I t  i s  found  t h a t  com plex wave g roups 

can be c o n s tru c te d  s a t i s f y i n g  th e  p rob lem , b u t t h a t  s im ple  p ro g re s s iv e  

waves do n o t e x i s t .

In  an a tte m p t to  make a n a ly t ic  in ro a d s  on th e  above m ent

io n e d  i n t e g r a l  e q u a t io n s ,  some a s p e c ts  o f  s in g u la r  i n t e g r o - d i f f e r e n t i a l  

e q u a tio n s  a re  in v e s t ig a t e d ,  and methods dev e lo p ed  by w hich th e s e  may 

be s o lv e d . The c lo s e ly  a s s o c ia te d  g e n e r a l is e d  R ie m an n -H ilb e rt p roblem  

i s  a l s o  d is c u s s e d  and two i n t e g r o - d i f f e r e n t i a l  e q u a tio n s  a r i s i n g  i n  

aerodynam ic th e o ry  a re  so lv e d  a s  exam ples o f th e  te c h n iq u e s  p ro p o sed .



CHAPTER I

INTRODUCTION AND REVIEW OF THE T/ATER V/AVE -  ICE FLOE INTERACTION

I t  i s  i n t u i t i v e  t h a t  f l o a t in g  pack  ic e  m ust impede ocean  

waves in c id e n t  upon i t  to  a  c e r t a i n  e x t e n t ,  t h a t  th e  en e rg y  o f  such  

waves w i l l  he p a r t l y  r e f l e c t e d  from  th e  i c e ,  and t h a t  th e  en e rg y  

p e n e t r a t in g  th e  ic e  may m a n ife s t  i t s e l f  i n  a d i f f e r e n t  fo rm . T ra v e l le r s  

i n  th e  p o la r  r e g io n s  have been  aware f o r  many c e n tu r ie s  o f  th e  

a t t e n u a t io n  o f  w a te r  waves by  i c e f i e l d s  and th e  co n seq u en t co m para tive  

s a f e ty  w hich th e s e  g u a ra n te e  from  th e  f u r y  o f  a s to rm .

In  s p i t e  o f  t h i s ,  v e ry  l i t t l e  i s  known a b o u t th e  i n t e r a c t io n s  

betw een s e a s  and ic e  f l o e s ,  and p r e s e n t  day  f a c to r s  p re s s  f o r  an 

in c re a s e  i n  t h i s  know ledge. F a c ts  which have alw ays been  r e l e v a n t  to  

th e  an im al h a b i t a t  i n  th e  a r c t i c  zones a r e  becoming more and more 

im p o rta n t to  man. The s i z e  o f  f l o e s ,  i n  te rm s o f  b o th  s u r fa c e  d im ension  

and th ic k n e s s ,  t h e i r  co v er o f  th e  se a  and th e  predom inance o f  i n t e r 

v en ing  open w a te r ,  th e  e f f e c t  o f  wave m otion  on f l o e s ,  th e  b re a k in g  

and d iv id in g  o f  pack  i c e ,  a re  a l l  q u e s tio n s  w hich need  to  be posed 

and a n sw e re d .

An u n d e rs ta n d in g  o f  th e se  phenomena w i l l  h e lp  to  a s s u re  th e  

s a f e ty  o f  th e  subm arines w hich now move under th e  i c e ,  and w i l l  ex ten d  

com prehension  o f  th e  f a c t o r s  g overn ing  th e  m otion  o f  s u r fa c e  v e s s e ls  

i n  pack  ic e  b e l t s . I t  w i l l  a ls o  be o f  use in  d e te rm in in g  lo c a t io n s  o f



th e  mary g e o p h y s ic a l s t a t i o n s  which a r e  b e in g  s e t  up on ic e  i s l a n d s ,  

a s  re g a rd s  t h e i r  s t a b i l i t y  and hence u s e fu ln e s s  as  b a se s  f o r  p r e c is e  

in s tru m e n ta t i o n a l  te c h n iq u e s .  F in a l ly ,  t h i s  know ledge, w hich m ust in  

p a r t  be i n s t i n c t i v e  i n  th e  w ild  l i f e  o f  such  r e g io n s ,  w i l l  e n l ig h te n  

o u r u n d e rs ta n d in g  o f  th e  b io lo g ic a l  en v iro n m e n t.

We s h a l l  h e r e a f t e r  be concerned  w ith  th e  s p e c i f i c  problem  o f 

th e  in t e r a c t io n s  betw een  ocean  waves and ic e  f l o e s .  As th e  work which 

h as  been  done to  d a te  on th i s  to p ic  i s  n o t e x te n s iv e ,  i t  seems w o rth -  

v /h ile  to  a s s im i la te  and summarise th e  c u r r e n t  know ledge. The fo llo w in g  

s e c t io n s  o f  th e  c h a p te r  a re  d es ig n ed  to  do t h i s ,  to  in d i c a te  th e  tre n d s  

w hich re s e a rc h e s  have fo llo w e d , and p erh ap s to  e s t a b l i s h  t h e i r  s h o r t 

comings and p o in t  th e  way to  fu tu re  developm ents .

This d is c o u rs e  can c o n v e n ie n tly  be d iv id e d  in to  th r e e  c a te g o r ie s ,  

concerned  r e s p e c t iv e ly  w ith  o b s e r v a t io n a l ,  t h e o r e t i c a l  and e x p e rim e n ta l 

r e s e a r c h ,  though o f  course  th e se  a re  l in k e d  i n  th e  sen se  t h a t  th e  l a s t  

two a re  p r im a r i ly  aimed a t  r e f l e c t i n g  th e  r e s u l t s  o f  th e  f i r s t ,  and o f 

each  o th e r .

1 .  O b se rv a tio n a l R e se a rc h .

C o n s id e rin g  the  e x te n t  to  w hich many n a tu r a l  phenomena have 

been  s tu d ie d  and th e  w e a lth  o f  in fo rm a tio n  t h a t  has been  g a th e re d  ab o u t 

v a r io u s  a s p e c ts  o f  th e  p h y s ic a l  env ironm ent t h a t  we a re  s u b je c t  t o ,  

o b s e rv a tio n s  o f  th e  i n t e r a c t io n s  o f  ocean  waves w ith  f i e l d s  o f  pack  ic e



a re  c u r io u s ly  r a r e  . The d i f f i c u l t y  o f  c o l le c t in g  c o n t ro l le d  d a ta  i n  

th e  p o la r  re g io n s  i s  perh ap s th e  re a s o n  f o r  t h i s  s t a t e  o f  a f f a i r s ,  an 

e x a c t  know ledge o f  th e  many p a ram ete rs  in v o lv e d  b e in g  v i r t u a l l y  in p o s s 

ib l e  to  o b t a in .  A f u r th e r  d e t e r r e n t  i s  p e rh ap s  one o f  economy as  many 

s h ip  h o u rs  a re  r e q u ir e d  to  n e g o t ia te  th e  pack ic e  and perfo rm  r e g u la r  

s to p s  f o r  th e  pu rpose  o f  ta k in g  r e a d in g s .  I d e a l ly  to o ,  a second v e s s e l  

i s  needed to  re c o rd  th e  o cean  c h a r a c t e r i s t i c s  o u ts id e  th e  pack ic e  

s im u lta n e o u s ly  w ith  m easurem ents in s id e  th e  i c e f i e l d ,  w h ile  a c o m p le te ly  

a c c u ra te  re c o rd  o f  th e  p r e v a i l in g  ic e  c o n d it io n s  can o n ly  be o b ta in e d  

from  an  a e r i a l  v an tag e  p o i n t .

T ida l r e c o rd s  i n  th e  p o la r  r e g io n s  f o r  th e  l a s t  few decades 

have in d ic a te d  t h a t  se a  l e v e l  o s c i l l a t i o n s  w ith  p e r io d s  o f  around two 

m inutes o ccu r in  a re a s  o f  e x te n s iv e  ic e  c o v e r .  Hunkins [ l]  o b se rv ed , 

on fo u r  d r i f t i n g  ic e  s t a t i o n s  in  th e  A rc t ic  O cean, co n tin u o u s  v e r t i c a l  

o s c i l l a t i o n s  o f  th e  i c e .  P e r io d s  in  th e  ran g e  1 5 - 6 0  seconds were 

d e te c te d ,  th e  am p litu d e  b e in g  ro u g h ly  p r o p o r t io n a l  to  th e  sq u are  o f  the  

p e r io d ,  and e q u a l to  -y mm. a t  50 s e c o n d s . These m otions w ere due in  

p a r t  to  wind g e n e r a t io n ,  b u t  in  one case  th e y  w ere i d e n t i f i e d  as 

p ro p a g a tin g  w aves. L onger p e r io d  d is tu rb a n c e s  were a ls o  o b serv ed  w h ich , 

Hunkins s u g g e s ts ,  may be due to  c o n d itio n s  p e c u l i a r  to  ic e  r e g io n s ,

* F ig u re s  d en o ted  th u s  r e f e r  to  th e  b ib l io g ra p h y  fo llo w in g  th e  

c o rre sp o n d in g  c h a p te r .  The n o ta t io n  f o r  t a b le s  and f ig u r e s  i s  

e x a c t ly  s im i l a r  in  m eaning .



perhaps m eteo ro lo g io a l in  o r ig in .

The wave energy acceptance o f  t a r e t i c  pack ic e  should  be

more marked than t h i s ,  the r eg io n  bein g  exposed to a la r g e r  surrounding  

ocean area  and g e n e r a lly  h ea v ier  sea s and s w e l l s . In f a c t  one o f  the  

e a r l i e s t  recorded  c o n tr ib u tio n s  to th is  to p ic  was made in  the A n ta rc tic  

by the m aster o f  the Endurance in  1916, who w itn e ssed  the p e r io d ic  

r i s e  and f a l l  o f  la rg e  f l o e s  .

A major c o n tr ib u tio n  to t h is  f i e l d  o f  stu d y  was made some ten  

years ago by Robin [ 2] ,  [ j ]  who undertook to in v e s t ig a te  wave p e n e tra tio n  

a t  la rg e  d is ta n c e s  in to  the . in ta r c t ic  pack ic e  . His stu d y  h ig h lig h te d  

the problem o f  a c c u r a te ly  record in g  ic e  c o n d it io n s  as he found th a t  

v is u a l  e s t im a te s  o f  f lo e  s iz e s  made by exp erien ced  p o lar  t r a v e l le r s  

were some 30 per cen t too low , w h ile  ic e  cover a p p r a isa ls  were su b je c t  

to even g r e a te r  e r r o r .

However Robin made r igorou s measurements o f  wave c h a r a c te r is t ic s  

by means o f  a sh ip -b orn e reco rd er , and was a b le  to  deduce from th e se  

and co rrec ted  v is u a l  o b serv a tio n s se v e r a l c o n c lu s iv e  r e s u l t s  .

He found th a t p er iod s l e s s  than 8 seconds d isappeared from  

the wave spectrum  in  the pack i c e ,  w h ile  waves w ith  p er iod s exceed in g  

8 seconds su ffe r e d  a d ecrea se  in  energy i f  the f lo e s  were no la rg e r  

then 40  m etres in  d iam eter . For waves w ith  a I 6 second p er iod  there  

was l i t t l e  energy lo s s  in  f lo e s  40 m etres oi' l e s s  a c r o s s , and energy  

was s t i l l  d e te c ta b le  in  f lo e s  up to se v e r a l k ilo m etr es  in  d iam eter .



p ro v id e d  t h a t  th e y  w ere no th ic k e r  th a n  two m e tre s .  H is r e s u l t s  in d ic a te  

t h a t  th e  h o r iz o n ta l  d im ensions o f th e  f l o e s  a re  a  m ajor f a c t o r  c o n t r o l l 

in g  wave p e n e t r a t io n  a t  s h o r te r  w av e le n g th s , w h ile  f o r  lo n g e r  w aveleng ths 

t r a v e r s in g  f i e l d s  o f  l a r g e r  f l o e s ,  th e  th ic k n e s s  o f  th e s e  f lo e s  may be 

s i g n i f i c a n t .

More s p e c i f i c a l l y ,  Robin deduced t h a t  when th e  f lo e  d ia m e te rs  

a re  sm a ll com pared to  w av e len g th , a  c u t - o f f  i n  tr a n s m is s io n  o ccu rs  f o r  

w av e len g th s  th r e e  t im e s  th e  f lo e  s i z e .  The " c u t - o f f "  w aveleng th  i s  

d e f in e d  somewhat a r b i t r a r i l y :  R o b in 's  d a ta  was m easured i n  te rm s o f  

s p e c t r a l  en e rg y  d e n s i ty ,  and th e  c u t - o f f  w av e len g th  i s  one a t  which 

t h i s  en e rg y  d e n s i ty  in  th e  pack ic e  f a l l s  w e ll  below  t h a t  in  th e  open 

s e a  f o r  a l l  p e r io d s .  The w aveleng th  a t  w hich a t te n u a t io n  becomes 

a p p re c ia b le  i s  a p p ro x im a te ly  tw ice  t h a t  o f  c u t - o f f ,  nam ely s ix  tim es  

th e  f lo e  d ia m e te r .

In  th e  case  when f lo e  d ia m e te rs  a re  l a r g e ,  R obin concludes 

t h a t  m ajo r en e rg y  changes occu r a t  th e  400 m e tre  w aveleng th  a t  th e  

seaw ard  boundary  o f  la rg e  f lo e  f i e l d s ,  when th e  f lo e  d ia m e te rs  change 

from  a  f r a c t i o n  o f a w av e len g th  to  s e v e r a l  w av e len g th s  a c r o s s .

F u r th e r ,  R obin  was a b le  to  deduce t h a t  f o r  la rg e  f l o e s ,  th e  

f r a c t i o n  o f  wave en e rg y  t r a n s m i t te d  i s  p r o p o r t io n a l  to  th e  f o u r th  power 

o f  th e  w a v e le n g th , e l a s t i c  bending b e in g  a  s i g n i f i c a n t  mechanism in  

such  c a s e s ,  and in v e r s e ly  p ro p o r t io n a l  to  th e  cube o f  th e  ic e  th ic k n e s s .  

As th ic k n e s s  i s  a d i f f i c u l t  p a ram eter to  m easure t h i s  l a t t e r  d ed u c tio n



i s  p e rh ap s  l e s s  r e le v a n t  th a n  th e  h y p o th e s is .

The m ost com plete s e t  o f  o b s e rv a t io n a l  r e s u l t s  to  d a te  have 

been g a th e re d  by Dean [ 4 ] ,  who was co nce rned  w ith  wave en erg y  b e h a v io u r 

n e a r  th e  pack  ic e  -  sea  boundary . Having th o ro u g h ly  rev iew ed  and 

compared th e  p o s s ib le  m ethods o f  wave re c o rd in g  in  i c e f i e l d s  [ 5 ] ,  Dean 

u sed  more r e f in e d  in s tru m e n ta t io n  th a n  R ob in , an d , no doubt b e n e f i t t i n g  

from R o b in ’ s e x p e r ie n c e , employed a more r ig o ro u s  te c h n iq u e  o f o b se rv in g  

th e  ic e  p a ra m e te rs .  B efore each  r e a d in g  he e n su re d  t h a t  ( i )  th e  ic e  

cover was u n ifo rm  over th e  a r e a ,  ( i i )  th e  o cean /p ack  ic e  boundary  was 

s h a rp ly  d e f in e d ,  and ( i i i )  t h i s  boundary  was s t r a i g h t  and p a r a l l e l  to  

th e  wave c r e s t s  ov er a la rg e  d is ta n c e .  At each  r e a d in g .  Dean to o k  

p h o to g rap h s  o f  th e  p r e v a i l in g  ic e  c o n d i t io n s ,  and th e se  were l a t e r  

a n a ly se d  m e th o d ic a lly ,  w h ile  e s t im a te s  o f  f lo e  th ic k n e s s  w ere c a r e f u l ly  

made u s in g  u p tu rn e d  f l o e s .  M easurem ents o f  th e  open ocean en erg y  

spectrum  w ere made b e fo re  and a f t e r  each  re a d in g .

He found  th a t  waves o f p e r io d s  l e s s  th a n  6 seconds l o s t  70-'75fo  

o f  t h e i r  en e rg y  in  th e  f i r s t  100 m e tres  o f th e  pack  ic e ;  waves w ith  an 

8 second  p e r io d  s u f f e r e d  a 5 -  10^ energy  lo s s  in  h a l f  a  k i lo m e tre ,  and 

f o r  waves w ith  a  16 second p e r io d  th e r e  was no d e te c ta b le  l o s s  i n  two 

k i lo m e t r e s .  The q u a n t i ta t iv e  r e s u l t s  o f th e  r a t e  o f  decay  w ith  d is ta n c e  

p re s e n te d  by  Dean a re  un ique and in d ic a te  a  r a p id  energy  lo s s  n e a r  th e  

ocean -  i c e  boundary  a t  s h o r te r  w av e le n g th s . T h is  decay , w hich l a s t s  

o n ly  a  few w av e le n g th s , was found to  be o f an e x p o n e n tia l  n a tu r e ,  and



f u r th e r  in t o  th e  ic e  Dean was a b le  to  con firm  th e  h y p o th e s is  o f 

R ob in , Dean th e r e f o r e  su g g e s ts  t h a t  th e  law  go v ern in g  tr a n s m is s io n  o f 

en e rg y  needs to  be m o d ified  so t h a t  i t  r e l a t e s  to  th e  l e v e l  o f energy  

b e in g  m easured , th e  p r o p o r t i o n a l i t y  b e in g  v a l id  a t  th e  e n e rg ie s  

p r e s e n t  w e ll  in to  th e  pack i c e .

I t  would seem t h a t  th e  i n i t i a l  r a p id  decay a t  th e  s h o r te r  

w aveleng ths can be r e l a t e d  to  th e  p ro x im ity  o f  th e  f l o e s .  N ear th e  

ocean -  ic e  boundary  th e  f lo e s  w i l l  be c lo s e r  due to  w ind and d r i f t ,  

so t h a t  en erg y  lo s s  co u ld  be p a r t l y  acco u n ted  f o r  by th e  bumping o f  

f lo e s  and some degree o f tu rb u le n c e  in  th e  narrow  s t r e t c h e s  o f i n t e r 

v en ing  w a te r ,

2 , T h e o re t ic a l  R esea rc h ,

Y/e now tu r n  to  th e  more numerous t h e o r e t i c a l  in ro a d s  w hich 

have been  made upon th e  problem . The c o n s tru c t io n  o f a m a th em a tica l 

m odel, in c o rp o ra t in g  dependence on a l l  th e  p a ra m e te rs  in v o lv e d  in  th e  

p h y s ic a l  s i t u a t i o n ,  i s  o f  co u rse  im p o ss ib le ,  and one m ust i s o l a t e  

s p e c i f i c  mechanisms and v a lu e  t h e i r  s ig n if ic a n c e  by com paring th e  

r e s u l t in g  t h e o r e t i c a l  p r e d ic t io n s  w ith  th e  observ ed  phenomena. In  

p a r t i c u l a r ,  two d im en sio n a l a n a ly s e s ,  to  w hich th e  m a th em a tic ian  i s  

o f te n  r e s t r i c t e d  f o r  re a so n s  o f t r a c a b i l i t y ,  do n o t n e c e s s a r i ly  r e f l e c t  

th e  c o m p le x it ie s  o f th e  th r e e  d im en sio n a l problem .

The s im p le s t way o f s im u la tin g  an i c e f i e l d  i n  a  m a th em a tica l



model i s  to  r e g a rd  i t  a s  a  co n tin u o u s  r i g i d  s h e e t  o f  u n ifo rm  th ic k n e s s ,  

h av ing  a  s t r a i g h t  "boundary l i n e  where i t  m eets th e  ocean . T h is  s o - c a l l e d  

"Dock Problem " was ta c k le d  by H eins [6 ] on a  two d im en sio n a l b a s i s ,  

c o n s id e r in g  a  s e m i - in f in i te  s h e e t d e f in e d  in  th e  above way. By assum ing 

t h a t  th e  v e lo c i ty  p o t e n t i a l  decayed e x p o n e n t ia l ly  u nder th e  i c e ,  H eins 

was a b le  to  d e r iv e  a Y/iener -  Hopf ty p e  o f  i n t e g r a l  e q u a t io n . T h is 

y ie ld e d  a somewhat complex s o lu t io n  f o r  th e  v e lo c i ty  p o t e n t i a l  which 

H eins d id  n o t d is c u s s  w ith  r e s p e c t  to  th e  p h y s ic a l  problem .

F ollow ing  t h i s ,  th e  main group o f t h e o r e t i c a l  s tu d ie s  was t h a t  

o f  New York U n iv e r s i ty ,  s t a r t e d  in  1950 by  P e te r s  [ 7 ] ,  He fo rm u la te d  a 

second method o f d e s c r ib in g  ic e  s t r u c t u r e s  m a th e m a tic a lly , w hich has 

s in c e  been w id e ly  u se d , and c o n s is t s  o f r e g a rd in g  th e  f lo e s  a s  made up

o f in d iv id u a l  n o n - in te r a c t in g  p o in t  p a r t i c l e s ,  P e te r s  re s o lv e d  to

d eterm ine  how such a s e m i - in f in i te  "m ass-lo ad in g "  ic e  f lo e  r e a c te d  to

a p ro g re s s in g  wave in c id e n t  on i t s  edge. Assuming th e  w a te r  to  be

i n f i n i t e l y  deep , he so lv e d  th e  problem  by complex v a r ia b le  te c h n iq u e s  

and e s ta b l i s h e d  th a t  th e  n a tu re  o f th e  d is tu rb a n c e  in  th e  ic e  depends 

upon th e  s ig n  o f

c = p /!p im V g  -  p ! , 

where p i  i s  th e  d e n s i ty  o f th e  i c e ,  p th e  w a te r  d e n s i ty ,  and w th e  

tim e fre q u e n c y .

I f  c < 0 ,  th e  wave i s  t r a n s m it t e d  u n a t te n u a te d  in t o  th e  ic e  

w ith  a  changed w aveleng th  and a m p litu d e . I f  c > 0 ,  th e  wave decays in



th e  i c e ,  i t s  am p litude  d im in ish in g  l i k e  a  p o s i t i v e  power o f l / d  when 

th e  d is ta n c e  d in to  th e  ic e  i s  s u f f i c i e n t l y  l a r g e .

W eitz  and K e l le r  [8 ] m o d ified  t h i s  p rob lem , by r e t a in in g  an 

a r b i t r a r y  d ep th  o f  w a te r  and a llo w in g  th e  in c id e n t  wave to  im pinge on 

th e  ic e  a t  any a n g le . T h e ir  method o f  s o lu t io n  was v e ry  s im i la r  to  t h a t  

w hich H eins u sed  f o r  h i s  dock p rob lem , and th e y  o b ta in e d  v a r io u s  

c r i t e r i a  f o r  a p ro g re s s iv e  wave to  p a s s  undamped in to  th e  i c e .  These 

can be c o n v e n ie n tly  s t a t e d  in  te rm s o f  th e  p a ra m e te r  c d e f in e d  above: 

i f  c i s  p o s i t i v e  and s u f f i c i e n t l y  la rg e  such  a  p ro p a g a tin g  wave e x i s t s ,  

w h ile  i f  c i s  p o s i t i v e ,  b u t n o t l a r g e ,  o r  n e g a t iv e ,  th e re  i s  no 

p ro p a g a tio n  b en ea th  th e  i c e .  Thus th e  e f f e c t  o f  k eep ing  th e  w a te r  dep th  

f i n i t e  i s  a s h i f t  in  th e  c r i t i c a l  v a lu e  o f  c from ze ro  to  some - p o s i t iv e  

n o n - e x p l i c i t  v a lu e •

U sing  th e  r e s u l t s  o f  t h i s  w ork, W eitz and K e l le r  [9 ] p u b lish e d  

a second p a p e r  in  w hich th e y  d e r iv e d  e x p l i c i t  e x p re s s io n s  f o r  th e  

r e f l e c t i o n  and tra n s m is s io n  c o e f f i c i e n t s  a t  th e  ic e  edge. T h is  l a t t e r  

p u b l ic a t io n  was p ro b ab ly  in s p i r e d  by th e  work o f S h ap iro  and Simpson

[ lO ] ,  who u n d e rto o k  to  u t i l i s e  th e  th e o ry  d ev eloped  by W eitz and K e lle r  

and , to  a l e s s e r  e x t e n t ,  P e te r s ,  to  p roduce some p r a c t i c a l  r e s u l t s  

r e g a rd in g  th e  e f f e c t  o f  a b roken  i c e f i e l d  on w a te r  w aves.

They were a b le  to  deduce s e v e r a l  s i g n i f i c a n t  r e s u l t s  from  t h i s  

n u m erica l s tu d y , th e  p r in c i p a l  ones b e in g  a s  fo llo w s :

( i )  th e  damping o f waves in  th e  ic e  r e s u l t s  b o th  from  th e  p re s s u re
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e f f e c t  o f  th e  ic e  and m u ltip le  r e f l e c t i o n s ,

( i i )  f o r  a  f ix e d  p e r io d  wave, l e s s  en erg y  i s  t r a n s m i t t e d  a s  th e  ic e  

th ic k n e s s  in c r e a s e s ,

( i i i )  th e  lo n g e s t  waves p e n e t r a te  th e  ic e  w ith  th e  l e a s t  en erg y  l o s s ,

( iv )  f o r  norm al in c id e n c e ,  and ic e  th ic k n e s s  up to  te n  f e e t ,  waves 

o f p e r io d  g r e a t e r  th a n  5 seconds have a t  l e a s t  90/o o f  t h e i r  energy  

t r a n s m it te d ,

(v ) w aveleng ths a re  d e c re a se d  on e n te r in g  th e  i c e ,  th e  re d u c t io n  

be ing  p ro p o r t io n a l  to  the  ic e  th ic k n e s s ,

S h ap iro  and Simpson a l s o  found t h a t  th e  in c id e n t  energ y  was n o t compat

ib l e  w ith  th e  sum o f th e  r e f l e c t e d  and t r a n s m i t te d  e n e rg ie s  in  th e  

m odel. To e x p la in  t h i s ,  th e y  in tro d u c e d  a  new concep t w hich th e y  c a l le d  

a " p re s su re  e n e rg y " , and p o s tu la te d  t h a t  th e re  i s ,  in  a d d i t io n  to  th e  

energy  o f th e  p e n e t r a t in g  wave, a  second  component o f  t r a n s m i t te d  

energ y  w hich i s  in  ev idence  as  an upward p re s s u re  d i r e c te d  a g a in s t  the  

o v e r ly in g  i c e f i e l d .

I t  i s  a t  once e v id e n t from ( iv )  above t h a t  th e s e  r e s u l t s  a re  

n o t q u a n t i t a t i v e l y  in  a cc o rd  w ith  o b s e rv a tio n s .  R obin [3 ] exam ined th e  

energy  p e n e t r a t io n  p r e d ic te d  by S h ap iro  and Simpson f o r  a l l  w aveleng ths 

and , com paring them g r a p h ic a l ly  w ith  h is  d a ta ,  found  a  c o n s id e ra b le  

d is c re p a n c y . He su g g e s te d  t h a t  t h i s  m ight be e x p la in e d  by th e  f a c t  t h a t  

th e  t h e o r e t i c a l  work i s  b ased  on a  co n tin u o u s  b roken  i c e f i e l d ,  w h ile  

h i s  o b s e rv a tio n s  r e l a t e  to  waves w hich have t r a v e r s e d  d i s c r e t e  p a tc h e s
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o f  f l o e s ,

K e l le r  and G o ld s te in  [ l l ]  th e n  fo rm u la te d  th e  same problem  on 

th e  b a s i s  o f sh a llo w  w a te r  th e o ry ,  o b ta in in g  th e  same q u a l i t a t i v e  

r e s u l t s .  A lthough th e y  were r e s t r i c t e d  to  th e  c a se s  when w a te r  d ep th  i s  

sm a ll com pared to  w av e len g th , t h i s  was com pensated somewhat by th e  f a c t  

t h a t  th e  u l t im a te  r e s u l t s  were r e a d i ly  t r a n s l a t e d  in to  p r a c t i c a l  te rm s . 

They f u r t h e r  c o n s id e re d  th e  s i t u a t i o n  when s u r fa c e  te n s io n  fo r c e s  a re  

p r e s e n t  in  th e  f l o a t in g  i c e ,  and  were ab le  to  deduce th a t  t h i s  i s  a 

p o s s ib le  f a c t o r  c o ^ ro l l in g  wave p e n e t r a t io n .

C u r io u s ly , one o f  th e  most im p o rta n t advances was made a s  a 

r e s u l t  o f a t o t a l l y  d i f f e r e n t  m o tiv a t io n , when S to k e r  [ l2 ]  exam ined th e  

e f f e c t iv e n e s s  o f a f lo a t in g  e l a s t i c  beam as  a  b re a k w a te r . T hat th e  

e l a s t i c  p r o p e r t i e s  o f  la rg e  f lo e s  i s  an in h e re n t  d ev ice  govern ing  wave 

tr a n s m is s io n  has a lre a d y  been  in d ic a te d  by o b s e rv a t io n a l  c o n c lu s io n s . 

S to k e r  d e a l t  w ith  th e  case o f n o rm ally  in c id e n t  waves and a s  h is  

p rim ary  o b je c t iv e  d i f f e r e d  from o u r p re s e n t  i n t e r e s t ,  th e  on ly  r e le v a n t  

c o n c lu s io n  we can draw from  h is  tr e a tm e n t i s  t h a t  th e  r i g i d i t y  o f  th e  

beam in c re a s e s  th e  r e f l e c t i o n  o f th e  in c id e n t  wave.

S to k e r ’ s approach  paved th e  way f o r  f u r t h e r  s tu d y  o f th e  i c e -  

wave in t e r a c t i o n ,  n o ta b ly  by H endrickson  and h i s  c o l le a g u e s .  The case 

o f  a f l o a t i n g  e l a s t i c  s h e e t  o f f i n i t e  le n g th  i n  w a te r  o f a r b i t r a r y  

d ep th  has been  ta c k le d  by H endrickson  [ l3 ]  u s in g  a f i n i t e  d if f e r e n c e  

te c h n iq u e  to  r e s o lv e  t h i s  d i f f i c u l t  problem  n u m e ric a l ly .  The r e s u l t s
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r e f l e c t  t h a t  f l e x u r a l  r i g i d i t y  i s  an im p o rta n t p a ra m e te r  in  d e te rm in in g  

th e  wave en erg y  accep tan ce  o f  f l o e s ,  co n firm in g  S to k e r 's  c o n c lu s io n .

B efo re  t h i s ,  a  more t r a c t a b l e  model had  been  p ro p o sed  by 

H endrickson  and Webb [ l 4 ] ,  in  w hich the  e l a s t i c  s h e e t was s e m i - in f in i t e  

and th e  w a te r  i n f i n i t e l y  deep . The p rim ary  concern  o f  t h i s  p r o je c t  was 

to  examine th e  i n t e r n a l  s t r e s s e s  in  th e  s h e e t  d u e ,to  wave a c t io n .  The 

problem  was found  to  succumb a n a l y t i c a l l y  to  a  c e r t a i n  e x t e n t ,  and 

r e s u l t s  in d ic a te  t h a t  th e  s t r e s s  in  th e  s h e e t  in c re a s e s  g r a d u a l ly  to  

a peak s i t u a t e d  w e ll  in to  th e  i c e ,  b e fo re  d e c re a s in g  a g a in . T h is  peak 

was found  to  be o f  g r e a t e r  m agnitude f o r  t h i n n e r  f l o e s ,

A f a r  more am b itio u s  model was th e n  fo rm u la te d  in  w hich th e  

f i n i t e  submergence o f  th e  s h e e t  was ta k e n  in to  a c c o u n t, t h i s  m o d ific 

a t io n  r e s u l t i n g  in  th e  n e c e s s a ry  u se  o f  a  t o t a l l y  n u m e rica l app roach .

An in c id e n t  w aveleng th  o f 10 f e e t  and an ic e  th ic k n e s s  o f  5 f e e t  were 

re c o g n ise d  by H endrickson  and Webb as r a t h e r  u n r e a l i s t i c  f i g u r e s ,  and 

were im posed a s  a  r e s u l t  o f com puter econom ics. The t r a n s i e n t  c o n d itio n  

due t o  th e  submerged edge ap peared  to  d ie  away a f t e r  s e v e ra l  w av e le n g th s , 

in d ic a t in g  t h a t  r e f l e c t i o n  and w aveleng th  change ta k e  p la c e  n e a r  th e  

le a d in g  edge . I t  was the com plete i n v e s t ig a t io n  o f  t h i s  phenomenon 

w ith o u t in c re a s in g  th e  f i n i t e  d if f e re n c e  g r id  beyond c e r t a i n  l i m i t s  

w hich l e d  to  th e  above ch o ice  o f p a ra m e te rs . The s t r e s s  peak  was found 

to  be much n e a re r  to  th e  le a d in g  edge th a n  in  th e  case  o f  ze ro  submerg

en ce , and t h i s  prom pted th e  a u th o rs  to  su g g e s t t h a t  th e  b re a k in g  up o f
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a  f lo e  n e a r  i t s  edge may be a p ro g re s s iv e  p ro c e d u re . That i s ,  th e  edge 

f r a c t u r e s  due to  s t r e s s ,  t r a n s i e n t  c o n d it io n s  o ccu r n e a r  th e  new edge , 

w hich  e v e n tu a l ly  b re a k s ,  and so on.

B efo re  answ ering  t h i s  on th e  b a s i s  o f t h e o r e t i c a l  r e s u l t s ,  i t  

i s  n e c e ss a ry  to  in s p e c t  th e  c o r r e l a t i o n  betw een such r e s u l t s  and  th o se  

o b ta in e d  e x p e r im e n ta lly  from  a wave ta n k  model o f  th e  s i t u a t i o n ,

5 ,  E x p e rim en ta l R esea rc h ,

As a r e s u l t ,  such an experim en t was com m issioned, and perfo rm ed  

by  NESCO [ l 5 ] .  The wave p e r io d s  were r e s t r i c t e d  so t h a t  com parison 

w ith  th e  deep w a te r  problem  was v a l id ,  and a l l  th e  p a ra m e te rs  were 

s u b je c te d  to  a r ig o ro u s  s c a l in g ,  so t h a t  f u tu r e  c o r r e l a t i o n  w ith  

o b s e rv a tio n s  co u ld  a ls o  be made.

The ic e  f lo e  was s im u la te d  by a s in g le  p o ly th e n e  s h e e t and was 

a c te d  upon by waves o f v a ry in g  c h a r a c t e r i s t i c s .  The d e fo rm a tio n  o f  th e  

s h e e t ,  r e s u l t a n t  bend ing  s t r e s s e s  and th e  p re s s u re  a t  th e  in t e r f a c e  

betw een th e  sh e e t and th e  u n d e r ly in g  w a te r  were m easured . Q u a l i t a t iv e ly  

th e  r e s u l t s  were in  good agreem ent w ith  th o se  p r e d ic te d  by H endrickson  

and V/ebb, b u t in  th e  c a se s  o f d e fo rm a tio n ’and s t r e s s  were found  to  be 

in  e x c e ss  o f th e  t h e o r e t i c a l  v a lu e s  by a f a c t o r  as h ig h  a s  4 in  some 

in s ta n c e s .  The p re s s u re  p roved  d i f f i c u l t  to  m easure , so no com parison 

w ith  o th e r  e s t im a te s  co u ld  re a s o n a b ly  be made.

Even though th e  s t r e s s  a t t a in e d  much l a r g e r  v a lu e s  a t  p o s i t io n s
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along  th e  f lo e  th a n  th e  m a th em a tic a l model in d ic a te d ,  i t s  f u l l  s c a le  

e q u iv a le n t  has been  c a lc u la te d  to  be i n s u f f i c i e n t  to  b re a k  th e  f l o e ,  

a p a r t  from m inor f r a c t u r e s  a t  i t s  ed g e , and so one m ust lo o k  e lsew h ere  

f o r  th e  cause o f t h i s  observ ed  phenomenon. I t  has  been  su g g e s te d  th a t  

th e rm a l s t r e s s e s  and sudden b a ro m e tr ic  f l u c t u a t i o n s  may weaken f lo e s  

to  a  p o in t  a t  w hich th e  s t r e s s e s  cau sed  by wave m otion  a re  s u f f i c i e n t  

to  cause f i s s u r e s ,  b u t t h i s  i s  unproven .

There rem ain  two n o ta b le  ex p erim en ts  w hich have r e c e n t ly  

c a r r i e d  ou t in  t h i s  f i e l d .  The f i r s t  o f th e se  was perfo rm ed  by Ofuya 

and R eynolds [ l6 ]  in  an a tte m p t to  d e te rm in e  th e  re le v a n c e  o f experim 

e n ts  in  u n d e rs ta n d in g  th e  ic e  f lo e  p ro b lem s. The la b o ra to r y  la y o u t 

rem ained  a s  in  th e  p re v io u s  m odel, a p o ly th e n e  s h e e t  o f s u i ta b le  

d e n s i ty  and r i g i d i t y  r e p re s e n t in g  a s in g le  f l o e ,  b u t m easurem ent o f 

th e  wave h e ig h ts  a t  v a r io u s  p o in t s  i n  th e  ch an n e l was now th e  prim e 

i n t e r e s t .

The re a d in g s  ta k e n  and t r a n s l a t e d  in to  f u l l  s c a le  p a ram e te rs  

w ere found to  b e a r  l i t t l e  r e l a t i o n s h ip  to  th e  r e s u l t s  o f S h ap iro  and 

Sim pson, b u t  th e re  was some s i m i l a r i t y  to  th e  r e s u l t s  o f  H endrickson  

and Webb, p a r t i c u l a r l y  a t  th e  lo n g e r  w a v e le n g th s . In  an a tte m p t to  

in c re a s e  th e  wave energy  accep tan ce  o f th e  s h e e t ,  in d e n ta t io n s  were 

made in  th e  le a d in g  and t r a i l i n g  e d g e s , g iv in g  a sa w -to o th  c o n f ig u r 

a t io n  to  th e s e  ed g es . I t  was found t h a t  optimum wave t r a n s m is s io n  

occu red  when th e se  c u ts  were y  o f  th e  le n g th  o f th e  in c id e n t  wave.
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but t h i s  a r t i f i c i a l  d ev ice  has l i t t l e  bearin g  on the current t o p ic .

The q u a l ita t iv e  r e s u l t s  th a t long waves pass under the sh ee t w ith  l i t t l e  

energy l o s s ,  v/hile sh ort vmves ex p erien ce  a h igh  degree o f a tten u a tio n  

was confirm ed, Ofuya found th a t i f  a s im ila r  experim ent were perform ed  

u sin g  a f lu id  of a p a r t ic u la r  v i s c o s i t y ,  th e  va lue o f  which he c a lc u l 

a t e s ,  th e  r e s u l t s  o f  t h i s  would compare favou rab ly  w ith  R ob in 's  

observed d ata . Hence he su g g es ts  th a t t h is  may be the way to  l in k  

experim ents w ith  the tru e p h y s ic a l s i t u a t io n ,  but t h i s  e m p ir ic a lly  

based  h yp oth esis  has no th e o r e t ic a l  meaning,

Ofuya and R eynolds a lso  deduced from t h e ir  r e s u l t s  th a t  

boundary la y e r  e f f e c t s  under the ic e  cou ld  be a major f a c to r ,  and t h i s  

p o s tu la te  has y e t  to  be ta c k le d  from a t h e o r e t ic a l  sta n d p o in t.

F in a l ly ,  we m ention the rep ort by Henry [17] on the experim ent 

c a r r ie d  out a t  th e  S teven s I n s t i t u t e  in  New J e r se y . This in corp orated  

by fa r  the most am bitious and r e a l i s t i c  s im u la tio n  o f  an i c e f i e l d  o f  

any venture to  d a te , in  th a t  many lo o s e ly  co n stra in ed  square b lock s  

o f  polyth en e were arranged to  cover a v a r ia b le  percentage o f the  

" ic e f ie ld "  area . An a d d it io n a l parameter was the f lo e  s i z e ,  th ree  

d if f e r e n t  v a lu es o f t h i s  b ein g  used .

U n fo r tu n a te ly , th e  r e s u lt s  obta in ed  were not s ig n if ic a n t ;  no 

c o n s is te n t  change was ob served , in  the r e la t io n s h ip  between le n g th s ,  

speeds and freq u en c ie s  o f  the w aves, from the fre e  su rface  s t a t e ,  

when th e  f l o e s  were in trod u ced  and t h e ir  c o n fig u r a tio n  and su rface
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co v e r v a r ie d .  The r e s u l t s  a ls o  i n f e r r e d  t h a t  th e  f lo e s  d id  n o t a f f e c t  

th e  bo ttom  p re s s u re s  in  th e  f l u i d .

I t  was deduced t h a t  th e  p redom inan t d i s s ip a t in g  mechanism in  

th e  la b o ra to r y  model was a  l i n e a r  v isc o u s  decay  b o th  w ith  and w ith o u t 

th e  f l o e s ,  th e  bottom  and s id e  boundary  la y e r  e f f e c t s  b e in g  th e  m ajo r 

f a c t o r s ,  r a t h e r  th a n  i n t e r n a l  s t r e s s e s  i n  th e  f l u i d  in d u ced  by a 

v e lo c i ty  g r a d ie n t .

I t  i s  o f  i n t e r e s t  to  compare t h i s  model w ith  th e  p re v io u s  one 

o f Ofuya and R eyno lds, who were ab le  to  o b ta in  c o n c re te  r e s u l t s .  The 

d if f e r e n c e  in  f lo e  s im u la tio n  i s  c l e a r ly  n o t r e l e v a n t ,  and th e  o th e r  

b a s ic  v a r i a t i o n  i s  in  th e  w a te r  d e p th , w hich was ab o u t fo u r  tim es  

g r e a t e r  in  O fu y a 's  model -  0 ,6 1  m e tre s  compared w ith  5 ,8 8  in c h e s  w hich 

was H e n ry 's  v a lu e . T h is would seem to  s u b s t a n t i a t e  H e n ry 's  c o n c lu s io n  

co n ce rn in g  v is c o u s  e f f e c t s ,  th e  boundary  la y e r  a t  th e  bo ttom  b e in g  

a p p a re n tly  th e  more im p o r ta n t ,  in  th a t  th e  w a te r  d ep th  o f th e  l a s t  

d is c u s s e d  model was i n s u f f i c i e n t  to  o v e r r id e  such an e f f e c t ,

4 , C o n c lu sio n .

I t  i s  c l e a r  from  th e  p re c e d in g  accoun t o f  th e  p r e s e n t  know

led g e  o f th e  w a te r  wave -  ic e  f lo e  in t e r a c t io n  t h a t  much has s t i l l  to  

be le a rn e d  abou t th e  p ro c e s s e s  in v o lv e d , and t h a t  th e  c o n c lu s io n s  

re a c h e d  by R obin and Dean have n o t been  a d e q u a te ly  e x p la in e d  e i t h e r  on 

a t h e o r e t i c a l  b a s i s  o r i n  a  la b o ra to r y  env iro n m en t. The onus i s  th e r e -
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fo re  on th e  m a th em a tic ian  and the  e x p e r im e n ta l is t  to  i l lu m in a te  th e  

knovm deg rees  o f a t te n u a t io n  o f  p ro g re s s in g  waves in  an i c e f i e l d .

I t  has been  shown t h a t  th e  e l a s t i c  n a tu re  o f  th e  f lo e s  p la y s  

a fundam enta l r o l e , and t h i s  le a d s  u s  to  examine in  C h ap te r I I  th e

e f f e c t  o f a p ro p a g a tin g  wave in c id e n t  on a s e m i - in f in i t e  ic e  s h e e t w ith

a b u i l t - i n  f l e x u r a l  r i g i d i t y  f a c t o r ,  V/e a llo w  th e  wave to  im pinge on 

th e  s h e e t a t  an a r b i t r a r y  a n g le , and use  l i n e a r i s e d  sh a llo w  w a te r 

th e o ry  to  fo rm u la te  th e  problem . T h is  l a t t e r  r e s t r i c t i o n  o f course  

l i m i t s  the  re le v a n c e  o f the r e s u l t s ,  b u t i s  o f f s e t  to  a c e r t a i n  e x te n t

by th e  f a c t  t h a t  we a re  ab le  to  develop  and d is c u s s  a l l  a s p e c ts  o f th e

problem  co m p a ra tiv e ly  e a s i l y .

A ll th e  m a th em a tic a l m odels to  d a te  have ta k e n  th e  ic e  f lo e  to  

be o f c o n s ta n t  th ic k n e s s ,  and i t  i s  th e r e f o r e  o f  i n t e r e s t  to  in v e s t ig a te  

c a se s  in  w hich t h i s  d im ension v a r ie s  in  a p r e s c r ib e d  m anner, We devo te  

C hap ter I I I  to  th e  ex am in a tio n  o f such a p rob lem , w ith  s p e c ia l  r e f e r 

ence to  th e  c a se s  when th e  ic e  th ic k n e s s  i s  d e s c r ib e d  by s in u s o id a l  

and r e c ta n g u la r  w aves, so th a t  l im i t in g  c a se s  e x i s t  when th e  ic e  cover 

can be th o u g h t o f a s  made up o f an i n f i n i t y  o f d i s c r e t e  f l o e s .  A gain 

we r e s t r i c t  th e  d is c u s s io n  to  sha llow  w a te r  th e o ry ,  and even  w ith  t h i s  

s im p l i f ic a t io n  th e  problem  i s  found to  be somewhat com plex. However 

we a re  ab le  to  re a c h  s e v e ra l  q u a l i t a t i v e  c o n c lu s io n s  w hich in d ic a te  

t h a t  f u r th e r  in v e s t ig a t io n s  o f t h i s  ty p e  o f problem  w ould be p e rh ap s
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f r u i t f u l .

In  a l l  r e s e a r c h e s  of th e  wave -  ic e  phenomena, w ith  th e  excep

t i o n  o f th e  "Dock P ro b lem ", and in  th e  two c h a p te r s  o f th e  p re s e n t  

p r o je c t  o u t l in e d  above , th e  P e te r s  r e p r e s e n ta t io n  o f s u r fa c e  m a tte r  

has been  u se d . We r e c a l l  t h a t  t h i s  d ev ice  re g a rd s  th e  ic e  as  th e  

a g g re g a te  o f  n o n - in te r a c t in g  f l o a t in g  p o in t  m asses . I t  i s  th e r e f o r e  an 

a r t i f i c i a l  app roach  i n  t h a t  i t  does n o t r e f l e c t  th e  in h e re n t  r i g i d i t y  

o f  f l o e s .  One way o f  in tro d u c in g  t h i s  l a t t e r  concep t w ould be to  ta k e  

accoun t o f f r i c t i o n  betw een th e  p a r t i c l e s ,  so t h a t  t h e i r  r e l a t i v e  

m otion i s  s u b je c t  to  c o n s t r a i n t .  On th e  o th e r  hand , i t  i s  though t 

w orthw h ile  to  su p erced e  th e  mass lo a d in g  ty p e  o f model a l to g e th e r  by 

a fo rm u la tio n  in  w hich th e  f lo e s  a re  in  f a c t  r i g i d  o b je c t s .

In  C h ap te r V we d e r iv e  w hat can be c a l l e d  th e  "many dock" 

problem  as  a p re l im in a ry  s te p  in to  t h i s  a r e a  o f  in v e s t i g a t io n .  An 

a tte m p t i s  made to  f in d  p e r io d ic  s o lu t io n s  o f t h i s  problem  and th e  

fo rm u la tio n  i l l u s t r a t e s  a u s e f u l  b u t l i t t l e  known th e o ry  f o r  s o lv in g  

p o t e n t i a l  p rob lem s w ith  p e r io d ic  boundary  c o n d i t io n s ,  nam ely t h a t  o f 

au tom orph ic f u n c t io n s .

At a  p o in t  in  t h i s  l a s t  m entioned  problem  i t  a p p e a rs  t h a t  a 

knowledge o f  th e  m ethods o f  so lv in g  s in g u la r  i n t e g r o - d i f f e r e n t i a l  

e q u a tio n s  w ould be o f  u s e .  T h is was found  to  be a n o t p a r t i c u l a r l y  

w e ll  docum ented f i e l d ,  and so th e  c o n te n ts  o f  C hap ter IV w ere assem bled  

in  an a t te m p t to  remedy t h i s .  In  i t ,  known m ethods o f d e a lin g  w ith
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s in g u la r  i n t e g r o - d i f f e r e n t i a l  e q u a tio n s  a re  rev ie w e d , f u r th e r  te c h n iq u e s  

a re  developed  fear th e  most g e n e ra l  case  o f such an e q u a t io n , and two 

exam ples a r i s in g  in  aerodynam ic th e o ry  a re  so lv e d  as  exam ples.

At t h i s  s ta g e  we m ention t h a t  th e  com puting system  u sed  in  the 

n u m erica l s id e  o f th e  subseq u en t work com prised  an S l l i o t  4150, w ith  

s ta n d a rd  p e r ip h e r a l  a s s e m b lie s ,  th e  a p p ro p r ia te  v a r ia n t  o f ALGOL b e in g  

th e  com puter language employed*
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CHAPTER I I

WAVE TRANSMISSION IN A FLEXIBLE SEMI-INFINITE ICE FIELD OF 

UNIFORM THICKNESS, ON THE BASIS OF LINEARISED SHALLOW WATER

THEORY.

1 . F o rm u la tio n  o f  th e  e q u a t io n s .

The ic e  f i e l d  i n  o<y<«>, -oo<x<ao i s  made up o f  e lem en ts  o f  

c o n s ta n t  mass f l o a t in g  on w a te r  o f  a  c o n s ta n t  d ep th  h (se e  F ig ,  l a ) ,  

A p la n e  wave from  y  = -«> i s  in c id e n t  o b l iq u e ly  on th e  edge y  = o o f  

th e  f i e l d .  E q u a tio n s  f o r  th e  v e lo c i ty  p o t e n t i a l  $ ( x ,  y ,  z ,  t )  o f  th e  

l i q u i d  m otion  a re  d e r iv e d  u s in g  l i n e a r i s e d  sh a llo w  w a te r  th e o ry ;  $ 

s a t i s f i e s

$xx + $yy + $zz = 0 , o<z<h, ( l , l )

and

$z = 0 ,  z = 0 . ( 1 , 2 )

Suppose t h a t  th e  e q u a tio n  o f  th e  f r e e  s u r fa c e  y<o, -w><x<<» i s  g iv e n  by

z = h + T ) { x ,  y ,  t ) ,  

th e n  s in c e  th e  norm al v e lo c i ty  o f  a  p o in t  on th e  s u r fa c e  i s  e q u a l to  

th e  norm al v e l o c i ty  o f  a p a r t i c l e  a t  th e  s u r f a c e .

-  3xux -  SyUy = -$z ,

o r ,  l i n e a r i s i n g .

7?  ̂ = -$z , ( 1 . 3 )

From B e r n o u l l i 's  e q u a t io n .
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p -  po = p ( gz + gh -  ) ,

and  n e g le c t in g  th e  second o rd e r  te rm , on th e  f r e e  s u r fa c e  we r e q u i r e

ST} = z = h . ( 1 . 4 )

E q u a tio n s  ( l . s )  and ( l . 4 )  combine to  g iv e  th e  f r e e  s u r fa c e  c o n d i t io n

+ g$z = 0 , -oo<y<o, z = h . ( 1 . 5 )

S im i la r ly ,  i f  e (x ,  y ,  t )  r e p r e s e n ts  th e  e le v a t io n  o f  th e  ic e  

s h e e t  above th e  u n d is tu rb e d  l e v e l  i n  y> o , we r e q u ir e

= - $ z , z = h . ( 1 . 6 )

The p re s s u re  d i f f e r e n c e  a c ro s s  th e  ic e  s h e e t

p -  po = p ( -  g e ) ,  ( 1 . 7 )

where po i s  a tm o sp h eric  p r e s s u r e ,  d is p la c e s  th e  s h e e t  and s u b je c ts  

each  e lem en t to  bend ing  s t r e s s e s .  I f  th e  ic e  h as  a  un ifo rm  th ic k n e s s  

ho and d e n s i ty  p i  ,  th e n  th e  m otion  o f an e lem ent i s  governed  by th e  

e q u a tio n

p -  po = D7*f + p ihoC ^^, ( 1 . 8 )

i n  w hich th e  f l e x u r a l  r i g i d i t y  c o n s ta n t  D i s  g iv e n  by

D = E h o V l2 ( l  -  CT® ) ,  

where E i s  Y oung's m odulus, or P o is s o n ' s  r a t i o ,  and

= d^ /d x^  + a ^ /a y ^ .

The f i r s t  te rm  on th e  r i g h t  hand s id e  o f  ( I . 8 ) i s  d e r iv e d ,  f o r  exam ple,

i n  [ 1 ] .

At t h i s  s ta g e  we invoke th e  sh a llo w  w a te r  th e o ry  ap p ro x im atio n

[ 2 ] ,  and in tro d u c e  <^(x, y ,  t )  by
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$ ( x , y , z , t )  = <#>(x,y,t) -  ^z^ (<^x + ÿyy{ + 0 (z® ), ( l* 1 0 )

w hich s a t i s f i e s  ( l . l )  t o  th e  f i r s t  o rd e r  i n  h and w hich e n a b le s  

( 1 , 6 ) to  be w r i t t e n  in  th e  form

= hV <̂i> + O (h^). ( 1 . 1 1 )

E q u a tin g  ( l . 7 )  and ( l . S )  and d i f f e r e n t i a t i n g  w ith  r e s p e c t  to  t

U sing  ( 1 *1 1 ) t h i s  can be w r i t t e n

-  ghV^(^ -  (hD/p)V®(^ -  shhoV^<ÿ>^  ̂ = 0 ,  y>o, ( l o l 2 )

w here s = p i / p .

S im i la r ly  th e  f r e e  s u r fa c e  c o n d it io n  ( l* 5 )  becomes

<t>̂  ̂ -  = 0 ,  y<o, (1 ,1 3 )

We assume t h a t  <^>(x,y,t) c o n ta in s  th e  tim e  h a rm o n ic a lly ,

<^»(x,y,t) = e x p ( - iw t) F ( x ,y ) ,  ( l o l 4 )

so  t h a t  F (x ,y )  i s  s u b je c t  to

(hD/p)V®F + h [g  -  w^shoiV^F + w^F = 0 , y> 0 ,

and

V^F + (w ^/gh)F  = 0 , y<o,

and s in c e  th e  ic e  s h e e t ex te n d s  i n f i n i t e l y  in  b o th  p o s i t i v e  and 

n e g a t iv e  x  d i r e c t io n s  we can remove th e  x  dependence from  F by

F (x ,y )  = e x p (ik x )  & (y ), ( l . l S )

where k  i s  r e a l ,  g iv in g

(hD/p)[dVcLy^ -  + h[g -  w^shoHâ-Vâ./ “ k !̂& +

+ = 0 , y>o ( I . I 6 )



2 6

an d

[dV ay*  -  + (uV gh)G  = 0 ,  y<o. ( l . l ? )

The boundary  c o n d it io n s  a t  y  = o .

We r e q u ir e  c o n t in u i ty  o f th e  v e lo c i ty  com ponents i n  th e  

l i q u i d  a t  y  = o , and t h i s  i s  e q u iv a le n t  to  im posing th e  c o n t in u i ty  

o f

G(y) and dC/dy a t  y  = o , ( l* 1 8 )

A lso , a t  th e  f r e e  edge y  = o o f th e  ic e  s h e e t ,  we r e q u i r e  th e  

v a n ish in g  o f  th e  bend ing  and tw is t in g  moments a lo n g  th e  edge and o f  

th e  v e r t i c a l  s h e a r in g  f o r c e .  These th r e e  com ponents a re  r e s p e c t iv e ly

[ 3 ] ,

My = - D [ € ‘yy  + o r c x x ] ,

Mxy = D ( l  -  c r ) e x y ,

Qy = -D + f y y i ,

and th e  req u ire m e n t t h a t  th e y  v a n ish  s im u lta n e o u s ly  has been  shown 

to  be e q u iv a le n t  to  th e  two c o n d itio n s

M y  =  0 ,

8 '  (1 -1 9 )
Qy -  ^ y “  f y y y  + ( 2  -  cr )exxy  = 0 .

T h is  n e c e s s a ry  com bining o f  two o f  th e  e q u a tio n s  was f i r s t  in d ic a te d  

by  K irc h o f f .  U sing ( l . l l )  and ( l , 1 5 ) ,  e q u a tio n s  ( l . l 9 )  e a s i l y  

become
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{dVây® -  o rk ^ H d V ^ / -  k»i& = 0 ,  y  = 0 ,  -,
(1 . 20)

^ { d V c l /  -  (2  -  0-)k?i}dVâÿ® -  k*iG = 0 , y  = 0 ,

o r ,  more e x a c t ly ,  we r e q u ir e  th e s e  e q u a tio n s  to  be s a t i s f i e d  by 

th e  s o lu t io n  f o r  &(y) in  th e  l i m i t  y  -» 0+.

We s h a l l  see  s u b se q u e n tly  t h a t  e q u a tio n s  ( l . l 8 ) ,  ( l , 2 0 )  

a re  s u f f i c i e n t  to  d e te rm in e  a l l  th e  a r b i t r a r y  c o n s ta n ts  a r i s i n g  

in  th e  s o lu t io n .

2 . The s o lu t io n  o f  th e  e q u a t io n s .

The s o lu t io n  in  y<o o f  ( l . l ? ) ,  c o rre sp o n d in g  to  a  r e a l  

p ro g re s s iv e  wave moving from  y  = to  y  = o , i s

G(y) = + E e ' ^ y ,  ( 2 . l )

in  w hich

mo  ̂ = kb^ -  k * , ko^ = ~  > k ^ . ( 2 .2 )

The c o e f f i c i e n t  o f  th e  te rm  c o rre sp o n d in g  to  th e  in c id e n t  wave i s  

ta k e n  to  be u n i t y ,  and th e  second te rm  in  th e  s o lu t io n  r e p r e s e n t s  

u l t im a te ly  a  wave r e f l e c t e d  a t  th e  ic e  s h e e t .  The c o e f f i c i e n t  R 

i s  a complex q u a n t i ty  and th e  v e lo c i ty  p o t e n t i a l  i s  s u b se q u e n tly  

d e s c r ib e d  by  th e  r e a l  p a r t  o f  ( l . l 4 ) .

We seek  th e  s o lu t io n  o f  ( l . l 6 ) ,  f o r  y>o, in  th e  form

G(y) = Cj ( 2 .3 )
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f o r  some c o n s ta n ts  C j , and i t  i s  e a s i l y  seen  t h a t  kj m ust be a  

r o o t  o f

kj® + akj^ -  b = 0 , ( 2 .4 )

where

a  = ^ [ g  -  w f s h o j ,

a n d  J
The s o lu t io n s  o f ( 2 ,4 )  may c o n v e n ie n tly  be e x p re s se d  in  th e  form

ki® = a +

ka^ = v a  + I ( 2 . 6 )

i n  w hich

ks^ = v ^ a  + vj9.

a = C ib [ l  + A i]3 , 

13 = [ i b [ l  -  A j ] i ,
( 2 ,7 )

and

Â  = 1 + 4a® /27b^. ( 2 ,8 )

V and a re  th e  im ag in ary  cube r o o ts  o f  u n i t y ,  nam ely ,

V = + i  y/s] J

-  -JJ-1 -  i  / 3 Î ,

so t h a t

ka^ = ( 2 .9 )

W rit in g  th e  t r i a l  s o lu t io n  (2 .3 )  in  th e  form 

C(y) = C 8 ^ ^ ,
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th e n  th e  a llo w a b le  v a lu e s  o f  m a re  g iv e n  by

m = —(kj — k^ ))  j  = 1 ; 2 , 3 ,

from  w hich we m ust d is c a r d  th o se  v a lu e s  o f  m w hich have a  n e g a tiv e

im ag in a ry  p a r t ,  to  a v o id  unbounded te rm s a s  y

The com plete s o lu t io n  # ( x , y , t )  f o r  th e  sh a llo w  w a te r  p o t e n t i a l  

w i l l  c o n ta in  a  te rm  re p re s e n t in g  an undamped p ro g re s s iv e  wave i n  th e  

y  d i r e c t io n  o n ly  i f  a t  l e a s t  one o f  th e  r o o t s  m i s  co m p le te ly  r e a l ,  

t h a t  i s ,  i f  one o f  th e  kj® i s  r e a l  and g r e a t e r  th a n  k ^ .

Now b > o , and  a ,  jS a re  r e a l  p ro v id e d  t h a t  A i s  r e a l ,  i . e .  p ro v id e d

1 + 4a®/27b® > 0 , (2 .1 0 )

and i f  t h i s  in e q u a l i t y  i s  s a t i s f i e d ,  ki® i s  r e a l  and p o s i t i v e  w h ile  

kg® and kq® a re  com plex.

I f

1 + 4a®/27b® = 0 ,  ( a  < O ), ( 2 .1 l )

th e n  th e  r o o ts  a re  e a s i l y  seen  to  be 

ki= = (4 b )^ , ks“ = k3= =

and i f

1 + 4a®/27b® < 0 ,  (a  < O ), (2 .1 2 )

i t  can  be shown t h a t  th e  r o o ts  a re  a l l  r e a l  and

ki® = / ( - 4 £ / 3 )  co s^d ,

ks® = / ( - 4 a / 3 )  [-4- cos^0 -  V3 3 ± n ^ d / 2 ] ,

ka® = / ( - 4 a / 3 )  cos^0 + V*3 s in - j6 /2 j ,

where
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cos 0 = -  ^ V ( - 3 /4 a )  > 0 , 

so t h a t  we may choose 0 < 0 < tt/ 2 , and i t  fo llo w s  t h a t  ki® > 0 , w h ile  

kg® < 0 and ka® < 0 .

Hence kj,® i s  r e a l  and p o s i t i v e  i n  a l l  c a s e s ,  w h ile  th e  two 

f u r t h e r  r o o ts  a re  complex i f  (2 ,1 0 )  i s  s a t i s f i e d ,  and  r e a l  b u t 

n e g a t iv e  o therw ise*  The c r i t e r i o n  t h a t  a  p ro g re s s iv e  wave can p ro cee d  

u n a t te n u a te d  in  th e  y  d i r e c t io n  i s  th u s

% + P = ki® > k®. (2 .1 3 )

We n o te  t h a t  ( 2 .1 l )  and (2 .1 2 )  a re  s a t i s f i e d  o n ly  i f  a  < 0 , 

t h a t  i s ,  i f

w® > g /  sho , 

o r ,  in  te rm s o f  th e  in c id e n t  w aveleng th  X,

X® < (2w)® shho.

In  p a r t i c u l a r ,  ( 2 .1 l )  i s  found to  be s a t i s f i e d  i n  th e  t y p i c a l  case  

in  w hich h = 10 m e tres  and ho = 2 m e tre s , ( f o r  o th e r  p a ra m e te rs  see  4) 

by X = 0 .3  m e tres  ap p ro x im a te ly .

Hence th e  c a se s  f o r  w hich

1 + 4a®/27b® ^ 0

a re  o f  l i t t l e  s ig n if ic a n c e  p h y s ic a l ly ,  and we in v e s t ig a t e  in  d e t a i l  

o n ly  v a lu e s  f o r  w hich (2 .1 0 )  h o ld s .
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5 ,  The s o lu t io n  o f  the  problem  i n  a  p a r t i c i i l a r  c a s e .

The s o lu t io n  i s  in v e s t ig a te d  in  d e t a i l  i n  th e  case  a  > 0 , 

w hich i s  p h y s ic a l ly  th e  m ost i n t e r e s t i n g ;  t h a t  i s ,  we r e s t r i c t  th e  

d is c u s s io n  to  th e  w aveleng ths

X > Xmln = 27t/ shho , ( S . l )

an d , a s  we have se e n , ki® i s  r e a l  and p o s i t i v e  w h ile  kg® and kg® a re  

complex c o n ju g a te .

We ta k e

mi = +[ki® -  k® j^, ( 3 . 2 )

and choose ma and m3 so t h a t  th e y  c o n ta in  a  p o s i t iv e  im ag in a ry  p a r t ,

ma = y + i ô ,  1
_  ( 3 . 3 )

ms = - y  + iÔ  = -m a , J

where

!T= -  5® = - J ( o  + p )  -  

2^6 = -  |3 ),

80 t h a t

2̂ ® = - J ( a  + 0 )  -  k® + /  + k®]® + -  /3 )® i , -y
( 3 . 4 )

6 = / 3 ( a  -  ^ ) / 4 ir. J

The s o lu t io n  i n  y  > 0 f o r  G(y) i s  now

G(y) = T ie “ ^ y  + + T s e ^ ^ ^ ,  ( 3 .5 )

and we r e c a l l  t h a t  i n  y  < 0 ,

G(y) = + E e ' ^ y .  ( 2 .1 )
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In tro d u c in g  an  in c id e n t  an g le  6 ,  and a  t r a n s m i t t e d  an g le  tp by (se e  

F ig .  1 b ) ,

k  = ko s in #  = ki s i n t p ,  ( 3 .6 )

so  t h a t

mo = ko COS0, mi = k i ooaip,

and  r e p la c in g  th e  x dependence, th e  in c id e n t  wave has th e  form

ik o y  cos# + ik o x  s in #
® f

and  th e  r e f l e c t e d  wave i s

- ik o y  cos#  + ik g x  s in #

th e  in c id e n t  and r e f l e c t e d  an g le s  b e in g  e q u a l .  I f  (2 .1 3 )  h o ld s ,  th e

undamped p a r t  o f  th e  t r a n s m i t te d  wave i s

^i[k i®  -  ko® sin® #j^y  + ik o x  s in #

_ g ik iy  coztp + i k i x  s in ^  (3 .7 )

W rit in g  (2 .1 3 )  as

ki > ko s in # ,

and ( 2 . 4 ) in  th e  form

k i°  + ^  [ 1 -  ko’̂ shho i k i “ -  ^  ko® = 0 ,

th e  c r i t e r i o n  f o r  r e a l  p ro p a g a tio n  can be s t a t e d  more c o n v e n ie n tly .

A c r i t i c a l  w ave len g th  i s  d e f in e d  by ki = k o , and i s  e a s i l y  seen  to

be
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U sing  ( 1 . 9 ) we see  t h a t ,  f o r  a  c o n s ta n t  w a te r  d e p th , i s  d i r e c t l y  

p r o p o r t io n a l  to  th e  ic e  th ic k n e s s  ho •

We c o n s id e r  fo u r  c a se s  f o r  th e  le n g th  o f  th e  in c id e n t  wave X:

( i )  X = Xc

In c id e n t  waves p a s s  undamped in to  th e  ic e  w ith o u t d e f l e c t i o n  from 

t h e i r  o r i g i n a l  p a th ,  by  ( 3 .6 ) ,  and w ith  th e  same w aveleng th  X =

277/k o  = 27r/ki o

( i i )  X < X^

In  t h i s  case  ki < ko and th e re  e x i s t s  a c r i t i c a l  an g le  o f  in c id e n c e  

6 ^ ,  d e f in e d  by

= s in   ̂ (k i/k o  ) ,  (3 .9 )

such t h a t  f o r  waves in c id e n t  on th e  ic e  edge a t  an an g le  6 < 6 ^ ,  

th e r e  i s  r e a l  p ro p a g a t io n  in to  th e  i c e .  By ( 3 .6 ) ,  we see  t h a t  

such waves a re  d e f le c te d  away from th e  norm al on e n te r in g  th e  

i c e .  F u r th e r ,  th e  le n g th  o f  th e  wave in c re a s e s  as  i t  p a s s e s  i n to  

th e  i c e f i e l d .  F o r an in c id e n t  an g le  6 > 6^ th e  e x p re s s io n  

(ki® -  kp® sin® d ) ^  becomes im a g in a ry , and no r e a l  p ro p a g a tio n  o c c u rs ,

( i i i )  X > X^

In  t h i s  ca se  ki > kb and  th e re  i s  r e a l  tr a n s m is s io n  in to  th e  ic e  

f o r  any in c id e n t  a n g le .  E q u a tio n  ( 3 .6 )  in d ic a te s  t h a t  th e  p ro p a g a te d  

waves a re  d e f le c te d  tow ards th e  n o rm al, w h ile  t h e i r  le n g th s  a re  

d im in ish e d  on e n te r in g  th e  i c e f i e l d .

( i v )  X la r g e  

W r it in g  i n  ( 2 .4 )
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a  = ^  ! l  -  ko ® shho i ,  b = ^  ko®,

and l e t t i n g  kb® = (Stt/X)® be s u f f i c i e n t l y  s m a ll ,  so t h a t  i t s  

square  may be n e g le c te d ,  we can expand th e  e x p re s s io n s  ( 2 .7 )  f o r  

a and (3 in  pow ers o f  ko® to  g iv e

1 -  shho / f e T l +  0 (ko“ ) ,

1 + shho I | “ 1 + O (k o ') .

a =
3D

+ &kb®

H ence,

ki® = a + a = kb® + O (kb^), (3 .1 0 )

so t h a t  as  X becomes l a r g e ,  ki k b , and such  in c id e n t  w aves, 

im ping ing  a t  any a n g le ,  p a s s  u n d e f le c te d  in to  th e  i c e f i e l d ,  th e r e  

b e in g  no change in  t h e i r  w av e len g th s .

We n o te  t h a t  f o r  norm al in c id e n c e  (0  = O ), waves o f  any le n g th  may 

p ro p a g a te  in to  th e  i c e .

To d e te rm in e  th e  fo u r  complex c o n s ta n ts  in  ( 2 . l )  and (3 .5 )  we ap p ly  

in  tu r n  th e  boundary  c o n d i t io n s  ( l . l S )  and ( l . 20 ) ,  w hich y i e ld  

1 + R = Ti + Ts + T s, 

mo ( l  -  R) = miTi + maTg + 1113T3 ,

0 = a iT i + agTg + aoT3 ,

0 = mxbiTi + mgbsTg + ni3b3T3 ,

in  w hich

( 3 . 1 2 )
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F rom  ( 3 . 1 2 )

a i  =  kl® [k l ®  -  ( 1  -  o ) k ® i ,

b l  =  kl® [ k l ®  + (1  -  o ) k ® j .

AiTi + A0T2 —

A3T1 -  A0T3 = 0 ,

i  = 1 ,2 ,3 .  (3 . 1 3 )

where

Ao = a2iii3h3 — figinaUa ,

Al = aim3b3 -  ao m ib i,

As = aimsbs ~ S sm ib i,

and u s in g  th e s e  e x p re s s io n s  in  ( 3 .1 l )  we f in d  t h a t

^  = P - T q ’ (3 -1 4 )

where

^  ^ ‘ moQ = m i - i n 2 ^  + n i 3 ^ .  (3 .1 5 )

I f  we w r i te

P = p i + ip s  , Q = qi + iq g ,

th e n

i‘ i“ ■ t e  : î i ’ •

Til® ^

(3 .1 6 )

(p i + qi + (p2 + qg)® '  

w hich can  be com bined to  g iv e

E®|Ti |® + |r |® = 1 , (3 .1 7 )

w here

E® = P iq i + Paq2 .
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J
(3 .1 8 )

U sing  th e  f a c t  t h a t  mo, m i, and ki® a re  r e a l  and  kg® = ko®, ng = -mo, 

i t  i s  e a s i l y  found  th a t

Pi = 1 — ai (mobs -  mabg )/Ao ,

P 2  =  - i m i b i  ( a o  -  a a ) / A o  ,  

m o  q i  =  m i  +  m i  b i  (  a o  n g  — a g  m o  ) / A o  ,  

m o  g p  — i a i  o g  m o  ( b o  -  b s  ) / A o  #

From ( 2 . 4 ) we know th a t

ki® + kg® + ko® = 0 ,  

ki®kg® + ko®kg® + ko®ki® = a ,  

ki®kg®ko® = b ,

and u s in g  th e s e  e x p re s s io n s ,  we f in d  a f t e r  some m a n ip u la tio n  t h a t

j :  = SL [1  + ,
mo

£ l
mo 3 - 2aki (3 .1 9 )

As X becomes la rg e  and ki ^  k o , i t  i s  e a s i l y  seen  t h a t

E® ^  1 + 0(ko® ).

R e f l e c t i o n ,  t r a n s m is s io n  and p re s s u re  c o e f f i c i e n t s .

In  d e f in in g  tra n s m is s io n  and p re s s u re  c o e f f i c i e n t s  i n  y  > 0 , 

we c o n s id e r  o n ly  th e  undamped p a r t  o f  th e  s o lu t io n ,  and f o r  s u f f i c i e n t l y  

la rg e  y ,

G(y) I  Ti .
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To d e te rm in e  th e  e le v a t io n  above th e  u n d is tu rb e d  l e v e l ,  we have

,

ig n o r in g  second  o rd e r  te rm s , and so

= h {a®/ay® -  k®} G(y) .

For th e  t r a n s m i t t e d  wave th e r e f o r e

< = _ ÉÈ + k®! Ti + itoc -  im t ^

hav ing  an am p litu d e

S im i la r ly  f o r  th e  in c id e n t  wave

ihko imoy + ik x  -  iw t Ç  ------------e
(Û

w ith  an am p litu d e

2

9

and th e  r e f l e c t e d  wave h as  am plitude

h k o ®  U |
0) I I •

We d e f in e  th e  tr a n s m is s io n  c o e f f i c i e n t  r  to  be th e  r a t i o  o f  

th e  am p litu d e  o f  th e  t r a n s m i t t e d  wave to  th e  am p litu d e  o f  th e  in c id e n t  

wave,

7- = ^  |Ti | ,  (3 .2 0 )

and th e  r e f l e c t i o n  c o e f f i c i e n t  k  t o  be th e  r a t i o  o f  th e  am p litu d e  

o f  th e  r e f l e c t e d  wave to  th e  am p litude  o f  th e  in c id e n t  wave,
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/c = | r | .

From (3 . 1 4 ) and (3 ,1 7 )  we have an im m ediate r e l a t i o n  betw een r  and k ,

\l + T® + K® = 1, (3 .2 1 )
ki mo I b J

w hich s e rv e s  to  check  th e  com puted v a lu e s  o f  r  and %.

B e r n o u l l i 's  e q u a t io n  g iv e s  th e  p re s s u re  on th e  bo ttom  

p = po + PGb,

so t h a t  th e  p re s s u re  on z = 0 in  ex ce ss  o f  a tm o sp h eric  p re s s u re  and 

th e  norm al h y d r o s ta t i c  p r e s s u re  i s

P ( x , y , 0 , t )  = p[^.t^z=o *

where

= -iw G (y) .
Hence th e  am p litu d e s  o f  th e  p re s s u re  f l u c t u a t i o n  on z == 0 a re

Pw|T i | ( t r a n s m i t t e d  wave, y  > O ),

po> ( in c id e n t  wave, y  < O).

D efin in g  th e  p r e s s u re  c o e f f i c i e n t  0 to  be th e  r a t i o  o f  th e s e  two 

a m p litu d e s , we have s im p ly

e = |ti I .
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4 , N um erical R e s u l t s

From R obin [4 ] we have th e  fo llo w in g  v a lu e s  f o r  ic e  

Y oung 's m odulus, E = 5 x  10^° dynes/cm® ,

P o is s o n 's r a t i o ,  a  = 0 ,3 .

A lso

d e n s i ty  o f  s e a  w a te r ,  p = 1 ,025  gn/cm® , 

d e n s i ty  o f  i c e ,  p i  = 0 ,9 2  gn/cm® , 

g = 980 ,7  cn /sec® .

Hence we f in d  t h a t

D = 4 ,5 8  X 10® X ho®,

1005 r  X^ln
^ —  k  -  - p -

39670
3 = m ?  ’

Xmin = 35 ,4 2  x h x ho ,

D
\  -  ^  l_hho y

W ater d ep th s  o f  10 and 20 m e tres  a re  c o n s id e re d  to g e th e r  w ith  ic e

th ic k n e s s e s  o f  0 .5 ,  1 , 2 , and 4 m e tre s . F o r each  v a lu e  o f  h  and h o ,

knIn and a re  e v a lu a te d .  U sing th e  e x p re s s io n s  d e r iv e d  in  s e c t io n

3 , th e  v a lu e s  o f  r ,  %, 8 and ip a re  computed f o r  a  range  o f  in c id e n t

w a v e le n g th s , and th e  in c id e n t  a n g le s  0 ° ,  1 5 ° , 3 0 ° , 45° and 60°. In

a d d i t io n  6 i s  c a lc u la te d  f o r  X < X in  each c a s e , c c

As a check  on th e  v a lu e s  o f  r  and K, th e  e x p re s s io n
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E® T* + K® -  1 ,

w here E® i s  g iv e n  by  ( 5 .1 9 ) ,  i s  com puted and  by ( 3 .2 l )  sh o u ld  be 

i d e n t i c a l l y  z e ro . I t  i s  found  to  be n e g l ig ib le  i n  a l l  c a s e s .

The C r i t i c a l  A ngle.

In  F ig s ,  2 and 3 th e  c r i t i c a l  a n g le  6^ i s  p l o t t e d  a g a in s t  th e

in c id e n t  w ave len g th  X, b e in g  e q u a l to  tt/ 2 f o r  X = X^ ,

As was shown i n  s e c t io n  3 ,  i f  X < X^ th e n  th e r e  i s  r e a l

p ro p a g a tio n  in t o  th e  ic e  p ro v id e d  6 < 6 ^ ,  w h ile  th e r e  i s  t o t a l  r e f l e c t i o n

i f  6 > 6 ^ .  F o r each  v a lu e  o f  th e  ic e  th ic k n e s s  h o , th e  in c id e n t  an g le

6 ,  and th e  d ep th  h ,  we can  d e te rm in e  from th e  c o rre sp o n d in g  curve

th e  v a lu e  Xo o f  X f o r  w hich # = 0 , I t  fo llo w s  t h a t  in c id e n t  v/aves f o rc

w hich X < Xo a re  t o t a l l y  r e f l e c t e d ,  w h ile  th o se  f o r  w hich X > Xq 

undergo  some r e a l  p ro p a g a t io n .  I t  i s  found  t h a t ,  f o r  a  f ix e d  ho and 

#, th e  v a lu e  Xo i s  a lm o st th e  same f o r  th e  two s e le c te d  d e p th s .

The v a lu e s  o f  Xo a re  n o t  d is p la y e d  e x p l i c i t l y ,  b u t a re  u se d  

in  th e  g rap h s  o f  in c id e n t  w aveleng th  a g a in s t  r ,  k and 6 ,

The T ra n s m itte d  A ngle and W avelength .

The v a lu e s  o b ta in e d  f o r  th e  t r a n s m it t e d  an g le  ijs a re  n o t 

d is p la y e d .  I t  i s  found  t h a t  ip d e c re a se s  from  t t/ 2  a t  Xo so t h a t  (p = 6 ,  

th e  in c id e n t  a n g le ,  a t  X = X^. F o r X > X^ d e c re a se s  f u r t h e r  b u t

f i n a l l y  in c r e a s e s  a g a in  w ith  in c re a s in g  w av e le n g th , so t h a t  f o r  

s u f f i c i e n t l y  lo n g  waves i t  i s  alw ays e q u a l to  th e  in c id e n t  a n g le .
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T h is  co n firm s th e  r e s u l t  t h a t  ki ->• kb f o r  l a r g e  X.

C lo se ly  a s s o c ia te d  w ith  ijs i s  th e  t r a n s m i t t e d  w av e le n g th , w hich 

i s  s im ply  277/ki, and i t  i s  found  to  fo llo w  th e  t r e n d s  in d ic a te d  above, 

te n d in g  to  th e  in c id e n t  w aveleng th  f o r  s u f f i c i e n t l y  la r g e  v a lu e s  o f  

th e  l a t t e r .

The T ran sm iss io n  and R e f le c t io n  C o e f f ic ie n ts .

T  and K a re  p l o t t e d  a g a in s t  th e  in c id e n t  w aveleng th  f o r  th e  

v a r io u s  in c id e n c e  a n g le s  and v a lu e s  o f  ic e  th ic k n e s s .  F or 0 = 0 ° ,  th e  

cu rv es  r e p r e s e n t in g  r  have been  ex ten d ed  to  p a s s  th ro u g h  th e  o r ig i n ,  

though in  f a c t  we see  from  (3 .2 0 )  t h a t  r  s t r i c t l y  becomes i n f i n i t e  

when th e  in c id e n t  w av e len g th  i s  z e ro .

I t  i s  seen  from  th e  cu rv es  t h a t  th e  w a te r  d ep th  i s  h a rd ly  

s i g n i f i c a n t  in  th e  t r a n s m is s io n  o f  wave en erg y  in to  th e  i c e f i e l d ,  

ex c e p t a t  th e  s m a l le r  w av e le n g th s . In  c o n t r a s t  th e  th ic k n e s s  o f  th e  

ic e  i s  seen  to  be a  c r u c i a l  f a c to r ;  f o r  exam ple, in  th e  case  o f norm al 

in c id e n c e  and a  w av e len g th  o f 300 m e tre s ,  th e  t r a n s m i t t e d  am p litu d e  

u n dergoes  a d im in u tio n  o f  abou t 25% when th e  ic e  th ic k n e s s  i s  

in c r e a s e d  from  2 m e tre s  to  4  m e tre s . In  o th e r  w o rd s, s in c e  th e  energ y  

o f  a wave i s  p r o p o r t io n a l  to  th e  squ are  o f  i t s  a m p litu d e , th e re  i s  

a p p ro x im a te ly  a  40% r e d u c t io n  in  th e  t r a n s m i t t e d  en e rg y  when th e  ic e  

th ic k n e s s  i s  d o u b led .

F u r th e r ,  i t  i s  seen  from F ig s .  4 - 9  t h a t  th e  in c id e n t  an g le  

p la y s  a  dom inant p a r t  i n  wave en erg y  accep tan ce  by  th e  ic e  s t r u c t u r e .
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At th e  v a r io u s  v a lu e s  o f  Xq d e te rm in ed  from  th e  c r i t i c a l  an g le  v e rsu s  

w av e len g th  c u rv e s ,  th e  g rap h s o f  t  drop to  z e ro ,  co rre sp o n d in g  to  

t o t a l  r e f l e c t i o n ,  fo i^ a v e le n g th s  l e s s  th a n  Xo. P ro v id e d  t h a t  t r a n s 

m iss io n  o c c u rs ,  th e  t r a n s m i t t e d  am plitude  i s  seen  to  in c re a s e  w ith  

th e  in c id e n t  an g le  f o r  a  f ix e d  v a lu e  o f  X, a lth o u g h  f o r  th e  l a r g e r  

i c e  th ic k n e s s e s  and  g r e a t e r  in c id e n t  a n g le s  , th e  cu rv es  r e p r e s e n t in g  

T  s u f f e r  some d i s t o r t i o n  and d e c re a se  to  a  mi n imum v a lu e  a t  some wave

le n g th ,  b e fo re  s t e a d i l y  app ro ach in g  u n i ty .  T h is phenomenon i s  f i r s t  

seen  f o r  ho = 4 . 0  m e tres  when th e  an g le  o f  in c id e n c e  i s  on ly  3 0 ° , and 

becomes more m arked a s  d i n c r e a s e s ,  u n t i l  a t  an in c id e n t  an g le  o f  60° 

o ccu rs  f o r  a l l  v a lu e s  o f th e  ic e  th ic k n e s s  b u t th e  s m a l le s t ,  ho = 0 . 5  

m e tre s .

As one w ould i n t u i t i v e l y  e x p e c t,  t r a n s m is s io n  i s  a lm o st t o t a l  

a t  th e  lo n g e r  w a v e le n g th s , and f o r  ic e  th ic k n e s s e s  0 .5 ,  1 .0  and 2 .0  

m e tre s ,  and a l l  in c id e n c e  a n g le s ,  th e  t r a n s m i t t e d  am p litude  i s  a lm ost 

100% o f  th e  in c id e n t  am p litu d e  f o r  X > 600 m e tre s ,  w h ile  in  th e  case 

ho = 4 . 0  m e tre s  t h i s  p ro p o r t io n  i s  ap p ro x im a te ly  95% f o r  th e  same 

range  o f  X.

R e f le c t io n  o f th e  in c id e n t  wave i s  sm a ll ex cep t a t  th e  low er 

w a v e le n g th s , f o r  w hich i t  i s  s l i g h t l y  l e s s  a t  th e  g r e a t e r  d ep th  , 20 

m e tre s .
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The P re s su re  C o e f f ic ie n t .

F ig s .  10 -  14 d is p la y  th e  p re s s u re  c o e f f i c i e n t  a s  a  fu n c tio n  

o f  th e  in c id e n t  w av e le n g th , f o r  th e  v a r io u s  v a lu e s  o f  ic e  th ic k n e s s  

and in c id e n t  a n g le .  As we w ould e x p e c t,  0 te n d s  to  u n i ty  a s  th e  wave

le n g th  in c r e a s e s .

F or norm al in c id e n c e ,  th e  p re s s u re  on th e  bottom  u n d er th e  

ic e  i s  found  to  be l e s s  th a n  th e  co rre sp o n d in g  p re s s u re  in  th e  absence 

o f  i c e ,  t h i s  phenomenon b e in g  more m arked f o r  th e  l a r g e r  v a lu e s  o f  ic e  

th i c k n e s s .  However, a s  th e  in c id e n t  an g le  i s  in c re a s e d  to  1 5 ° , th e se  

cu rv es  change r a d i c a l l y  so t h a t  in  g e n e r a l ,  6 i s  a t  a  maximum a t  th e  

f i r s t  v a lu e  o f  X f o r  w hich tra n s m is s io n  o c c u rs , d e c re a se s  to  a 

minimum v a lu e ,  and f i n a l l y  te n d s  to  u n i t y .  T h is  o ccu rs  f o r  a l l  

su b seq u en t in c id e n c e  a n g le s ,  th e  band  o f  w aveleng ths  f o r  w hich 0 i s  

a c t u a l l y  g r e a t e r  th a n  u n i ty  b e in g  more m arked a s  6 i n c r e a s e s .  F o r 

6 = 60° and an ic e  th ic k n e s s  o f  4 ,0  m e tre s ,  th e  p re s s u re  on th e  bottom  

f o r  an in c id e n t  w av e len g th  o f  abou t 290 m e tres  i s  found  to  be a lm ost

double th e  p r e s s u re  i n  th e  absence o f  i c e .

Once a g a in  th e  w a te r  d ep th  i s  found  to  be o f  l i t t l e  s ig n if ic a n c e

e x ce p t t h a t  th e  peaks o f  p re s s u re  a re  s l i g h t l y  g r e a t e r  f o r  the  d eep e r

w a te r  and l a r g e r  in c id e n t  a n g le s .
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5 . C o n c lu sio n .

R obin [ 4 ] deduced from h i s  o b s e rv a t io n a l  d a ta  t h a t  when f lo e s  

a re  over 100 m e tres  i n  d ia m e te r , th e r e  i s  l i t t l e  tre in sm iss io n  o f  

en e rg y  f o r  w av e len g th s  l e s s  th a n  200 m e tre s .  M easurem ents le a d in g  to  

t h i s  c o n c lu s io n  w ere made in  an i c e f i e l d  o f  lo o s e ly  f l o a t i n g  f lo e s  

i n  w hich th e  w ave len g th s  were la rg e  com pared to  th e  open le a d s  o f  

w a te r  betw een  th e  f l o e s ,  and  to  th e  th ic k n e s s  o f  th e  f l o e s .  I t  i s  

th e r e f o r e  re a s o n a b le  to  assume t h a t  th e  wave en erg y  i s  n o t c o n f in e d  

to  th e s e  open l e a d s ,  and t h a t  th e  bend ing  o f  th e  ic e  m ust be an 

in h e re n t  p a r t  o f  th e  p ro p a g a tio n  p ro c e s s ,  R obin  a ls o  found  th a t  f o r  

v e ry  la rg e  f lo e s  o f  th e  o rd e r  o f  1000 m e tres  o r  more a c r o s s ,  th e re  i s  

some en erg y  lo s s  f o r  w av e len g th s  o f  l e s s  th a n  400 m e tre s ,  and a ls o  t h a t  

th e  th ic k n e s s  o f  th e  ic e  c o n t r ib u te s  to  m ajor energ y  changes.

I t  i s  p e rh a p s  u n r e a l i s t i c  to  a tte m p t to  c o r r e l a t e  r e s u l t s  b ased  

on sh a llo w  w a te r  th e o ry  w ith  observ ed  phenomena. However, q u a l i t a t i v e l y  

ou r above r e s u l t s  c e r t a i n l y  confirm  th e  f a c t  t h a t  ic e  th ic k n e s s  i s  a  

d e c is iv e  f a c t o r  in  th e  wave energy  accep tan ce  o f la rg e  f l o e s .  Q u a n ti t

a t i v e l y ,  th e r e  i s  some d is c re p a n c y  betw een th e  two s e t s  o f  r e s u l t s ;  

f o r  exam ple, in  th e  ca se  o f  norm al in c id e n c e ,  when X = 85 m e tres  and 

ho = 2 .0  m e tre s ,  th e n  k  o  0 . 3 ,  so t h a t  more th a n  90% o f  th e  energy  i s  

t r a n s m i t t e d .  The n u m e ric a l d i s s i m i l a r i t y  betw een the  p r e s e n t  r e s u l t s  

and th e  c o n c lu s io n s  o f  R obin  i s  a lm o st c e r t a in l y  due to  th e  use  o f th e  

sh a llo w  w a te r  a p p ro x im a tio n , and su g g e s ts  t h a t  th e  r e t e n t io n  o f  an
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a r b i t r a r y  ocean d ep th  w ould y i e ld  more m ean in g fu l r e s u l t s .  T h is  problem  

has been  a t te m p te d  b u t a  s u i ta b le  m ethod o f  r e s o lv in g  i t  has y e t  t o  be 

fo u n d .
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CHAPTER I I I

WAVE TRANSMISSION IN A SEMI-INFINITE ICE FIELD OF VARIABLE THICKKBSS,

ON THE BASIS OF LINEARISED SHALLOW WATER THEORY.

1 . F o rm u la tio n  o f  th e  E q u a tio n s ,

As in  C h ap te r I I  t h i s  problem  i s  app roached  on th e  b a s i s  o f 

l i n e a r i s e d  sh a llo w  w a te r  th e o ry ; t h a t  i s ,  we assume t h a t  th e  w aveleng th  

o f  th e  in c id e n t  ocean wave i s  lo n g  com pared w ith  th e  d ep th  o f  th e  

w a te r .  The i c e f i e l d  i s  ag a in  supposed  made up o f  n o n - in te r a c t in g  e le m e n ts , 

t h i s  tim e o f  th ic k n e s s  H (x ,y ) , f l o a t in g  on w a te r  o f  un ifo rm  d ep th  h 

i n  o < y < 00, -00 < X < 00, In  th e  f i r s t  p la c e  th e  ic e  th ic k n e s s  i s  

assum ed to  v a ry  s in u s o id a l ly  abou t a mean v a lu e ,  and se c o n d ly , u s in g  

a d i f f e r e n t  ap p ro ac h , a r e c ta n g u la r  wave ty p e  o f  ic e  th ic k n e s s  i s  

c o n s id e re d .

The v e l o c i ty  p o t e n t i a l  f o r  th e  f l u i d  m otion  s a t i s f i e s

$xx + $yy + $zz = 0 ,  o < z < h , ( l , l )

$z = 0 , z = o , (1 . 2 )

As in  C hap ter I I  th e  f r e e  s u r fa c e  c o n d it io n  re d u c e s  to

+ g$z = 0 ,  -00 < y  < o , z = h , ( 1 . 3 )

Assuming t h a t  th e  ic e  sh e e t i s  r e p r e s e n te d  by

z = h + T7( x , y , t ) ,  

th e n  th e  p re s s u re  d if f e re n c e  a c ro s s  i t  i s  g iv e n  by B e r n o u l l i 's  

e q u a t io n .
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p -  po = -  s u l ,

w here po i s  a tm o sp h eric  p r e s s u r e .  In  th e  absence o f  s u r fa c e  te n s io n  

fo r c e s  and f l e x u r a l  r i g i d i t y  f o r c e s ,  each  e lem en t o f  th e  ic e  sh e e t 

i s  governed  by  th e  e q u a tio n  o f  m otion

p -  po = PI H (x ,y ) 7?^  ̂ ,

so t h a t

-  g7] = s H (x ,y ) 7?^  ̂ ( 1 . 4 )

where s = p i / p .

In tro d u c in g  th e  sh a llo w  w a te r  p o t e n t i a l  by

$ ( x , y , z , t )  = c ^ (x ,y ,t)  -  ^z^ |ÿxx + <^yy] + 0 (z® ), 

w hich s a t i s f i e s  ( l , l )  to  th e  f i r s t  o rd e r  i n  h ,  and u s in g  th e  

l i n e a r i s e d  k in e m a tic  boundary  c o n d it io n

rj^ = ,

th e n  th e  boundary  c o n d it io n  ( l , 4 )  in  te rm s o f  # ( x , y , t )  i s

-  sh H (x ,y ) = 0 ,  o < y < 00, ( l , 5 )

where

V® = â^/âx^ + a = ^ /d f ,

S im i la r ly  e q u a tio n  ( l , 3 )  red u ce s  to

-  gbV̂ </> = 0 ,  -00 < y  < o , (1 . 6)

We assume t h a t

( ^ (x ,y , t )  = e x p ( - iw t)  F ( x ,y ) ,  ( l , 7 )
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so t h a t  ( 1 . 5 ) and ( l* 6 )  become

1 -  7%? + F = 0 , 0 < y  < 00, ( 1 , 8 )
S j  gh

2
F + F = 0 , < y < o «  ( 1 , 9 )

We r e q u i r e  t h a t  th e  r e s p e c t iv e  s o lu t io n s  o f  th e s e  e q u a tio n s  be 

co n tin u o u s  a t  y  = 0 , to g e th e r  w ith  t h e i r  f i r s t  d e r iv a t iv e s  F y , to  

en su re  c o n t in u i ty  o f  th e  v e l o c i ty  components in  th e  f l u i d .

2 , S in u s o id a l  Ic e  T h ick n ess  V a r ia t io n  in  th e  y  D ir e c t io n  w ith  

N orm ally  I n c id e n t  W aves.

7/e c o n s id e r  h e re  waves which a re  in c id e n t  n o rm ally  on th e  

w a te r  -  ic e  i n t e r f a c e  y  = 0 , and r e s t r i c t  th e  ic e  th ic k n e s s  v a r i a t i o n  

to  th e  y  d i r e c t io n .  The sh a llo w  w a te r  p o t e n t i a l  0 ( y , t )  . i s  th u s  

d e te rm in ed  by

-  2 ^ ]  ÿ  + p  = 0 ,  o < y  < ( 2 . 1 )

gh ^ -00 < y  < 0 ( 2 . 2 )

^ ( y , t )  = e x p (-io )t)  F (y ) .

To s im u la te  th e  e f f e c t  o f  ic e  f lo e s  we ta k e

H(y) = ho -  h i co sky , (2 .3 )

in  which

ho ^ h i > 0 ,

and th e  d i f f e r e n t i a l  e q u a tio n  f o r  F (y ) in  0 < y  < 00 becom es,
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1 _ 008 ky
g g

(2 .4 )

I t  i s  n o t n e c e s sa ry  to  work w ith  t h i s  e q u a tio n  a s  i t  s ta n d s ,  f o r

i f  we i n s e r t  t y p i c a l  v a lu e s  o f  th e  v a r io u s  p a ra m e te rs , say  ho = 1 m e tre ,

hi = 0 , 5  m e tre , th e n  we f in d  t h a t

shp
S

« 1, w^shi
«  1 ,

p ro v id e d  t h a t  th e  p e r io d ic  tim es  o f  th e  in c id e n t  waves a re  s u f f i c i e n t l y  

l a r g e ,  t h a t  i s ,  g r e a te r  th a n  ab o u t fo u r  seco n d s .

R e s t r i c t i n g  th e  i n v e s t ig a t io n  to  t h i s  c l a s s  o f  w aves, we see

t h a t

..2 r~ ,.2 , —1 “1shi i w 8 ho

g L ~
so t h a t  we may expand th e  c o e f f i c i e n t  o f  d^F/dy^ in  ( 2 ,4 )  in  a 

co n v erg en t s e r i e s  to  y i e l d  th e  e q u a tio n

^  " T Î '-‘ ÿ { h o /s )  o°s ky 1 F = 0. (2 .5 )

Making th e  sim ple change o f  in d e p en d en t v a r ia b le

ky = 277, 

th e n  ( 2 , 5 ) may be w r i t t e n .

where

d^F
w

a =

+ [a  -  2q cos 277] F = 0 ,

4(ü-
gh îF  (1  -  w ^sho/g)

( 2 . 6 )

(2.7)
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i  = ë ? '  '( ï  -  ( 2 .7 )

E q u a tio n  ( 2 ,6 )  i s  th e  s ta n d a rd  form  o f  M a th ie u 's  e q u a tio n  L l ] ,  

and  we need  to  d is c u s s  i t s  s o lu t io n s  and t h e i r  dependence on th e  

p a ra m e te rs  a and q . We o bserve  t h a t

¥  = ( 2 .8 )

and t h a t  a ,  q > o ,

( a )  M a th ie u *s E q u a tio n  and th e  S t a b i l i t y  D iagram ,

In  th e  p a r t i c u l a r  case  q = 0 , s o lu t io n s  o f  ( 2 .6 )  a re  o b ta in e d

b y  ta k in g  a = n ^ , f o r  i n t e g r a l  n ,  and a re

1 ,  cos 77, cos 277, . , , ,

s in  77, s in  2 r ) , ............

The M ath ieu  fu n c t io n s  o f  i n t e g r a l  o rd e r ,  p u re ly  p e r io d ic  s o lu t io n s  o f  

th e  f u l l  e q u a tio n  ( 2 .6 ) ,  w hich reduce  to  th e s e  a s  q -»  0 a re  d en o ted  

r e s p e c t iv e l y  by *

ceo(77 ,q), c e i ( ^ , q ) ,  c e 2 ( ^ ,q ) ,  , , , ,  

s e i(7 7 ,q ) , se2(77 ,q), , , , ,

* T hat th e s e  harm onic fu n c t io n s  a re  th e  o n ly  s o lu t io n s  o f  M ath ieu *s 

e q u a tio n  a p p ro p r ia te  to  th e  p r e s e n t  problem  i s  g u a ra n te e d  by  a 

theorem  w hich s t a t e s  t h a t  M a th ie u 's  e q u a t io n  n e v e r p o s s e s s e s  two 

b a s i c a l l y  p e r io d ic  s o lu t io n s  f o r  th e  same v a lu e s  o f a  and q , a p a r t

from  th e  t r i v i a l  case  q = 0 . T h is  was f i r s t  p ro v ed  by E . L , I n c e ,

P ro c . P h i l ,  Soc. Camb,, 21 , 117 -  120, ( l9 2 2 ) .
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and th e  c o rre sp o n d in g  c h a r a c t e r i s t i c  v a lu e s  o f  th e  e q u a tio n  a re

&0 )  > %  > • •  • •

f  hg f  •  •  •  •  •

I t  i s  c o n v en ien t to  d is c u s s  th e  s o lu t io n  w ith  r e fe re n c e  to  th e

s t a b i l i t y  d iag ram , in  w hich th e  p a ra m e te r  a  i s  o rd in a te  and q i s  

a b s c i s s a .  The cu rv es  a o ,  b i , a i , , , , ,  d iv id e  th e  a  -  q p la n e  in to  

r e g io n s  and may be p l o t t e d  u s in g  [ l ]

7ao = - 4  + —  q^ + 0(q® ),

= 4  q" + 1* + 0 ( g ° ) ,  (2 .9 )

5
12

1 2 1 3
' 8 1 * 6 4 q

1 3 1 3
8 ^ “ 64 q

2 5
q 13824 S

3 763 4q 13824 q

2 1 3q -  64 “I + 1

2 1 3q * 64 ^ + ;

1536

q" + o(q").1536

t a  = 9 + 1 3  q° -  q^ + 2 & Ô

^  20480

w hich h o ld  f o r  s u f f i c i e n t l y  sm a ll q .

T hus, co rresp o n d in g  to  a p o in t  ( q ,a )  ly in g  on one o f  th e se  

c u rv e s ,  th e  s o lu t io n  o f  ( 2 .6 )  w i l l  be p u re ly  p e r io d ic  and i s  d en o ted

by
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12 n)
C82n(% ,q) = \  Aer cos 2r 77 , (&2n ) ,

r=o

oo
(2n + i)

0620+1 (%,q) = \  Agr+i c o s ( 2 r  + 1)77 ,  ( a 2 n + i ) ,

x^o

00 (sn + i)
3620 + 1 ( 77, q) = \  B2T+1 s in ( 2 r  + 1 )77, (b2o + i ) .

r=o

(20 -+2)
3620 + 2 (% ,q) = > B2T+2 s i i i ( 2r  + 2)77 ,  (b20f 2 ) .

r=o

W h itta k e r[2 ]  in tro d u c e d  a method o f  f in d in g  th e  s o lu t io n  o f

( 2 . 6 ) ,  f o r  p o in ts  ( q ,a )  n o t on th e s e  c u rv e s , w hich i s  o f i n t e r e s t  

h e r e .  Invo k in g  th e  F lo q u e t th e o ry  (se e  f o r  exam ple [ s ] ) ,  v/e know t h a t  

th e  g e n e ra l  s o lu t io n  may be w r i t t e n  in  th e  form

F(%) = * :(% ) + ^ 2 (77) ,  (2 ,1 0 )

where % i(% ), %2 (%) a re  p e r io d ic  f u n c t io n s ,  and ^ i s  th e  c h a r a c t e r i s t i c  

exponen t o f  th e  th e o ry .  IV h ittak e r p ro p o sed  th e  in t r o d u c t io n  o f  a  new 

p a ra m e te r , cr, and ta k in g  th e  f i r s t  term  o f ( 2 .IO ) sou g h t th e  s o lu t io n  

in  th e  form

F(77,o) = e^^ %i (% ,? ) , ( 2 . 1 1 )

in  w hich p ,  to g e th e r  w ith  a ,  i s  e x p re s se d  a s  a power s e r i e s  in  q , 

w ith  c o e f f i c i e n t s  dependent on o .

In  p a r t i c u l a r ,  he c o n s id e re d  th e  r e g io n  in  th e  ( q ,a )  p lan e
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betw een  th e  c h a r a c t e r i s t i c s  ao and b a , and to o k  to  be o f  th e

fo rm ,

= sin(77 -  a )  + S3sin(5% -  a )  + S5sin(5% -  c )  +

. . . .  + C3 COs(37] -  c )  + C5 COs(5 T] -  or) + . . . .  ( 2 , 1 2 )

By s u b s t i t u t i o n  in to  (2 .6 )  i t  was found  t h a t

a ( o ,q )  = 1 -  qcos2or + [ -1  + ^  cos4crJ + ^  q^ cos2cr + . . . .

(2 .1 3 )

p ( e ,q )  = -^ q  s in 2 a  + ^  s in 2 a  -  . . . .  (2 ,1 4 )

S3 = “ I  q + cos2or -  q^ + 5 cos4orj + . . . .

C3 = ^  q  ̂ sin2or -  q® sin4or + . . . .

S5 = Y§2 ^  ~ Î & 2  cos2a + . . . .  (2 ,1 5 )

7 3 . _
C5 ~ “ 2304 ^ sin2or + . . . .

9216 ^ + • • • •

an+2 , om -  O (q ^ ), m = 7 , 9 ,  11 , . . . .

We n o te  t h a t

a (-7 r /2 ,q )  = a i , a ( 0 ,q )  = b i ,

and  deduce th a t  f o r  a  f ix e d  v a lu e  o f  q , -7t/ 2 < or < 0 y i e ld s  th e  v a lu e s  

o f  a  in te rm e d ia te  betw een ai and b i . W h itta k e r  found  t h a t  th e  v a lu e

or = + ±6
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d e s c r ib e s  th e  r e g io n  o f  th e  ( q ,a )  p la n e  betw een a i and b g , a s  6 moves 

from z e ro  on a i th ro u g h  r e a l  p o s i t i v e  o r  n e g a t iv e  v a lu e s  u n t i l  bs i s  

a t t a i n e d .

S im i la r ly  th e  v a lu e

a  = i0

d e s c r ib e s  th e  re g io n  betw een ao and b i a s  B moves from  ze ro  on b i 

th ro u g h  r e a l  p o s i t i v e  o r  n e g a t iv e  v a lu e s  u n t i l  ao i s  re a c h e d .

We n o te  t h a t  s in c e  p i s  an odd fu n c t io n  o f  6 i n  th e s e  c a s e s ,  

th e n  ta k in g  6 > 0 to  y i e l d  th e  f i r s t  te rm  o f  ( 2 .1 0 ) ,  th e  n e g a t iv e  

v a lu e s  o f  6 w i l l  p ro v id e  th e  second p a r t  o f  th e  F lo q u e t s o lu t io n .

T h is  r e s o lv e s  th e  a p p a re n t a r b i t r a r i n e s s  in  th e  d e f in i t i o n  o f  0 .

I t  i s  seen  t h a t  when cr i s  r e a l  betw een ai and b i , th e n  th e  

c h a r a c t e r i s t i c  exponent p ( c ,q )  i s  r e a l ,  and th e  re g io n , i s  d e s ig n a te d  

an u n s ta b le  a r e a .  When th e  r e g io n  betw een ao and b i i s  d e s c r ib e d ,  cr 

i s  com plex, so  t h a t  /j(cr,q) i s  p u re ly  im ag in a ry  and so th e  re g io n  i s  

d e s ig n a te d  a  s ta b le  a r e a .  S im i la r ly  th e  re g io n  betw een ai and bg i s  

a  s ta b l e  a r e a .  The rem a in d er o f th e  ( q ,a )  p la n e  can be i n v e s t ig a t e d  

and d e s c r ib e d  in  a s im i la r  manner and th e  r e s u l t s  d e p ic te d  diagramm- 

a t i c a l l y  as  i n  F ig , 1 , The v a r i a t i o n  o f  th e  p a ram e te r  cr i s  shown in  

F ig . 2 .

The second  s o lu t io n  i s ,  u s in g  th e  F lo q u e t r e s u l t ,

F (t7) = e“^^
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so t h a t  th e  g e n e ra l  s o lu t io n  may be w r i t t e n

?(%) = A e^^ + B e (% ,-* ) . (2 ,1 6 )

The s o lu t io n  f o r  th e  sh a llo w  w a te r  p o t e n t i a l  i s

# ( y , t )  = e x p ( - iw t)  F (4  k y ) ,  (2 .1 7 )

in d i c a t in g  t h a t  th e  s t a b l e  re g io n s  o f  th e  ( q ,a ) .p l a n e  c o rre sp o n d  

to  a  s o lu t io n  r e s p r e s e n t in g  a  p ro g re s s iv e  wave in  y  > 0 , w h ile  th e  

u n s ta b le  re g io n s  c o rre sp o n d  to  s o lu t io n s  r e p r e s e n t in g  a t te n u a te d  

w aves. The d eg ree  o f  a t te n u a t io n  w i l l  depend on th e  m agnitude o f

I f  ( q ,a )  l i e s  on one o f th e  c h a r a c t e r i s t i c  cu rv es  a o , b i , a i , 

th e n  th e  c h a r a c te r  o f  th e  co rre sp o n d in g  t r a n s m i t t e d  wave w i l l  

be p e r io d ic ;  on th e  o th e r  hand i f  ( q ,a )  l i e s  in  a s ta b le  r e g io n  th e

wave w i l l  n o t be p e r io d i c ,  b u t a lm o st p e r io d i c ,  in  th e  sense  o f H,

Bohr; t h a t  i s ,  i t  w i l l  be o s c i l l a t o r y  and bounded b u t n o n -p e r io d ic .

(b )  The S o lu tio n  f o r  ( q ,a )  Lying Between ai and b a .

We f i n d  h e re  th e  s o lu t io n  in  W h i t ta k e r 's  form  w hich re d u c e s  

t o  bg and as when o = 0 and a  = — tt r e s p e c t iv e l y .  L e t

F(%) = e^^ * (% ,e ) ,

where

* (% ,e ) = sin(2%  -  o ) + qhi(77,cr) + q^ha(77,a) + . . . .  (2 .1 8 )

and

= q g i ( c )  + q^g2(cr) + . . . .
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a — 4 + qf 1 (cj) + fg (cr) + • • • •  •

We ex c lu d e  th e  te rm  cos(2% -  a )  from 4 (% ,o) as  i t  w ould g iv e  r i s e

to  a  n o n -p e r io d ic  te rm  o f  th e  form  r}sln{2T]  -  a )  in  th e  s o lu t io n .

S u b s t i tu t in g  in to  (2 .6 )  we o b ta in

- 4  sin(2%  -  ct) + qhi" + q^hs" + . . . .  + 2[qgi + q^ga + . . . . ] x  

x [ 2c o s(2t7 -  cr) + q h i ' + q^hg ' + . . . . ]  + } (qgi + q  ̂ga + . . . .  )̂  +

+ (4  + qfi + q^fa + . . . . )  -  2qcos2%{(sin(2% -  a) + qhi + q̂ ha + . . . }

= 0 .

Equating powers o f q;

q° : s a t i s f ie d  id e n t ic a lly

q : hi" + 4hi + 4gi cos(2% -  ct) + f i  sin(2% -  cr)

-2 cos27] sin(2?7 -  o) = 0.

V/e use the id e n t ity

-2  cos2t7 sin(2% -  o) = -  sin(4?7 -  a) + sincr,

and require the c o e f f ic ie n t  o f sin(2rj -  a) to  be u n ity  in  the

so lu t io n , conforming w ith the usual norm alisation , and the 

c o e f f ic ie n t  of cos(2% -  cr) to  vanish , preventing non-periodic  

terms. Hence we must choose

f i  = 0 , gi = 0 ,

leav in g

hi" + 4hi = sin(4?7 -  or) -  s in e ,  

so th at

hi = -  ~  sin(4% -  a) -  s in a . (2 .1 9 )
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q i  h s "  + 4ha + 4g a 003(277  -  cr) +  f g s i n (277 -  cr)

-2hioos277 = 0 ,

A gain e q u a tin g  to  ze ro  th e  te rm s i n  sin(2%  -  a )  and

003(277 -  a )  we f in d  t h a t

1 1 g2 = -  ^  s in 2 a ,  fa = - i  cos2cr + -  ,

and

ha" + 4ha = “ sin(ô77 -  or).

o r

ha = ^  sin(677 -  or).

P ro ceed in g  in  t h i s  way we f in d  t h a t  

f s  = g3 = 0 ,

hs = 2^8 s in 2 o  cos(4% -  a )  -  {^sin^cr -  sin(477 -  a )  -

-  23040 + 52 “  ^oos2orj sin2cr ; ( 2 .2 l )

g4 = ^  " i  s in 2 a  j s in 2 a ,

f4 = ^  s i n V  -  J g  003" 2<t + ,

■ ï à î  Ue " I  - *) + isIsS x
X sin(677 -  a )  + (2 .2 2 )

Hence

a = 4  + q ® [| -  ioos2ori + -  ^ |goos® 2a + j J U j i  + 0 ( ç f )

( 2 . 2 3 )
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p = - q  ~  s in 2 a  + 9* g tg  "  t  s in 2 a j s in 2 a  + 0(q®) (2 .2 4 )

and we o b serv e  t h a t  th e  e x p re s s io n  f o r  a  re d u c e s  to  th e  a p p ro p r ia te  

c h a r a c t e r i s t i c  v a lu e s  on choosing  a  a s  in d i c a te d  in  F ig .  2 .

A s im i la r  s o lu t io n  was o b ta in e d  by  Young [4] who, however 

to o k  /i to  be o f  th e  form

jii = -  Nq  ̂s in 2 c

o n ly . Young a l s o  d e te rm in e d  th e  s o lu t io n  re d u c in g  to  ba and as f o r  

th e  a p p ro p r ia te  v a lu e s  o f  cr, ta k in g

p = -  Nq^ sin2cr.

( c )  The S o lu t io n  o f  th e  Problem  w ith  R e fe re n ce  to  th e  S t a b i l i t y  

D iagram .

The f e a t u r e s  o f  th e  s t a b i l i t y  d iagram  o u t l in e d  above can  be 

i n t e r p r e t e d  in  th e  m ost u s e f u l  way by r e tu r n in g  to  th e  e x p re s s io n s

( 2 . 7 ) f o r  a and q , and e l im in a t in g  betw een th e s e  th e  in c id e n t  wave 

freq u en cy  w, we o b ta in

TT^hihs a ^ , ( 2 . 25 )

i n  w hich L = 27r/k i s  th e  w aveleng th  o f  th e  ic e  th ic k n e s s  f l u c t u a t i o n s .  

F or s p e c i f i e d  v a lu e s  o f L and th e  g e o m e tr ic a l q u a n t i t i e s  h and h i , 

th e  e q u a tio n  (2 .2 5 )  w i l l  r e p r e s e n t  a  p a ra b o la  V i n  th e  ( q ,a )  p la n e ,  

which w i l l  i n t e r s e c t  th e  cu rv es  b i , a i , b a , . . . .  a t  p o in t s  B i , A i,
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B a, . . . .  a s  in  F ig .  3 .

I f  we a ls o  f i x  h© th e n  a t  each  p o in t  o f  i n t e r s e c t i o n  we can 

de te rm in e  from  e i t h e r  a o r  q , a  c o rre sp o n d in g  v a lu e  o f  w, a l l  o th e r  

p a ra m e te rs  b e in g  s p e c i f i e d .  We d en o te  th e  f re q u e n c ie s  o b ta in e d  i n  t h i s  

m anner by  w (B i) , w (A i) , w (B a), . . . .  r e s p e c t iv e l y .  I t  fo llo w s  t h a t  th e  

bands o f  w d e f in e d  by

0  <  w  <  w ( B i ) ,

w(Ai ) ^ Ù) < w (B s),

w(Aa) < (I) < w (B g), . . . .

c o rre sp o n d  to  waves which a re  t r a n s m i t t e d  undamped, w h ile  th e  bands 

w(Bi ) < 0) < w(Ai ) ,

w ( B a )  <  CÜ <  m ( A a ) ,  . . . .

c o rre sp o n d  to  waves w hich a re  a t te n u a te d .

S in ce  a l l  o f  th e  c h a r a c t e r i s t i c  cu rv es  i n t e r s e c t  th e  a x is  

a  = 0 f o r  s u f f i c i e n t l y  la r g e  q (McLachlan [ l ] ,  s e c t io n  3 ,2 4 )  th e n  

th e r e  e x i s t s  an i n f i n i t y  o f  freq u en cy  bands w hich a re  a s s o c ia te d  

a l t e r n a t e l y  w ith  damped and  undamped w aves. However f o r  s u f f i c i e n t l y  

la r g e  p o s i t i v e  q , th e  cu rv es  am and bn+i a re  m u tu a lly  a sy m p to tic  

and so th e  bands o f  f r e q u e n c ie s  co rresp o n d in g  to  r e a l  p ro p a g a tio n  

a re  in d i s t in g u is h a b le  from p o in t s .  Hence a l l  w aveleng ths below  a 

c e r t a i n  one undergo damping a p a r t  from  an i n f i n i t e  number o f  d i s c r e t e  

w a v e le n g th s . The most im p o rta n t freq u en cy  i s  m (B i) ,  and th e  c o r r e s 

ponding  w aveleng th
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i s  such  t h a t  a l l  X > X(Bi ) g iv e  r i s e  to  undamped t r a n s m i t t e d  w aves. 

The c r u c i a l  p a ram e te r w hich d e te rm in e s  th e  r e l a t i v e  b re a d th  

o f  th e  fre q u e n c y  bands i s  h i/2 A  where

in  te rm s o f  w h ich , T may be w r i t t e n

q = ^ a ® .  (2 .2 7 )

As hi -+ 0 ,  r  d e g e n e ra te s  to  th e  a x is  q = 0 , and no bands o f  cj w hich 

co rre sp o n d  to  a  damped s o lu t io n  e x i s t .  T h is  can o f  cou rse  a l s o  be 

seen  by c o n s id e r in g  e q u a tio n  ( 2 .6 ) ,  w hich f o r  a c o n s ta n t  ic e  t h i c k 

n e ss  ho re d u c e s  to

.  aF = 0 .

As hi in c r e a s e s  from  z e ro , th e  w id th  o f  th e  c u t - o f f  bands in c r e a s e s .

A s im i la r  argum ent can be made w ith  r e g a rd  to  L, th e  b re a d th  o f  th e  

c u t - o f f  bands in c re a s in g  as L d e c re a s e s .

(d )  D e te rm in a tio n  o f th e  Frequency Bands.

We c o n s id e r  f i r s t  th e  i n t e r s e c t i o n  o f  f  w ith  th e  c h a r a c te r 

i s t i c s

bi = a  = 1 -  q -  ^  q2 + O (q ^ ) ,

! (2 .2 8 )
ai = a  = 1 + q -  g  q^ + 0(q^ ) .
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At th e  p o in ts  o f  i n t e r s e c t i o n ,  u s in g  (2 ,2 7 )  we o b ta in  th e  q u a r t ic s  

i n  a  :

bi : i  ihi/2A j®  a* + {hi/2A ] a® + a  -  1 = 0 ,8

a i : I  [hi/2A}= a* -  {h i/2A | a® + a -  1 = 0 .
(2 .2 9 )

I n s e r t in g  r e a l i s t i c  v a lu e s  o f  th e  p a ra m e te rs  in to

h i/2 A  = TT^shhi/L^

we f in d  t h a t  th e  te rm  i s  m o d e ra te ly  s m a ll .  In  view  a l s o  o f  th e  f a c t o r  

o f  l / 8  in  th e  le a d in g  te rm s o f  ( 2 ,2 9 ) ,  we may th e r e f o r e  o b ta in

approx im ate s o lu t io n s  o f  th e s e  e q u a t io n s  by so lv in g  th e  q u a d ra t ic s

bi ; [h i/2A Î a^ + a -  1 = 0 ,

ai : [h i/2 A ] a  -  a + 1 = 0 ,

to  g iv e

a ( B i) = -^  j -1  + 1 +
2h%

1 - 2hi

th e  s ig n s  o f  th e  square  ro o ts  b e in g  chosen  so t h a t  

a(Bi ) -> 1 , a(Ai ) ^  1 ,

as A /hi "> 00.

To d e term ine  c lo s e r  ap p ro x im atio n s  to  th e  s o lu t io n s  o f  (2 ,2 9 )  

l e t  u s  c o n s id e r  a q u a r t i c  o f  th e  form

fa'* + aa^ + a -  1 = 0 , (2 .3 0 )
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h av in g  s o lu t io n

a  = aoo + f a i l  + f^agg + *#.* 

w here aoo i s  th e  a p p ro p r ia te  r o o t  o f  

aa^ + a  — 1 = 0 , 

and f  « a ,  e «  1 .

S u b s t i t u t in g  th e  t r i a l  s o lu t io n  in to  (2 .3 0 )  we e a s i l y  f in d  

a n  and agg by e q u a tin g  pow ers o f  e ,  and t h a t

a(B i ) = aoo -  I  ih i/2 A j=  ^ h . Æ o  + 1 *

* &  îhx/2A i* Ih i/A fa^o  + 1 * • • • •  ^2 .3 1 )

w here

and

1 +

a(A x) = aoo -  I  !hx/2A i" *

* &  -  r h ë f e o ]  " • • • •

2hi

where now

aoo = hx

An e x a c t ly  s im i la r  p ro ced u re  can be u sed  to  de te rm in e  th e  in t e r s e c t i o n s  

o f  r  w ith  th e  c h a r a c t e r i s t i c s  bg and ag , w hich a re
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ba = a = 4 -  ~ q ^  + oCq'* ) ,

8a = a  = 4  + ^  q  ̂ + 0(q'* ) ,

and we f in d  th a t  th e y  a re  g iv en  by

a -  aoo — faoo + 4f^aoo “ 22c^ aoo + • • • •  (2 ,3 3 )

w here aoo = 4 . Choosing

^ “  12 îb i/2 A j^  ,  ^ ^  [h i/2A j^  ,

we d e te rm in e  r e s p e c t iv e ly  th e  q u a n t i t i e s  a (B a) and a (A s) f o r  v a lu e s  

o f  f  f o r  w hich (2 ,3 3 )  co n v e rg e s ,

( e )  The Damped S o lu t io n s ,

The damping te rm  in  th e  s o lu t io n s  co rresp o n d in g  to  th e  

u n s ta b le  r e g io n s  o f  th e  ( q ,a )  p la n e  i s

e x p (-  ik p y  ) ,

and we b r i e f l y  d is c u s s  i t  in  th e  f i r s t  two such r e g io n s ,  in  te rm s 

o f

T = 2/lqt = L / ttjj , (2 ,3 4 )

th e  d is ta n c e  in  w hich th e  e le v a t io n  in  y  > 0 i s  red u ced  by a 

f a c t o r  l / e .

In  th e  f i r s t  u n s ta b le  re g io n  betw een bi and a i ,

M s in 2 a  + “  q^ s in 2 o  + 0(q'* ) ,  (2 ,1 4 )

and  in  th e  second u n s ta b le  re g io n  betw een ba and ag , we have from (b )
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M = -  ^  s in 2 a  + g  q** i  s in 2 a j s in 2 a  + 0(q®)

(2 .2 4 )

f o r  v a lu e s  o f  q s u f f i c i e n t l y  sm a ll to  en su re  th e  convergence o f  

th e se  s e r i e s .  In  each  ca se  -7t/ 2 < a  < 0 .

We see  im m ed ia te ly  from (2 ,3 4 )  t h a t  th e  damping i s  l e s s  

m arked a s  th e  w aveleng th  o f  th e  ic e  th ic k n e s s  f lu c tu a t io n s ,L  ,  

in c r e a s e s .  F u r th e r ,  th e  e x p re s s io n s  f o r  /i have maxima a t  a  = -7 t/4 , 

and hence th e  a t t e n t u a t i o n  o f an in c id e n t  wave i s  p redom inan t a t  

a p p ro x im a te ly  th e  mid p o in t  o f each  u n s ta b le  r e g io n .  In  a d d i t io n ,  

f o r  s m a lle r  v a lu e s  o f  q , we see t h a t  in  th e  f i r s t  u n s ta b le  re g io n

Tm In <= 2L/'7Tq , 

w h ile  i n  th e  second  u n s ta b le  re g io n

Tm In  =c= l ô L / n q ^  ,

in d i c a t in g  t h a t  the  more p ronounced  damping o ccu rs  f o r  ( q ,a )  i n  the 

f i r s t  u n s ta b le  r e g io n ,

( f )  O b liq u e ly  I n c id e n t  W aves.

To c o n s id e r  th e  more g e n e ra l case  o f  waves w hich a re  in c id e n t  

o b liq u e ly  on th e  i c e f i e l d ,  we r e tu r n  to  e q u a tio n s  ( l . 7 ) ,  ( l . 8 )  and 

( 1 , 9 ) .  We assume t h a t  th e  s o lu t io n  o f ( l . 9 )  f o r  th e  in c id e n t  wave 

has th e  form

F (x ,y )  = e ^ ^  ^ - o o < y < 0 ,  < x < w.
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where mo and  m a re  r e a l  and s a t i s f y

mo  ̂ + m̂  = ko^ = w ^/gh.

T hat i s , ^

F ( x ,y )  =

i n - w > < y <  0 ,  -x o < x < o o , and in tro d u c in g  th e  in c id e n t  an g le  6 by 

mo = kb s in 0 ,

th e n

P (x ,y )  = (2 .3 5 )

For co r^ inu ity  o f  th e  v e lo c i ty  components i n  th e  f l u i d ,  th e  s o lu t io n s

in  y  < 0 and y  > 0 must be co n tin u o u s a t  y  = 0 , and i t  i s  th e r e f o r e

n e c e ss a ry  t h a t  th e  s o lu t io n  o f  ( l .S )  c o n ta in s  e x a c t ly  th e  same x 

dependence a s  ( 2 ,3 5 ) ,  We may w rite  th e  s o lu t io n  o f  ( l . S )  in  th e  

fo rm ,
X

F (x ,y )  = g ik^sinO  Y i { y ) ,  0 < y < o o ,  - o o < x < o o

(2 .3 6 )

so  t h a t  F i ( y )  m ust s a t i s f y

|”l  _ -  kb^ sin^ Fi (y )  + ^  I’l  ( j )  = 0*

Assuming a s  b e fo re  t h a t  th e  ic e  th ic k n e s s  v a r ie s  in  th e  y d i r e c t io n  

o n ly , and t h a t  i s  has th e  form

H (x ,y ) = ho -  hi cos k y , 

th e n ,  u n d er th e  same r e s t r i c t i o n s  as p re v io u s ly ,  

w ^sho/g «  1 , w ^sh i/g  « 1 ,
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we may w r i te

^  -  ko^ sin® e l  Pi +

* r r % ' / g

P erfo rm in g  th e  v a r ia b le  change 2% = k y , th e n  t h i s  becomes

+ |a i  -  2qj cos2%! Fi = 0 ,  (2 .3 7 )

where

= i ? T Ï ^ ' ^ ^ V g I  ■ ® (2 .3 8 )

and

qj = q = r r r ^ ^ W s ?  '  (2 -3 9 )

A gain we may e l im in a te  th e  freq u en cy  betw een (2 .3 8 )  and ( 2 ,3 9 ) ,  b u t 

th e  r e s u l t i n g  curve w i l l  n o t be a s  s im ple a s  th e  p a ra b o la  o b ta in e d  

f o r  6 = 0 , However we can deduce s e v e r a l  q u a l i t a t i v e  r e s u l t s  from  

th e  e x p re s s io n s  f o r  ai and q i , s in c e  th e  l a t t e r  i s  s im ply  e q u a l to  

q and i s  in d e p en d en t o f 6,  For a f ix e d  v a lu e  o f  q , we see  t h a t  th e  

e f f e c t  o f  in c r e a s in g  th e  in c id e n t  an g le  i s  to  d e c re a se  th e  v a lu e  o f 

th e  p a ra m e te r  a ,  and s in c e  ai can be w r i t t e n  in  th e  form

[  i“ -  'i;® sh o /g  -

th e n  f o r  0 app ro ach in g  tï/ 2 , th e  v a lu e  o f a i w i l l  be v e ry  s m a ll .

The e f f e c t  o f  a n o n -ze ro  in c id e n t  an g le  i s  th u s  to  move some
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p o in t s  in  th e  s t a b i l i t y  d iagram  from  s ta b l e  to  u n s ta b le  a r e a s  and 

v ic e  v e r s a .  In  p a r t i c u l a r ,  c e r t a in  p o in t s  i n  th e  f i r s t  u n s ta b le  

re g io n  w i l l  move in to  th e  s ta b le  r e g io n  e n c lo se d  by th e  axes and th e  

c h a r a c t e r i s t i c  b i , a s  0 in c re a s e s ;  t h a t  i s ,  th e  w aveleng th  X(Bi ) w i l l  

d e c re a se  a s  th e  in c id e n t  an g le  in c r e a s e s .  We r e c a l l  t h a t  X(Bi ) i s  

th e  l a r g e s t  w aveleng th  w hich i s  an u p p e r bound o f  a  band o f  wave

le n g th s  c o rre sp o n d in g  to  a  damped s o lu t io n .  Hence we can conclude 

t h a t  th e  r e f l e c t i o n  o f  an in c id e n t  wave d e c re a se s  a s  th e  a n g le  o f  

in c id e n c e  o f  t h a t  wave in c r e a s e s ,

(g )  M o d if ic a tio n  f o r  D isp la c e d  Ic e  S t r u c tu r e ,

In  w r i t in g

H (y) = ho -  hi cos k y , [ ( 2 , 3 ) J

we a re  assum ing t h a t  th e  ic e  th ic k n e s s  has a  minimum a t  th e  edge 

y  = 0 o f th e  s h e e t .  I t  i s  th e r e f o r e  o f  i n t e r e s t  to  in v e s t ig a t e  how 

th e  su b seq u en t s o lu t io n  a l t e r s  i f  th e  ic e  th ic k n e s s  a t  y  = 0 

rem ains a r b i t r a r y ,  and th e  s im p le s t  way to  do t h i s  i s  to  in tro d u c e  

a phase an g le  k and w r i te

H(y) = ho -  hi co s(k y  + k ) , (2 .4 0 )

By fo llo w in g  th e  i n i t i a l  fo rm u la tio n  o f  t h i s  s e c t io n  th ro u g h , i t  

i s  n o t d i f f i c u l t  to  see t h a t  we a g a in  a r r iv e  a t  th e  M ath ieu  e q u a tio n  

( 2 .6 )  by making th e  change o f in d ep en d en t v a r ia b le

ky + K = 2t) ,
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an d  i f  th e  s o lu t io n  o f  t h i s  e q u a tio n  i s  d en o ted  by F (q ) a s  b e f o r e ,  

th e  r e s u l t i n g  v e lo c i ty  p o t e n t i a l  w i l l  now be

< ^(y ,t) = e x p ( - iw t)  F (^ky  + ^ ) ,  ( 2 .4 l )

T h a t i s ,  th e  v e lo c i ty  p o t e n t i a l  undergoes a phase  change e q u a l to

The s ig n if ic a n c e  o f  t h i s  can be made c l e a r  by ta k in g  a  p a r t i c u l a r  

s o lu t io n  o f th e  M athieu e q u a t io n . L e t us assume t h a t  ( q ,a )  l i e s  in  

th e  s ta b le  re g io n  betw een ai and bg so t h a t  th e  v e lo c i ty  p o t e n t i a l  

r e p r e s e n t s  a p ro g re s s iv e  wave in  y  > 0 . We can make u se  o f  th e  

r e s u l t s  o f  ( b ) ,  w hich a r e ,  on w r i t in g  cr = i0  a s  r e q u ir e d  by W h i t ta k e r 's  

th e o r y ,

F(%) = e^^ [sin(2r7 -  ± 6 )  + 0 ( q ) i ,  (2 .4 2 )

7i = -  “  iq^ s inh20  + 0(q'* )

= - i ^ i  + 0 (q 4 ) ,

a = 4 + q^ [^  -  i  cosh20j + O (q ^). (2 .4 3 )

Im posing 0 > 0 , we m ust ta k e  th e  second  p a r t  o f  th e  F lo q u e t s o lu t io n  

( 2 . 3 ) to  o b ta in  a wave moving in  th e  a p p ro p r ia te  d i r e c t i o n ,  and by 

v i r t u e  o f (2 .4 1 )

^ ( y , t )  = B g i ( 2%Miy w t) | g in (k y  + k + i 0 )  + 0 (q ) j  (2 .4 4 )

In  g e n e ra l ,  th e  c o e f f i c i e n t  T = B exp(-Ji/c/ii ) i s  com plex, and 

by th e  v e lo c i ty  p o t e n t i a l  we s t r i c t l y  mean th e  r e a l  p a r t  o f th e  

fu n c t io n  ( 2 .4 4 ) ,  We rem ark  th a t  on im posing  th e  c o n t in u i ty  o f (2 .4 4 )
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and  th e  s o lu t io n  o f  ( l . 9 )  i n  y  < 0 , and t h e i r  f i r s t  d e r iv a t iv e s ,  we 

s h a l l  d e te rm in e  T a s  a  fu n c t io n  o f  0 , and t h i s  c o e f f i c i e n t  w i l l  

n e c e s s a r i ly  remove th e  appsiren t unhoundedness i n  (2 ,4 4 )  a s  0 becomes 

l a r g e .

F o r s im p l ic i ty  l e t  us ta k e  o n ly  one te rm  o f  th e  r e a l  p a r t  o f

( 2 .4 4 ) ,

^ i ( y , t )  = Ti s in (4 k fJ iy  -  w t) s in (k y  + k ) ,  (2 .4 5 )

w here th e  0 dependence has been  ab so rb ed  in to  th e  r e a l  c o e f f i c i e n t  

Ti • I t  i s  a t  once c l e a r  t h a t  i f  th e  i c e  s t r u c t u r e  s u f f e r s  a  d is p la c e 

ment /c/k  th e n  so does th e  p ro g re s s iv e  wave in  y  > 0 , D e fin in g  th e  

w aveleng ths

1)1 — 47r/lqii , Iig — 277/ k  ,

o f  th e  two p e r io d ic  te rm s i n  ( 2 ,4 5 ) ,  th e n  we r e q u ir e  a  knowledge o f  

th e  r a t i o

L i/lig  = 2/jLii • (2 ,4 6 )

U sing  ( 2 , 9 ) we see t h a t  th e  e x p re s s io n  (2 ,4 3 )  f o r  a  i s  

c o in c id e n t  w ith  th e  c h a r a c t e r i s t i c  bg when 0 = 0 ,  and f o r  a f ix e d  

v a lu e  o f q , r e p r e s e n ts  a  p o in t  on th e  c h a r a c t e r i s t i c  ai f o r  a  v a lu e  

00 o f  0 g iv en  ap p ro x im a te ly  by

8 9^ = ' ^

from w hich we deduce th a t

1 + q - g q ^  = 4 + q ^  ^  co sh 2 0 o ].

= i j [ ( 5  -  q ): + I  q: + 0 (q® )j < 2 ,
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f o r  s u f f i c i e n t l y  sm a ll q .

Hence s in c e  = q  ^ s in h 2 0 / l6 ,  and by v i r t u e  o f  ( 2 ,4 6 ) ,  we 

conclude t h a t  Li > Lg f o r  a l l  p o in ts  i n  th e  ( q ,a )  p la n e  ly in g  betw een 

ai and  bg •

T h e re fo re  th e  p ro g re s s iv e  wave p a r t  o f  (2 ,4 5 )  w i l l  p ro v id e  

bounding  cu rv es  f o r  th e  m otion  w h ile  th e  f i n a l  f a c t o r  g iv e s  r i s e  

to  an o s c i l l a t o r y  m otion  w i th in  th e s e  bounds. The .ne t e f f e c t  i s  t h a t  

o f  a group moving w ith  v e l o c i ty  2w/kjLii, and i s  shown i n  F ig ,  4  f o r  

b o th  K ze ro  and n o n -z e ro , to g e th e r  w ith  th e  co rre sp o n d in g  ic e  fo rm s.

As # ( y , t )  c o n s i s t s  o f  te rm s l i k e  # i ( y , t )  su p e rp o sed , i t  w i l l  

behave in  th e  same m anner, R e te n s io n  o f  f u r t h e r  te rm s i n  F(%) o f 

o rd e r  q and s m a lle r  w i l l  c o m p lica te  th e  s t r u c t u r e  o f  th e  p ro g re s s iv e  

w ave, b u t  w i l l  n o t v a ry  i t s  g e n e ra l  ap p ea ran ce  from  t h a t  d e s c r ib e d  

above.

5 ,  R e c ta n g u la r  Wave Ic e  T h ick n ess  V a r ia t io n  in  th e  y  d i r e c t i o n ,  

w ith  N orm ally  I n c id e n t  W aves,

As in  s e c t io n  2 th e  sh a llo w  w a te r  p o t e n t i a l  ^ ( y , t )  i s  

d e te rm in e d  from

j^l _ i2 _ § S M j ^  F = 0 , 0 < y  < «,, ( 3 .1 )

- » < y < 0 .  ( 3 .2 )
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and

= e x p (- ic J t)  F (y ) ,

L e t th e  ic e  th ic k n e s s  K(y) be a  g e n e ra l  r e c ta n g u la r  p e r io d ic  fu n c tio n  

d e f in e d  by (se e  F ig , 5)

H (y) = ho + h i ,  0 < y  < h  ,

H (y) = ho -  h g , h  < y  < t i  + I2 ,

h av in g  p e r io d  d = h  + 6g. The q u a n t i ty  ho i s  th e  mean ic e  th ic k n e s s ,

so t h a t  hi i l  = hg ig , E q u a tio n  ( 3 , l )  now becomes

(3 , 3 )

1 -  — ^  ^  F = 0 , 0 < y  < i l ,
g g J  dy gh ^

1 _ + H gbg] ^ 1  ^ | 1  p ^ 0 , i l  < y  < i l  + ig .

and p ro v id e d  t h a t  th e  c o e f f i c i e n t s  o f  Fyy do n o t v a n is h ,  we may w r ite  

th e s e  in  th e  form

where

ay '
-  Xi^F = 0 ,  0 < y  < i l .

d‘"F . g
ay -  xg F = 0 ,  i l  < y  < i l  + ig .

(3 . 4 )

2 w® I . w® sho[1 -

w ® sh,l
g J  '

g w
^  = ' i h

w^sho w^shg” ’ ^ _ —   +  — —

(3 . 5 )
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The s o lu t io n s  o f  ( 3 ,4 )  can he w r i t t e n  down a t  once ,

F (y ) = A e^iy  + 0 < y  < h  ,

1 (3 .6 )
F (y ) = C e ^ ^  + D e " ^ ^ ,  i i  < y  < + i s ,  J

w here A, B, C, D a re  a r b i t r a r y  c o n s ta n ts .

The w hole s o lu t io n  m ust f i t  F lo q u e t 's  theorem  ( s e e ,  f o r  exam ple,

[ 3 ] )  w ith  p e r io d  d , t h a t  i s ,  choosing  th e  p o s i t i v e  exponent o f  th e  

th eo rem ,

F (y ) = e^^  G (y ), ( 3 .7 )

where &(y) h as  p e r io d  d , so t h a t

F (y ) = e^ ^  F (y  -  d ) .

The g e n e ra l  F lo q u e t s o lu t io n  can be e x p re sse d  in  te rm s o f &(y) by

F (y ) = C ie^y  G-(y) + Cge & (-y ) , 

where Ci and Cg a re  c o n s ta n t s .

A pply ing  th e  p e r io d i c i t y  r e l a t i o n  f o r  F (y ) to  th e  i n t e r v a l  

i l  + ig < y  < is + 2 i i  , th e n

F (y ) = ~ d  < y  < cL + t i  ,

(3 . 8 )

w hich to g e th e r  w ith  ( 3 .6 )  d e f in e s  th e  whole s o lu t io n .  We m ust have 

c o n t in u i ty  o f  F (y ) and i t s  f i r s t  d e r iv a t iv e  a t  y  = i i  and  y  = d , 

y ie ld in g  fo u r  e q u a tio n s  betw een th e  c o n s ta n t s ,

Ae^^ + Be‘ ^^ + De""^ ,
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-Xg d = As^^ + Be^^,

x g C e ^ ^  -  xgDe = xiAe^*^ -  xiBe^*^, 

w hich a re  c o n s is te n t  p ro v id e d  t h a t  th e  d e te rm in a n t 6 f  c o e f f i c i e n t s  

v a n is h e s ,

^ X lii g-Xl i l ^-X2 i l

- x i e - x i ' i

- x ie ^ a xae*®* -x se -x sA

= 0 ,

and w r i t in g  ^ = e ^ ^ , t h i s  can be e x p re s s e d  as a q u a d ra t ic  in  on 

ex p an d in g ,

-  2C l^coshxi h  coshxg I z  +  ^  ^  ^  ^  s in h x i i i  sinhxs ig J +

+ 1 = 0,

The ro o ts  , ^g o f  t h i s  e q u a tio n  a re  such  th a t  ^g = 1 ,  hence

and

Cl + 2̂ = 2coshpd = 2 a , 

where we have w r i t t e n

(3 .9 )

a -  ooshxi i l  ooshxs ta + i  ( ^  ) s ln h x i i i  sinhxa £s . (3 .1 0 )
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We n o te  t h a t ;

( i )  i f  a > 1 , /i i s  r e a l ,

( i i )  i f  -1  < a < 1 , /i i s  p u re ly  im a g in a ry ,

( i i i )  i f  a < - 1 ,  /i i s  com plex.

In  view  o f  th e  s o lu t io n  ( 3 ,7 ) ,  t h i s  im p lie s  t h a t  case  ( i i )  co rresp o n d s  

to  p ro p a g a te d  u n a t te n u a te d  waves p a s s in g  th ro u g h  th e  i c e f i e l d ,  w h ile  

c a se s  ( i )  and ( i i i )  c o rre sp o n d  to  waves w hich a re  a t te n u a te d .

A ccord ing  to  th e  s ig n  o f  jLi we may need  to  choose th e  second p a r t  o f 

th e  F lo q u e t s o lu t io n  w ith  th e  n e g a tiv e  ex p o n en t, to  produce a wave 

t r a v e l l i n g  in  th e  a p p ro p r ia te  d i r e c t i o n ,  o r  to  a v o id  unboundedness, 

w h ichever i s  a p p l ic a b le  to  th e  form  o f s o lu t io n .

The bounds o f case  ( i i )  a re  g iv e n  by 

cosh/id = a = ±1,

and th e s e  can be d e p ic te d  g r a p h ic a l ly  a s  cu rv es  in  th e  x i , xg p la n e ,  

p ro d u c in g  a  s t a b i l i t y  d iagram  o f th e  ty p e  r e s u l t i n g  from th e  M athieu  

e q u a t io n . T h is  a n a ly s is  a p p l ie s  to  a p e r f e c t l y  g e n e ra l  r e c ta n g u la r  

wave and was f i r s t  c a r r i e d  ou t by B r i l lo u in  [ 5 ] ,  We now c o n s id e r  a 

p a r t i c u l a r  case  in  w hich

ti = tz , h i = hg ,

so t h a t  d = 2&1. Changing th e  in d ep en d en t v a r ia b le  in  th e  above 

a n a ly s i s  by

y = dT^/w,

th e n  (3 , 4 ) becomes
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cL̂ F 2
17?'

-  p r  x i  F  =  0 ,  0  < T\ < tt/ 2 y

d^ F d^ 2 /%2 ® F = 0 ,  i r / 2  < r, < i r .

V/e now have a  problem  w hich has th e  same p e r io d  d ' = v as  th e  

M athieu p rob lem , and in  w hich

d= 2 4  2XI = p r  xi = XI ,

,* cf a 4  2X2 = p -  X2 = p  X2 ,

and t l  = l i  = 7 t/2 , where we have w r i t t e n  d = 27r/k to  p re s e rv e  th e

p a ram e te rs  o f  s e c t io n  2 ,

R e fe r r in g  to  (3 ,5 )  and im posing th e  r e s t r i c t i o n s  o f s e c t io n  

2. , nam ely,

s h o /g «  1 , w ^sh i/g  <<1,

th e n  we have

4w  ̂ 1 r .  o j^sh i/g  1 -, I ^ 1
= F i h  = ^ * 2q , 1

(3 ,1 1 )

/  4w® 1 r , w®sh,/g 1 . „ (
= ?ih TTVnWiJt ■ Ti - ZWgjj =  ̂- 2q. J

where

4ù}  ̂ 1  2(t)̂  (j}̂  shi
k^gh ( l  -  w'^sho/gj '  ̂ i? g h  ^1 -  ((?sho/g)^ '

f*
a re  th e  p a ra m e te rs  o ccu rin g  in  s e c t io n  2 ,

A
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When a  > 2q > 0 ,  (3 ,1 0 )  becomes

a = c o s f i  008^2 "  i  ( ^  ) sinWi sinit'a , (3 .1 2 )

and when a  < 2 q , q > 0 ,

a  = o o sfi coshiTs ~ i  ^  ^  j  s in h y s , (3 .1 3 )

w here we have re p la c e d  th e  q u a n t i t i e s  in  (3 .1 0 )  by t h e i r  p rim ed  

c o u n te r p a r t s ,  so t h a t

= W 2 f  i a  + 2 q i ,

= { tt/ 2 ) ^  k  -  2 q i ,  

yg^ = (tt/2 )^  [2q -  a i .

U sing  th e s e  e q u a t io n s ,  a s t a b i l i t y  diagram  can be p lo t t e d  w ith  q

and a  a s  v a r i a b l e s ,  th e  cu rv es  bounding th e  re g io n s  b e in g  g iv e n  by

a = ± 1 . Such a  diagram  was f i r s t  p roduced  by Van d e r P o l and S t r u t t

[ 6 ] ,  who to o k  th e  c o o rd in a te s  a and 2q. I t  w i l l  be seen  (F ig .  6)

t h a t  t h i s  s t a b i l i t y  d iagram  i s  s im i la r  to  t h a t  o f  th e  M athieu  e q u a t io n ,

e x c e p t f o r  th e  i n t e r s e c t i o n  o f some o f th e  bounding  c u rv e s ,  and

t h a t

( i )  f o r  a  > 2q > 0 , th e  ( q ,a )  p la n e  c o n s is t s  m a in ly  o f s ta b le  

a r e a s ,

( i i )  f o r  r 2 q  < a < 2q , th e  ( q ,a )  p la n e  c o n s is t s  m ain ly  o f u n s ta b le  

a r e a s ,  a p a r t  from th e  bounding cu rv es  which c o rre sp o n d  to  a 

p u r e ly  p e r io d ic  s o lu t io n .
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( i i i )  f o r  a < ~2q, th e  ( q ,a )  p la n e  c o n s is ts  w ho lly  o f an u n s ta b le  

a r e a .

From ( 2 , 8 ) ,  2q << a ,  so t h a t  in  th e  p r e s e n t  problem  th e  s o l 

u t io n s  m ain ly  r e p r e s e n t  r e a l  p ro p a g a tin g  w aves, a p a r t  from  narrow  

bands o f f r e q u e n c ie s  f o r  which th e  s o lu t io n  i s  an a t te n u a te d  wave. 

R e a rra n g in g  ( 3 .1 3 ) ,

a = c o s (y i + f a )  -  s i n f a ,  (3 .1 4 )

and w r i t in g  v  = 2 q /a  << 1 f o r  b r e v i t y ,  we can expand

= l - / a  [1  + ^  -  g

2̂ = 2 "/a [ l  -  2  ̂ -  g

so t h a t

^ 1  +  iT s =  IT V a  i l  -  I  V ®  +  0 ( ^ 4  ) i .

- 1̂ 2 -  "2 V + 0(v° ) ,
and

f i f s  = (W a /2 )^  [1  -  + 0 ( v * ) i .

Hence

c o s(y i + 2̂ ) = cos 7 r / a  cos & r/ar^  + s in  W a s in  gWap^ ,o o

= COS TrVa + g  Tr/ar^ s in W a  + 0(7n/ai;^/8)^,

w h ile

cos(yi -  ^2 ) = 1 -  ■n̂ ai;̂ /8 + 0(77Var/2)^,



9 3

U sing th e se  e x p re s s io n s  in  (3,14:) we f in d  t h a t

a = oosTiVa -  -J- v ^ [ s in ^ jW a  -  TrVa s in W a j + O (v^). (3 ,1 5 )

When q = V = 0 ,  th e n  th e  p o in ts  a t  w hich th e  bounding cu rv es  i n t e r 

s e c t  th e  a  a x is  a re  e a s i l y  seen  to  be g iv e n  by a = n ^ , n = 0 , 1 , 2 ,

E q u a tio n  (3 ,1 5 )  h o ld s  p ro v id e d  t h a t  a i s  s u f f i c i e n t l y  sm a ll 

f o r  th e  approxim ate ex p an sio n  o f th e  c i r c u l a r  fu n c tio n s  to  be v a l id .  

However we can see t h a t  we a re  j u s t i f i e d  in  deducing  from (3 ,1 5 )  th e  

cu rv es  w hich p a ss  th ro u g h  q = 0 , a = 1 as  th e  ex p an sio n s  c e r t a i n l y  

h o ld  when a i s  n e a r  u n i ty .  These cu rv es  co rresp o n d  to  a = - 1 ,  and 

we make use  o f th e  f a c t  t h a t  2q << 1 in  assum ing a s o lu t io n  f o r  

them o f  th e  form

Va = 1 + Cl q + C2 q  ̂ + ............................................  (3 ,1 6 )

Hence

and

cos vrVa = -  cos 7 r(ciq  + C2 q̂  + . . . . )

-  ~1 + ^  Ti  ̂q  Ci^ +71^ q  ̂Cl 02 + 0 (q * ) ,  

s in ^ ^ W a  = 1 -  ^  77̂  q^ci^ + O(q^) ,  

s in  W a  = -  TTqci -  7rq^C2 + 0 ( q ° ) ,

(2 q /a )^  = 4 q ^ [ l  -  4qci{ + O(q^) ,

S u b s t i tu t in g  in to  (3 ,1 5 )  and p u t t in g  a = -  1 , we o b ta in

0 = q  ̂ [tt̂ Ci ^ / 2 — 2 j + q  ̂ [ ci Cs + 8ci — c i /2 ]  + O( q^ ) ,
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from  which

C l =  - 2/ t t , 02 =  i  “

so  t h a t  i n  ( 3 .1 6 ) ,

Va = l ± - q - [ 8 / 7 r ®  -  H q + O(q^),

o r

a  = 1 ± ^  q -  [12/ 77̂  -  1 } q  ̂+ O(q^) ,  (3 .1 7 )

By an a lo g y  w ith  s e c t io n  2 , we th e r e f o r e  w r i te

b i = 1 - z  1 -  -  1} <l + 0 ( c f ) ,7T
(3 .1 8 )

w hich a re  s im i la r  to  th e  c h a r a c t e r i s t i c s  o f  th e  M ath ieu  e q u a t io n .

We r e c a l l  t h a t  in  t h a t  case  th e  c o e f f i c i e n t s  o f q and q̂  a re  u n i ty  

and 1 / 8  r e s p e c t iv e ly .  Thus f o r  a  f ix e d  sm all q , th e  b re a d th  o f th e  

f i r s t  u n s ta b le  re g io n  f o r  a  r e c ta n g u la r  wave i s  g r e a t e r  th a n  th a t  

f o r  a s in u s o id a l  wave by a f a c t o r  4/7r. The f i r s t  band o f  c u t - o f f  

w av e len g th s  can be d e te rm in e d  from  (3 .1 8 )  by a s im i la r  method to  t h a t  

u sed  in  s e c t io n  2 , b u t due to  th e  c lo se  s i m i l a r i t y  w ith  t h a t  in v e s t 

i g a t i o n ,  t h i s  i s  n o t p u rsu ed  h e re .

F in a l ly  we examine th e  case  when we ig n o re  th e  te rm s o f 

o rd e r  i n  th e  ex p an sio n s  o f f i  and ^2 , ta k in g

-  -^W a[l + ■^J j  

y2 = -gTiVa[ 1 -  ■^ ] ,
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i n  w hich case  i t  i s  e a s i l y  shown th a t  (3 .1 4 )  red u ce s  to

a = cos 77Va -  sin^-^V a + O(p^) .  (3 .1 9 )

S ince  we have ta k e n  th e  p e r io d  d^ to  be e q u a l to  tt, we a l s o  have 

a  = cosh /iTT = cos i/iTT, 

so  t h a t  (3 . 1 9 ) can be w r i t t e n

s±ni± HT T  = J l  + s i n ^ ^ a  + 0 ( y * ) ,  (3 .2 0 )

w hich , on ig n o r in g  th e  te rm  O(y^) ,  i s  e x a c t ly  s im i la r  to  th e  

e q u a tio n  o b ta in e d  by H i l l  [? ]  f o r  th e  d e te rm in a tio n  o f  th e  c h a r a c t

e r i s t i c  exponent /j in  th e  s o lu t io n  o f th e  e q u a tio n

F y y  + [a  + ^ ( y ) | F  = 0 ,

where ^ ( y )  has p e r io d  tt an d , in  th e  p a r t i c u l a r  case  t r e a t e d  by H i l l ,  

i s  c o n tin u o u s . However, as  we have se e n , e q u a tio n  ( 3 . 2 0 )  h o ld s  fo r  

th e  d e te rm in a tio n  o f [i on ly  when ap p ro x im atio n s  a re  made and i s  

n o t a g e n e ra l  p ro p e r ty  o f  th e  s o lu t io n  as  in  H i l l ' s  c a se .

4 . N um erical R e s u l ts  and C o n clusion ,

For th e  s in u s o id a l  ic e  th ic k n e s s  case  we d e term in e  th e  wave

le n g th s  R ( B i ) ,  \ ( A i ) ,  . . . .  , R(Be) ,  and c o n s id e r  th e  p a r t i c u l a r  case  

ho = hi when th e  th ic k n e s s  d i s t r i b u t i o n  can be th o u g h t o f  as 

r e p re s e n t in g  a s e m i - in f in i t e  a r r a y  i f  d i s c r e t e  ic e  f lo e s  in  th e  y 

d i r e c t io n .  We ta k e  th e  v a lu e s  ho = hi = 0 , 5 ,  1 ,0 ,  2 , 0 ,  4 ,0  m e tres  

and th e  f lo e  le n g th s  L  =  1 0 ,  2 0 ,  50, 1 0 0 ,  2 0 0 ,  m e tre s . The w a te r



9 6

d ep th  i s  a s s ig n e d  th e  two v a lu e s  10 and 20 m e tre s .

S o lv in g  ( 2 , 7 ) f o r  = (2w)^gh/w^,  we have

+ ( 2 i r f  shho .

= + (2 ,r)= shho.

( 4 . 1 )

U sing  th e  e x p re s s io n s  d e r iv e d  in  s e c t io n  2 (d )  f o r  th e  v a lu e s  o f a 

a t  th e  i n t e r s e c t i o n  o f  T w ith  th e  c h a r a c t e r i s t i c s  bi , a%, b s , a g , we 

can a t  once com pute, u s in g  th e  f i r s t  o f ( 4 ,1 ) ,  th e  v a lu e s  o f X 

c o rre sp o n d in g  to  th e se  p o in t s ,  o m ittin g  th o se  v a lu e s  f o r  w hich 

A < 2 ho = 2 h i ,

The cu rv es  b i , a i , , be a re  p lo t t e d  u s in g  th e  t a b l e s

o f  Appendix I I  in  M acLachlan [ l ]  f o r  q > 1 , and th e  s e r i e s  ex p an sio n s

( 2 , 9 ) f o r  q < 1 , The p a ra b o la  V i s  th e n  p lo t t e d  f o r  th e  v a r io u s  

v a lu e s  o f  th e  p a ra m e te rs ,  and th e  p o in ts  o f i n t e r s e c t i o n  w ith  th e  

c h a r a c t e r i s t i c  cu rv es  ta b u la te d .  T h is  p ro ced u re  i s  n o t so te d io u s  as 

may f i r s t  a p p e a r , s in c e  th e  p a ra b o la  f ,  we r e c a l l ,  i s  g iv e n  by

= ! # 'TT shho

in  the ca se  ho = hi , so t h a t  th e  te rm  L ^ /h h o , and hence f ,  i s  th e  

same f o r  s e v e r a l  co m b in a tio n s  o f th e  p a ra m e te rs . For g r a p h ic a l  

re a s o n s  i t  i s  co n v en ien t to  p lo t  th e  cu rv es  in  such a way t h a t  we 

o b ta in  th e  v a lu e  o f  q more a c c u ra te ly  th a n  t h a t  o f  a  a t  th e  i n t e r 
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s e c t io n s ,  and so we use th e  second o f ( 4 . l )  to  d e term in e  th e  c o r r e s 

ponding  w av e le n g th s . We a l s o  i n s e r t  th e  l i n e  a  = 2q to  d i s t i n g u is h  

th o se  v a lu e s  f o r  w hich 2q < a  from th o se  w hich v io l a t e  th e  in e q u a l i t y .  

These r e s u l t s  supplem ent th o se  o b ta in e d  by  d i r e c t  com pu ta tion  as  

in d i c a te d  above, and th e  ag g re g a te  o f th e  r e s u l t s  d e te rm in e d  by th e  

two m ethods i s  shown in  T ab le 1 .

We in c lu d e  th o se  w aveleng ths  f o r  which 2q > a ,  and though 

th e s e  a re  n o t s t r i c t l y  v a l i d  c o n c lu s io n s  o f th e  th e o ry  q u a n t i t a t i v e l y  

th e y  se rv e  to  com plete th e  p ic tu r e  q u a l i t a t i v e l y .  Such v a lu e s  a re  

d en o ted  by  an a s t e r i s k .

To u n d e rs ta n d  th e  t a b le  i t  i s  s u f f i c i e n t  to  r e c a l l  t h a t  th o se  

w av e len g th s  ly in g  betw een X(Bn) and X(An ) a re  damped on e n te r in g  th e  

ic e  s h e e t .  I f  a v a lu e  X(Bn) i s  such t h a t  a l l  s h o r te r  w aveleng ths  a re  

damped th e n  t h i s  i s  in d ic a te d .  A ll  p a i r s  o f i n t e r s e c t i o n s  q(Bp) ,  q(Ai ) 

w hich a re  v i r t u a l l y  p o in t s  a re  o m itte d  from  th e  t a b l e .  A ll  le n g th s  a re  

in  m e tre s .

The r e s u l t s  in d ic a te  t h a t  c u t - o f f  bands o f  X e x i s t  f o r  in c r e a s 

ing  w av e len g th s  as th e  ic e  th ic k n e s s  in c r e a s e s ,  and th a t  f o r  a 

p a r t i c u l a r  th ic k n e s s ,  a lth o u g h  th e r e  a re  more c u t - o f f  bands f o r  th e  

lo n g e r  f l o e s ,  th e  p a r t i c u l a r  w aveleng ths below w hich no p ro p a g a tio n  

o ccu rs  do n o t v a ry  s i g n i f i c a n t l y .

R obin  [S] draws th e  fo llo w in g  c o n c lu s io n s  from  th e  case  o f 

f lo e  d ia m e te rs  sm a ll compared to  w aveleng th ; an ap p ro x im a te ly  l i n e a r
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r e la t io n s h ip  e x i s t s  between the f l o e  s i z e  and the wavelength at  

which damping f i r s t  occurs; the cut o f f  in  wave tra n sm iss io n  tak es  

place  fo r  wavelengths l e s s  than three  tim es the f l o e  s i z e .

From s e c t io n  2, (d) we have the approximate value  o f  the  

parameter a a t  the f i r s t  c u t - o f f ,

A r . / / .  2hA •) -a(Bi ) = ”  I -1  + I f  1 +hi , i A y J

o  1 -  + 0 ( h i / A f  ,

and in  the  f i r s t  o f  ( 4 , l )  t h i s  g i v e s ,  when hi = ho,

X ^ ( B i )  = 4L^ + S v ^sh h o  + O (h o /A )^  ,

or

X(Bi ) = 2L [l + v^shho/L^ + O(ho/A)^!.

This in d ic a te s  t h a t ,  w hile  there  i s  a dominant l in e a r  r e la t io n  

between the  f i r s t  c u t - o f f  wavelength and L in  the p resen t  fo rm u la tion ,  

X(Bi ) i s  fu r th e r  in f lu e n c e d  by a term o f  order hho/L which in  the  

case o f  sh o r te r  f l o e s  w i l l  be a p p rec iab le .

To compare the above o b ser v a t io n a l  co n c lu s io n s  o f  Robin w ith  

our num erical r e s u l t s ,  we con sid er  the c a ses  L = 10 , 20 m etres , and 

the  t h ic k n e s s e s  ho = 0 ,5 ,  1 , 0 ,  2 .0  metres which a r e ,  according to

R ob in 's  d a ta , t y p i c a l  fo r  f l o e s  o f  t h i s  le n g th .  Yle a t  once see  th a t

the f i r s t  c u t - o f f  o f  tran sm iss ion  occurs fo r  a wavelength between  

2 and 4 tim es the  len g th  of the f l o e .  The fa c to r  o f  th ree  p o s tu la te d
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by R obin  i s  in  ev idence in  th e  case  o f  th e  s h o r te r  f lo e  p a r t i c u l a r l y .  

In  g e n e ra l  our f i r s t  c u t - o f f  w aveleng th  f a l l s  s u r p r i s in g ly  c lo se  to  

t h a t  o b se rv ed  by R obin ,

In  c o n c lu s io n , t h i s  problem  has in d ic a te d  q u a l i t a t i v e l y  the 

e x is te n c e  o f a w av e len g th , dependent on th e  e x a c t n a tu re  o f  th e  ic e  

fo rm , a t  w hich th e  f i r s t  m ajor c u t - o f f  in  t r a n s m is s io n  o c c u rs ,  and 

a  f u r t h e r  w aveleng th  below  w hich no waves a re  a llo w ed  to  p ro p a g a te  

i n to  th e  ic e  f i e l d .  I t  i s  d i f f i c u l t  to  r e l a t e  th e  r e s u l t s  d e r iv e d  

on th e  b a s i s  o f sh a llo w  w a te r  th e o ry  to  o b s e rv a t io n a l  d a ta ,  b u t th e  

g e n e ra l  com parison w hich we have been  a b le  to  make i s  p a r t i c u l a r l y  

f a v o u ra b le ,  and su g g e s ts  t h a t  a s im i la r  approah  f o r  w a te r  o f a r b i t r a r y  

d ep th  w ould p rove f r u i t f u l ,  e s p e c i a l l y  f o r  s m a lle r  f lo e s  whose 

b en d in g  i s  n o t a s ig n i f i c a n t  f a c t o r .
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CHAPTER IV

LINEAR SINGULAR INTE&RQ-DIFFSRSNTIAL EQUATIONS > AND THE GENERALISED 

RIEMANN-HILBERT PROBLEM.

1 . I n t r o d u c t io n .

The in v e s t ig a t io n  c a r r i e d  ou t in  t h i s  c h a p te r  was m o tiv a te d  

by th e  d e r iv a t io n  o f two i n t e g r a l  e q u a tio n s  w ith  w eakly s in g u la r  

k e r n e l s ,  a r i s i n g  in  c o n n e c tio n  w ith  th e  w a te r  wave -  ic e  f lo e  model 

su b se q u e n tly  d is c u s s e d  in  C hap ter V. I t  can be shown t h a t  th e  

c l a s s i c a l  Fredholm  te c h n iq u e s ,  w hich red u ce  to  a n u m e rica l in v e s t ig a t io n  

a t  an e a r ly  s ta g e ,  a re  a p p l ic a b le  to  th e s e  i n t e g r a l  e q u a t io n s .  However, 

on d i f f e r e n t i a t i o n ,  a w eakly s in g u la r  i n t e g r a l  e q u a tio n  g iv e s  r i s e  

to  a sim ple l i n e a r  i n t e g r o - d i f f e r e n t i a l  e q u a tio n  hav ing  a k e rn e l  

w hich c o n ta in s  a Cauchy ty p e  s in g u la r i t y .  T h is  s u g g e s ts  a f u r t h e r  

m ethod o f o b ta in in g  in fo rm a tio n  abou t th e  s o lu t io n s  o f  th e  o r ig i n a l  

i n t e g r a l  e q u a t io n s  a n a l y t i c a l l y .  A c tu a l ways o f d e a l in g  w ith  s in g u la r  

i n t e g r o - d i f f e r e n t i a l  e q u a tio n s  were found  to  be n o t p a r t i c u l a r l y  w e ll 

docum ented, and c o n se q u e n tly  we in c lu d e  in  t h i s  c h a p te r  a su rv ey  o f 

th e  methods o f h a n d lin g  such  e q u a t io n s ,  w ith  a view  to  making use o f 

th e  te c h n iq u e s  d ev eloped  on th e  i n t e g r a l  e q u a tio n s  o f  C hap ter V c i t e d  

above.

I n t e g r o - d i f f e r e n t i a l  e q u a tio n s  a r i s e  from p h y s ic a l  problem s 

i n  many f i e l d s ,  and as  exam ples o f th e  p ro c e d u re s  d e s c r ib e d  we so lv e  

two such  e q u a t io n s  o ccu rrin g  i n  aerodynam ic th e o ry . As th e  fo re g o in g
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th e o ry  i s  s t a t e d  in  g e n e ra l  te rm s on th e  b a s i s  o f  s e v e r a l  a s su m p tio n s , 

i t  m ust be a d ap ted  to  ta c k le  each  s p e c i f i c  problem  in d iv id u a l ly ,a n d  

th e se  exam ples se rv e  to  in d ic a te  d i f f i c u l t i e s  w hich may ev o lv e  and 

d e v ic e s  by w hich th e y  can be re s o lv e d .

A l i n e a r  s in g u la r  i n t e g r o - d i f f e r e n t i a l  e q u a tio n  may be

w r i t t e n  in  th e  fo llo w in g  g e n e ra l fo rm , 

m n

0 r (x )  0 ^ ^ \x )  “ w J  — d t = f ( x ) ,  ( l . l )
r=o r=o L

where x e L, 0 *^(x) d en o tes  th e  r^ ^  d e r iv a t iv e  o f th e  unknown fu n c t io n
t

^ ( x ) ,  and Or (x ) and Kr (x;,) a re  p r e s c r ib e d  r e g u la r  fu n c tio n s  on L.

A means o f  s o lv in g  ( l . l )  in  th e  case  when L i s  a sim ple 

c lo se d  curve has been  p rop o sed  by M agnaradze, and c o n s is t s  o f  red u c in g  

the  i n t e g r o - d i f f e r e n t i a l  e q u a t io n , by  means o f d i r e c t  m a n ip u la tio n , 

to  an i n t e g r a l  e q u a tio n  o f th e  form

A ( x )  cf>{x) + ^  K ( x ,t )  4>( t )  d t  = F ( x ) ,  ( l o 2 )

fo r  0 ( x ) ,  w here K ( x ,t )  i s  e i t h e r  a  co m p le te ly  r e g u la r  k e r n e l ,  o r i s  

q u a s i - r e g u la r .  M agnaradze*s p ap e r [ l ]  on t h i s  to p ic  com prises on ly  

a b r i e f  s ta te m e n t o f th e  r e s u l t s  he o b ta in e d  and a number o f su g g e s t

ions a s  to  p o s s ib le  a p p l ic a t io n s  o f  th e  m ethod. A second p u b l ic a t io n

[2] by  M agnaradze t r e a t s  th e  p a r t i c u l a r  ca se  o f ( l . l )  when m = n = 1 ,
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and  & o(x), a^C x), K o ( x , t ) ,  K i ( x , t )  and  f ( x ) ,  to g e th e r  w ith  th e  unknown 

4 > { x ) ,  a re  m a tr ic e s  o f a  g iv e n  o rd e r .  A gain th e  r e g u la r  and q u a s i

r e g u la r  i n t e g r a l  e q u a tio n s  to  which t h i s  system  can be re d u c e d  a re  

g iv e n  in  th e  form o f a summary o f r e s u l t s .

I t  i s  th e  pu rpose  o f th e  i n i t i a l  s e c t io n s  o f t h i s  c h a p te r  

to  develop  s im i la r  r e s u l t s  to  th o se  s t a t e d  by M agnaradze, f o r  th e  

m ost g e n e ra l  case  when L i s  th e  u n io n  o f  sm ooth, n o n - in te r s e c t in g  

a r c s .

E q u a tio n  ( l . l )  i s  r e l a t e d  to  th e  g e n e r a l is e d  R iem an n -H ilb e rt

problem  in  th e  th e o ry  o f  f u n c t io n s ,  w hich may be s ta t e d ;  to  d e te rm in e

th e  fu n c t io n  $ ( z ) ,  s e c t i o n a l l y  holom orphic in  th e  p la n e  a p a r t  from on

th e  l i n e  L, where i t  s a t i s f i e s  th e  boundary  c o n d i t io n ,  

m n

V  a r ( x )  _  V  b r ( x )  =  f i ( x ) ,  ( 1 . 3 )
U  ^  U  a x '

where x c L. The fu n c tio n s  a r ( x ) ,  b r ( x )  and f i ( x )  s a t i s f y  th e  H o lder 

c o n d i t io n ,  and $+ (x ) and 0 _ (x ) a re  th e  l im i t in g  v a lu e s  o f # ( z )  as  

z ap p ro ach es L from each  s id e .  E x p re ss in g  $ ( z )  in  th e  form  o f  a 

Cauchy i n t e g r a l  w ith  an unknown d e n s i ty  ^ ( t ) ,  w hich i s  H o lder c o n t

inuous

$ ( z )  = [  t i p , a t  , z  4  L ,  ( 1 . 4 )

L * -  ^

th e n  a s  z te n d s  to  L from each  s id e ,  we have by th e  P lem e lj fo rm ulae
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$ ± (x ) = ±iw ÿ(x) + f  • ( 1 . 5 )
{  t  -  X

$ ( z )  as  d e f in e d  by ( l . 4 )  i s  th e  s im p le s t  example o f a Carleman. 

f u n c t io n .  U sing  th e  f a c t  t h a t

^  r  d t  j  ^ ^  j" [ ÿ ( t )  l o g | t  -  x \ ] ^  -  I  l o g | t  -  x |d t

=  &  [  U ( t )  l o g | t  -  x | ] j ^  j  +  I "

th e n  r  such o p e ra t io n s  u se d  in  ( l , 5 )  w i l l  g iv e

Ü i W  = ± i #  '" (x )  + [  + f r ( x ) ,  (1 .6 )
dx'~ t  -  X

w here f r ( x )  i s  a  fu n c t io n  o f x  c o n ta in in g ,  in  th e  case  when L i s  an 

a r c ,  o r  a u n io n  o f  a r c s ,  th e  v a lu e s  o f  0 (x )  and i t s  f i r s t  r  d e r iv a t iv e s  

a t  th e  end p o in t s  o f  L, In  th e  case when L i s  a  s im ple c lo s e d  c o n to u r, 

f r  (x ) w i l l  o f  co u rse  v a n ish . U sing ( l , 6 )  i n  ( l . s )  i t  i s  e a s i l y  shown 

th a t  one a r r i v e s  a t  an e q u a tio n  o f th e  ty p e  ( l . l )  f o r  th e  d e n s i ty  

fu n c t io n  ( p ( x ) ,

C o n v e rse ly , i t  may be p o s s ib le  to  deduce from  an e q u a tio n  o f 

th e  form  ( l . l ) ,  a  R iem an n -H ilb e rt p ro b lem , by th e  in t r o d u c t io n  o f  

a  Carleman. f u n c t io n  s im i la r  to  ( l . 4 ) ,  b u t  t h i s  depends on th e  e x a c t 

form o f  th e  K p ( x , t ) ,  In  p a r t i c u l a r ,  i f  a l l  K p (x ,t)  a re  in d ep en d en t 

o f  t ,  i t  i s  a lw ays p o s s ib le  to  d e te rm in e  th e  boundary  c o n d itio n  ( l .S )
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c o rre sp o n d in g  to  th e  i n t e g r o - d i f f e r e n t i a l  e q u a t io n , and t h i s  g e n e ra l

i s e d  R iem an n -H ilb e rt p ro b le m ,i f  s o lu b le ,  p ro v id e s  a  s t r a ig h t f o r w a r d  

method o f d e a lin g  w ith  ( l . l ) .

When L i s  a  c lo s e d  c u rv e , o r  an a g g re g a te  o f c lo se d  c u rv e s ,  

m ethods have been dev e lo p ed  to  so lv e  R iem an n -H ilb e rt boundary e q u a tio n s , 

I n te g r a l  r e p r e s e n ta t io n s  f o r  th e  two fu n c t io n s  $ + (z ) and § _ (z )  w hich 

a re  d e f in e d  in s id e  and o u ts id e  th e  co n to u r r e s p e c t iv e ly ,  a re  d e r iv e d  

in  te rm s o f an unknown d e n s i ty  ^ ( r ) ,  i n  such a  way t h a t  th e  h ig h e s t  

o rd e r  d e r iv a t iv e s  o f  each  o f  th e s e  fu n c tio n s  p r e s e n t  in  the  boundary  

c o n d itio n  a re  g iv e n  b y ,

d"$+ (z) _ f  I^(t ) d r  $ _ (z )  ^ f  ^ ( r )  .

dz" y  ̂ z 4  ̂ ^
The f i r s t  o f th e s e  i s  a n a ly t ic  in s id e  L , th e  second i s  a n a ly t ic  

o u ts id e  L and v a n ish e s  a t  i n f i n i t y .  The d e r iv a t iv e s  o f  ( z )  up to  

and in c lu d in g  th e  (n  -  l )  t h ,  and th o se  o f (z )  up to  and in c lu d in g  

th e  (m -  l )  th  can be deduced from th e se  two e x p re s s io n s  in  th e  form  

of i n t e g r a l s  o f p ( r )  w ith  Fredholm  k e r n e l s .  S u b s t i tu t in g  f o r  th e  

l im i t in g  v a lu e s  o f $ ^ (z )  and $ _ (z )  and t h e i r  d e r iv a t iv e s  on L , i n to  

the g e n e r a l is e d  R ie m an n -H ilb e rt e q u a t io n , one i s  l e d  to  th e  s in g u la r  

in t e g r a l  e q u a tio n

a (x )  n (x )  + f  + f  M (x ,t)  ^ ( t )  d t  = fs  ( x ) , ( l . 7 )
i  t  -  X  i
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f o r  / j ( x ) ,  i n  w hich M (x ,t)  i s  a  d e te rm in e d  Fredholm  k e r n e l .  T h is  method 

was f i r s t  p rop o sed  by  I,N ,V ekua [ 3 ] ,  A more r e c e n t  developm ent i s  th e  

c o n s tru c t io n  o f  a  new i n t e g r a l  r e p r e s e n ta t io n  by Rogozhin [ 4 ] ,  which 

re d u c e s  th e  R iem an n -H ilb e rt boundary c o n d i t io n  to  a  co m p le te ly  

r e g u la r  i n t e g r a l  e q u a tio n

a i ( x )  ju(x) + J  N ( x ,t )  ^ ( t )  d t  = fa ( x ) .

L

Thus th e  outcome o f t h i s  m ethod i s  e s s e n t i a l l y  th e  same a s  th e  d i r e c t  

app roach  o f M agnaradze o u t l in e d  above.

In  s e c t io n  6 we d is c u s s  th e  g e n e r a l i s e d  R iem an n -H ilb e rt 

p rob lem , when L i s  th e  u n ion  o f s e v e r a l  a r c s ,  from th e  p o in t  o f  view  

o f a p o s s ib le  d i r e c t  s o lu t io n .
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2 . The In v e rs io n  o f  a Cauchy I n t e g r a l .

L et us denote by c i ,  C2 , . . . .  , cm^ th e  ends o f  th e  a rc s  

L i ,  L a, . . . .  , Ln^ , and d e f in e  a fu n c t io n  o f  th e  c l a s s

h ( c i ,  C 2, . . . .

t o  be t h a t  fu n c tio n  w hich i s  bounded a t  th e  ends Ci, Cg, . . . .  , cng , 

and i n  f a c t  ze ro  t h e r e ,  and in te g r a b le  a t  th e  rem a in in g  ends cn g + i, • 

• •  , C2n i .  The s o lu t io n  o f

1 f  £ ( t ) _ d t  ^ ( 2 .1 )
t  -  X

w here L = L i  + L a  + . . . .  + Ln% , in  th e  form  g iv e n  by M u sk h e lis h v il i  

[ 5 ] (C h ap te r l l ) ,  i s  a s  fo llo w s : f o r  n i  -  na ^ 0 , th e  s o lu t io n  o f 

c l a s s  h ( c i ,  02 , . . . .  , On2 ) alw ays e x i s t s  and i s  g iv e n  by

E-aCt) f o ( t )  d t^ (x )  = 1  f s E E  f  ( M E  î l P
v x  N %2(x) 1  N R i ( t )  t  -

+ P n . - n s - i  { ÏE E 1  . ( 2 . 2 )
R = ( x )

w here

na 2 n i

R i(x )  = (x  -  Ok ) ,(x  -  Ck) , &2(x ) =

k = i k=n2+l

and Pn 1 - n g - i ( x )  i s  an a r b i t r a r y  po lyn o m ia l o f  degree  n o t g r e a t e r  th a n  

n i - n a - l ,  and i s  i d e n t i c a l l y  ze ro  i f  m  = n a . I f  n i  -  na < 0 , th e  

u n iq u e  s o lu t io n  o f c l a s s  h ( c i ,  c a , . . . .  , on2 ) e x i s t s  i f  and o n ly  i f
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f o (x )  s a t i s f i e s  th e  c o n d it io n s

t^ f o ( t )  d t  = 0 ,  k = 0 ,  1 ,  . . . .  , n j - n i - l ,
E-2(t) .k

L R i ( t )
(2 ,3 )

and i s  g iv e n  by ( 2 ,2 )  w ith  P n ^-n g- i  e q u a l to  z e ro .

In  th e  p a r t i c u l a r  case  when L i s  a  s in g le  a rc  ( a , b ) ,  th e  

s o lu t io n s  o f ( 2 , 1 ) a re  a s  fo llo w s : th e  s o lu t io n  unbounded a t  b o th  

ends i s

b
^ ( x )  = £ _  1 f  / j ( t  -  a ) ( b  -  t ) j f o ( t )  d t

T T i  / [ ( x  -  a ) ( b  -  x ) i  t  -  X

( 2 .4 )
/ [ ( x  -  a ) (b  -  x ) i

where C i s  an a r b i t r a r y  c o n s ta n t ;  th e  s o lu t io n  o f c l a s s  h ( a ) ,  bounded 

a t  a ,  i s

f ( x )  = 1  f i n  f  f m  a i p i i ,  ( 2 . 5 )
w i v b - x i  v t - a  t  -  x a

and th e  s o lu t io n  o f c l a s s  h ( a ,b ) ,  bounded a t  b o th  en d s , i s

ÿ (x )  = ^ [ ( x  -  a ) (b  -  x ) i f f o i t )  à t

iri / f ( t  -  a ) (b  -  t ) î  t  -  X  ’  ̂ ^

p ro v id e d  t h a t

b
fo ( t )  d t

^ / [ ( b  -  t ) ( t  -  a )!
= 0 . ( 2 . 7 )

We s h a l l  r e f e r  to  th e se  fo rm ulae  in  th e  fo llo w in g  s e c t io n s .
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5o R eduction  o f  a  S in g u la r  I n t e g r o - d i f f e r e n t i a l  E q u a tio n  to  an I n te g r a l  

E q u a tio n  w ith  a  R eg u la r K ern e l.

We c o n s id e r  th e  case  in  w hich th e  l i n e  o f in t e g r a t i o n  h as  the  

form  L = L i + L2 + • . . .  + L p i, and we deduce from ( l . l )  a  r e g u la r  

i n t e g r a l  e q u a tio n  f o r  <p{x) .  The form  o f t h i s  e q u a tio n  i s  co m p lica ted  

i n  th e  g e n e ra l c a s e ,  and we in d ic a te  some s im p l i f ic a t io n s  w hich occu r 

when th e  l i n e  o f  in t e g r a t i o n  i s  a c lo s e d  c u rv e . We assume t h a t  th e  

a r ( x ) ,  K r ( x , t )  and f ( x )  a re  s u f f i c i e n t l y  d i f f e r e n t i a b l e  f o r  th e  

f o l l o w i n g  s te p s  to  be v a l i d ,  and t h a t  th e  v a r io u s  i n t e g r a t i o n s  by 

p a r t s  a re  p e rm is s ib le .

We a rra n g e  ( l . l )  in  th e  form

m n (rn
%r(x) # ( ^ ( x )  -  /3r(x)  i f  t — = f(%) +

L - J  L__ / TTI t  -  Xr=o r=o

n

Y  -  I  Q r ( x , t )  a t ,  ( 3 . 1 )+

r ^  " 'L

where

and

0 r ( x )  = K r ( x , x ) ,

Q r ( x . t )  = - ^ r ( x , t )  -  K r ( x , x )  

t  -  X

i s  r e g u la r .  We may in t e g r a te  th e  com ponents o f th e  f i n a l  te rm  o f ( 3 , l )  

by p a r t s ,

[  Q r ( x , t )  * ' " ( t )  a t  =  [ Q r ( x , t ) ÿ ' r - " ( t ) ] _  -  f  * " " ' " ( t ) a t

4  ^ I  a t
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(-1)K-l a k - iQ r ( x , t )

L at

a f t e r  r  such  o p e ra t io n s .  Hence ( S . l )  becomes

m n

y  ar(x)  -  y  0r(x) i  [  ^
Z_y L - j  TT L  t  -  Xr= o  r=o L

n

= Fi(x) + y  (_ l) r  i  f  * ( t )  dt
L .  ir i  a f

(3 .2 )
r=o

where
n r

F i ( x )  = f ( x )  + - (-1)k-l i Q r ( x , t )  ( p _ |

at
(3 .5 )

^  r=6 k= i

in v o lv e s  th e  v a lu e s  o f cj>{x) and i t s  d e r iv a t iv e s  a t  th e  end p o in t s  

of th e  a r c .

We now e x p re ss  ( l . l )  i n  th e  a l t e r n a t i v e  form

m n
1 r 0 r ( t )  dt

t  -  X
=  f ( x )  +

n

y  i  f  P r (x , t )  dt
Z I  7T Lr=o L

n

= ? 2(x ) + y  (-!}'■ i  [  ÿ ( t )  d t ,  ( 3 .4 )
Z • IT L  atr=o  L

where

P r (x . t )  = Kr(x,t )  -  K r ( t , t )
t  -  X
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and

F a (x ) = f ( x )  + _
I T

n r
1 ^  / .N k -l( - 1 ) '

a t ITT ( t ) (5 .5 )

m

r=o K=

I t  i s  co n v en ien t to  w r i te  ( 3 .4 )  a s

y  i   ̂ y  <^<n(x) -  G(x),

w t  ^ ^  w ,

where G-(x) r e p r e s e n ts  th e  r i g h t  hand s id e  o f  ( 3 .4 ) .  I n v e r t in g  t h i s

e q u a tio n  by means o f th e  fo rm u lae  o f s e c t io n  2 . ,  th e  s o lu t io n  f o r

n

y /3 r(x )

r=o

in  th e  c l a s s  h ( c i ,  C2 , . . . .  , cn„) i s  g iv e n  by
n

y  #r(x) 0 ‘"(x)  = -  i  [  F f ( t j  Z a r ( t )  (p ^ ^ t )  -  G-(t) 

( t )  t  -  X
d t +

(3 .6 )

where th e  a r b i t r a r y  p o ly n o m ia l i s  chosen  in  acco rdance  w ith  th e  

r e s u l t s  s t a t e d  in  s e c t io n  2 . In  p a r t i c u l a r ,  i f  th e  s o lu t io n  (5 .6 )  

i s  r e q u ir e d  to  be bounded a t  more th a n  h a l f  o f th e  end p o in ts  o f L, 

th e n  th e  fu n c t io n

m

a r ( x )  -  G-(x)

r=o

must s a t i s f y  th e  co rre sp o n d in g  s o l u b i l i t y  c o n d it io n s  ( 2 .3 ) ;  t h a t  i s .
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th e  f i n a l  s o lu t io n  o f  th e  problem  i s  o n ly  v a l i d  p ro v id in g  t h a t  i t  

i s  found to  s a t i s f y  th e se  c o n d i t io n s .  I f  th e  fu n c t io n  on th e  r i g h t  

hand s id e  o f ( l . l )  c o n ta in s  a number o f a r b i t r a r y  c o n s ta n ts ,  th e n  i t  

may be p o s s ib le  to  s e l e c t  th e se  in  such a way t h a t  th e  s o l u b i l i t y  

c o n d i t io n s  h o ld .

W ritin g

R ( x )  =  V [ R i ( x ) / R 2 ( x ) !  ,  

and d ropp ing  th e  s u b s c r ip t  from  th e  a r b i t r a r y  p o ly n o m ia l, ( 3 .6 )  i s

y  /3r(x)  = _ R(x) V  1  ^

, R ( x ) f  G (t)  d t

TT R ( t ) [ t  -  xj
+  R ( x )  p ( x ) .

m m
(r)/

i  y  a r ( x )  [  l l i i l i i  + R(x) y  ( - l ) ^  & [  * ( t )  d t
7T Jr t  -  X  Z _ J  TT 1  at

R (x)

r=o L r=o L

m r
/ . \k_T a o r ( x , t )  j,(r-kVx_\ +

L

'  -" 'x i '

in  w hich

= [SS^ - SS^]  r h  •
i s  r e g u l a r .
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Now

G (t)  d t

j ^ R ( t ) [ t  -  x}

n

i  R ( t ) { t  -  xj R ( t ) [ t  -  x j I T  0/

n

= f  - i Z l L î î  + 1  y  ( - i f f  f ( t ) d t  [  Z M l I )  _ _ ± : ______
j ^ R ( t ) [ t  -  xi TT ^  ^  8t"~ R (T ) i r  -  x]

s in c e  changing  th e  o rd e r  o f in t e g r a t i o n  i s  p e rm is s ib le  in  th e  l a s t

te rm , and u s in g  t h i s ,  we f in d  t h a t  (3 .7 )  can be w r i t t e n  
n m

y  0 r ( x )  * ' " ( x )  + \  a r ( x )  -  [  t  ^  = Fa(x)  + i  ^ x ,t) (ÿ ( t)c L t,
^ 6  W  '  i  t  -  X  i r J ^

(3 .8 )

where

m n
.r

Z ( x , t )  = %(x) y  (-!)'■  i  * r ( x , t )+ y  ( _ i ) r  %
at'r=o r=o

X i  [  3 ^ P r ( T , t ) dT , ( 3 . 9 ) 
7T at*" R ( t ) [ t  -  xj

and

m r

F a ( x ) = ^  r  y y  ( - 1 ) ^ " ' r  ^ " - '< ’( t ) i  * f  1
'  L  a t - :  J l ( E ( t ) i t  -  xiJ

+ R (x) P ( x ) .  (3 . 1 0 )
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We now have th e  two e q u a tio n s  (3 ,2 )  and ( 3 ,8 ) ,

y  «r(x) ÿ '"(x) -  ^ P r ( x )  i  J  = X(x),
r=o

n

r=o

m

y  #r(x) *'"(x) + y  Or(x) i  f  t — (ÎL É Î  _ y (x ) ,
^ 0  U  '  i  t  -  X

(3 .1 1 )

where X(x) and Y ( x )  r e p re s e n t  th e  r i g h t  hand s id e s  o f  (3 ,2 )  and (3 ,8 )  

r e s p e c t iv e l y ,  and c o n ta in  (p{x)  o n ly  in  i n t e g r a l s  w ith  r e g u la r  k e r n e l s .  

V/e m ust now e l im in a te  from th e  e q u a tio n s  ( 3 .1 l )  th e  s in g u la r  i n t e g r a l s  

c o n ta in in g  th e  ^ / ^ ( t ) .  To do t h i s  we c o n s id e r  th e  fu n c tio n

ÿ (x )  = h  I
TT L  t  -  X

w hich , on in t e g r a t i n g  by p a r t s  and d i f f e r e n t i a t i n g  w ith  r e s p e c t  to  

X g iv e s

^ ' ( x ) = ^  s  [^K t) i o g | t  -  xi + 1  y ,

L

and a f t e r  a  f u r th e r  ( r - l )  such p ro c e d u re s  y ie ld s  

ÿ '" ( x )  = i  [  + f r ( x ) ,
TT J  t  -  X

( 3 . 1 2 )

where

f r ( x )  = Ï  y  £ -  l o g | t  -  x |
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I n  te rm s o f  (p{x) , ( 3 , l l )  becomes

m n n

^  a r ( x )  -  y ^ ^ r ( x )  (p̂ ' X̂x) = X(x) -  (x )  fr (x)

r=6 r=o r=o

= X i ( x ) ,  ( 3 .1 3 )

n m m

0 r ( x )  # ( ^ ( x )  + y~' a r ( x )  ^ ' " ( x )  = Y ( x )  + ^  %r(x) fr (x)
Z ; Z ' / ,r=o r=o W b

= Y i ( x ) ,  (5 o l4 )

and from  th e s e  two e q u a tio n s  we m ust e l im in a te  th e  r  = 0 , 1 ,

. . . .  m ax(m ,n). H e re a f te r  we assume t h a t  m 2 n ,  a s im i la r  p ro ced u re

ap p ly in g  in  th e  case  m < n . D i f f e r e n t i a t i n g  (3 .1 3 )  0 , 1 , m

tim e s ,  m u lt ip ly in g  th e  r e s u l t i n g  e q u a tio n s  by ^ o ( x ) ,  Mi ( x ) ,  . . . .

jLim(x) r e s p e c t iv e ly  and adding  them to g e th e r ,  v/e o b ta in  
m m  m n-

y ~  Mp(x) ^  ^  a r ( x )  (^^""%x)j -  ^ M p ( x )  ^  y " # r ( x )  ^ ‘̂" \ x ) j  =

p=o r=6 ^ 0  r=b

m
dPXi

p^o

R ep ea tin g  t h i s  f o r  e q u a tio n  ( 3 .1 4 ) ,  u s in g  th e  m u l t ip l i e r s  X q (x ), X%(x), 

. . . .  , Xfn(x), and s u b tr a c t in g  th e  r e s u l t i n g  e x p re s s io n  from ( 3 .1 5 ) ,  

we o b ta in ,

m m  n

y  | ”t 'p (x)  1  y  Kr(x) ÿ ' " ( x )  -  Xp(x) Ê .  y  e r i x )  * ' " ( x ) l  -

= > Mp(x) . (3 .1 5 )
Z _ /  dxP
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m n m
-  y ^ y p ( x )  ^r(x) + Xp(x) 1., Y" Kr(x) ^̂ '" (̂x)'] = T(x)

Z_/L dxPz_ dxPzL Jp=o r=o r=o

or,
2m m+n m+n

ac(x) (j>^ \̂x) -  y ^ b c ( x )  -  y ^  c«(x) P^^\x)  -

&=o t=0 1=0
2m

-  ^ dg(x) p^^Xx) = T (x), (3 .16)

1 = 0
where a g (x ) ,  b g (x ) ,  . . . .  are functions of pp (x ) ,  Xp(x), %r(x) and

/3r(x) which we can determine e x p l i c i t l y ,  and
m

T (x ) = y r . p ( x )  -  X p ( .)  f l l
z L dxP dxf Jp=o

1 
7T

"L

y  R (x ,t )  ^ ( t )  dt + g (x ) ,  (3 .17)

on s im p lify in g , where 
m n

&(x,t) = yy(x)y (-i)̂  -  x p (x )  lEZiin, (s.is)
/ L j L  ! _  dt'^axf’ axP Jp=o r=o

and
m n

g(x) = Y  y  P(:x:) ^ i ^ \ x )  -  Pp(x) fL ^  # r ( x )  fr (x )  -  Xp(x) F3"^(x) -
L—, L dxPp=o r=o

m

-  Xp(x) 1 -  Y  Kr(x) fr ( x ) l  . (3 .19)
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F o r a l l  th e  in  (3 ,1 6 )  to  v a n is h ,  we must have

c c (x )  + dg(x ) = 0 ,  £ = 0 , 1 , , m+n,
(3 .2 0 )

d c (x )  = 0 ,  t = m+n+1, . . . .  , 2m, J

g iv in g  2m+l e q u a tio n s  betw een th e  2m+2 unknown fu n c t io n s  m o ( x ) ,  ,

Mm(x), Xq(x ) ,  . . . .  , Xm(x). Suppose that these functions have been

chosen  in  acco rd an ce  w ith  ( 3 .2 0 ) ,  to g e th e r  w ith  some a d d i t io n a l

c o n d i t io n  w hich w i l l  be d is c u s s e d  l a t e r ,  th e n  we have

2m m+n

Y  a c (x )  (p^^Xx) -  Y b ( ( x )  ^^%x) = T ( x ) ,  (3 . 2 1 )

1=0 t =0

i n  w hich a l l  th e  c o e f f i c i e n t s  a re  known. R egard ing  th e  r i g h t  hand

s id e  a s  a known fu n c t io n ,  t h i s  r e p r e s e n ts  a  d i f f e r e n t i a l  e q u a tio n  o f

o rd e r  2m f o r  <^(x). The s o lu t io n  o f  t h i s  e q u a tio n  i s

2m

Y  # r ( x ) ,

th e  s o lu t io n  o f  th e  homogeneous e q u a tio n  

2m m+n

Y  ag (x ) cp^^Xx) -  Y  b ( ( x )  4>^^Xx) = 0 ,
1—

1=0 1=0

p lu s  a  p a r t i c u l a r  i n t e g r a l  o f ( 3 . 2 l ) .  A ppealing  to  th e  th e o ry  o f 

d i f f e r e n t i a l  e q u a tio n s  (see  f o r  example [ 6 ] ) ,  such a p a r t i c u l a r  

i n t e g r a l  i s

2 m

<^>(x) = Y  K r ( x )  ( p r i x ) ,

r = l
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where th e  K r(x ) a re  s u b je c t  to
2m

\  dx (x ) “ j  -  1 ,  2 ,  , , , ,  , 2m -l,

r = l
2m
y  g r  = î Z h  ,
/  ' dx 82m (x )
r = l

assum ing th a t  aan i s  n o t i d e n t i c a l l y  z e ro . U sing Cram er’s r u le  to  

so lv e  t h i s  system  o f e q u a tio n s  f o r  th e  K i '( x ) ,  we have

—  =  M i(x) T (x )/[W (x)a2m ( x ) j  ,
dx

where W(x) i s  th e  W ronskian o f th e  sy stem , and M t(x) i s  th e  c o fa c to r  

o f th e  i  t h  e lem en t o f  th e  l a s t  row o f th e  W ronsk ian . Hence

X

K t(x )  = f  dC,
H { Û  a ® m ( f )

and th e  g e n e ra l  s o lu t io n  o f  ( 3 ,2 l )  i s  th u s  g iv e n  by 

2m 2m x

*(x) = y  c i i(x) + y  ÿ i(x) I  dj
^  ^  i  ' H i O  as,m(f)

2m̂  2m x

= y  Cl <#>i(x) + y  ÿi(x) [  . I É Û 3 -  f i  [  R (î,t)0 (t)  dt + g(c)i,
w(C) 82m (C) Lw J

on s u b s t i t u t i n g  f o r  T(x ) ,  and t h i s  can be re a r ra n g e d  to  g iv e

( p ( x )  -  -  f  K ( x ,t )  <^(t) d t  = f o ( x ) ,  (5 . 22 )
TT X
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i n  w hich

2m

w(j) %m(()
1=1 

and

2m 2m x

fo (x )  = y c l  * l ( x )  + y (#>l(x) [  g ( ( )  (3 .2 4 )
4~: J W(C) a2m(f)

1-1 1=1

E q u a tio n  (3 .2 2 )  r e p r e s e n ts  an i n t e g r a l  e q u a tio n  f o r  # (x )  in

w hich th e  k e rn e l  K ( x ,t )  i s  r e g u la r .

We now c o n s id e r  th e  d e te rm in a tio n  o f  th e  m u l t ip l i e r s  M l(x )

and X i(x ) .  The f i r s t  te rm  in  (3 .1 6 )  comes from  

m m

A(x) = y y / i p ( x )  ^  Y  %r(x) </) '̂~ (̂x)J

p=o r=o

m m p

= Y Y Ÿ  «A '̂^ '̂^ (̂x) CL? ^ ( x ) ,
p^o r^bfe^o

on p e rfo rm in g  th e  d i f f e r e n t i a t i o n ,  and hy re a r ra n g in g  th e  te rm s and 

making a change o f  summation v a r i a b l e ,  we can show t h a t  t h i s  can  be 

w r i t t e n

m m

A ( x )  =  y y  ^ P ( ^ ) Y  f v )  K g - k  \ x )  +

i = 0 p = 0  K = 0
k<£
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2m m

y ^ p p ( x )

£=m+l p=£-m

2m

ocg-ktx) = Y  a c (x )  ( p ^ ^ \ x ) ,

k> £-m
1=0

w here
m

a g (x )  = \  Mp(x) X p g (x ), CK £ 3 m.

p=o

m

Mp(x) X p c(x ); m+1 < £ < 2m,

p=£-m

and

X p ( ( x )  = )  1 ) « « - k * ^ ( x ) ,  X p e ( x )  = ,

t e ?  fe=-o£ k^ £-m

S im i la r ly ,  i t  can be shown t h a t

m+n

b g (x )  =) = \  X p(x) M pc(x), 0 < £ < n ,  -j

p=o J
m

p=£-n

Xp(x) M pc(x), n+1 < £ ^ n+m.

(3 .2 5 )

(3 .2 6 )

(3 ,2 7 )

where

^ p c (x ) = #£-k ( x ) , Mpc(x) = #£-k (x ) ;

k<£ k ^ £ -n

(3 ,2 8 )

and t h a t
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m

ig(x) = Y M p (x )  P p ( (x ) ,  0 < £ S n .

p=o

m

= y ^ M p (x ) Mp€ ( x ) ,  n+1 < £ < n+m.

(3 .2 9 )

p=£-n

m

dg(x)  = ^ p (x )  Xpg(x) ,  0 < £ ^ m.

p=o

m

-  y ^ X p (x )  X pg(x ), m+l  ̂ £ < 2m.

(3 .3 0 )

p=£-m

U sing  th e s e  r e l a t i o n s ,  th e  c o n d it io n s  ( 3 ,2 0 ) ,  t h a t  th e  ip ^^\ x)  a i l

v a n is h ,  become

m m

Mn(x) Mpc(x) + y y ^ p ( x )  Xpg(x) = 0 , 0 < £ S n ,

p=o p=o

m m

Y ^ p ( x )  Mpc(x) + y y X o ( x )  Xpg(x) = 0 , n+1 S £ < m.

p=£-n

m

p=o

m

y ^ M o (x ) Mpg(x) + Y ^ p ( x )  ^ p c (x )  = G, m+l < £ < n+m.

p=£-n p=£-m

m

y ^ À p (x )  Xpg(x) = G, n+m+1 ^ £ < 2m.

p=£-m

As we have se e n , we a re  f r e e  to  impose one f u r th e r  c o n d i t io n  on the 

m u l t i p l i e r s ,  t o  d e term ine  them u n iq u e ly . L e t t h i s  c o n d i t io n  be
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Mo(x) + . . . .  + Mm(x) + Xo(x) + . . . .  + ^ ( x )  = h ( x ) ,  

where h (x )  can be chosen l a t e r .  The m a tr ix  o f c o e f f i c i e n t s  o f t h i s  

system  i s  as  fo llo w s :

Moo Mio M2 0 Mmo ^00 ^10 ^ 0 ^ 0

Poi Ahi M21 Mmi ^01 ^11 ^21

Mon Mm Man Mmn ^0 n n ^2 n

0 Mi,n+i Mi,n+2 Mnlnfi \),nfi ^i,n+i ^n+ i

0 0 M2,nf2 Mm̂nfS \),n+2 î,n»2 ^,nv2

0 0 0 Mm-qn Mm m Xom m Xgm Amm

0 0 0 0 Mn-m*]fi+i MiArn*-! 0 2̂,m*i

0 0 0 0 0 Mm,n+m 0 0 0 ,̂m+n ^/i+m

0 0 0 0 0 0 0 0 0 0 +̂î,m+n+i* ^,nfrrvi

0 0 0 0 0 0 0 0 0 0 0 •\ //yqsm

1 1 1 1 1 1 1 !. .  1 1 1 1

By C ram er's  r u le

Vr(x) = h(x) Aem+2;T (x)/Wx ( x ) , r  = 0 , 1 ,  . . . .  , 2m+2,

where

v r ( x )  = M r ( x ) ,  r  = 0 ,  1 ,  . . . .  ,  m.
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and v r (x )  = ^n+i-r ( x ) , r  = m +l, . . . .  , 2m+2;

Wi (x ) i s  th e  d e te rm in a n t o f th e  c o e f f i c i e n t s ,  and  r ( x )  i s  th e

o o f a c to r  o f  th e  r  t h  e lem en t o f  th e  f i n a l  row . Choosing h (x )  = W i(x ) , 

th e n

v r ( x )  = Aam+2, r ( x ) ,  r  = 0 ,  1 ,  . . . .  , 2m+2, 

d e te rm in e s  th e  m u l t i p l i e r s .

I t  i s  seen  th a t  t h i s  m ethod i s  e f f e c t i v e  in  re d u c in g  ( l . l )  

t o  a r e g u la r  i n t e g r a l  e q u a t io n ,  p ro v id e d  t h a t  th e  v a r io u s  in t e g r a t i o n s  

hy p a r t s  do n o t g iv e  r i s e  to  te rm s unbounded a t  one o r  more ends o f 

th e  a r c s  L l, and th a t  th e  in v e rs io n  s te p  can be p erfo rm ed , th e  so lu b 

i l i t y  c o n d i t io n s  b e in g  s a t i s f i e d  u l t im a te ly  i f  n e c e s s a ry . In  th e  case  

in  w hich L i s  a  c lo se d  c u rv e , o r  a  u n io n  o f n o n - in te r s e c t in g  c lo se d

c u rv e s ,  th e s e  d i f f i c u l t i e s  do n o t o c c u r . We can e a s i l y  deduce th e

co rre sp o n d in g  r e s u l t s  in  t h i s  c a s e ,  b e a r in g  in  mind t h a t  a l l  th e  

te rm s e v a lu a te d  around L become z e ro , an d , by r e f e r e n c e  to  s e c t io n  2 . ,  

n o tin g  t h a t  p u t t in g  P (x ) = 0 , and R ( x )  = 1 , th e  in v e r s io n  fo rm ula

f o r  a r c s  i s  i d e n t i c a l  t o  t h a t  f o r  c lo s e d  c o n to u rs  a s  g iv e n  by

M u s k h e lis h v il i  [ 5 ] .

A lso
m n

a P z ( x , t )  _ \ r  / - P a r ( x , t )  ^ , sr dP i f  c f P r ( T , t )  d r

■ axP L  a f  axP ' L  âxP wj  a t"  r  -  xr=o r=o L
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= V i - l T  -  V ( - i y  i  [  a " - P P r ( T , t ) d r  ,
L dt^dxP Z_' TT i  ôt^dT^ r  -  Xr=o r=o L

on in t e g r a t i n g  by  p a r t s  p tim e s . H ence, f o r  a  c lo s e d  c u rv e , 

m n m

E(x,t) = y i p ( x )  V  (-1)" + xp(x) y  (_iy-
L u i  /  ôt*̂  L u  ôt^ ôxPp=o r^ o  r=o

-  Xp(x) y  (_!)" !  f  _ H L _1 .
L . :  TT L  at a7^ r  -  xJr=o L

w h ile  i t  i s  n o t h a rd  to  see t h a t  g (x )  s im p l i f ie s  to

m

g (x ) = f ^ ^ K x )  -  \ d{ x ) 1  j  d . t j '

p=o L

A part from  th e s e  s im p l i f i c a t i o n s ,  th e  fo rm ulae  rem ain  a s  above. These

l a s t  r e s u l t s  c o in c id e  w ith  th o se  s t a t e d  by M agnaradze in  h i s  p ap er

[ 3 ] .

I t  i s  e a sy  to  see  t h a t  i f  th e  P r ( x , t ) ,  Q r ( x , t )  and o r ( x , t )  

a re  r a t i o n a l  f u n c t io n s ,  th e n  th e  k e rn e l  (3 .2 2 )  i s  o f th e  s e p a ra b le

ty p e ,  t h a t  i s ,  i t  can be w r i t t e n  in  th e  form

K ( x , t )  = y K j ( x )  L j ( t )  ,

J

and in  such  a c a s e ,  th e  s o lu t io n  o f  (3 .2 2 )  i s  r e a d i ly  fo u n d , by 

c o n s tru c t in g  a  system  o f  l i n e a r  e q u a tio n s  f o r  th e  unknown c o n s ta n ts

E j = y  L j ( t )  <p{ t )  d t .
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4 .  R e d u c tio n  o f e  S in g u la r  I n t e g r o - d i f f e r e n t i a l  E q u a tio n  to  a 

Q u as i-R eg u la r I n t e g r a l  E q u a tio n .

T h is  m ethod o f r e d u c t io n  i s  s im p le r  in  t h a t  i t  does n o t in v o lv e  

th e  d e te rm in a tio n  o f  th e  unl^own m u l t i p l i e r s  o f th e  p re v io u s  s e c t io n .  

From ( 3 . 2 ) we have

m

r=o

where

n

y  mr(x) **"(%) = G(x), ( 4 . 1 )

G(x) = F i(x )  + y  ( -1 )"  1  [  ÿ ( t )  d t
Z  TT L  ô tr=o L

n

L TT L  t  -  Xr=o L

and , s o lv in g  ( 4 . l )  by th e  m ethod invoked  in  s e c t io n  3 . ,  we have 

m m X

= y  Ce ÿ e ( x )  + y  0 e(x)  [  2 (C) Me(C) ( 4 . 2 )
f e i  'i'f(C) “ m(£)

where th e  f i r s t  summation on th e  r i g h t  hand s id e  r e p r e s e n ts  th e

g e n e ra l s o lu t io n  o f  th e  homogeneous e q u a tio n

m

y ^ a r ( x )  ^ /^ ( x )  =0,

r=o

W(x) i s  th e  W ronskian o f  th e  system  0 i ( x ) ,  # 2( x ) ,  . . . .  , ^ m ( x ) ,  and 

Mg(x) i s  th e  c o f a c to r  o f  th e  t  t h  e lem en t o f th e  l a s t  row o f th e  

W ronskian . R e p la c in g  G(x) in  ( 4 .2 ) ,
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m X n

m  ■ ^(C ) « m (0  -  - -L f s o

m  X  n

"  i w ^ û  Y - f r ? "  "  F : ( = ) '  ( 4 .3 )£=1 -u

w h e r e

m  X

FaCx) = y  ÿ ( ( x )  [ c t  + f  a c l .  ( 4 .4 )
L j  L  J  w ( f )  a m( 0  J  
£=1

We m ust r e a r ra n g e  th e  second term  in  ( 4 .3 ) .  I f  we w r i te  f o r  b r e v i ty

Cr , (C )  = E l B l M j )
W(S) am (j) ’ 

and in t r o d u c e ,  a s  i n  s e c t io n  3 . ,

^ (x )  = i  f  a t  ,
7T X  t  -  X

so t h a t

(rh
ÿ " " \ x )  -  f r ( x )  =  i  f

TT t  -  X

th e n  th e  te rm  in  q u e s tio n  i s
n m X

I ( x )  = y  y  *((%) I  C r ( ( c )  !ÿ '"%c) -  f r ( c ) i  d j  .
r = o  1=1

S in ce  
rx

[  Cr«(S) ÿ '^Y c)  dC = Cre (x )  ÿ ' "  ’̂(x) -  c‘rs(x) ÿ ^"^(x) +
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+ C^rUx) 4̂ '̂  ̂ ®^(x) + . . . .  + ^Cre ^ \x )  ^ (x )  +
X

+ ( - i f  j  C n  ( J )  ÿ ( ( )  a j ,

th e n

m X n

I ( x )  = V  *((% ) [  f v  ( - i f  i  [  f S l l M  c ^ t ( 0  a ;  +
TT Jr t  -  ^

[El r=o

n -1  n  n X(k)/
C r T ' " " ( - i r ' ' - '  i  [  - V f  C r t ( 0  f r ( c )  a (

TT I  t  -  X  Z _ ' i
+

k=6 r = k f l  " 'L r=o

= y  ( - i f  i  [  * ( t )  d t  [  M i l  ac  -  
4 o  4  J t -C ^

m n  X n - 1

-  V " # g ( x )  \  f  Crg(C) f r (G )  dC + 7]r(x) i  f  cLt,
z ■ i __  TT 1  t  -  X
l = ±  r=o r=o L

i n  w hich we have o m itte d  e x p l i c i t l y  th e  x dependence from
m

Dr(C) = y # t ( x )  o r c ( C ) ,

1=1

and i n  w hich

n m

r } r ( x )  = \  ^  # ( ( x )  Ckt ^ x )   ̂ .

k = i ? i

The e x p re s s io n  f o r  l ( x )  may he f u r th e r  r e a r ra n g e d  to  g iv e

i(x) = y  ( - i) r  i  [  * (t)  dt f  + y  i  [  2 £ W iM î.)a t
Z_' TT 1  J t  -  C Z_'7r i- t  -  Xr=o ii r=o L
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-  Y _ .  ( " 1 )^  -  ^ * ( W  ^  j  C r e U )  M O  as

n -1  r

- l y  y  ( - . ) ' - '

^  W )  f c i

&=1 r=o

^  i p r ( x , t )  ( r -k ) / , \
u “ ? F ï — * ("1

w here

/ir ( x , t )  = % r(t)  -  M O  ,
t  -  X

and u s in g  t h i s  in  ( 4 * 5 ) ,  on changing th e  o rd e r  o f  i n t e g r a t i o n  in  th e  

f i r s t  te rm  on th e  r i g h t  hand s id e ,  we o b ta in

4>(x)  = 1  f  R ( x , t )  4>( t )  d t  + y  -  f  + FsC x). ( 4 . 5 )

^ -  %

Here we have w r i t t e n
m n X

r I
E ( x , t )  = ^ M O  )  ( - I f  I - M i L .  a; +

W(s) Om(S) a f
1=1 r = o

•  f u r / d / î r ( x , t )

r=o

and

n -1  r

r=o at'
( 4 . 6 )

f3 ( x )  = f 2 ( x )  -  i  y  y  ( - i ) k - i  i - M M i )  <)><''-" \ t )
TT L—, i_ J — atr=6 k= l

m n X

-  y  *g (x )  y  f  Cr«(C) f r ( C )  dC .k
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We now i n v e r t  ( 4 . 5 ) ,  choosing  t h a t  s o l u t i o n  f o r

n-1

y  7?r(x)

r=o

which h as  th e  a p p ro p r ia te  b e h a v io u r  a t  th e  end p o in t s  o f  L, 

n -1

y  7 ? r ( x )   —   -  F 3 ( t )  -
^  TT i ^ R ( r ) [ r -  x i

-  1  j" R ( T , t )  < p ( t )  d t  j  +  R ( x )  P ( x ) ,

L

i n  th e  n o t a t i o n  o f  s e c t i o n  2 , ,  o m i t t in g  th e  s u b s c r ip t  from th e  a r b i t 

r a r y  p o ly n o m ia l .  Hence 

n -1

y  i j r ( x )  ÿ ' ^ Y x )  =  -  [  & i ( x , t )  d t  +  M s l f  F s C t )  iT ^

'  i r { R { T ) { r - 0

+ R(x) P ( x ) ,  ( 4 .7 )

where

R(x)

L ' /(. ' P ( t ) }  t  -  x i*

h as  a s i n g u l a r  p a r t .  F i n a l l y ,  we so lv e  ( 4 .7 )  i n  th e  u s u a l  way as  a

d i f f e r e n t i a l  e q u a t io n ,  g iv in g

n -1  n -1  X

<p(x) = y ^«(x) + y ^c(x) f  ™ £ ii£ L j£  r  i  f Ri(x,t)(^(t) dt
y  y  ;  q n - i (C )  V(C) L w 1
1=1 1=1 ^

+ F ( x ) ,  ( 4 . 8 )
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where th e  f i r s t  term  on th e  r i g h t  hand s id e  i s  th e  g e n e r a l  s o lu t i o n

of th e  homogeneous e q u a t io n

n-1

y  7]c(x) = 0,
t = o

V(x) i s  th e  Wronskian o f  th e  system  ^ i ( x ) ,  i p z i x ) ,  • • • •  , V^n-i(x), and 

N ((x )  i s  th e  o o fa c to r  o f  th e  I t h  e lem en t o f  th e  l a s t  row o f  th e  

W ronskian , A lso we have p la c e d

F(x) = ÿ ÿ ( ( x )  [  M i l i L  r  f  - +  R(s)  p ( f ) l .
^  J r i n - i i C )  V(C) L TT i ^ R ( r ) [ r  -  Ci J

On r e a r r a n g i n g ,  (4 ,8 )  becomes

n-1

4>(x) “  i  / K (x , t )  0 ( t )  d t  = y  C€ ^ c (x )  + F ( x ) ,  ( 4 .9 )

where

K ( « . . )  .  f  „ ( . )  /  î - Ü j j ^ î W  .  , . . 1 . 1
'> ^ n -i  (C) V (( )

i s  w eakly s i n g u l a r ,  due to  th e  s in g u la r  te rm  i n  R i ( C , t ) .

Some s i m p l i f i c a t i o n  ag a in  o ccu rs  i f  L i s  c lo s e d ,  and i t  can 

be e a s i l y  shown t h a t  i n  such a  c a s e .

R i ( x , t )  = [  -  _ 1 _  .
i r  T  -  X  t  -  X

and
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n-1

F(x) = y  M O  f  M ilM L  i  [  M M
L- i  J J)n-i(S) V(S) i t L t - Z  '

o th e rw is e ,  th e  v a r io u s  e x p re s s io n s  a re  unchanged. These l a s t  form ulae 

d i f f e r  from th o s e  s t a t e d  by Magnaradze [1] f o r  a  c lo s e d  c u rv e ,  s u g g e s t 

in g  t h a t  he a d o p ted  a d i f f e r e n t  p rocedu re  t o  th e  one employed h e r e .
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5, The R ed u c tio n  o f  a  P a r t i c u l a r  I n t e g r o - d i f f e r e n t i a l  E q u a t io n ,

V/e t u r n  from th e  i n t e g r o - d i f f e r e n t i a l  e q u a t io n  ( l , l )  i n  i t s  

most g e n e r a l  form , t o  th e  p a r t i c u l a r  case

a ( x )  *(%) + b (x )  0 ' ( x )  -  i  f  = f ( x ) , ( 5 . l )

 ̂ ^

where x  e L, T h is  e q u a t io n  has im p o r ta n t  a p p l i c a t i o n s ,  i n ,  f o r  

i n s t a n c e ,  th e  f i e l d  o f  aerodynam ics .  Fo r t h i s  r e a s o n  i t  i s  th o u g h t  

o f  v a lu e  t o  enum erate  th e  r e s u l t s  o b ta in e d  above, and i n  t h i s  s im p le r  

case  we can do t h i s  more c o n c i s e ly  and e x p l i c i t l y .  The method o f  

approach  i s  e x a c t ly  p a r a l l e l  t o  t h a t  o f  s e c t i o n  3 , ,  t o  reduce  ( 5 , l )  

t o  a  r e g u l a r  e q u a t io n ;  nam ely, to  e l im in a te  th e  Cauchy type  i n t e g r a l s ,  

o b ta in in g  a d i f f e r e n t i a l  e q u a t io n  f o r  <^(x), th e  r i g h t  hand s id e  

c o n ta in in g  the  unknown f u n c t io n  i n s id e  an i n t e g r a l  w i th  a  r e g u l a r  

k e r n e l .

R ea r ra n g in g  ( 5 , l )  i n  th e  u s u a l  way, we o b ta in

a (x )  * ( x )  + b ( x )  ÿ ' ( x )  a t -  M l )  a t  =
TT J. t  -  X TT J t  -  XL L

= i  / P i ( x , t )  <p{t )  d t  + f i ( x ) ,  ( 5 ,2 )

P i ( x , t )  = p(%*t) -  p ( x ,x )  _ ^  r  q ( x , t )  -  q ( x , x ) l  ̂
t - x  ô t  L t - x  J

i s  r e g u l a r ,  a n d

where



f i ( x )  -  f ( x )  + i
TT

[ q ( x , t )  -  q ( x ,x ) l

t - x

Also

1 4 0

p (x )  = p ( x , x ) ,  q (x )  = q ( x ,x ) .

We can a l t e r n a t i v e l y  a r ra n g e  ( S . l )  i n  th e  form

a (x )  f ( x )  + t ( x )  * ' ( x )  -  i  I  P ( t )  m  ^
t tJ^ t - x

= i  f  q i ( x , t )  ( p { t )  d t  + f s C x ) ,  ( 5 . 3 )
TT i

i n  which

q i ( x , t )  = P ( x , t )  -  p ( t , t )  _ r  q ( x , t )  -  q ( t , t ) ^ _ 
t - x  ô t L  t - x

and

f 2(x) = f ( x )  + _
TT

[ q ( x , t )  -  q ( t , t ) i

t - x

The in v e r s e  o f  ( 5 .3 )  i n  the  c l a s s  h ( c i ,  cg ,  . . . .  , Cn^) i s

p (x )  #(x) + q(x) (f>'{x) = - R { x ) f   dt
TT R ( t ) [ t  -  xj

i ( t )  ( p i t )  + h ( t )  c p ' ( t )

~ " j  % i ( t , T )  ( p i r )  dr -  f a ( t )  j  + R(x ) P (x ) ,
L

where R(x) = / [ R i ( x ) /R 2( x ) j , in  the notation  of sec t io n  2 , ,  and th is  

equation can be w ritten
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p W  *(%) + q(x) * ' (x )  + i W f  ^  at .  dt =
7T 1  t  -  X  T r i t - x

= -  i  / R i ( x , t )  <^(t) d t  + fa C x ) ,  ( 5 . 4 )
7T

where R i ( x , t )  i s  th e  r e g u l a r  k e r n e l

k i ( x , t )  = -  S i ( r , t ) d T  ^ k W  r  a W  _ & W  1 _
7T j^k(r)[r - x} t - X L k(t) k(x) J

_ r _ b(x)
at L X - t \ E-(t) k(x)

and

f 3 ( x )  = ï W f  ■■ f : ( t )  ' i t  .  i  j j X i i L  . ( t ) '
7T ^  k ( t )  } t  - x j  W L t  -  X \  k ( t )  R ( x ) /

+
L

+ k (x )  P ( x ) .

E q u a t io n s  ( 5 ,2 )  and ( 5 ,4 )  co rresp o n d  t o  ( 3 ,2 )  and ( 3 ,8 )  in  th e  g e n e ra l  

c a s e ,  and from them we must e l im in a te  th e  s i n g u l a r  i n t e g r a l s .  T h is  

can be done w ith o u t  r e c o u rs e  t o  th e  m u l t i p l i e r s  e x p l i c i t l y ,  and 

a f t e r  some m a n ip u la t io n  we can show t h a t  th e  r e s u l t i n g  e q u a t io n  i s

*"(x) + A(x) 0 ' ( x ) + B(x ) < (̂x) = “  I  R { x , t )  # ( t )  d t  + F(x ) ,  ( 5 ,5 )

where

A(x ) = + b ' )  + q(p + q ' )  -  bq (b c  + qd)
b= + qS
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b(x ) = + qP' -  bq(ac + pd) ^

0(( x )  = -  r  _ ± _  + i
qb /  L pb -  qa dx \  pb -  qa

d(x) = -  r  p . , . + i
qb /  L pb -  qa dx \  pb -  qj 

and

k ( x , t )  = — 1—  [*b -  q ^ 5 ± J ü î î 2  -  bq [ c p i ( x , t )  -  d & i ( x , t ) | l
b^ + q^ L d x  d x  J

F(x) =   Tb + q -  bq  [ c f i ( x )  + d f  3 ( x ) | l  ,
bf + q=L dx dx J

where we have o m it te d  th e  arguments i n  a ( x ) ,  b (x ) , .  c ( x ) ,  . . . •  on the

r i g h t  hand s id e  f o r  c l a r i t y ,  and where an a c c e n t  d eno tes  d i f f e r e n t i a t i o n

w i th  r e s p e c t  t o  x ,  l i e  have a l s o  assumed th e  e x i s t e n c e  on L of

b^ + q  ̂ , pb -  qa .

E q u a t io n  ( 5 .5 )  may be so lv e d  i n  the  u s u a l  way, and we s t a t e  th e  r e g u l a r

i n t e g r a l  e q u a t io n  u l t i m a t e l y  o b ta in e d  f o r  4>{x):

X

( p { x )  =  C l  ^ i(x )  + G s  < ^ 2 ( x )  + ^ I K (x ,t)  <^(t) dt +  f  W (x ,t)E (t)d t,
% ( 5 . 6 )

where <^i(x) and 02(x) are l in e a r ly  independent so lu tio n s  of  

ÿ"(x) + A(x) # ' ( x )  + B(x) (f){x) = 0 ,

V^(x,t )  = r  d ^ l / a t  _ # i ( t ) l  0 2 ( x )  r  d ^ y d t  _ # 2 ( t )

d̂ g/dt L d̂ d̂t <̂>2(t)J d̂ ]/dt L d̂ j/dt ^i(t)
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a n d
X

K ( x , t )  = J w ( x , r )  E . ( r , t )  d r .

We can  a l s o  deduce a  s in g u la r  i n t e g r a l  e q u a t io n  f o r  4>{x)  

from  ( 5 , 1 ) ,  f o r  from ( 5 .2 )  we h av e ,  assuming t h a t  h (x )  does n o t  

v a n i s h  on L,

* '(% )  + s M  * ( x )  = 2 È É  , ( 5 . 7 )
b (x )  b (x )

where

G-(x) = (It + d t  + ”  /* P i ( x , t ) ^ ( t ) d t  +  f i ( x ) ,
w l t - x  7T 1  t  -  X  ^  L

J j  L

J j  L

+  ^  j  P i ( x , t )  ( p ( t )  d t  + f i ( x ) .

D enoting
X

t(C)
th e n  ( 5 , 7 ) can be i n t e g r a t e d  a t  once t o  g ive

X

M  *(x) = J  ^  aî + c
b U )

where C i s  some c o n s t a n t ,  and r e p la c in g  G-(x), i n t e g r a t i n g  th e  second
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te rm  by p a r t s ,  we o b ta in

ÿ o (x )  *(%) = I  /" K-1 ( x , t )  * ( t )  d t  + F i ( x )  , ( 5 .8 )

where

K i ( x , t )  = + f  f  # o ( G ) p ( C ) -  ^ o ( C ) q ( C )

b ( x ) } t  -  xj J  L b ( 0  dC \  b(C) /  J t  -  C

X

J b (S )

and

4 > o ( Ü  , .
P i ( C , t )  d t .

X

F i ( x )  = [  S W  [ ^ ( t )  l o g | t  -  x | ] .  +
J H i )  b ( x )  ir ^

+ i  r  d_ /  * o ( ( ) q ( ( )  \  [ ÿ ( t )  l o g | t  -  ( | ]  dc + C .
a  \  b(c) J  ^ ■

E q u a t io n  ( 5 ,8 )  r e p r e s e n t s  an i n t e g r a l  eq u a t io n  f o r  ^ ( x )  w i th  a k e r n e l  

c o n ta in in g  a s in g u la r  p a r t  and a r e g u l a r  p a r t .

I f  b (x )  i s  ze ro  on L, so t h a t  ( 5 , l )  has th e  form

a ( x )  ÿ (x )  -  i  I  = f ( x ) ,

th e n  we can i n v e r t  the  e q u a t io n ,  and assuming t h a t  q (x)  does n o t  

v a n is h  on L, use  th e  method j u s t  d e s c r ib e d  to  o b ta in  a s i n g u la r  

e q u a t io n  f o r  0 ( x ) ,
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There rem ains one o u ts ta n d in g  d i f f i c u l t y  i n  t h i s  method o f  

re d u c in g  a s in g u la r  i n t e g r o - d i f f e r e n t i a l  e q u a t io n  to  a  r e g u l a r ,  q u a s i 

r e g u l a r  o r  s i n g u la r  i n t e g r a l  e q u a t io n ,  and t h a t  i s  th e  e q u iv a le n c e  o f  

the d e r iv e d  e q u a t io n  and th e  o r i g i n a l  one. By t h i s  we im ply t h a t ,  w h ile  

each s o lu t i o n  o f  th e  o r i g i n a l  e q u a t io n  w i l l  a l s o  be a s o lu t i o n  o f  th e  

d e r iv e d  e q u a t io n ,  th e  converse  i s  n o t  i n  g e n e r a l  t r u e .

However, i f  a l l  th e  s o l u t i o n s  o f  t h e  d e r iv e d  e q u a t io n  can be 

d e te rm in e d ,  i t  i s  always p o s s i b l e  t o  c o n s t r u c t  from them th e  g e n e r a l  

s o l u t i o n  o f  the  o r i g i n a l  e q u a t io n .  I f  th e  i n t e g r o - d i f f e r e n t i a l  e q u a t io n  

a r i s e s  from a s p e c i f i c  p h y s ic a l  s i t u a t i o n ,  th e n  i n  g e n e r a l  i t  i s  

p o s s i b l e  t o  ap p ea l  to  t h i s  problem t o  ensu re  t h a t  th e  u l t im a te  s o lu t i o n  

o f  t h e  i n t e g r a l  e q u a t io n  i s  a p p ro p r ia te o
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6. The G e n e ra l i s e d  k ie m a n n -H ilb e r t  Problem ,

vVe d i s c u s s  th e  k ie m a n n -H ilb e r t  problem ( l , 2 )  as  a p o s s i b l e  

method o f  s o lv in g  am i n t e g r o - d i f f e r e n t i a l  e q u a t io n  f o r  an open a r c ,  

o r  un ion  o f  such a r c s .

C o n s id e r in g  on ly  th e  case  m = n ,  th e n  e q u a t io n  ( l , 2 )  can  be

w r i t t e n

m _

^  a r ( x )  -  b r ( x )  = f i ( x ) ,  x € L, ( 6 , l )
Z_ — dx** dx^ __r=o

and i f  each  a r ( x ) , b r ( x )  a re  such t h a t

a r ( x )  = F r ^ ( x ) ,  b r ( x )  = Fr^ ( x ) , x  e L, r  = 0 ,  1 ,  , . . .  , m, ( 6 ,2 )  

f o r  some F r ( z ) ,  th e n  ( 6 , l )  can be w r i t t e n  as

4 ^ (x )  -  4 _ (x )  = f i ( x ) ,  X  e L, ( 6 .5 )

where

m

* ( , )  = y  F r ( s )  I ' M ! )  .
dz*”r=o

The s im ple  jump problem ( 6 ,3 )  can be s o lv e d  f o r  %(z) by s ta n d a rd

p ro c e d u re s ,  and §±(x) can be de te rm in ed  on s o lv in g  th e  d i f f e r e n t i a l

e q u a t io n s
m m

^ F r ^ ( x )  = 'î'_|.(x), ^ F r ~ ( x )  = 4 _ ( x ) ,

N ,  ^

I f  i t  i s  n o t  p o s s i b le  t o  e x p re s s  th e  a r ( x ) ,  b r ( x )  i n  t h i s  

way, i t  would ap p ea r  t h a t  th e  problem  ( 6 . l )  i s  i n t r a c t a b l e  i n  c lo s e d
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form . T h is  s u g g e s ts  t h a t  th e  s o lu t i o n  o f  th e  co r re sp o n d in g  i n t e g r o -  

d i f f e r e n t i a l  e q u a t io n  does n o t  e x i s t  i n  c lo s e d  form.

F u n c t io n s  which s a t i s f y  a  r e l a t i o n s h i p  o f  th e  type  ( 6 ,2 )  a re  

u s u a l l y  s e l f - e v i d e n t .  However, g iv e n  two f u n c t io n s  a (x )  and b (x )  , we 

can  d e r iv e  an e x p re s s io n  f o r  a f u n c t i o n  F ( z ) such t h a t

a (x )  = F y (x ) ,  b (x )  = F _ (x ) ,  x c L, ( 6 .4 )

p ro v id e d  t h a t  a (x )  and b (x )  s a t i s f y  a  n e c e s s a r y  and s u f f i c i e n t  c o n d i t io n .

We r e s t r i c t  o u r s e lv e s  to  th e  p a r t i c u l a r  case  i n  which F (z )  i s  r e q u i r e d  

to  be holom orphic i n  th e  p la n e ,  ex cep t on L = L i + L 2 + , . , ,  + 

te n d in g  t o  ze ro  a t  i n f i n i t y ,  a l th o u g h  as  we s h a l l  see i n  th e  fo l lo w in g  

s e c t i o n ,  the  jump problem ( 6 ,5 )  can be so lv e d  f o r  a 'ï '(z) which has 

known s i n g u l a r i t i e s  o f f  th e  l i n e  L,

L e t  us w r i t e

F ( z ) = + i ^ ( x , y ) ,  j

a (x )  = a i ( x )  + i a 2( x ) ,  ^  ( 6 ,5 )

b (x )  = b i ( x )  + i b 2( x ) ,

so t h a t  on L

4>{x , 0+)  = a i ( x ) ,  0 (x ,O - )  = b i ( x ) .
( 6 . 6 )

( p { x , 0 + )  = a 2( x ) ,  ^ ( x , 0 - )  = b 2( x ) .

The d e te rm in a t io n  o f  th e  two fu n c t io n s  ^ ( x ,y )  and ^ ( x , y )  s u b je c t  to  

th e  l i m i t i n g  v a lu e s  ( 6 ,6 )  on L c o n s t i t u t e s  two D i r i c h l e t  p rob lem s. 

F o llow ing  M u s k h e l i s h v i l i  [ 5 ] ,  ( s e c t i o n  9 l ) ,  th e  s o l u t i o n s  f o r  <^(x,y) 

and ^ ( x , y )  i n  the  c l a s s  h ( c i ,  C2, . . . .  , c n g ) ,  v a n ish in g  a t  i n f i n i t y .
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a re

H x , y )  = R l \  ^  [ M P '  f  [ M P '  a t  +
L 27t± N R z i z )  k i ( t )  t  -  z

+ ~ h  [  h i i l l n h W i  a t  + P ( s )  iâ ïT ^
27Ti J l  t  -  z N &2(z )

ÿ ( x ,y )  = Re r  [  j U P  h i i l L L l d l l i  a t  +
L 27Ti N k  2( 2 ) ^  k i ( t )  t  -  z

.  - i -  f  I s i i l j L i W !  „  .  , ( . )  M O T

where P (z )  and Q ( z ) a re  a r b i t r a r y  po lynom ials  w ith  r e a l  c o e f f i c i e n t s ,  

o f  deg ree  n o t  g r e a t e r  th a n  n% -  n 2 -  1 ,  th e  rem ain ing  n o t a t i o n  be ing

c o n s i s t e n t  w i th  s e c t i o n  2, C le a r ly  th e  c l a s s  o f  s o lu t i o n  r e q u i r e d  i s

g e n e r a l ly  d e te rm in ed  by th e  b eh a v io u r  o f  a (x )  and b (x )  n e a r  th e  end 

p o i n t s .  I f  we w r i t e  t h e  above s o lu t i o n s  i n  th e  form 

# ( x ,y )  = k t [ P i ( z ) ! ,  ^ ( x ,y )  = k l [ F 2 ( z ) j ,  

th e n  i t  i s  c l e a r  from ( 6 ,5 )  t h a t

F (z )  = F i ( z )  = iF 2 ( z ) ,  ( 6 ,7 )

so t h a t  th e  r e q u i r e d  f u n c t io n  can be w r i t t e n  

2F(z)  = F i ( z )  + i F s l z )

1 lR i( ,z )  f  fËTTtJ [a ( t )  + b ( t ) i  1 r Ja(t) -  b(t)>
27Ti N R2 ( z )  V Ri ( t )  t  — z 2irl Jĵ  t  — z

+ 4P’K z ) h R i ( z ) A z ( z ) i ,  ( 6 .8 )
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where

P * ( z )  = 2P(z) + 2 iQ (z) 

i s  a po ly n o m ia l  o f  degree  n o t  g r e a t e r  th a n  n i  -  ng -  1. The s o lu t i o n

( 6 ,8 )  i s  v a l i d  p ro v id ed  t h a t  the  second e q u a l i t y  i n  ( 6 ,7 )  i s  s a t i s f i e d ,  

and t h i s  f u r n i s h e s  a c o n d i t io n  on a (x )  and b (x )  which can be a r ra n g e d  

i n  th e  form

1 A r w  f  A zT tT  + b i t ) ;  , 1 f i l Ç t )  -  bTt'J! _
-- d t  + —  / — —  ------ -------- d t  +

27Ti N k 2 ( z )  ^  \  k i ( t )  t - z  2rr± t  -  z

+ & P " ( z ) / } k i ( z ) / k 2 ( z ) i  = 0 ,  ( 6 ,9 )

where

P * (z )  = P " Iz )  = 2 p ( z )  -  2 i  q ( z ) .

I f  ? ( z )  i s  r e q u i r e d  t o  be bounded a t  more t h a n  h a l f  th e  end p o in t s  of

L, th e n  we must impose s o l u b i l i t y  c o n d i t io n s  on th e  two s o lu t i o n s  o f

th e  D i r i c h l e t  problem s t o  ensu re  th e  r e q u i r e d  b eh av io u r  a t  i n f i n i t y .

These c o n d i t io n s  a re  p a r a l l e l  to  th o se  of s e c t i o n  2, f o r  th e  in v e r s io n  

problem , and r e q u i r e  t h a t

L
I “ 7 ~ !  h i ( t )  + b i ( t ) |  t ' '  d t  = 0 ,

N R i ( t )
k — 0^ » # # # ^

I K ( t )  + b 2 ( t)S  t*' d t  = 0 ,
J, M J.L1 (^t jL

o r ,  what i s  th e  same th i n g .

/ I [ a ( t )  ± b ( t ) j  t^ dt = 0,' k = 0,  1 ,  n%-ni-l.
k i ( t )
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In  t h i s  case we must a l s o  p la c e  P (z )  and Q(z ) ,  and hence P * (z )  , eq u a l  

to  z e ro .

Taking th e  l i m i t i n g  v a lu e s  o f  ( 6 ,9 )  as  z te n d s  t o  a p o in t  x

on L from above and below , remembering t h a t  ( z ) / k 2 ( z ) ] changes

s ig n  around  th e  b ranch  p o in t s  c i ,  and a l t e r n a t e l y  adding  and s u b t r a c t in g  

the two r e s u l t i n g  e q u a t io n s ,  we o b ta in ,

U U T  +  b W i  +  t  a t  =  0 ,  X (  L ,
A  t  -  X

and

1 r ^ r  [ i i t y  + r ï T !

; i T I w y f t W )  “ T T x ” '

+ P*(x ) / [ k i ( x ) / k 2 (x ) i  = 0 ,  X  f  L,

The second  o f  th e s e  i s  s im ply  the in v e r s e  o f  th e  f i r s t  i n  th e  c l a s s  

h ( c i ,  C2j OHg), c o n s i s t e n t  w i th  th e  assum ption  t h a t  F (z )  b e lo n g s

to  t h i s  c l a s s .  The two e q u a t io n s  a re  th u s  e q u i v a l e n t ,  and we need  on ly  

c o n s id e r  th e  f i r s t  o f  them , o r  i t s  c o n ju g a te ,  which i s

/ \ 3 / \ i f  [ a ( t )  -  b ( t ) i
a (x )  + b (x )  = -T  / d t ,  X e L, (6 ,1 0 )

i  t  -  X

Thus, F ( z ) as  g iv e n  by ( 6 , 8 )  i s  th e  r e q u i r e d  s o l u t i o n  p ro v id ed  

t h a t  ( 6 ,9 )  i s  s a t i s f i e d  by a (x )  and b ( x ) ,  and i n  p a r t i c u l a r  t h a t  (6 ,1 0 )  

i s  s a t i s f i e d .  L et us  assume (6 ,1 0 )  to  be t r u e  f o r  a (x )  and b ( x ) ,  and 

s u b s t i t u t e  i t  i n t o  ( 6 . 9 ) ,  g iv in g
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1 TE-i ( z )  f  I k g ( t )  d t  r  1 /* [ a ( s )  -  b ( s 7 i

27Ti A k s C z )  1  ' v R i ( t )  t  -  z L 77i s -  t
ds

27Ti t - zL  ̂ & s(z)

Since z i s  n o t  on L, i t  i s  p e r m is s ib le  to  r e v e r s e  th e  o rd e r  of i n t e g r a t i o n  

i n  th e  f i r s t  te rm ,  g iv in g

_i_ jrtTzJ r iSTsT - bWi !_ I firc tj r _ i _  _ _ i _
27T± \  R g Ç z )  Jr 8 -  z %i 1 N k i ( t )  L t  -  z t - s

d t

27T± t - z
= 0,

k 2 (z )

L e t  us d e f in e

Q ( z )  =  —
k s T tJ  d t

T r i l v R i ( t )  t  -

k s l t )  d t

( 6 . 11 )

27Ti .L N E.1  ( t )  t - z

where f  i s  t h e  un io n  o f  th e  f  i ,  each f  i, su rround ing  

L I as  shown, b e in g  s u f f i c i e n t l y  c lo s e  t o  th e  a rc  t h a t  

the  p o i n t  z l i e s  o u ts id e  each  f  By a  consequence of Cauchy’s r e s id u e  

theorem  we can now e v a lu a te  Q ( z ) ,

n ( z )  = f h l U  -  p » * ( z ) ,  
V  R i ( z )
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where P * ^ (z )  i s  a po lynom ial d e f in e d  by

V[B.2 ( z ) / k i ( z ) i  = P ** (z)  4- 0 ( l / z ) ,  

fo r  l a r g e  j z | .  Hence i t  i s  o f  degree  n i - n 2 i n  z (and  ze ro  i f  n 2 > n i )  

f u r t h e r .

—  [  f S S Ï T  = -|[Q+(x) + Q _(x)S, X € L,
TTi R l ( t )  t  -  X

= -  P * * ( x ) ,

and u s in g  th e s e  r e s u l t s  i n  ( G . l l )  we f i n d  t h a t

p * (^ )  = A . f  -  b { t7 |  } P - - ( t )  -
wi 4  t - z

or

p * (z )  = - 1  f  (3 .1 2 )
TTl Jj  ̂ t - z

Both s id e s  o f  t h i s  e q u a t io n  a re  of degree a t  most n i - n 2- 1 i n  z ,  and 

so we can r e g a rd  i t  as  u n iq u e ly  d e te rm in in g  th e  po lynom ial P * (z ) .

We conclude t h a t  ( 6 ,8 )  f u r n i s h e s  th e  r e q u i r e d  f u n c t i o n ,  

p ro v id ed  t h a t  ( 6 ,1 0 )  i s  s a t i s f i e d  and t h a t  P - ( z ) i s  d e te rm ined  by 

means o f  ( 6 ,1 2 ) ,

As a s im ple example, we show t h a t  t h i s  th e o ry  h o ld s  f o r

Ri ( x ja (x )  = -  b (x )  = I
^  R2(x)

and we c o n s id e r  th e  case  n i  > n 2.
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E qua tion  (6 ,1 0 )  becomes

7t1 ^  R s ( t )  t  -

which by  a  s i m i l a r  method to  t h a t  u sed  above i s  seen  t o  be i d e n t i c a l l y  

s a t i s f i e d ,  w h ile

2 P ( z )  = i  p * (z )  f & E ;  + 1 .  [  I h T I ^ - J L . ,
N Rs (z )  TTi RgCt) t - z

= P - ( z )  + i j  / [ R i ( z )/R s (z )  j ,

From (6 ,1 2 )

2 f  /R ^ I t )  P * * ( t ) 2p ::-(z )  f u T T t )  dtP * (z )  = - d t  +
w i  1  N Rg ( t  ) t  - TTi y \ '  R s ( t )  t  -

= - 2 f  P * » (z )  -  Q * (z ) l  + 2 P - - ( z )
R a(z )  J  N R s (z )

= 2 Q*(z) ,

where Q*(z) i s  such t h a t

B u t

Q-:-'(z) = P * * (z )  I + 0 ( l / z ) ,  l a r g e  | z | .
R2 (z )

P ^ * (z )  = P="' (̂ z) = I + 0 ( l / z ) ,  l a r g e  j z j .
R i ( z )

and  so Q*(z) = 1 ,  and P * (z )  = 2 , which g iv e s  th e  r e q u i r e d  r e s u l t

F (z) = / } R i ( z ) /R g ( z ) ! .
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In  th e  c l a s s e s  o f  f u n c t io n s  f o r  which ns > n i ,  i t  i s  e a s i l y  

seen  t h a t  th e  s o l u b i l i t y  c o n d i t io n s  a re  v i o l a t e d ,  and no s o l u t i o n  f o r  

F ( z ) ,  t e n d in g  t o  ze ro  a t  i n f i n i t y ,  e x i s t s ,  which i s  th e  c o n tu s io n  one 

e x p e c ts .
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7. A new s o l u t i o n  o f  th e  P r a n d t l  e q u a t io n  f o r  a wing o f  f i n i t e  span .

As an example o f  an i n t e g r o - d i f f e r e n t i a l  e q u a t io n  f o r  which 

the co r re sp o n d in g  g e n e r a l i s e d  R iem an n -H ilb e r t  problem i s  s o lu b l e ,  we 

c o n s id e r  a p a r t i c u l a r  case  o f  th e  P r a n d t l  e q u a t io n  i n  aerodynamic 

th e o ry ,

-  i  [  = f ( x ) ,  - a  < X < a ,  ( 7 .1 )
B ( x )  it j  t  -  X  ̂ '  - a

w here, i n  s ta n d a rd  n o t a t i o n ,

B ( x )  = m b ( x ) / 8 ,  f ( x )  = 4V a(x). 

b (x )  i s  th e  chord  o f  p r o f i l e  o f  a wing o f  span 2a , a (x )  i s  th e  ang le  

o f  in c id e n c e ,  V th e  v e l o c i t y  o f  th e  a i r f l o w  a t  i n f i n i t y  and m some 

d e te rm ined  c o n s t a n t .  The unknown f u n c t io n  <̂ >(x) r e p r e s e n t s  the c i r c u l 

a t i o n  of th e  a i r f l o w  around  the  p r o f i l e  a t  x .  By symmetry we have 

( p(x)  = <^>(-x), B ( x )  = B ( - x ) ,  f ( x )  = f ( - x ) ,  

and i t  i s  g e n e r a l ly  assumed t h a t

<^(a) = = 0 .

E q u a t io n  ( 7 . l )  i s  th u s  o f  c o n s id e ra b le  p r a c t i c a l  i n t e r e s t ,  

and i s  th e  s u b j e c t  o f  a l a r g e  amount o f  work i n  th e  l i t e r a t u r e .  The

methods of s o l u t i o n  p a r a l l e l  t o  t h i s  s e c t i o n  have been g iv en  by I .N .

Vekua and L.G-.Magnaradze, and a re  d i s c u s s e d  by h u s k h e l i s h v i l i  L5j. 

Magnaradze [7] re d u c e d  ( 7 , l )  t o  a  weakly s in g u la r  Fredholm e q u a t io n ,  

w h ile  Vekua [8 ]  d e r iv e d  an e q u iv a le n t  r e g u la r  Fredholm e q u a t io n ,  which 

h a s  th e  advantage t h a t  i f  B(x ) i s  o f  th e  form
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B(x) = V laf -  x = ; / p ( x ) ,  ( 7 ,2 )

where P (x )  i s  a r a t i o n a l  f u n c t i o n ,  th e n  th e  k e r n e l  o f  the e q u a t io n  

i s  s e p a r a b l e ,  and th e  s o l u t i o n  i s  r e a d i l y  found . The chord  o f  p r o f i l e  

g iv en  by ( 7 ,2 )  covers  many c a s e s  o f  p r a c t i c a l  im p o r tan ce ,  and i t  i s  

t h i s  cho ice  of B ( x )  which r e n d e r s  th e  R iem ann-H ilbe r t  p roblem  t r a c t a b l e .  

W ri t in g

R ( x )  = ' / [ e ?  -  x ^ i ,  

we choose th e  d e f i n i t e  b ra n c h e s  d e f in e d  by

R+(x) = -  R_(x) = R ( x ) ,  - a  < X < a ,

where t h e  s u b s c r i p t s  ± d e n o te ,  a s  u s u a l ,  th e  l i m i t i n g  v a lu e s  on ( - a , a) 

from above and below . C le a r ly  a l s o

P-f(x)  = P _ ( x )  = P ( x ) .

We fo rm u la te  th e  R ie m an n -H ilb e r t  problem  by in t r o d u c in g  th e  Garleman 

fu n c t io n

# ( z )  = /■
J t - z- a

}
z

from which t h e  P le m e lj  fo rm ulae  g iv e

4+(x) -  $ _ (x )  = 2 w i^ (x ) ,

5+(x) + 9 _ (x )  = 2 I — —  ,
t  -  X

a ) - a  < X < a,
<^(t) d t

- a

a n d ,  on d i f f e r e n t i a t i n g .
a

q ( x )  + # i(x )  = 2 f  lit ^
J t  -  X

-a  < X < a
- a
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since  ÿ (± a )  = 0. U sing  th e s e  e x p re s s io n s  i n  ( 7 , l ) ,  we o b ta in

r  +  r  - i ® ^ ( x )  -  i i f )  I = 2irif{x),
L b (x )  j  l  b (x )  j

o r ,  s u b s t i t u t i n g  f o r  B(x ) and m u l t ip ly in g  th rough  by E.(x),

R+(x) r  + s + i l i + U )  ]  _ R _(^) r  . 10: (^ )  + * - ( x )  p - ( x)
C R^{x) J  L R_(x)

=  2 w i  R ( x )  f ( x ) .

L et us in t ro d u c e  th e  a u x i l i a r y  Garleman f u n c t io n  F ( z ) by

F (z )  = f  m i i y .
- a t - z

so t h a t

F . ( x )  -  F_(x) = 27Ti f ( x )  S-(x), - a  < X  < a ,

th e n  th e  R ie m an n -H ilb e r t  e q u a t io n  can be w r i t t e n .

R+(x) r - i § | ( x )  + i + W l ± i i H  -  F+(x)
— L F+(x) J

-  I R_(x) f - i § l ( x )  + -  F_(x)
L  L R_(x) J  .J

= 0 , ( 7 . 3 )

and on p u t t i n g

D(z) = R (z)  r  - i ® ' ( z )  + 2 Ü J 1 P 1  -  F ( z ) ,  ( 7 .4 )
I R (z)  J

t h i s  becomes

D . ( x )  -  D _ ( x )  = 0 ,  - a  < X < a .
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That i s ,  D ( z )  has  no d i s c o n t i n u i t y  on th e  a rc  ( - a , a ) ;  the  b e h a v io u r  

of D ( z )  i n  t h e  rem a inder  o f  th e  p la n e  and a t  i n f i n i t y  depends upon 

the n a tu re  o f  P ( z ) ,  and from a knowledge o f  th e  p o s s ib le  p o le s  o f  

P ( z ) ,  and i t s  b e h a v io u r  a t  i n f i n i t y ,  we can de te rm ine  the  fu n c t io n  

D(z) by means o f  L i o u v i l l e ’s g e n e r a l i s e d  theorem . In  p a r t i c u l a r ,

D +(x)  = D _ (x )  = D ( x ) ,  

on ( - a , a ) ,  and r e t u r n i n g  to  ( 7 . 5 ) ,

- « ' ( x )  + * 4 (x)  = D(x) + F+(x)
R+(x) R+(x)

- i ® ' ( x )  + - - A ) P - (x )  ^ D(x) + F_(x) _ 
R_(x) R_(x)

( 7 ,5 )

We d e f in e

\ ( x )  = [  = /■ I L  ,
J R (s )  J B (s)

in  te rm s of which we can i n t e g r a t e  ( 7 ,5 )  t o  g ive

$ . ( x )  = Cl A l l P i y
J R + (t)

# _ (x )  = C3 P i l l h l - L I L ?
J R _ ( t )

A ( t ) d t

I t

where Ci and Cs a re  a r b i t r a r y  c o n s ta n t s .  That i s ,

X a
a _ r  - i)^ (x )  f  e x p [ - i ( x ( x )  -  k ( t ) } j  C f  f ( s )  R ( s )  ds

J R ( t )  L j s -  t- a
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+ TTi f ( t )  R ( t )  + D ( t )

X a
5 ( x )  = Co -  i  /* exp[i{X (x)  -  X ( t ) | ]  f  f  f ( s )  R ( s )  ds

J R ( t )  L J s  -  t-a

-  TTi f ( t )  R ( t )  + D ( t )  j

The s o lu t i o n  f o r  (p{x) i s  g iv e n  by 

27Ti0(x) = ^ ^ (x )  -  4 _ ( x ) ,

and so

X

(p(x)  = A cosW(x) + B s inX (x) + j  sin[W (x) -  X ( t ) ]  f ( t )  d t  +

X a X
1 f  cos[w (x) -  W ( t ) ] f  f ( s )  R ( s ) ds i f  oos[W(x) -  X ( t ) ]  D ( t ) d t

77 J R ( t )  s -  t  77 i  R ( t )

W ri t in g

X X

(p{x)  = f  s in [X (x )  -  X ( t ) ]  f ( t )  d t  + i  /*
J 77 J  R ( t )

X a
1 /* cos[W(x) -  k ( t ) ]  f  f ( s )  R(s)  ds ( 7 , 6)
77 J R ( t )  J 8 -  t—a

th e n

<f>{x) -  A cosW(x) + B sinW(x) + ^ ( x ) .

Im posing th e  re q u ire m e n t  t h a t  <f>{x) be ev en ,  we see  t h a t  we must p la ce  

B = 0 ,  A lso i f  we choose th e  low er l i m i t  o f  the  i n d e f i n i t e  i n t e g r a l s  

i n  ^ { x )  t o  be t  = 0 ,  th e n  c l e a r l y
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(p{x)  = (f>io) cos w(x) + ^ ( x ) ,

and f i n a l l y ,  u s in g  (pi,a) = 0 ,  we f in d  t h a t

cpix)  = ^ (x )  -  ^ ( a ) ,  ( 7 . 7 )
cos X(a)

p ro v id e d  t h a t  cos X(a) /  0,

The rem ain ing  d i f f i c u l t y  i n  t h i s  s o lu t i o n  i s  th e  d e te rm in a t io n

o f  D ( z ) ,  and hence i t s  v a lu e  D ( t )  on ( - a , a ) ,  V/e s t a t e  L i o u v i l l e ’ s

g e n e r a l i s e d  theorem  f o r  r e f e r e n c e :

L e t th e  f u n c t i o n  f i ( z )  be a n a l y t i c  i n  th e  e n t i r e  p la n e ,  ex ce p t a t  

th e  p o i n t s  ao = 00, ak ( k = l ,  2 ,  n ) ,  where i t ,  has p o le s ,  and

suppose t h a t  th e  p r i n c i p a l  p a r t s  o f  the  expansion  o f  the  f u n c t io n  

f i ( z )  i n  th e  neighbourhoods o f  th e se  p o le s  have th e  form; 

ao , G-o(z) = Coiz + Co2 Ẑ  + • • • •  + ConoZ^°;

aK, Gk + . . . .  + Cknk
\ z  -  ak / (2 -  ak) (z  -  ak)^ (z  -  ak)^k

Then f i ( z )  i s  a r a t i o n a l  f u n c t i o n  and i s  r e p r e s e n t a b l e  by

n

f i ( z )  = C + G-q( z ) + \  G-k
>

z -  ak/
k=l

where C i s  some c o n s ta n t .

R e tu rn in g  to  th e  problem un d er  c o n s id e r a t io n ,  we n o te  t h a t  f o r  la rg e  

v a l u e s  o f  i z L
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4 ' ( z )  c= 0( |z |*^) ,  $ ( z )  ^ 0 ( | z | ) ,  F ( z ) o O ( | z | j ,

and so

D(z) o  0(1 /1  z | )  [ l  + P ( z ) i .

V/e c o n s id e r  two c a se s  f o r  P ( z ) ;

( i )  P ( z )  = po,

where po i s  a  c o n s ta n t ,  i . e .

B ( x )  -  ^ [ a  -  x ^ j / p o ,  X(x) = p o a rc s in (% /a ) .

P ( z ) ,  and hence D (z ) ,  has  no p o le s  i n  th e  p la n e ,  and

D ( z ) o  0 ( i / | z I) ,  

f o r  l a r g e  j z | .  T h e re fo re ,  by L i o u v i l l e ' s  theorem ,

D ( z ) = 0 ,

and i n  p a r t i c u l a r

D ( t)  = 0 ,  - a  < t  < a .

The s o l u t i o n  t h e r e f o r e  becomes

( p{x)  = ^ (x )  -  —  ^ ( a ) ,
cos X(a)

where nov/

X

^ ( x )  = J  s i n [ l ( x )  -  l ( t ) J  f ( t )  d t  +

X a
1 /* cos[W(x) -  X ( t ) ]  d t  f  f ( s )  E.(s) ds

77 J E-(t) J  s -  to - a

In  t h e  p a r t i c u l a r  case  f ( x )  = c o n s ta n t  = f o , co r re sp o n d in g  t o  a  c o n s ta n t
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i n c id e n t  a n g le ,  and assuming t h a t  po /  ±1, th e n  t h i s  e x p re s s io n  can 

be e a s i l y  i n t e g r a t e d  to  g ive

ip{x)  = .— —  [”y[a^ -  x^ { -  a cos W ( x ) l  ,
1 + p 0 i  J

y ie ld in g  the  s o lu t i o n

cp ix )  = fo  Vla^ -  x ^ ] / ( l  + P o ) ,  ( 7 .8 )

which i s  w e l l  known.

( i i )
v>/ \ fa^  +

(z )  -  Po I - — ----------- >
La + vz J

where p ,  v > - 1 ,  to  en su re  t h a t  p (x )  has no ze ro s  o r  p o le s  on ( - a , a ) .  

P (z )  has  p o le s  a t

z = ± a = ±ia/v^*.

and f o r  l a r g e  | z | ,

D ( z )  c= 0 ( l / i  z |  ) .

We r e c a l l  t h a t

a

D(z) = Po -7 ' 1 [  -  i l l ( z )  $ ' ( z )  -  F ( z ) ,
> JL. V  J  J R — 7.n a  + v z  J  J s -  z - a

and so th e  r e s id u e  of D(z ) a t  z = a i s
a

^ _ Po f  ÿ ( s )  ds
V 2 ol I s -  a- a

and a t  z = - a  i s



s o  t h a t

a
_ __ Po a^  + p a ^  I 4>{s) d s

V 2 a  J s + a — &

a
2 \  [  (p(s) d sr + r

*  -  " ' ' j  S= -
—a

and a,

-  r  = 2 4  ( a f  + f  = 0 ,
-  J s= -

- a

s i n c e  <p(s) i s  e v e n .

By L i o u v i l l e ’ s  g e n e r a l i s e d  t h e o r e m  we h a v e

r^ r _
-----  fz -  a  z + a

D(z) = ______ +

and on ( - a , a ) ,

D ( t )  = _ f ± _  +
t  -  a t  + a

( r +  + r _ ) t  + ( r +  -  r _ ) a

t^  -  a^

a
Po (a^ + p a ^ ) t  r # ( s )  ds

" IT  "IF  J  - - - r - j - z r
—a

_  P o  a ^ ( v  -  p ) t

v t ^  + a^

w h e r e  C i s  t h e  c o n s t a n t  d e t e r m i n e d  b y

1 6 3
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C =

a
 ̂ ( p { s )  ds

J ~ r v ~ 7-a

Thus, i n  th e  s o lu t i o n  we o b ta in
X

^ (x )  = [  s i n [ \ ( x )  -  \ ( t ) ]  f ( t ) d t  + -  /* i M l l ^ d t / *
J 77 j  R ( t )  J s -  t

X

\  r  f  oos[X(x) -  kC t)]  t d t
V J 1 + v t f / ç ?

-  ^ l ( x )  + ^  (v -  p) C ^ 2 ( x ) ,  

s a y ,  and so

<^(x) = ^ i ( x )  -  ^ i ( a )  + ^ °  (y -  p) C r^ 2 (x )  -  ^ 2 (a )
cos X(a) L cos X(a)

= * i ( x )  + ^ '  (y -  p )  C # 2( x ) ,

and f i n a l l y ,  d e te rm in in g  C from th e  above fo rm u la ,  we f i n d  t h a t

a /

= 4 i ( x )  + {v -  n)  * 2 ( x )  /  r  1 -
J + MsV L

- a

ct

(v -  m) f  1 • ( 7 .9 )
' J â  + y 8̂  J

Po
77

- a

The s o l u t i o n  d e r iv e d  by Vekua [ s ]  f o r  t h i s  B(x ) i s  i n  erro r; 

however, on r e c t i f y i n g  i t ,  we f i n d  t h a t  i t  c o in c id e s  w i th  the  e x p re s s io n

( 7 . 9 ) r e s u l t i n g  from th e  p r e s e n t  method.
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F in a l ly  we n o te  t h a t  t h i s  m ethod i s  a p p l ic a b le  f o r  any exi^ress- 

io n  r e p r e s e n t in g  th e  chord  o f p r o f i l e  g iv e n  by e q u a t io n  ( 7 ,2 ) ,  p ro v id ed  

t h a t  P (x )  i s  even and such  t h a t

P+(x) = P - (x )  = P ( x ) ,  - a  < X < a ,

t h i s  b e in g  a  w id e r c l a s s  o f fu n c t io n s  th a n  t h a t  f o r  w hich th e  m ethod o f 

Vekua o f f e r s  a s o lu t io n  in  c lo s e d  fo rm .



1 6 6

8» An i n t e g r o - d i f f e r e n t i a l  e q u a tio n  in  aerodynam ic th e o ry ,  and i t s  

r e d u c tio n  to  q u a s i - r e g u la r  and r e g u la r  i n t e g r a l  e q u a t io n s .

As an example o f th e  m ethods d e s c r ib e d  in  e a r l i e r  s e c t io n s ,  

we examine th e  i n t e g r o - d i f f e r e n t i a l  e q u a tio n  a r i s i n g  from th e  two 

d im en sio n a l problem  o f th e  th in  j e t - f l a p p e d  wing in  aerodynam ics.

The j e t - f l a p  i s  a  d ev ice  d es ig n ed  to  c r e a te  je t - in d u c e d  l i f t  o f an  

a e r o f o i l  by th e  em issio n  o f a h ig h  momentum s h e e t o f  a i r  n e a r  the 

t r a i l i n g  edge. The problem  was f i r s t  fo rm u la te d  by Spence [ 9 ] ,  who 

co n s id e re d  an i n v i s c id ,  in c o m p re ss ib le  flow  p a s s in g  over th e  je t - f l a p p e d  

a e r o f o i l ,  in  th e  case  o f an i n f i n i t e s i m a l l y  t h i n  j e t  o f  f i n i t e  momentum, 

which he r e p la c e d  by a  v o r te x  s h e e t .  In  a l a t e r  p a p e r . Hung-Ta Ho [lO ] 

co n s id e re d  th e  problem  o f a t h i n ,  j e t - f l a p p e d  h y d ro fo i l  w ith  th e  added 

d i f f i c u l t y  t h a t  a t  a s u f f i c i e n t  sp eed , c a v i t a t io n  o ccu rs  on th e  upper 

su rfa c e  o f th e  f o i l .  In  th e  p a r t i c u l a r  case  when the  c a v i ty  i s  ta k e n  

to  ex tend  to  i n f i n i t y .  Ho i s  a b le  to  deduce an i n t e g r o - d i f f e r e n t i a l  

e q u a tio n  w hich d i f f e r s  on ly  s l i g h t l y  from t h a t  o b ta in e d  by Spence.

We c o n s id e r  in  d e t a i l  S pence’s e q u a t io n ,  an e x a c t ly  s im i la r  approach  

be in g  a p p l ic a b le  f o r  th e  e q u a tio n  o f Ho,

We b r i e f l y  d is c u s s  th e  s e t t i n g  up o f th e  aerodynam ica l problem . 

The in c id e n t  an g le  a ,  and th e  an g le  o f d e f le c t io n  o f th e  j e t  as i t  

e x i t s  from  th e  t r a i l i n g  ed g e , r ,  a re  b o th  assumed to  be s m a ll ,  so t h a t  

th e  l i n e a r i s e d  th e o ry  i s  a p p l ic a b le  (se e  F ig . l ) .  The assum ptions o f 

th i n  a e r o f o i l  th e o ry  a re  in v o k ed , and th e  j e t  i s  r e p la c e d  by a v o r te x
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d i s t r i b u t io n

f j ( x )  = -  i  Uo Cj y " ( x ) ,  

a lo n g  ( 1 ,00) o f th e  r e a l  a x i s .  H ere , y (x )  r e p r e s e n ts  the  j e t  p r o f i l e ,

Uo th e  u n d is tu rb e d  s tream  v e l o c i ty ,  and Cj the  momentum c o e f f i c i e n t ,  a 

d im e n s io n le ss  q u a n t i ty  d e f in e d  by 

Cj — J/^poUo 3

in  w hich J i s  th e  momentum f lu x  o f th e  j e t  p e r  u n i t  sp an , and po the 

u n d is tu rb e d  d e n s i ty .  The a e r o f o i l  i s  r e p la c e d  by th e  v o r te x  d i s t r i b u t i o n  

^ a ( x )  =  U o f ( x ) ,

where f ( x )  i s  unknown, on th e  segment ( 0 , l )  o f the r e a l  a x i s .  S ince the 

chord  of the  f o i l  i s  ta k e n  to  be u n i ty ,  i t  does n o t occur e x p l i c i t l y  

in  th e s e  e x p re s s io n s .

The downwash, o r downward v e l o c i ty ,  norm al to  b o th  th e  span 

and d i r e c t i o n  o f  m o tio n , due to  th e se  v o r te x  d i s t r i b u t i o n s  i s  (se e  fo r  

example [ l l ] ,  s e c t io n  1 1 ,2 2 ) ,

1 00

w(x) = -  (Uo/27t) [  .8 * 1  at + (D oCjA tt) f  at, ( s . i )
j t - X  j t - X
o 1

a t  a p o in t  on th e  a x is  o f x . For x > 0 , one o f  th e se  i n t e g r a l s  i s  to  

be i n t e r p r e t e d  as a  Cauchy p r in c ip a l  v a lu e . The dovmwash on th e  a x is  

can  a ls o  be e x p re s se d  as

w(x) = U o e (x ), 0 < X < 1 ,

= U o y '  ( x ) ,  1  < X < 0 0 ,
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w here f(x )  i s  th e  i n c l i n a t i o n  o f th e  a e r o f o i l  to  th e  a x i s ,  b e in g  th e  

sum o f  th e  in c id e n t  an g le  a and th e  camber o f the  f o i l .  For x in  ( l , c o )  

i t  h as  been assum ed t h a t  th e  dovmwash on th e  a x is  i s  i d e n t i c a l  to  t h a t  

on th e  j e t .

From ( 8 , 1 ) we o b ta in  th e  p a i r  o f  s im u ltan e o u s  e q u a tio n s

1 00

1 [  f(t)at _ 1 . 1 f y"(t)dt ^ r -2 eu), 0 < X < 1 ,
i r ^ t - x  7 r i t * x  L - 2 y '( x ) ,  1 < x  < 00,

(8 . 2 )

f o r  f ( x )  and y ( x ) .  The boundary  c o n d it io n s  on the  s lo p e  o f  th e  j e t  

a re

y ' ( l )  = a + T, y ' M  = 0 ,

w h ile  f ( x )  i s  assum ed to  have in te g r a b le  i n f i n i t i e s  a t  th e  le a d in g  and 

t r a i l i n g  e d g e s , x = 0 and 1 ,

Spence so lv e s  (8 ,2 )  f o r  f ( x )  in  te rm s o f y ' { x )  and e ( x )  when 

0 < X < 1 , T h is  i s  a  sim ple in v e rs io n  in  th e  c l a s s  o f fu n c tio n s  

unbounded a t  b o th  e n d s , and th e  r e s u l t in g  e x p re s s io n  i s  s u b s t i tu t e d  

i n to  (8 ,2 )  f o r  1 < x  < oo, g iv in g  an i n t e g r o - d i f f e r e n t i a l  e q u a tio n  in  

y ( x ) ,  Spence f in d s  t h a t ,  in  th e  case  o f an uncam bered a e r o f o i l ,  when 

c (x ) = a ,  t h i s  e q u a t io n  i s

oo

1 ( - 2  )  Y 'l Y i *  -  X^(x) = 2a f l  -  1 " . , :  1 ( 8 . 3 )7T \  X /  ^  -  1 / t  -  X

w h e r e  1  < x  < o o ,  a n d

c^(x)  = - ÿ : j  y ' ( x ) ,  = 4 / C j  ,
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so t h a t  th e  boundary  c o n d it io n s  on 4>{x) a re

4>{l)  = - 2 ( a  + r ) A ,  4 > { c o ) = 0 . (8 .4 )

The eq u a tio n  r e l a t i n g  ^ (x )  to  f ( x )  i s ,  f o r  0 < x  < 1 ,

f ( x )  = i   ̂ (8 .5 )

We rem ark  h e re  t h a t  th e  e s s e n t i a l  d i f f é r e n c e  betw een (8 ,3 )

and Ho*s e q u a t io n  i s  t h a t  th e  l a t t e r  c o n ta in s  an a d d i t io n a l  f a c t o r  
-1

t  in  th e  k e r n e l .

Spence d e a ls  w ith  e q u a tio n  (8 ,3 )  by mapping th e  ran g e  o f 

in t e g r a t i o n  o n to  (0,7t) and assum ing a s o lu t io n  f o r  <p'{x)  as th e  sum 

o f a term  c o n ta in in g  a lo g a r i th m ic  s i n g u la r i t y  a t  th e  t r a i l i n g  edge , 

and a g e n e ra l  F o u r ie r  s e r i e s .  The e x is te n c e  o f  a  s i n g u la r i t y  i s  

de te rm in ed  by in s p e c t io n  o f (8 ,3 )  in  r e l a t i o n  to  th e  boundary  c o n d it io n  

a t  X = 1 , The le a d in g  c o e f f i c i e n t s  o f th e  F o u r ie r  s e r i e s  a re  d e te r 

mined by G au ssian  in t e r p o la t i o n  on th e  r e s u l t in g  e q u a t io n s .

In  c o n s tru c t in g  th e  s o lu t io n  o f (8 ,3 )  by re d u c t io n  to  a 

q u a s i - r e g u la r  i n t e g r a l  e q u a t io n , we s h a l l  n o t use th e  fo rm ulae  o f 

s e c t io n  5 . e x p l i c i t l y .  In  f a c t  th e  p r e s e n t  problem  c o n ta in s  one o f 

th e  d i f f i c u l t i e s  o f  th e  re d u c t io n  method in d ic a te d  p re v io u s ly ;  nam ely 

th e  d e te rm in a tio n  o f th e  in v e rs e  s in g u la r  e q u a tio n  in  th e  a p p ro p r ia te  

c la s s  o f  f u n c t io n s ,  and we s h a l l  in d i c a te  a method by w hich t h i s  

d i f f i c u l t y  i s  surm ounted .



1 7 0

C o n s tru c tio n  o f  th e  s o lu t io n  o f  (8 ,5 )

The e x is te n c e  o f  a s in g u la r i t y  in  ^ '( x )  a t  th e  t r a i l i n g  edge 

i s  a p p a re n t ,  s in c e  by (8 ,4 )  we r e q u ir e

i  / I _ L _  -> -2 r .
7TM X ^  t  -  1 t  -  X

The fu n c t io n  d e f in e d  by

F ' ( x ) = X l o g ( x  -  l ) ,  ( 8 , 6 )

i s  such t h a t

i  1 1 ^ 1  f  I J _  ^ ' 8 ) d t  ^ ^ 1 I X -_ £
TTV X N  t  -  1  t  -  X x \  X

and so s e rv e s  to  r e p r e s e n t  t h i s  s i n g u la r i t y  i f  we in tro d u c e  th e  c o e f f 

i c i e n t  ~2 t / t t  , and assume t h a t

^ (x )  = -  (2 r/7r) F ( x ) + 2 r  G(x ) -h 2a H.(x), (8 ,7 )

w here , from  ( 3 ,6 ) ,

F(x) = f ( l  -  x~^^) log(x^^ -  l )  -  f ( l  + X ^̂  ) log(x^^ + l )  -t-

+ (4 /3 )  x-^^ (8 ,8 )

v a n ish e s  a t  i n f i n i t y .

On s u b s t i t u t i n g  (8 ,7 )  in to  th e  i n t e g r o - d i f f e r e n t i a l  eq u a tio n  

and e q u a tin g  th e  te rm s in  a and r ,  v;e o b ta in  th e  two e q u a tio n s  

0 0 ___________

-  J  j  -  M i ( x )  =  1  -  J  ( 8 , 9 )

a n d
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1 i x " - " !  [  r “ T -  G '( t ) d t  ,  N 1 f  r ' T "  F ' ( t ) d t

77 V X \  t  — 1  t  — X 77̂  V X \  t  — 1  "t — X

-  (V^r) F ( x ) ,

= + ~  x -^ " (x  -  1 ) '^  -  ( V ^ )  I '( x ) ,  (8 .1 0 )

and s in c e

F ( l )  = (4 /3 )  Si -  l o g 2 | ,  

th e se  a re  s u b je c t  to  th e  boundary  c o n d it io n s

H (i)  = - l / \ ,  H(oo) = 0 , H '( l )  = 0 ,  H'(oo) f i n i t e ,  1

G (l)  = + (4 /5 t7 ) [ i  -  lo g 2 S , &(«,) = 0 ,  G ' ( l )  = 0 ,  ^ ( S . l l )

Ct^(oo) f i n i t e  J

E q u a tio n  (8 ,9 )  i s  e x a c t ly  s im i la r  to  th e  e q u iv a le n t  e q u a tio n  

in  S pence’s s o lu t io n ,  w h ile  (8 ,1 0 )  d i f f e r s  from th e  l a t t e r  due to  the  

p re s e n t  r e p r e s e n ta t io n  o f th e  lo g a r i th m ic  s in g u la r i t y .  T h is  d e p a r tu re  

from S pence’s method w i l l  be j u s t i f i e d  a t  a l a t e r  s ta g e .

The e q u a tio n  (8 ,9 )

L et us map th e  range o f in t e g r a t i o n  in  (8 ,9 )  on to  ( 0 , l )  by

means o f

t  = l / s ,  X  = l / y ,

and denote

H (l/t)  = h (t ) .

Then we o b ta in
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= M y )  + 1 -  (1  -  y ) ^ ,  ( 8 . 1 2 )
7T J

0
( l  -  s ) ^  ( s  -  y )

where 0 < y  < 1 , and

h ( i )  = - l A ,  h (0 )  = 0 , h ' ( l )  = 0 , h '( 0 )  f i n i t e .

7 / r i t in g

R(y) = y^^(i -  y)^^, 

th e n  ( 8 , 1 2 ) becomes

—  ̂ f  "  f ( y ) '  (8 .1 3 )
77 ^  E.(s) ( s  -  y)

i n  which

f(y) = [Mi(y) + 1 - (1 “ y ) ^ i / y ^ ,
and assum ing t h a t

} h ( y ) /y ^  ! = 0 ,

th e n  i t  i s  seen  th a t  f ( y )  v a n ish e s  a t  b o th  end p o in ts  o f th e  ra n g e .

By re fe re n c e  to  th e  in v e rs io n  fo rm ulae o f  s e c t io n  2 , ,  in  th e  ca se  o f 

a s in g le  a r c ,  i t  i s  ap p a re n t t h a t  (8 ,1 3 )  can be re g a rd e d  as  th e  in v e rs e  

o f an e q u a t io n , in  th e  c l a s s  h ( 0 , l ) .  T h is  r e q u i r e s  t h a t  th e  s o l u b i l i t y  

c o n d itio n  i s  s a t i s f i e d  by th e  f r e e  te rm  o f  th e  o r ig i n a l  e q u a t io n ,  and 

to  accommodate t h i s  c o n d i t io n ,  vi3 in tro d u c e  th e  c o n s ta n t  C, u n s p e c if ie d  

a t  p r e s e n t ,  by w r i t in g  (8 ,1 3 )  in  th e  fo llo w in g  way

^ y )  r  S ^ h ' ( s )  -  CR(s)

ir J R (s) ( s  -  y )

±

ds = f ( y )  -  £  R (y) f
77 i s - :
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= f(y) -  ~  R (y) l o g [ ( i  -  y ) / y l .

The r i g h t  hand s id e  o f t h i s  e q u a tio n  i s  z e ro  a t  b o th  ends o f th e

i n t e r v a l ,  and th e  e q u a t io n  can be re g a rd e d  a s  th e  in v e rs e  o f
1

y ^ ^ h '(y )  -  C R (y) = -  1  f fC s) -  |  H (s) l o g [ ( l  -  s } / s | l  ,
77 i S  -  V  Jy

bounded a t  b o th  ends (an d  z e ro  t h e r e ) ,  s u b je c t  to  th e  s o l u b i l i t y  

c o n d it io n  b e in g  s a t i s f i e d .  T h is  i s

/■ y ^ A '( y )  -  C E (y )
/ — —  dy = 0 ,
i  &(y)

o r  1
y h '( y )  dy ^

i

We m ust u l t im a te ly  s e le c t  C in  accordance w ith  t h i s  e q u a t io n . E v a lu a tin g

th e  fo llo w in g  Cauchy p r i n c i p a l  v a lu e s  
1

1 f l  -  (1  -  A  -  y ^

o
1

i  [  . 1 — . lo g  g ( l  -  3 ) / s i  ds = 1 -  -n- a ( y ) .
n J ^ B - y

th e n  th e  in v e r t e d  e q u a tio n  becomes

1

y ^ ^ h '(y )  = -  £ f  ^  - , lo g  ( £  . -  (^1 -  . (8 ,1 4 )
J 8 ^ : ( s  -  y ) *  \ 1  + yV=/ \
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T his  r e p r e s e n ts  a s im ple case  o f th e  d i f f e r e n t i a l  e q u a tio n  s ta g e  in  

th e  g e n e ra l  th e o ry ,  and th e  u s u a l  p ro ced u re  w ould be to  d iv id e  th ro u g h  

by y ^  and in t e g r a t e  w ith  r e s p e c t  to  y . T h is ,  how ever, le a d s  to  te rm s 

w hich a re  unbounded a t  y  = 0 , and we can av o id  t h i s  by th e  fo llo w in g

m ethod. I t  can be shown t h a t  

s
d t

= y  ^“lo g

f o r  a l l  s > y ,  s < y ,  and so , i n t e g r a t i n g  by p a r t s .

-]/2_ A r  h ( s )  ds _ y

V S ^ ^ ( s  -  y )  77

T h ere fo re  (8 .1 4 )  becomes
1

.lo g
1 + V

V2 77 y V2
lo g

y ^ h ' ( y )  = -  f  h ' ( s )  lo g  
77 J

_ yV2

d s .

ds -  y '^ J l  - . C / i r ] ,  (8 .1 5 )

an i n t e g r a l  e q u a t io n  fo r  h / ( y )  w ith  a  v/eakly s in g u la r  k e r n e l .  On 

re tu rn in g  to  th e  o r ig i n a l  v a r i a b l e s ,  t h i s  becomes

H '(x )  = -  I  H '( t )  l o g
......... ....+  X'j/2

d t  + x - ^ 2 [ l  -  C /w j. (8 .1 6 )

'e exam ine t h i s  e q u a tio n  l a t e r .

In  o rd e r  to  d e term in e  an i n t e g r a l  e q u a tio n  w ith  a r e g u la r  

l e r n e l ,  v/e tr a n s fo rm  (8 .1 4 )  to  th e  o r ig i n a l  v a r i a b l e s ,  g iv in g
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oo .

H '(x )  f  (8 .1 7 )
7T t ^ ^ ( t  -  x )

where

Fo(x) = ^  lo g  + X -  0 / it] ,  (8 ,1 8 )

We re a r ra n g e  (8 ,1 7 )  in  th e  form
oo oo

H '(x )  = -  -  [  -  Ï  f  H (t)  R i ( x , t )  d t  + F o (x ) , (8 ,1 9 )
TT I  t  -  X  TT 1
^ • 1

i n  w h i c h

_ / rxV= -  _ 1

t  -  X  L" 5 ^ ' t v »  j

i s  regular. So i s

Ro(x t )  = ^
I x '  '  2 t î ^ ^ ( t S » T P ^ f ‘  •

integrating the  s ingular term in  (8 .1 9 )  by p arts ,  and d if fe r e n t ia t in g  

the resu lt in g  equation with respect to  x ,  we e a s i ly  obtain
CO 00

H"(x) = -  £ f  +     “ -  /* H(t) R2 ( x , t )  dt + F o(x),
TT ^  t  -  X  7 t ( 1  -  x) TT ^

and, s in c e  we can w r ite

t

-  Rs ( x , t )  = ^  Ra ( x ,s )  ds =
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th e n  t h i s  becomes

H "(x) = -  £  [  f  H ' ( t )  R s ( x , t )  d t  + F i ( x ) ,  (8 .2 0 )
TT 4. t  -  X  IT  I1

where

1. 1 F i ( x )  = F o (x ) + + ------- —
7t( 1 -  x ) 7TX^(l + X ^ )

=  -  i  X - 9 G ! l  -  C / w i .

R e tu rn in g  to  ( 8 .9 ) ,  i t  can  be w r i t t e n  in  th e  form

i  f  K ( x , t )  A  A.) = M i(x) + 1 -  I —  A
TT t  -  X V X

and r e a r r a n g in g  t h i s

1

where

^ / * H '( t )  &4 ( x , t )  d t  + £ f  I l L A  = hH (x) + 1 -  (3  2 1 )
TT I  TT i  t  -  X  ■ W  X

K .(x ,t)  -  I K ( x , x )  =  1 ,

^  x ( t  -  1 )

and

p _ % ( x , t )  _ K ( x , x )  = t V 2 ( x  _ 1 )V2 _ %V2(t _ 1 )V2

t  .  X  x%%(t -  l ) % % ( x  -  t )

M u ltip ly in g  ( 8 .2 l )  by X, and e l im in a t in g  th e  s in g u la r  i n t e g r a l  betw een 

i t  and ( 8 .2 0 ) ,  we o b ta in

H " ( x ) + R^H( x ) j H ' ( t )  Q ( x , t )  d t  + a ( x ) ,  ( 8 . 2 2 )
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w here

Q (x ,t)  = I U ( x , t )  -  Rs ( x , t )

-1  I t

( T T i ) ^  (x  - 1 " )^  V  r i )

and

K (x) = -  i  x " ^  [1 -  C/ir! -  R f l  -  J  .

I f  we deno te  tlie  r i g h t  hand s id e  o f (8 ,2 2 )  by R f (x ) ,  th e n  

H "(x ) + R^K(x ) = R f(x )

has s o lu t io n

X

H ( x )  = Cl cos Xx + Cs s in  Rx + / sin'LR(x -  t ) ]  f ( t )  d t ,

{

and u s in g  th e  boundary  c o n d itio n s

H ( l)  = - l / R ,  H '( l )  = 0 ,

we f in d  t h a t
X
r

H ( x )  = - ( i / R )  c o s [ R ( x  -  l ) j  + I s in [R (x  -  t ) ]  f ( t )  d t ,

o r

H '(x )  = sinL R (x -  l ) j  +  I cos[X (x -  t ) ]  R f ( t )  d t .

1

R ep lac in g  R f ( t )  i n  t h i s  e x p re s s io n , we a r r iv e  a t  a  r e g u la r  i n t e g r a l  

e q u a tio n  f o r  H '( x ) ,  w hich may be w r i t t e n
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w h e r e

H ' ( x )  =  ^  J  E ' { t )  P ( x , t )  d t  +  g ( x )  (8 ,2 3 )

X

p ( x , t )  =  j  c o s [ R ( x  -  s ) ]  Q ( s , t )  d s

a n d

X

g ( x )  =  j  c o s [ R ( x  -  s ) ]  E ( s )  d s  +  s i n [ R ( x  -  l ) ] .

The e q u a tio n  (8 ,1 0 )

T h is  e q u a tio n  f o r  G ( x )  can he d e a l t  w ith  in  a s im i la r  way, th e  

o n ly  d i f f e r e n c e  b e in g  in  th e  te rm  on th e  r i g h t  hand s id e .  In  th e  i n t e r 

v a l  ( 0 , l )  th e  e q u a tio n  i s ,  w r i t in g  g (x )  = & ( l /x ) ,

— = \ [ g ( y )  + y ^  + y ( l  -  y ) ^ /7 r  -  RFi ( y ) / 7 r ] / y ^ ,
TT R ( s ) ( s  -  y )

where

F i( y )  = F ( l /y )  = f  ( ( l  -  y ^ )  lo g  -  ( l  + y®^) lo g

+ (V 3 )y * ^ .

g (x ) i s  s u b je c t  to  th e  boundary c o n d it io n s

g ( 0 )  = 0 , g ( l )  = - l / X  + (4 /3 w )} l -  lo g 2 j ,  g ' ( l )  = 0 ,

g'(o) i s  f i n i t e .
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We no te  th a t  th e  r i g h t  hand s id e  o f  th e  above e q u a tio n  v a n ish e s  a t  b o th  

ends o f  th e  i n t e r v a l ,  e n a b lin g  us to  employ th e  method in d ic a te d  in  th e  

case  o f  e q u a tio n  (8*9) to  o b ta in  th e  in v e rs e  e q u a t io n . I t  i s  f o r  t h i s  

re a s o n  th a t  we made th e  p a r t i c u l a r  ch o ice  o f  r e p r e s e n t in g  th e  lo g a r i th m ic  

te rm , S pence’s r e p r e s e n ta t io n  g iv in g  r i s e  to  a d iv e rg e n t  te rm  a t  th e  

low er l i m i t  in  th e  e q u iv a le n t  e q u a t io n . The in v e r te d  e q u a tio n  i s

y ^ ^ g '(y )  = -
R g(s)d£ ds

ir J ( s  -  y )  ir J ( s  -  y )
+ s (1 -  -

-RPi(s)/7rj + D/tt,

where D i s  de te rm in ed  by

D =_ /■ s g (a )  ds

On in t e g r a t i n g  by p a r t s  and i n s e r t i n g  th e  a p p ro p r ia te  boundary  c o n d itio n s  

we a r r i v e  a t  th e  c o u n te rp a r t  o f  (8 ,1 5 )

_ ^ 1/2
1

y ^ g A y ) = ~ I g ' ( s )  lo g
TT + yV=

ds + Dy^^/w + l(y )/7T , (8 ,2 4 )

w here

i(y) = / lo g j^Ss^VS + ( 1  -  s)A/7T -
2 ir( l -  s ) ^

+ -  8^^ lo g  1(1 -  s ) / s j  I d s .
TT

(8 .2 5 )

We can  p ro c e e d  to  d e term ine  th e  r e g u la r  i n t e g r a l  e q u a tio n  f o r  0 '( x )
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i n  e x a c t ly  th e  same manner a s  p r e v io u s ly ,  th e  on ly  d i f f e r e n c e  b e in g  in  

th e  f r e e  te rm , and we f in d  th a t
OO

& '(x ) - -  [  G '( t )  P ( x , t )  d t  + g i ( x ) ,  (8 ,2 6 )
i r {

where P ( x , t )  i s  th e  same as  b e f o r e ,  and th e  f r e e  te rm  d i f f e r s  i n  t h a t  

E (x ) i s  r e p la c e d  by E i ( x ) ,  where E%(x) ta k e s  th e  r a t h e r  c o m p lica ted  

form

E i(x )  = X®F(x)/ir -  (D /2it) x ‘®'° -  ( 4 \ / 3 i r ^ )  T
x=/® (x  -  1) 27TX

-  _ L _  io g (x  - 1) -  1 —  iog®(x - 1) +
TTx®* 2irx® 2jt®x®

+ ( l  -  R7r/4)/77x^,

The more in v o lv e d  f r e e  te rm s in  th e  e q u a tio n  f o r  G(x ) a r e ,  o f 

c o u rs e , due to  th e  s u b t r a c t in g  ou t o f  P (x ) from  th e  s o lu t io n  i n i t i a l l y .  

C o m p ara tiv e ly  s t r a ig h t f o r w a r d  f r e e  te rm s a re  o b ta in e d  i f  one d e a ls  

w ith  ( 8 .3 )  and th e  boundary  c o n d it io n s  (8 ,4 )  d i r e c t l y ,  b u t in  any 

su b se q u en t ap p ro x im ate  s o lu t io n  o f th e  c o rre sp o n d in g  r e g u la r  o r  q u a s i

r e g u la r  e q u a t io n s ,  th e  convergence i s  l i k e l y  to  be p oo r and th e  

ac c u ra c y  le s s e n e d .
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The q u a s i - r e g u la r  i n t e g r a l  e q u a t io n s .

We examine f u r th e r  th e  q u a s i - r e g u la r  e q u a tio n s  (8 ,1 5 )  and

(8 .2 4 )

/ h ' ( y )  = -  h ' ( s )  lo g
TT J

ds + Cy^^/iT -  [ ( 8 ,1 5 ) ]

X
^ g '( y )  = -  / g ' ( s )  lo g

IT J

.Vs _ „V2

sV2 + yV2
- — I ds + Dy^^/w + l ( y ) A ,  [ ( 8 ,2 4 ) ]

where th e  c o n s ta n ts  C and D a re  d e f in e d  by
1 1 

X h '( x )  dx D = f  X  g '( x )  dx

J (1  -  x ) ^  ’
C =

L e t us c o n s id e r  th e  e q u a tio n  
1

y ^ ^ A y )  = -  f  ^ ' ( s )  lo g  
TT J

ds + Ky^Vir + f ( y )  (8 .2 7 )

where

K = X ^ '( x )  dx

T i  -  x)^= '
(8 ,2 8 )

w hich e n a b le s  us to  in v e s t ig a t e  (8 ,1 5 )  and (8 ,2 4 )  by u l t im a te ly  

s p e c ify in g  f ( y ) .  W ritin g

# A y )  = %(y),

th e n  (8 ,2 7 )  becomes 

1
SV2 _ vV2

4 ( y )  = _  / 4 ( s )  lo g
7TJ  ̂ sy

ds + f ( y ) / y  + ^ y ~ ^ / i r  (8.29)
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i n  w hich th e  k e rn e l  i s  sym m etric . We assume t h a t  f ( y ) / y  i s  i n t e g r a b le ,  

Carleman [ l l ]  p ro v ed  th a t  F redholm ’s theorem s can be a p p l ie d  

d i r e c t l y  to  an i n t e g r a l  e q u a t io n  w ith  a  w eakly  s in g u la r  k e rn e l  k ( s ,y )  

p ro v id e d  th a t

I I  |k ( s , y ) |^  ds dy < o o ,

'’ çf

t h a t  i s ,  p ro v id ed  th e  k e r n e l  i s  sq u are  i n t e g r a b le .  I t  i s  seen  t h a t  

t h i s  req u ire m e n t i s  n o t s a t i s f i e d  by th e  k e rn e l  in  ( 8 ,2 9 ) ,  and so t h i s  

e q u a tio n  cannot be r e s o lv e d  by  th e  Fredholm  te c h n iq u e s .  However we 

s h a l l  see  t h a t  by expanding  th e  k e rn e l  in  te rm s o f  o rth o g o n a l fu n c tio n s

and by  assum ing a s o lu t io n  o f  a s u i ta b le  fo rm , we can deduce a  system

o f l i n e a r  e q u a tio n s  f o r  c e r t a in  c o e f f i c i e n t s ,  somewhat s im i la r  to  th e  

system  e v o lv in g  from th e  Fredholm  m ethod.

We f i r s t  make a  change o f v a r ia b le  i n  (8 ,2 9 )  by

s = cos^-^6, y  = cos^-^a,

and w r i te

4 ( cos^^ct) = %(o), f(cos^icr)  = f(cr) ,

to  g iv e
TT

» ( a )  0 0 S & ,  =  i f  2 *  * ( 9 )  l o g  ^  +  X / ,  +
TT J COS i d  COS i a

cos 2 0  - cos

C O S i d  + C O S i a

where ^

+ f(o r) /c o s  i (7y  (8 ,3 0 )

K = j  4 (0 )  cos i d  d d ,  (8 ,3 1 )
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and w r i t in g  ^ (c o s ^ -^ )  = ^ ( a ) ,

^ ' ( a )  = -  ta n  ^  4 ( e ) ,  (8 ,3 2 )

Now

008 i d  COS i a

where

-log cos i d  -  cos i a  

cos i d  + cos i a
= -  4  \  an (pn(^)  0 n ( e ) ,  

n=o

ÿ n (# )  = c o s (n  + i ) d  /  cos i d ,  an = 1 / ( 2 n  + l ) .

The fu n c tio n s  4>ri{d) a r e ,  a c c o rd in g  to  [ l 2 ] ,  r e l a t e d  to  th e  J a c o b i 

po ly n o m ia ls  by

Pn d)  = (2n)l 4>n{d) /  ( n l ) ^ ,

and a re  o rthono rm al w ith  w eig h t fu n c tio n  

w(0) = [ l  + cos d j / i r

i n  (0,7t) ,

U sing t h i s  e x p a n s io n , th e  i n t e g r a l  e q u a tio n  becomes
TT

4 ( e )  cos ^  an <^>n(e) I 4 (0 )  s in  i d  (pn{d) d d
TT n=o o

= E / tt + f ( e ) / c o s  i a ,  (8 ,3 3 )

L et us assume t h a t  4 (0 )  h as  th e  form

OO

4 (0 )  = cos i d  [ l  + C O S  0j Am #m (0), (8 ,3 4 )
mHb

The f a c t o r  o u ts id e  the  sum i s  chosen so t h a t  th e  r e s u l t i n g  i n t e g r a l  

i n  ( 8 , 3 3 ) e x i s t s ,  and a l s o  e l im in a te s  th e  h a l f  a n g le s  from  th e  in te g ra n d .
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We d e f in e  t h i s  i n t e g r a l  to  be
TT

bnm = j  (f>m{6) 4>t\{6) s in  ^ 6  cos i d  {l + cos d0 

o

and a l s o  e x p re ss

00 CO

C O S  i d  4 ( 0) = Bm <t>m{d) = i \ l  + cos ^ m (0 ),

m^o m=o

where

TT

1
Bm IT

n^b o

= “  An am n,  amn ~ i  I 4>r\{d) <pm{d) [ l  + cos 0j® d0 .

O bviously  amn = anm and bmn = bnm, and u s in g  th e s e  e x p re s s io n s  in  (8 ,3 3 )  

we o b ta in

00 00

<f>m(cr) y~^'An[anrr/7r + 4 \  ccm bnn/Ti’} = K / tt + f ( e } /c o s  i a ,  (8 .3 5 )  

m^o n=o

But from  ( 8 . 3 l ) ,  on s u b s t i t u t i n g  f o r  4 ( 0 ) ,

K = y 'A n  dn, 

n=o

vhere ^

dn = i  j  [1  + cos d]^ <t>n{d) d d .

17e assume t h a t

f ( e )  _

003 -iff ̂ m=o

Cm <^m(e), (8 ,3 6 )
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B earin g  in  mind t h a t  4>o{o)  = 1 , and u s in g  th e s e  e x p re s s io n s  in  ( 8 .3 5 ) ,  

we e a s i l y  o b ta in  a system  o f  e q u a tio n s  f o r  th e  An,

^  ' An [ano -  dn + oco bno] = ttC q ,

n=o

^  An [anm + 4X (%m bnm] = vCm, m ^ 1 . 

n=o

I t  i s  n o t d i f f i c u l t  to  show t h a t

(8 .3 7 )

bnm = -1
(m -  n)^ -  1

-1
(m + n  + l ) ^  -  1 

bmm — 1 ,

n,m b o th  odd 

o r  b o th  even ,

n odd, m even 

o r  v ic e  v e r s a .

and

aoo = 57t/4, a o i  -  57t/8, aoa = tt/ 8 .

O therw ise

amm — 3?]/4, am,m — am,m—i — t t /2 ,  am,m+2 ~ am,m—2 ~ ?]/8, 

a l l  o th e r  anm b e in g  z e ro . F in a l ly ,  th e  o n ly  n o n -ze ro  dn a re  

do = 37t/4, d i  = 77/ 4 ,

and th e  e q u a t io n s  a re  t h e r e f o r e ,  on w r i t in g  f o r  b r e v i ty

anm = anm, m ^ 1 , 

an 0 = an 0 -  d n ,
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y  An a^m -  y  r    l  = ,  Cm
W  + 1) A  Um -  2n )= - 1 (m + 2n + 2)®- Ü

00 OO

A
An anm - 4X \  r Agn , Agn-2 3 _____ = ir

- 1)=- J(2m + l )  L. \ L(m + 2n + l ) ^ — 1 (m — 2n — l )n=o n=o '

th e  f i r s t  o f  th e se  h o ld in g  f o r  even v a lu e s  o f m, th e  second f o r  odd

v a lu e s  o f m.

I f  we p u t Anm = anm + p  «m bnm , where p = 4-X, th e n  th e

e ig e n v a lu e s  o f (8 .2 7 )  a r e  d e te rm in ed  by

I Anm I = [anm + /i ocm bnmj = 0.  (8 .3 9 )

I t  i s  seen  t h a t  th e  te rm s anm g iv e  n o n -ze ro  c o n t r ib u t io n s  on ly  to  

th e  d ia g o n a l and th e  f i r s t  two sub - and s u p e r -d ia g o n a ls .  The d e t e r -  

m in a n ta l e q u a tio n  f o r  th e  e ig e n v a lu e s  Xm o f  a Fredholm  eq u a tio n  i s  

o f th e  form ( s e e ,  f o r  exam ple, [ l 4 ] .  C hap ter 8 ) ,

|x  fnm -  5nm| = 0 ,

th e  Ônm c o n t r ib u t in g ,  o f  c o u rse , o n ly  to  the  d ia g o n a l te rm s . To a tte m p t 

to  re d u c e  (8 .3 9 )  to  t h i s  form , we c o n s id e r  th e  d e te rm in a n t |a n m |. 

P e rfo rm in g  a llo w ab le  o p e ra t io n s  on t h i s  d e te rm in a n t, i t  can e a s i l y  be 

red u ce d  to  a d ia g o n a l form . However, when th e se  o p e ra t io n s  a re  u sed  

on IAnmI a s  a  w hole, i t  i s  found t h a t  th e  «m bnm combine in  such a 

way a s  to  g iv e  unbounded te rm s . Hence (8 .3 9 )  canno t be red u ce d  to  th e  

above form . T h is  i s  o f  course  c o n s is te n t  w ith  th e  f a c t  t h a t  (8 .2 7 )  was 

shown to  be n o t o f th e  Fredholm  ty p e , and i t s  e ig e n v a lu e s  m ust be 

found from  (8 .3 9 )  a s  i t  s ta n d s .
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We do n o t d e te rm in e  th e  e ig e n v a lu e s  o f (8 ,2 7 )  h e r e ,  b u t i t  

i s  s u g g e s te d  t h a t  t h e i r  s ig n  i s  govern ed  by th e  d ia g o n a l e lem en ts  o f 

|A nm |. T hat i s ,  th e  e ig e n v a lu e s  a re  p e r tu r b a t io n s  o f  th e  approx im ate 

v a lu e s  g iv e n  by th e  d ia g o n a l te rm s

Hm = -  amir/Ombmm j 

and a re  o f  th e  same s ig n  a s  th e s e  approx im ate  v a lu e s ,  nam ely n e g a t iv e ,  

s in c e  amm > 0 , Ombmm > 0 , T h is  t e n t a t i v e  h y p o th e s is  r e q u i r e s  f u r th e r  

i n v e s t i g a t i o n ,  a s  does th e  d e te rm in a n ta l  e q u a tio n  o f  th e  ty p e  (8 .3 8 )  

in  g e n e r a l ,  when th e  r e d u c t io n  to  ’norm al fo rm ’ i s  s in g u la r .

The le a d in g  te rm s o f  ( A n m )  a re  shown in  F ig . 2 .

We now c o n s id e r  th e  d e te rm in a tio n  o f  th e  Cm’ s on th e  r i g h t  

hand s id e  o f  ( 8 .3 7 ) .  In  th e  case  o f (8 .1 5 )  f o r  h / ( y ) ,  t h i s  i s  s t r a i g h t 

fo rw ard  s in c e  by  ( 8 .2 7 ) ,  (8 ,3 6 )  we m ust have

-  1 = y  Cm 0 m ( a ) ,
IR 4rCr /C O S  O' m=o

hence

C o  = - 1 ,  Cm = 0 , m  ̂ 1 , ( 8 ,4 l )

The case  o f (8 .2 4 )  f o r  g '( y )  i s  n o t so s im p le . By re fe re n c e  

to  (8 .2 5 )  we have

f ( a )  _ 1 (a )

cos i c r  TT COS i a
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TT

1
/ l o g

0

COS i d  - COS i a
TT COS i o COS i d  + COS i a

G 0 3 ^ i dI 5oos®-J-0/2 + s in  i d  / t t  
L 27T s in  i d

+ — cos i d  lo g  1 cos i d  s in  i d  d0
TT COS^&0

= I i ( a )  + f  12 (a )  ,

where
TT

I l(o r) = 1 COS i d  - COS i a
TT COS 4 a i

0
COS i d  + COS i a

|^5cos°-J-0 / 2  + s in  i d  / t t

—  i cos i d  s in  i d  d0
27T s in  i d

0 0  I I

= -  -  am I  fscos^-J-© + s in  i d  / t t  — 1
TT Z—y J  L  27T s in  i d  Jm=o o

X cos(m i ) d  cos i d  s in  i d  d d  

am Rm <^m(a) ,4

TT

w here , on p e rfo rm in g  th e  i n t e g r a t i o n s ,  i t  i s  found t h a t

Rm = , m odd, ^ 3 ,  Rm =  , m even ,  ̂ 2 ,
4m(mf- 4 )

Ro = 3 7 /4 8 , 

A lso , we have

4(m + 3 )(m f- l )

R i = - 3/ I 6 .

(8 .4 2 )
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ir

I a ( o )  =

7T C O S  2 0

lo g cos i d  - C O S

C O S i d  + C O S i o
1 COS c o s^ i0  s in  i d  xlo g   ̂ — j 2  ̂ ojLii 2 '

v l  +  C O S  0 /

% d0

am 0m(cr) f  lo g   c o s ^ j  + ^ )0  cos^^0 s in  ^0x
J \1  + cos 0/

X d0

i n  w hich
ir

Tm = [  lo g  y  cos(m + ^ )0  cos^-^0 s in  i d  d0
J \1  + cos 0/

oo TT

= -  4  an J  co s (2 n  + l ) 0  cos(m + i ) d  o o s ^ i d  s in  i d  d d

n=o o

an  Knm ,

n=o

where

Knm =

Now,
0

V

( 2n + m + 2 )^ — 1 ( 2n — m)^— 1

( 2n + m + 1 )^— 1 (2n — m + l )  — 1

, m even .

, m odd.

(2n  + 1 ) L (2n + m + 2 )^ — 1 ( 2n — m)^— 1

(8 . 43 )
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(2n  + l )  C(2n + m + 2 )^ — l ]  L . i (2n — l )  [ (2 n  — m — 2 )^ — l ]
1^0 n = l

=  2
^  (2n  + l )  [ (2 n  + m + 2 )^ -  l ]

J (2n  + l )  [ (2 n  + m. + 2 )^ — l ]  
n= -o®

The second  sum i n  t h i s  l a s t  e x p re s s io n  i s  e a s i l y  seen  to  v a n ish  f o r  

m > 0 , f o r  i t  may be w r i t t e n  as

2m C(2n + l )  (2n  + m + l ) J  2(m -t- 2) Z _jL(2n + l )  (2n + m + 5 ) 
n= -®® n= —oo

i n  w hich each  f r a c t i o n  i s  ze ro  over the  doubly  i n f i n i t e  ra n g e . Hence
OO

T m  = 2 \  — h—     , m even , > 0 ,
(2n  + l )  [ (2 n  + m 4- 2 )^ — l ]

and s im i l a r l y  , (8 .4 4 )

T m  = 2 \  — i — ------------1-------------- , m odd, > 1 ,
^  (2n  + l )  [ (2 n  4- m + l ) ^ -  l ]

w hich a r e ,  o f  c o u r s e ,  more q u ic k ly  co n v erg en t th a n  th e  form s g iv en  

d i r e c t l y  by  ( 8 .4 3 ) .  U sing  r e s u l t s  from  J o l l e y  [ l 5 ] ,  we can show th a t  

To = T i = -  i  , Ta = To = l / 6 .

F in a l ly ,
OO

l ( c r )  =  -  Z  \  a m  ( p m { a )  f E m  +  V ü m / i r ] ,
'  fe-o
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and  so

Cm = -  ^  [Rm + XTm/#i. (8.4-5)

We see  t h a t

Rm f m ^ 2 j

w h ile  th e  l a r g e s t  te rm  in  Tm f o r  m ^ 2 i s  0(m ~^), Hence th e  Cm a re  

q u ic k ly  co n v erg en t

Cm o  0(m“® ) j l  + ’k ] .

The s o lu t io n s  fo r  h '( # )  and g '( 6 )  a re  in d ic a te d  hy  (8o32) 

and ( 8 , 3 4 ) ,

h '( # )  = -  s in  d hm cos(m +

m=o

g '( e )  = -  s in  0 \  gm cos(m  + i ) 6 ,

m=6

where hm and gm a re  th e  s o lu t io n s  o f  th e  system  o f e q u a tio n s  (8 ,3 7 )  

s u b je c t  to  th e  r i g h t  hand s id e s  g iv e n  by  ( 8 ,4 l )  and (8 ,4 5 )  r e s p e c t iv e ly .  

In  th e  case  when k  i s  l a r g e ,  i f  we c o n s id e r  as  a f i r s t  app ro x im atio n  

on ly  th e  te rm s  in v o lv in g  X, th e n  we im m ed ia te ly  have

hm = 0 + 0 (^ "^ )
^ , m > 0 . (8 ,4 6 )

g 2 m =  g s m + i  =    +  0{k ^ )
7r(2m + 1 )

In  th e  c a se  o f  g ( # ) ,  t h i s  i s  seen  by ta k in g  T m  i n  th e  form  su g g e s te d

by ( 8 . 4 3 ) ,
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The t o t a l  s o lu t io n  ( 8 .7 )  o f  ( 8 .3 )  i s  g iv e n  by

ÿ (x )  = “ f r  F (x ) + 2a  h ( e )  + 2 t  g (© ),

on where

X = V  c o s ® ^ .

From ( 8 ,5 ) ,  th e  v o r t i c i t y  d i s t r i b u t i o n  on ( 0 , l )  i s  g iv e n  by

f ( x )  = i  P  ~ ^  f  t  [ > 2 r F ^ ( t ) A  + 2aH % t) + 2 T G '( t) j d t  +
ttW x ^ v t - 1  t - x

+ 2a -  A

= -  - r  [x  l o g ( l  -  x ) + x~^^( l  -  x )^ ^ ] + 2a ^ ^

7T
2 I 1 -  X f  [a h '(O ) + T g* ( e ) ]  de

7T ^  o -  X s in  J-e '

and so

7T

lim  x ^ f ( x )  = —  + 2a + £  /* J a h '( e )  + T g ' ( e ) }
^ 7T i  s in  i e

= —  + 2a -  — [aC + tD5 ,
7T 7T

u s in g  ( 8 ,3 l )  and  (8 ,3 2 )  f o r  th e  two s p e c i f i c  fu n c t io n s  h (e )  and  g (0 ) .  

From S pence, th e  l i f t  c o e f f i c i e n t  i s

Cc = 2 I I — 1 — <p' ( t )  d t  + 27ra, 
t  -  1



193

= 4 t  -  47r[aho + rg o j + 2 ira ,  

on mapping th e  ran g e  o f  i n t e g r a t i o n  on to  ( 0 , i r ) ,  and s u b s t i t u t i n g  f o r  

h '( e )  and g ' ( 0) from  above,

Spence shows t h a t ,  i f  we d e f in e  th e  c o e f f i c i e n t  o f  s u c t io n  a t  

th e  le a d in g  edge to  be

Cs = I  1 l i m  x ^ f ( x )  P  ,
^ x-»o

th e n  f o r  sm a ll a and r ,  th e  fo llo w in g  r e l a t i o n  h o ld s ,

Cg = a C t  -  2[a® -  7̂  j / \  .

U sing th e  above r e s u l t s  to  s u b s t i t u t e  in to  t h i s  e x p re s s io n  f o r  Cg and 

Cg, and s e p a r a t e ly  e q u a tin g  te rm s in  , 7̂  and a r ,  we o b ta in ,

(1  -  = ttA ,  1
(1  -  C/7t)2 = 1 _ 2ho -  ( 8 . 4 7 )

(1  -  D )(1  -  C/tt) = 1 -  TTgo. J

We a ls o  h a v e , from  the g e n e ra l  r e s u l t  

K = (3Ao + Ai)77/4 

f o r  ( 8 . 3 0 ) ,  th e  r e l a t i o n s

C = 7r(3ho + h i ) /  4 , D = 7r(3go + g i ) / 4 ,  ( 8 . 4 - 8 )

T o g e th e r , ( 8 ,4 7 )  and (8 ,4 8 )  se rv e  as a check on th e  le a d in g  c o e f f i c i e n t s ,  

and s in c e  th e y  a r i s e  from  p h y s ic a l  re q u ire m e n ts  o f  th e  p rob lem , en su re  

th a t  th e  s o lu t io n s  o f  th e  q u a s i - r e g u la r  i n t e g r a l  e q u a tio n s  a re  sound.

In  o th e r  w o rd s, th e y  se rv e  to  e s t a b l i s h  e q u iv a le n c e  betw een th e  q u a s i

r e g u la r  e q u a t io n s  and th o se  from  w hich th e y  were d e r iv e d .
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We r e c a l l  t h a t  th e  s lo p e  o f  th e  j e t  i s  r e l a t e d  to  # (x )  by 

y ' ( x )  = -  A ^ ( x )

= 7[X F(x)/7r -  XG-(x)} -  aXH(x).

U sirg  ( 8 . 9 ) and ( 8 . I 0 ) to  s u b s t i t u t e  f o r  te rm s on th e  r i g h t  hand s id e ,  

and mapping th e  v a r ia b le  x  on to  (0 ,7 t) by x = l/cos^-J-0, we can show 

t h a t  th e  s lo p e  o f th e  j e t  i s

^  = r [ s i n  ^  c o s ^ ^  + sin^-^/TTcos + a s in  -  s in  c o s ^ ^
00

-  ? [  [ l  + 2 cos® ^o j[rgo  + ahoi ” & sin a  ^  [rgm + ahm jsin(m  + ^)c t,
2cos / i

^ m=l

th e  d e r iv a t io n  o f w hich makes u se  o f th e  Cauchy p r in c i p a l  v a lu e s
TT

cos m6 d0 TTsin ma _ ^--------------------  =   , m 2 0 ,
cos 6 -  cos a  s in  a o

S o lu tio n  o f  th e  system  o f e q u a t io n s .

The e q u a tio n s  can e a s i l y  be so lv e d  n u m e ric a lly  u s in g  s ts in d ard  

te c h n iq u e s .  We re p la c e  th e  i n f i n i t e  s e t  o f  e q u a tio n s  f o r  Aq, A%, A2 , •• 

by th e  f i r s t  M e q u a t io n s ,  r e t a in in g  o n ly  th e  te rm s in  A q ,  A%, . . . .  

kf^-\  on th e  l e f t  hand s id e .  To j u s t i f y  t h i s ,  l e t  u s  assume t h a t  th e  

Am co n v e rg e . Then we have assum ed t h a t  th e  te rm s

(a « tk  m + iiOLm bw+km) A^+k, k=0, 1 , . . . .  m = 0 , . . . .  (M -  l ) ,

in  th e  f i r s t  M e q u a tio n s  a re  e f f e c t i v e l y  z e ro ,  and th a t  th e  rem ain ing  

i n f i n i t e  s e t  o f e q u a tio n s  a re  i d e n t i c a l l y  s a t i s f i e d .  T hat i s ,  a l l  th e
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te rm s  c o n ta in e d  in  them  a re  e f f e c t i v e l y  z e ro ,  th e se  being

(aniD 4" /Jam bnm) Ap , Cm , n—0 , 1 ,  # « # * , m— M, M + 1 ,  • • • •

We have seen  th a t  th e  am b n m  d e c re a se  in  m agnitude as  (n  -  m) in c r e a s e s  

( a s  we move away from  th e  d ia g o n a l o f  th e  m a tr ix )  and a s  m in c r e a s e s .  

A ls o , i n  th e  case o f  ( 8 .1 5 ) ,  a l l  Cm a re  ze ro  b u t  th e  f i r s t ,  w h ile  f o r  

(8*24) th e  Cm f a l l  o f f  l i k e  m ^ . H ence, f o r  mode-rate v a lu e s  o f  /j = 4X, 

we see  t h a t  th e  above ap p ro x im atio n  w i l l  p ro v id e  a  re a s o n a b ly  a c c u ra te  

s o lu t io n  f o r  a  s u i t a b ly  chosen  v a lu e  o f M.

In  f a c t  we so lv e  th e  e q u a tio n s  f o r  M = 10 and M = 20, th e  

v a r i a t i o n  i n  th e  v a lu e s  o f  th e  c o e f f i c i e n t s  betw een th e  two c a s e s  b e in g  

o f  co u rse  a  m easure o f  th e  a c c u ra c y  o f  the  m ethod. We employ th e  

te c h n iq u e  and  com puter program  due to  Bowdler e t  a l .  (s e e  Appendix I ,  

page 274 ) ,  to  e v a lu a te  th e  hm and gm f o r  s e v e r a l  v a lu e s  o f X. As a 

check  on th e  le a d in g  c o e f f i c i e n t s  we make u se  o f  ( 8 .4 7 ) ,  and f i n d  t h a t  

i n  a l l  c a se s  th e y  a re  s a t i s f i e d  a c c u r a te ly .

The v a lu e s  o f  th e  f i r s t  fo u r  c o e f f i c i e n t s  a re  d is p la y e d  in  

T ab le  1 . f o r  h (# )  and T ab le  2 . f o r  g ( 6 ) ,  f o r  b o th  v a lu e s  o f M. I t  i s  

seen  th a t  th e r e  i s  l i t t l e  d i f f e r e n c e  betw een th e  s o lu t io n s  f o r  M = 10 

and M = 20 , th e  maximum v a r i a t i o n  b e in g  in  h s ,  h a , g 2 and g 3 f o r  th e  

h ig h e r  v a lu e s  o f C j, w h ile  f o r  th e  s m a l le r  Cj th e  v a r i a t i o n  i s  m in im al.

T here i s ,  o f c o u r s e ,  l i t t l e  to  be g a in e d  by re d u c in g  in t e g r o -  

d i f f e r e n t i a l  e q u a t io n s ,  i f  one s t i l l  has to  r e s o r t  to  com puter te c h 

n iq u e s  to  r e s o lv e  th e  p ro b lem , and th e  c h ie f  advan tage o f  the  m ethod
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i s  th e  p o s s i b i l i t y  o f  an approx im ate  m anual s o lu t io n .  T hat th e  p r e s e n t  

system  o f e q u a tio n s  i s  open to  such an approach  can be seen  by r e t a in in g  

o n ly  th e  fo llo w in g  te rm s ,

ho — ‘I 'h i -  ^hg  — h g / l5  = - ttCo/ p ,

—ho/9  + %hi — h 2/ 4-5 — hq/ 9  = —7rCi//i,

- h q / l5  + h s /5  = -w C j/ti,

—h i / 2 1  + hc / 7  = —irC 3 / ,

t h i s  ap p ro x im atio n  b e in g  v a l i d  f o r  v a lu e s  o f p such  t h a t  th e  anm a re  

sm a ll com pared w ith  th e  /lOLm b n m ,  b u t n o t  so la rg e  t h a t  th e  c o e f f i c i e n t s  

a re  g iv e n  by th e  e x a c t l i m i t i n g  v a lu e s  (8 o 4 6 ), S u b s t i tu t in g  f o r  th e  

Cm from th e  above r e s u l t s ,  we f in d  t h a t

ho = - 71/ 3) ,̂ h i  = 3 h o /8 ,

hg = h o /3 , hs = h i / 3 ,

and

go = - 7/IO X  + 4 / 5 i r ,  g i  = 7/IOOX + 4 /5 ir ,

g 2 = g o /3  + l / Z) k  -  l /6 w , g 3 = g i / 5  + I / 6X -  l/ôTT.

E v a lu a tin g  th e s e  f o r  a p p ro p r ia te  v a lu e s  o f  X, we o b ta in  th e  

r e s u l t s  shown in  T ab le 3 . ,  the  le a d in g  te rm s com paring fa v o u ra b ly  w ith  

th e  com puted v a lu e s .  We e x p e c t th e  h a , h a ,  ga and ga to  be l e s s  a c c u ra te  

th a n  th e  dom inant c o e f f i c i e n t s ,  s in c e  we ig n o re d  c o m p a ra tiv e ly  la rg e  

te rm s in  them above.

T h is  crude ap p ro x im a tio n  in d i c a t e s  t h a t  th e  system  i s  open to  

more r ig o r o u s  app rox im ate  te c h n iq u e s ,  such  a s  th o se  d is c u s s e d  by
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K an to ro v ich  and K ry lov  [% 6], w hich w i l l  g iv e  v a lu e s  o f th e  c o e f f i c i e n t s  

f o r  m oderate v a lu e s  o f  a s  a c c u ra te  a s  one i s  l i k e l y  to  r e q u i r e .
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w

0

FIG-, 1 : The je t - f la p p e d  a e r o f o i l ,  showing the p h y s ic a l v a r ia b le s  

and the v o r t i c i t y  and downwash d is tr ib u t io n s  on the x

a x is .
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CHAPTER V

WAVE PROPAGATION IN A T m  DIMSNSIONAL, INFINITE RSGULAR ARRAY OF

RIGID ICE FLOES.

1 . In t ro d u c t io n  and fo rm u la tio n  o f th e  p rob lem .

We in v e s t ig a t e  th e  c o n d itio n s  u n d er w hich a wave can p ro p ag a te  

th ro u g h  a r e g u la r ,  i n f i n i t e  system  o f  ic e  f lo e s  by c o n s tru c t in g  th e  

fo llo w in g  m a th em a tic a l m odel. Suppose t h a t  th e  f lo e s  occupy p o s i t io n s  

on th e  su rfa c e  o f  an i n f i n i t e l y  deep expanse o f  w a te r ,  and assume t h a t  

th e y  a re  d is p la c e d  so l i t t l e  by th e  f l u i d  m otion t h a t  t h e i r  v e r t i c a l  

v e l o c i t i e s  can be ig n o re d . We c o n s id e r  th e  two d im en sio n a l s i t u a t i o n ,  

ta k in g  th e  f l u i d  to  occupy th e  h a l f  p la n e  y  < 0 , and i t s  u n d is tu rb e d  

su r fa c e  to  c o in c id e  w ith  th e  x a x i s .  The f l u i d  m otion i s  d e s c r ib e d  by 

th e  v e l o c i ty  p o t e n t i a l  $ ( x , y , t ) ,  w hich m ust be a s o lu t io n  o f

$ x x  + $ y y  = 0 ,

assum ing th e  f l u i d  to  be in c o m p re ss ib le  and i r r o t a t i o n a l .

The p re se n c e  o f th e  f lo e s  i s  d e a l t  w ith  by im posing

$y = 0 ,  X f  2 ak y  = 0 ,

s u b je c t  to  th e  p e r i o d i c i t y  c o n d itio n

ak+i -  ak = 2&, a l l  k ,

w h ile  th e  r e l a t i o n

bk -  ak = 2L, a l l  k ,  L < I ,

e n s u re s  t h a t  th e  f l o e s  a re  o f e q u a l d im ension .
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On th e  rem a in d er o f  y  = 0 , th e re  e x i s t s  a  f r e e  s u r f a c e ,  and

from  th e  l i n e a r i s e d  v e r s io n s  o f  th e  k in e m a tic  c o n d it io n  and th e

B e rn o u l l i  e q u a t io n ,  we o b ta in  th e  u s u a l  re q u ire m e n t on such  a  s u r f a c e ,

+  g $ y  =  0 ,  X  f  2  b k  a k + i,  y  = 0 .

The problem  th u s  posed  i s  an e x te n s io n  o f  th e  f i n i t e  dock 

s i t u a t i o n ,  w hich has been  d is c u s s e d  by R ubin [ l ]  and S parenberg  [ 2 ] ,  

to  th e  case  o f  i n f i n i t e l y  many docks.

Assuming th e  th e  v e lo c i ty  p o t e n t i a l  c o n ta in s  th e  tim e harmon

i c a l l y ,

$ ( x , y , t )  = e x p (iw t)  0 ( x ,y ) ,  

th e n  <^(x,y) i s  d e f in e d  by

ÿxx + (pyy = 0 ,  y  < 0 ,  ( l . l )

(j)y = 0 ,  X e 2 ak b k , y  = 0 ,

1 (1 . 2)
(f)y = (0 0 /g ,  X e 2 bk a k + i, y  = 0 . J

(See F ig .  1 ( a ) ) .

T h is  boundary  v a lu e  problem  can be approached  in  two w ays. 

F i r s t ,  by making u se  o f  au tom orphic fu n c tio n  th e o ry  in  r e l a t i o n  to  

the R ie m an n -H ilb e rt p rob lem , we can deduce an i n t e g r a l  e q u a tio n  f o r  

on th e  f r e e  s u r f a c e ,  and second , by p o s in g  two f u r t h e r  in d e p 

en d en t p o t e n t i a l  p ro b lem s, th e  s o lu t io n s  o f w hich can be com bined in  

a  p a r t i c u l a r  way to  p ro v id e  th e  s o lu t io n  o f th e  problem  s t a t e d  above. 

I t  w i l l  be shown t h a t  th e s e  two m ethods le a d  to  e s s e n t i a l l y  th e  same
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c o n c lu s io n .

A utom orphic fu n c t io n s  o f f e r  a  p o w erfu l means o f  d e te rm in in g  

p e r io d ic  s o lu t io n s  o f  boundary  v a lu e  p ro b lem s, when th e re  i s  p e r io d i c i t y  

in  th e  boundary  c o n d i t io n .  In  th e  fo llo w in g  s e c t io n  we s t a t e  some o f 

th e  s im p le s t  f a c t s  abou t such  fu n c t io n s  w ith  th e  a id  o f  w hich we can 

d is c u s s  p e r io d ic  s o lu t io n s  o f  th e  R ie m an n -H ilb e rt p roblem .

2 . The R ie m an n -H ilb e rt p roblem  f o r  au tom orphic  f u n c t io n s .

C o nsider th e  group  V o f  b i l i n e a r  tr a n s fo rm a tio n s

wk(z) = — . ^ ^  ■ , ttk 6k -  /3k ^k /  0 , ( 2 . 1 )
fk  z + 6k

Then the  s in g le - v a lu e d  a n a ly t i c  f u n c t io n  F ( z ) i s  c a l l e d  au tom orphic 

w ith  r e s p e c t  to  f  i f  i t  i s  in v a r i a n t  u n d er the  t r a n s fo rm a tio n s  o f  t h i s  

g roup

F [w k (z )] = F ( z ) .  ( 2 , 2 )

Only th e  so c a l l e d  s t r i c t l y  d is c o n tin u o u s  g roups o f b i l i n e a r  s u b s t i t 

u t io n s  a re  ta k e n  in t o  acco u n t in  th e  th e o ry  o f au tom orphic fu n c t io n s ,  

and f o r  each  such  group in  the z p la n e ,  th e r e  e x i s t s  a domain which 

does n o t c o n ta in  two d i s t i n c t  p o in t s  e q u iv a le n t  to  each o th e r ,  b u t 

w hich does c o n ta in  p o in t s  e q u iv a le n t  to  a l l  o th e r  p o in ts  in  the  p la n e ,  

r e l a t i v e  t o  th e  g ro u p . Such a  domain i s  c a l l e d  the  fundam en ta l domain 

o f  th e  g roup . I f  th e  group does n o t c o n ta in  i n t e g r a l  s u b s t i t u t i o n s ,  

t h a t  i s  i f  no Yk v a n is h e s ,  th e n  th e  fu n d am en ta l domain i s  th e  e x t e r io r
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o f  a l l  the is o m e tr ic  c i r c l e s  o f  th e  g ro u p , th e se  b e in g  g iv e n  by

jfk  z + 6k| = 0 , 

assum ing th e  n o rm a l is a t io n  ak&k -  ^k^k = 1 .

I f  th e  group c o n ta in s  an i n f i n i t e  s e t  o f  s u b s t i t u t i o n s ,  th e n  

the c e n t r e s  o f  th e  is o m e tr ic  c i r c l e s  form  an i n f i n i t e  s e t  h av ing  one 

o r  more p o in ts  o f c o n d e n s a tio n , o r l i m i t  p o in t s .» A l l  p o in t s  o th e r  th a n  

l i m i t  p o in t s  a re  c a l l e d  r e g u la r  p o in t s .

The r e g u la r  p o in ts  o f a  s t r i c t l y  d is c o n tin u o u s  group e i t h e r  

form one co n n ec ted  domain S , o r  a re  d iv id e d  by th e  l i m i t  p o in ts  in to  

s e v e r a l  domains S i ,  S g , . . . . ,  and such a group i s  c a l le d  f u n c t io n a l  

i f  one o f th e s e  c o n n e c te d  domains i s  mapped in to  i t s e l f .  Two o f the  

m ost im p o r ta n t ty p e s  o f  f u n c t io n a l  g roups a re  e lem en ta ry  groups and 

F u ch sian  g ro u p s . The fo rm er c a te g o ry  have been  r ig o r o u s ly  in v e s t ig a t e d ,  

and th e  g r e a t e s t  i n t e r e s t  in  th e  p re s e n t  c o n te x t l i e s  in  th e  s in g ly  

p e r io d ic  e le m e n ta ry  g roup g e n e ra te d  by the s u b s t i t u t i o n  w (z) = z + Q, 

f o r  some c o n s ta n t  Q, h av ing  one l i m i t  p o in t  a t  i n f i n i t y .

R e tu rn in g  to  th e  d is c u s s io n  o f autom orphic f u n c t io n s ,  th e n  

s in c e  th e s e  ta k e  i d e n t i c a l  v a lu e s  a t  e q u iv a le n t p o in t s ,  i t  i s  s u f f i c i e n t  

to  s tu d y  them o n ly  i n  th e  fundam enta l domain o f the g roup . For each  

f u n c t io n a l  group th e r e  e x i s t s  an autom orphic fu n c t io n  w hich does n o t 

reduce to  a  c o n s ta n t ,  and  f o r  such a  fu n c tio n  each  l i m i t  p o in t  o f th e  

group i s  an e s s e n t i a l  s i n g u l a r i t y .  F u r th e r ,  an au tom orphic fu n c tio n  

which i s  n o t i d e n t i c a l l y  z e ro , has in  i t s  fundam en ta l domain one and
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th e  same number o f  z e ro s  and  p o le s .  We c a l l  the fu n c tio n  f ( z ) ,  w ith  a 

s in g le  s im ple  p o le  i n  th e  fundam enta l dom ain, th e  fundam en ta l a u to 

m orphic fu n c t io n  o f  the  g ro u p .

The fu n d am en ta l theorem  o f au tom orphic f u n c t io n s ,  w hich i s  

u t i l i s e d  in  the s o lu t io n  o f  th e  R iem an n -H ilb e rt p rob lem , can be s t a t e d  

as fo llo w s : any au tom orph ic  fu n c t io n  b e lo n g in g  to  the same group  as  

f ( z ) ,  and hav ing  th e  same domain o f e x i s t e n c e ,  i s  a r a t i o n a l  f u n c t io n  

o f  f ( z ) .

We a re  now i n  a  p o s i t io n  to  fo rm u la te  th e  R iem an n -H ilb e rt 

problem  f o r  au tom orphic f u n c t io n s .

L e t L be a smooth open o r  c lo se d  c o n to u r  s i t u a t e d  in  one o f 

the dom ains S ( p o s s ib ly  to u c h in g  th e  boundary  o f S a t  a f i n i t e  number 

o f  p o in t s )  o f  a f u n c t io n a l  group V o f  b i l i n e a r  tr a n s fo rm a tio n s  w k (z ), 

and l e t  Lk (k  = 1 , 2 , . . , . )  be th e  c o n to u rs  g e n e ra te d  by w k (z ). We 

assume t h a t  th e  l i n e s  Lk a re  d i s t i n c t  and i n t e r s e c t  each  o th e r  and L 

in  on ly  a  f i n i t e  number o f  p o in t s .  F u r th e r ,  l e t  $ (z )  be a  s in g le -v a lu e d  

f u n c t io n  o f  th e  p o in t s  z o f  th e  domain S , such  t h a t

( i )  $ (z )  i s  au tom orph ic  r e l a t i v e  to  th e  group f ,

$ [w k (z )]  = $ ( z ) ,  k -  1 , 2 , . . . .  ( 2 . 3 )

( i i )  A ll  th e  e s s e n t i a l l y  s in g u la r  p o in ts  o f $ (z )  a re  l i m i t  p o in ts  

o f  th e  g ro u p , and i n  any fu n d am en ta l domain i t  has a  f i n i t e  

number o f p o le s ,

( i i i )  $ ( z )  i s  c o n t in u o u s ly  e x ten d ab le  to  each  p o in t  o f  L (an d  hence 

Lk, k  = 1 ,  2 ,  . . . . )  ex ce p t n e a r  th e  end p o in ts  o f L , where
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however

c o n s t.
S ( : ) |  < , a < 1 ,

z -  c

and th e  p o in t s  o f  in t e r s e c t io n  o f  L and Lk , n e a r  w hich i t  i s  

a lm o st bounded.

Then the  fu n c t io n  $ ( z )  i s  a  se c tio n a lly -m e ro m o rp h ic  au tom orphic  f u n c t io n  

b e lo n g in g  to  th e  g roup  f ,  and has a l i n e  o f  jump d is c o n t in u i ty  L. The 

R iem an n -H ilb e rt p roblem  can  be s ta t e d :  to  de te rm in e  $ ( z ) ,  hav ing  p r e s 

c r ib e d  p o le s  in  S , s a t i s f y i n g  the  boundary  c o n d it io n

$ + ( t )  = V ( t)  $ _ ( t )  + g ( t )  , t  e L , ( 2 .4 )

where V ( t)  and g ( t )  a re  known and s a t i s f y  th e  H o lder c o n d i t io n  on L.

I t  i s  assumed t h a t  V ( t)  i s  nowhere ze ro  on L,

The c o n to u rs  Lk (k  = 1 , 2 , . , , , )  a re  a ls o  l i n e s  o f jump d i s 

c o n t in u i ty  f o r  the f u n c t io n  $ ( z ) ,  and i t  i s  n o t d i f f i c u l t  to  show th a t  

on them we r e q u ir e

$ + ( t )  = V [w j( t) ]  $ _ ( t )  + g [ w j ( t ) ] ,  t  e L j .  ( 2 .5 )

The boundary  c o n d i t io n s  ( 2 .4 )  and (2 .5 )  a re  e q u iv a le n t  to  th e  c o n d i t io n

( 2 . 4 ) and th e  r e l a t i o n s  ( 2 .3 ) ,  and so in  s o lv in g  f o r  $ ( z )  i t  i s  s u f f i c i e n t  

to  s a t i s f y  ( 2 .4 ) ,  e n s u r in g  t h a t  $ ( z )  i s  au tom orphic w ith  r e s p e c t  to  the 

group r.

The s o lu t io n  o f  t h i s  R iem an n -H ilb e rt problem  in  th e  ca se  when 

r  i s  a  f i n i t e  group h as  been  d e r iv e d  by Gakhov and C h ib rik o v a  [ 3 ] .  The 

e x te n s io n  o f th e s e  r e s u l t s  to  a n o th e r  ty p e  o f  e lem en ta ry  g ro u p , the 

i n f i n i t e  g ro u p , h a s  been  c a r r i e d  ou t in  a p a p e r  by C h ib rik o v a  [ 4 ] ,
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whose work we now c i t e .

C o n sid er th e  p a r t i c u l a r  case  when V ( t)  = 1 , and

$_i_(t) -  # _ ( t )  = g ( t ) ,  t  f  L . (2 .6 )

The o rd in a ry  Cauchy i n t e g r a l  does n o t p ro v id e  th e  s o lu t io n  o f  t h i s ,  

s in c e  th e  re q u ire m e n t o f a u to m o rp h ic ity  i s  n o t s a t i s f i e d .  L e t f ( z )  be 

th e  fu n d am en ta l au tom orph ic fu n c tio n  hav ing  a sim ple p o le  a t  zo in  the  

fu ndam en ta l domain R. Then th e  c o u n te rp a r t  o f th e  Cauchy i n t e g r a l  in  

au tom orphic  fu n c t io n s  i s

$ i ( z )  =  —  U { t )  ( 2 . 7 )

2wi f ( r )  -  f ( z )

and d e f in e s  a  s e c t i o n a l l y  holom orphic au tom orphic f u n c t io n  be lo n g in g  

to  th e  group f ,  having  a l i n e  o f d i s c o n t in u i ty  L and v a n ish in g  a t  zo and

a l l  e q u iv a le n t  p o in t s .  Form ulae s im i la r  to  th o se  o f P le m e lj can be

deduced a s  z t  e L from  b o th  s id e s ,

= -  t e ( t )  + —  f  g ( r )
2wi f ( r )  -  f ( t )

Hence ( 2 .y )  y ie ld s  th e  s o lu t io n  o f th e  jump problem  ( 2 .6 ) .  F u r th e r ,  

th e  p rob lem  o f ze ro  jump w hich i s  ze ro  a t  zo v a n ish e s  i d e n t i c a l l y  by 

v i r tu e  o f  a n a ly t ic  c o n t in u a t io n  and th e  p r o p e r t i e s  o f au tom orph ic 

f u n c t io n s ,  so t h a t  ( 2 .7 )  i s  u n iq u e .

By th e  fun d am en ta l theorem  o f au tom orphic f u n c t io n s ,  th e  

g e n e ra l  s e c t i o n a l l y  m erom orphic s o lu t io n  i s
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* (z )  = J L  f  g(T ) (2 .8 )
2wi ^  f ( r )  -  f ( z )  [ f ( z )  -  f (z i) ] ''* -  '

h av in g  p o le s  o f  o rd e rs  v i ,  .......... , vm a t  z i ,  ... , zm, where P v (z)

i s  a p o ly n o m ia l in  z o f deg ree  n o t g r e a t e r  th a n  v = v i +  o . . .  + vm, 

c o n ta in in g  (v + l)  a r b i t r a r y  c o n s ta n ts .

A s o lu t io n  o f  ( 2 .6 )  having  a  p o le  o f  o rd e r  % a t  zo i s

5 ( z )  = —  f  s i r )  + P j f ( z ) ] ,  (2 .9 )
27Ti f ( r )  -  f ( z )

and th e  g e n e ra l  s e c t i o n a l l y  holom orphic s o lu t io n  i s

§ ( z )  = —  /  s ( t )  ... +  c ,  (2 .1 0 )
27Ti f (T )  -  f ( z )

where C i s  an a r b i t r a r y  c o n s ta n t .  I f  $ (z )  i s  to  van ish , a t  zo we must

p la c e  C = 0 , and r e tu r n  t o  th e  un ique s o lu t io n  ( 2 .7 ) .

I t  i s  a sim ple  jump problem  o f th e  ty p e  (2 .6 )  w hich w i l l  be 

o f  i n t e r e s t  to  us s h o r t l y ,  b u t f o r  th e  sake o f  c o m p le te n ess , we s t a t e  

th e  g e n e ra l  s o lu t io n  o f  th e  boundary  c o n d i t io n  ( 2 o 4 ) ,  w hich can be

deduced from  th e  above. D e fin in g  th e  in d ex  o f V ( t)  to  be

V =  [ a r g  V ( t) ]  ^  / 27t ,

th e n  ( 2 . 4 ) adm its  th e  s o lu t io n

$(Z ) = X(Z) ['I'(Z) 4- P y ( f  ) i ,

w h e r e
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X (z) = l f ( z )  -  f ( t o ) j  ^ 

t o  b e in g  th e  i n i t i a l  p o in t  o f th e  l i n e  L,

y (z )  = - i _  /* lo g  v ( t ) . ,
27Ti J f ( r )  -  f ( z )

and

f ' ( r )  d r$ ( z )  = - L   £ l L
2 7 T i J  X * , ( t )  f ( T )  -•L  * v / - f ( z )

P ^ (z )  i s  an a r b i t r a r y  po lynom ial o f d eg ree  v  i n  z . I f  th e  s o lu t io n  i s  

s u b je c t  to  th e  a d d i t io n a l  c o n d itio n  § (z o )  = 0 ,  th e n  P y (z) must be 

re p la c e d  by P v -X z), and i f  v ^  0 ,  th e n  we must p la c e  P^_,(z) = 0 . 

F u r th e r ,  i f  v < 0 ,  th e  s o l u b i l i t y  c o n d itio n s

f  g (T ) [flT)]""  ̂ f ' ( r )  d r  = 0 ,  j  = 1 ,  2 , . . . .  , - v .

m ust be s a t i s f i e d .

The fo re g o in g  th e o ry  i s  v a l id  u n d er th e  assum ption  th a t  g ( t )  

i s  H o ld er c o n tin u o u s . However, Gakhov has shown [5 ] in  the  case  o f 

th e  o rd in a ry  R iem an n -H ilb e rt problem  t h a t  the r e s u l t s  b ased  on t h i s  

p o s tu la t e  a ls o  h o ld  when g ( t )  has a f i n i t e  number o f  d i s c o n t in u i t i e s  

o f  th e  f i r s t  kindo In  such a c a s e ,  the s o lu t io n  may have lo g a r i th m ic  

s i n g u l a r i t i e s  a t  th e  p o in ts  o f d i s c o n t in u i ty  u l t im a te ly .  The re a so n in g  

on w hich  t h i s  c o n c lu s io n  i s  b ased  c a r r i e s  over to  th e  R iem an n -H ilb e rt 

problem  f o r  au tom orphic fu n c tio n s  im m ed ia te ly .
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3 , The s o lu t io n  o f  th e  boundary  v a lu e  problem  o f S e c tio n  1 . u s in g

autom orph ic f u n c t io n s .

We r e c a l l  t h a t  we r e q u ire  th e  fu n c t io n  <^(x,y) to  be p e r io d ic

w ith  p e r io d  21  and s a t i s f y  th e  c o n d i t io n s  ( l . 2 )  on y  = 0 . We must

a l s o  im pose th e  boundedness o f </)(x,y) as  x , and  th e  re q u ire m en t

lim  0 ( x ,y )  = 0 . ( 3 . l )
y *  - 0 0

F or d e f in i te n e s s  l e t  us choose th e  domain D bounded by 

X  =  ^ ( a k  +  b k )  =

X =  i ( a k + i  +  b k + i )  =  + t ,

y  = 0 , y  = -®*,

in  w hich to  d is c u s s  th e  p rob lem , and d e f in e

F ( z )  = ÿ ( x ,y )  + i ^ ( x , y ) ,  Im z < 0 , (3 .2 )

and

G (z) = F  = I m z S O .  (3 .3 ) ̂ '  dz ÔX 8y

We can e x te n d  th e  d e f i n i t i o n  o f G ( z )  to  the  w hole p la n e ,  by w r i t in g

G ( z )  =  G ( z ) ,  Im z > 0 ,

so t h a t  G ( z )  i s  s e c t i o n a l l y  ho lom orph ic , hav ing  a l i n e  o.f d is c o n t in u i ty

on the  r e a l  a x i s ,  on w hich we d e f in e

G _ ( x )  = lim  G ( z ) ,  
y > o-

80 t h a t  G -+ (x )  =  l i m  G ( z )  =  l i m  G ( z )  =  G _ ( x )  ,
y->o+ y->o +

Hence

G. ( x )  -  G _ ( x )  = -  2 i  Im Gj^x). ( 3 . 4 )
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By v i r t u e  o f  ( 5 .3 )  and  ( 3 .4 ) ,  th e  boundary  c o n d it io n s  on y  = 0 can 

th e r e f o r e  be w r i t t e n

G f(x ) -  G-_(x) = 0 , X c S ak bk ik

G+(x) -  &_(x) = 2iw ^</)(x,0)/g, X e Z bk a k + i.

(3 .5 )

Now th e  group o f tr a n s fo rm a tio n s

w (z) = z + 2 l y  (3o6)

h as  a fun d am en ta l domain R bounded by

X = ± y  = ± «»,

and a fu n d am en ta l autom o rp h ie  fu n c tio n

f ( z )  = e x p [7 r iz / i i ,  (3 .7 )

which h as  a sim ple p o le  a t  z = zo = -i™  (and  a ze ro  a t  z = zo = i«>).

The t r a n s fo rm a tio n s  d e f in e d  by (3 .6 )  g e n e ra te  the  boundary  c o n d itio n  

on the whole x a x is  from  th a t  p r e s c r ib e d  on -6  < x < and so we can 

fo rm u la te  a  R ie m an n -H ilb e rt problem  f o r  au tom orphic fu n c tio n s  to  re p la c e  

the b oundary  r e l a t i o n s  ( 3 .5 )  by

& + { x )  -  G - _ ( x )  = 0 ,  - (  <  X  <  - 6 o ,  & o  <  X  <

(3o8)
G^(x) -  G_(x) = 2io)^<^(x,0)/g, -Co < x < 6o, J

to g e th e r  w ith  th e  re q u ire m e n t t h a t  G(z ) be i n v a r i a n t  w ith  r e s p e c t  to

th e  group  o f  t r a n s fo rm a tio n s  ( 3 .6 ) ,  and th a t

G( z ) = & ( z ) ,  (5 .9 )

H ere we have w r i t t e n  bk = - t o  and ak+i = fo  to  com plete th e  d e f in i t i o n  

o f  the c o o rd in a te  sy stem . S ince we r e q u ir e  the f l u i d  v e l o c i t i e s  to
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v a n ish  a t  g r e a t  d e p th , we must a l s o  im pose th e  re q u ire m e n t t h a t  G(z ) 

v a n ish  a t  th e  p o le  zo o f f ( z ) ,  and hence a t  a l l  e q u iv a le n t  p o in t s .

The boundary  c o n d it io n  (3 .8 )  i s  d is c o n t in u o u s ,  b u t by  th e  

rem arks made a t  th e  c lo s e  o f  S e c tio n 2 . we can make u se  o f th e  r e s u l t s  

o f  t h a t  s e c t i o n ,  b e a r in g  in  mind t h a t  lo g a r i th m ic  s i n g u l a r i t i e s  may 

occu r in  th e  s o lu t io n  a s  a  consequence. We see  t h a t  th e  s o lu t io n  o f  

th e  p r e s e n t  problem  i s  p a r a l l e l  to  ( 2 .7 ) ,  and i s  th e re f o r e

a ( z )  = J L  ,
27Ti J g f ( r )  -  f ( z )— t o

and u s in g  ( 3 .7 )  ,10

G (z) = ^  # ( r , 0 )  [ c o t ~ ( r  -  z) + i j  d r ,

- t o

from w hich c o n d i t io n  (3 .9 )  e a s i l y  g iv e s
t o

I <^(r,0) d r  = 0 . (3 .1 0 )

- t o

We d is c u s s  t h i s  e q u a t io n  l a t e r «

Now ^ ( x ,y )  = R t  F ( z ) ,  Im z < 0 ,  and so by ( 3 .3 ) ,  

z /  0

< p ( x , y )  = R i J  ^  ~  J 0 ( r ,O )  [ c o t ^ ( r  -  C) + i |  d r  d ( j  + C,

- t o

where C i s  a r e a l  c o n s ta n t  o f  i n t e g r a t i o n .  S ince we can r e v e r s e  th e  

o rd e r  o f  i n t e g r a t i o n

2  ̂°
< p ( x , y )  = R t  [  -  ! ^  [  ÿ ( r , 0 )  [ lo g  2 s i n ^ ( r  -  z ) -  ^  z j d r  j + CgTT

-7
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t 0

~ ~ j  [ lo g  "  z)j  + ^ 1  d r  + C,

- t o

L e t us n o n -d im e n s io n a lise  by means o f th e  v a r ia b le  change

WZ  _  w  a  n  Û . *  ITT TT ^
^  -  2 “ ®0> 00 -  00 + 2.T]0, 2% "  2 "  *

th e n  7̂T-a

(pi OoyVo)  ~ ^  j  # (G ,0 ) [ lo g  2 |s in ( 0  -  Gq)| -  rjo] dô + C, ( S . l l )
a

where we have in t ro d u c e d  the  d im e n s io n le ss  p a ra m e te rs

n  TTto  ̂ 2(t)̂  t
“ "  5  '  W  ^  '  (3 .1 2 )

and 0 < a < 7r/2,

I t  can be e a s i l y  shown t h a t

lo g  2 |s l n ( e  -  e^ l = 7)0 -  V  ®---------- ° ° °  1 ,* ° )  , (3 .1 5 )

n = i "

and so as  tJo °® ( o r  y  -» -*•), th e  k e rn e l  in  ( S o i l )  te n d s  t o  z e ro . To 

s a t i s f y  ( S . l )  we m ust th e r e f o r e  choose C = 0 ,  and

7T-a

<f>{Bo,T}o) ~ ~ ^  j  [ l° S  2 |s in ( 0  -  8 o ) | -Tjo] <}>{o) à d ,  (3 .1 4 )
a

where <p{ô)  = ^ ( # , 0 ) .  L e t t in g  tjo 0 we o b ta in  an i n t e g r a l  e q u a tio n  

fo r  # ( 0 ) ,
TT-CC

0 (0 o )  = -  X j"  lo g  2 |s in ( 9  -  Go)| ÿ (0 )  d6 . (3 .1 5 )
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The v e l o c i ty  p o t e n t i a l  f o r  a l l  770 can  be d e te rm in e d  from  th e  s o lu t io n  

o f  (3 . 15 ) s im p ly  by  u s in g  ( 3 ,1 4 ) .

S u b s t i t u t in g  (3 .1 3 )  f o r  770 = 0 i n to  ( 3 ,1 4 ) ,  we o b ta in
7T-a

4>{6o) = k i  cos 2n0o / 4>{ô) cos 2nG d0 +

TT-a

+ s in  2n0o J  <p(ô) s in  2 n 6  d6 

a

-  \ cos 2n6o + ^22 s in  2n0o, (3 .1 6 )
Z_j Vn Vn
n= l n= l

where
TT-a TT-a

Can = —  f  0 ( 0 ) cos 2n0 d0 , San = —  / ^ (0 )  s in  2n0 d6 , (3 o l7 )
Vn i  Vh ia a

On s u b s t i t u t i r g  ^ (0 )  from  (3 o l6 )  in to  th e  two e q u a tio n s  ( 3 .1 7 ) ,  th e n

s in c e  i n t e g r a l s  o f  th e  ty p e

TT-aJ cos 2n6 s in  2m0 d0 

a

a re  i d e n t i c a l l y  z e ro  f o r  a l l  m and n , we a r r iv e  a t

00 7T—(X
^ ^ / Q Û <5 Û a AG a n  = —  \  - —  / cos 2n0 cos 2md d0 , ^
Vn Vm J n -  2 ,  . . . .

(3 .1 8 )
T T -a

S a n  = __ \  ____ / s in  2n0 s in  2m6 d 0 ,
Vh L-j  Vm J

m=l oc
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two in d ep en d en t sy stem s o f  e q u a tio n s  fo r  th e  C a n  and San.

Now ( 3 . 1 5 ) r e p r e s e n t s  a  homogeneous i n t e g r a l  e q u a tio n  w ith  a

w eakly  s in g u la r  k e r n e l .  As was in d ic a te d  in  C h ap te r IV , s e c t io n  8 . ,

Carlem an showed t h a t  i n t e g r a l  e q u a tio n s  hav ing  w eakly  s in g u la r ,  h u t

sq u are  i n t e g r a b l e ,  k e r n e ls  can be re g a rd e d  as  Fredholm  e q u a t io n s .  I t

can be v e r i f i e d  t h a t  

TT-a

I I | l o g  2 |s i n ( 0  -  0 o ) | |^  d0 d0o < **, 
a

hence (3 .1 5 )  i s  e s s e n t i a l l y  o f  th e  Fredholm  v a r i e t y .  F u r th e r ,  i t  i s  

s o lv a b le  on ly  f o r  d i s c r e t e  v a lu e s  o f k ,  w hich a re  p ro v id e d  by (3 .1 8 )  

i f  we im pose th e  n e c e s s a ry  c o n d itio n  t h a t  th e se  be c o n s i s te n t  system s 

o f e q u a t io n s .  However s in c e  we a re  p re s e n te d  w ith  two in d e p en d en t s e t s  

o f e q u a t io n s ,  th e n  i t  seems l i k e l y  t h a t  we s h a l l  o b ta in  two d i f f e r i n g  

sequences  o f  e ig e n v a lu e s .  T h is  a l s o  su g g e s ts  t h a t  th e  s o lu t io n  o f th e  

boundary  v a lu e  prob lem  can be d ev eloped  a s  th e  ag g re g a te  o f th e  

s o lu t io n s  o f two f u r t h e r  p ro b lem s. We s h a l l  in v e s t ig a t e  t h i s  rem ark  in  

th e  fo llo w in g  s e c t io n .

The c o n d i t io n  (3©10) w hich has a r i s e n  o u t o f th e  fo rm u la tio n  

can e a s i l y  be re c o g n is e d  a s  th e  c o u n te rp a r t  o f  a  w e ll  known r e s u l t ,  

in  au tom orph ic  f u n c t io n s ,  f o r  i t  can be w r i t t e n  as
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t o  t

0 y (r ,O )  d T  = j  0 y (r ,O )  d r  = 0 ,

- to - t

u s in g  th e  boundary  c o n d i t io n  on th e  i n t e r v a l  - t  < x  < t .  E x p re sse d  in  

t h i s  way, i t  r e q u i r e s  t h a t  th e  i n t e g r a l  o f  the  norm al d e r iv a t iv e  o f 

^ ( x ,y )  v a n ish e s  on -£  < x  < t ,  and h en ce , by  th e  au tom orphic p r o p e r ty ,  

on a l l  e q u iv a le n t  a r c s .  T h e re fo re  th e  i n t e g r a l  o f  th e  norm al d e r iv a t iv e  

i s  r e q u i r e d  to  v a n ish  on the  whole r e a l  a x i s ,  a r e s u l t  w hich i s  an 

im m ediate consequence o f  G re e n 's  theorem  f o r  fu n c tio n s  harm onic i n  a  

domain ( s e e ,  f o r  exam ple, [ 6 ] ) .

F in a l ly ,  we observe  t h a t  o th e r  c l a s s e s  o f s o lu t io n s  can  be 

o b ta in e d  i n  th e  above m anner, i f  we re g a rd  the  boundary  c o n d i t io n  on 

y  = 0 as  b e in g  p e r io d ic  w ith  p e r io d  2 k ( ,  f o r  some in t e g e r  k . F o r such 

c a se s  we m ust d e f in e  th e  g roups

w (z) = z + 2k7, 

and th e  fu n d am en ta l au tom orph ic  fu n c tio n s

e x p [7 T iz /k ij.

The s o lu t io n s  w i l l  th e n  be p e r io d ic  w ith  p e r io d  2 k t ,  In  p a r t i c u l a r ,  we 

can f i n d  th e  c l a s s  o f  s o lu t io n s  w ith  p e r io d  4 t ,  and i t  i s  r e a s o n a b le  

to  suppose t h a t  th e  a p p ro p r ia te  fo rm u la tio n  w i l l  y i e l d  a  s u b - c la s s  o f  

s o lu t io n s  o f  p e r io d  21  I n  a d d i t io n ,  a s  a  s p e c ia l  c a s e .

Thus th e  m ethod ev o lv ed  above i s  e f f e c t i v e  in  d e te rm in in g  a l l  

p o s s ib le  s o lu t io n s  o f  th e  boundary  v a lu e  problem  we have p o sed .
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4 . An a l t e r n a t i v e  m ethod o f  so lv in g  th e  boundary  v a lu e  problem  o f 

S e c tio n  1 .

Due to  th e  p e r io d ic  n a tu re  o f  th e  boundary  c o n d i t io n  ( l , 2 ) ,  

th e n  i f  we a re  a b le  to  s o lv e  f o r  the v e l o c i ty  p o t e n t i a l  in  th e  domain 

D, d e f in e d  in  S e c t io n  3* , we can c o n s tr u c t  th e  s o lu t io n  in  a l l  

i d e n t i c a l  dom ains, and r e s o lv e  the  problem  in  the  whole h a l f  p la n e  

y  < 0 ,

In  i s o l a t i n g  th e  domain D, th e r e  a re  two p o s s i b i l i t i e s  f o r  the 

boundary  c o n d i t io n  on x = ± 6, s in c e  a  p o in t  on th e se  l i n e s  may be 

e i t h e r  an a n tin o d e  o r  a  node o f the s ta n d in g  waves w hich can e x i s t  in  

D, M a th e m a tic a lly , th e  co rre sp o n d in g  c o n d it io n s  a re  ÿx = 0 and = 0  

r e s p e c t iv e l y ,  and th e  two r e s u l t i n g  p o t e n t i a l  problem s a re  d e p ic te d  

in  F ig ,  1 , (b ) and ( c ) .  F o r ea se  o f r e f e r e n c e ,  we s h a l l  deno te  th e  

problem  shown in  (b )  by  Problem  A, and t h a t  i n  (c )  by Problem  B,

The d is s e c t in g  o f  th e  h a l f  p la n e  y  < 0 i n to  an i n f i n i t y  o f 

e q u iv a le n t  domains im poses a  r e s t r i c t i o n  on the  ty p e  o f  s o lu t io n  we 

can o b ta in ,  s in c e  in  th e  l i m i t  when th e  ic e  f lo e s  v a n is h ,  th e  lo n g e s t  

s ta n d in g  wave w i l l  have le n g th  4&. T h is  app roach  a ls o  e s t a b l i s h e s  an 

e ig e n v a lu e  p rob lem , so t h a t  in  the  above l i m i t  when y  = 0 i s  a t o t a l l y  

f r e e  s u r f a c e ,  th e  s o lu t io n s  a re  s t i l l  s u b je c t  to  the  d i s c r e t e  v a lu e s  

o f a  p a ra m e te r . I t  i s  o f co u rse  o f fu n d am en ta l i n t e r e s t  to  l e a r n  how 

th e s e  e ig e n v a lu e s  change as  the  ic e  co v e r v a r i e s .

As we have in d i c a te d ,  th e  s o lu t io n s  o f Problem s A and B w i l l
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be s ta n d i rg  waves and we have s t i l l  t o  evolve a method o f r e p la c in g  th e  

tim e dependence and com bining th e s e  s o lu t io n s  to  o b ta in  p ro g re s s iv e  

wave s o lu t io n s  o f  th e  o r i g i n a l l y  p o sed  p rob lem .

We can tu r n  th e  p o t e n t i a l  p rob lem s in to  i n t e g r a l  e q u a t io n s  by 

e s ta b l i s h in g  a p p ro p r ia te  G re e n 's  fu n c tio n s  G(z , zo) ( z = x + i y ,  zo = xo 

+ iy o ) ,  and a p p ly in g  G re e n 's  theorem

0 (x o ,y o )  = - i  ( i  r  G ^  —  1 d c , ( 4 , l )
2 t t  L  ôn ôn J

t o  D. H ere C d en o tes  the  boundary  o f D, and n i s  th e  outw ard  norm al 

a c ro s s  C,

D ea lin g  f i r s t  w ith  Problem  A, th e  boundary  c o n d it io n s  a re

0y = 0 ,  y  = 0 ,  - I  < X < - t o f  t o  < X < t ,

(j>y = w^<^/g, y  = 0 , -£ o  < X < t o ,

<̂ x = 0 ,  -™ < y  < 0 , X = ± t ,

lim  <^>y(x,y) = 0 ,

We can  a l s o  impose

lim  < p ( x , y )  = 0 .
y-»-o°

These re q u ire m e n ts  (assum ing  f o r  th e  moment t h a t  w ^ ^ (x ,0 ) /g  i s  known) 

d e f in e  a  Neumann problem  and le a d  us to  seek  a  G re e n 's  f u n c t io n  w hich 

i s  harm onic in  D, e x c e p t a t  (x o ,y o )  w here i t  i s  lo g a r i th m ic a l ly  

s i n g u l a r ,  and i s  such  t h a t

Gy = 0 ,  y  = 0 ,  - t  < X  < I,
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Gx = 0 ,  -oo < y  < 0 ,  X = ± t ,

Gy bounded, as y -»  -°».

The Green's fu n c t io n  for  the Neumann c o n d it io n s  i s  w e l l  known in  the 

h a l f  p la n e ,  and by e f f e c t in g  a conformai mapping onto D we f in d  th a t  

&(z| zo)  = G ( x , y | x o , y o )

T T Z  WZol . TfSol= lo g  1 s i n  —  -  s in  —  | + lo g  | s in  —  -  s in  —  j +

+ 2 lo g  2c , ( 4 . 2 )

where c i s  an a r b itr a r y  c o n sta n t .  I t  i s  c le a r  th a t  G ( z j z o )  can vary

by an a d d it iv e  co n sta n t  w ithout v io la t in g  th e  co n d it io n s  imposed upon

i t ,  and so cannot be u n iq u ely  d efin ed .

Applying ( 4 , l ) ,  we obta in  a c o n tr ib u t io n  to  the in t e g r a l  only

on y  = 0 ,  - f o  < X < t o ,  and

1 0

0 (x o ,y o )=  -  —  / G (x ,o |x o ,y o )  # ( x ,0 )  dx. ( 4 .3 )
2wg I

— I I

We s h a l l  su bseq uently  see  how the a r b i t r a r in e s s  in  t h i s  eq u a tio n ,  

r e s u l t in g  from th e  Green’s fu n c t io n ,  can be r e s o lv e d ,  but f i r s t  we

derive  s im i la r  equation s fo r  Problem B, which, on denoting the v e lo c i t y

p o t e n t ia l  by ^ ( x ,y )  to  avoid  co n fu s io n , i s  su b je c t  to

= 0 ,  y = 0 ,  - 6  < X < - t o ,  t o  < x  < t ,

4f y  = m ^ ^ /g ,  y  = 0 ,  -& o < X < t o ,

Ip = 0 ,  -09 < y  < 0 ,  X = t t ,

l im  ^ y (x ,y )  = 0 ,
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Assuming te m p o ra r i ly  t h a t  w ^ ^ (x ,0 ) /g  i s  known, th e  G re e n 's  fu n c tio n  

f o r  th e  m ixed boundary  p roblem  i s  r e q u ir e d  to  be harm onic in  D, a p a r t

from a  lo g a r i th m ic  s i n g u l a r i t y  a t  (x o ,y o ) ,  and s a t i s f y

Hy = 0 ,  y  = 0 , - « • ,  - I  <  x  <  t ,

H = 0 ,  - * <  y  < p , X  = ± 6.

H ( z | z o )  i s  m ost r e a d i l y  found  by ta k in g  th e  l i m i t  o f th e  s im i la r  fu n c t io n  

in  th e  f i n i t e  domain bounded by y  = 0 ,  - h ,  x = ± i ,  a s  h ->• <», T h is  l a t t e r  

fu n c tio n  can  be d e te rm in e d  in  th e  manner su g g e s te d  in  [ ? ] ,  so lv in g  th e  

P o is so n  e q u a tio n

V^H =  2 t t  6 ( x  -  x o )  6 ( y  -  y o ) ,  

ô (x ) b e in g  th e  D irac  f u n c t io n ,  in  te rm s o f a F o u r ie r  s e r i e s .  On doing

t h i s  and ta k in g  th e  l i m i t  as in d ic a te d ,  we f in d  t h a t

H (x ,y |x o ,y o )  = - 4  21^

m=l

in  ^ ( x  + t )  s in  | j ( x o  + l )

m X

X
e x p [ ^ J  c o s h j^ ^ ^ ]  , yo > y

2 t

e x p [ ^ ^ i - c o s h [ ™ i  , yo < y
(4 .4 )

w hich can be s umme d  to  g iv e  

H (x ,y |x o ,y o )  = lo g
ià 'z  i f z o  e -  e

= lo g

^ ^ - i U z o

i f z o  i^ z  e -  e
i f z o  - i f z  e + e

+ lo g

+ lo g

iiTz i r z o  e -  e
iy z  - i r z o  e + e

, yo > y ,

(4 .5 )  

, yo < y .

w here ^ = i r / 2 t .  On a p p ly in g  G re e n 's  th eo rem , we e a s i l y  deduce t h a t
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^(xofY o) = --i2_  I H (x ,o lx o ,y o )  ^ (x ,0 )  dx , ( 4 ,6 )
2irg

P erfo rm ing  th e  v a r ia b le  change c o n s is te n t  w ith  S e c tio n  3 . ,  

th e n  e q u a t io n s  (4 ,3 )  and (4 ,6 )  become

TT-a

4>ieo,no)  = -  \  j  G(e,eo,r)o) <#>(e,o) de, (4 ,7)

T T - C L

^(0o,7?o) = -  X j  H(e,0o,T]o) ^ ( 0 , 0 ) d0,
a

( 4 . 8 )

where

&(0,0o,W o) = lo g  2 c |c o s  00 -  cos 6 1
o# _

2cos md cos m0o e
= T}o +  l o g  c T (4 .9 )

m
m=l

and

H ( 0 , 0 o , 7]o)  = l o g
100 10e -  e
100 “ i ^6 -  e

2 s in  m0 s in  m0o e (4 , 1 0 )

m=l
m

T'he p a ra m e te rs  X and a a re  th o se  d e f in e d  p re v io u s ly .  L e t t in g  Tjo 0
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in  ( 4 , 7 ) and (4 ,8 )  we o b ta in  i n t e g r a l  e q u a tio n s  fo r  (f>{d) = ( f>{6,0)  and

(p{d)  = # ( 0 , 0 ) ,

T T -a

<p{6o)  = -  X J" lo g  2 c |c o s  0 -  cos 0o| # (0 )  d 0 , ( 4 , l l )

a

T T -O i

^ ( 00) = -  X ^  lo g  

a

i 0  i 0 o  e -  e
10 —i^ oe -  e

i p { e )  d 0 , (4 . 12 )

We can a l s o  o b ta in  th e s e  e q u a tio n s  in  a  d i f f e r e n t  form by- 

ta k in g  th e  l i m i t  yo ^  0 i n  (4 .4 )  and ( 4 .6 ) ,  and making th e  a l t e r n a t iv e  

change o f  v a r ia b le s

s = s in  { T T x / 2 t ) ,  So = s in  (77x 0/ 2 ^),

and w r i t in g

r  = s in  { ttIo/ 2 1 )  = cos a (4 ,1 3 )

to  g iv e

T
<^(s) ds^ ( s o )  = -  X / lo g  2c s - So

-T / } !  -  3^j

I

(p{so ) = -  X j" lo g

- T

(4 ,1 4 )

( 1 -  s ) ' ^ ( l  + s o ) '/ " -  (1  4- s)^^"(l -  s o ) : / =

(1 -  s)iP(l + so)^*+ (1 + s)^k(l -  so)4:

fp { s )  ds

/ [ I  -  s " i  '

D i f f e r e n t i a t i n g  th e s e  w ith  r e s p e c t  to  so g iv e s  th e  s in g u la r  in te g r o -  

d i f f e r e n t i a l  e q u a tio n s
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^ , -T  < So < T.  ( 4 . 15 )

/ [ I  -  so*! K ' i s o )  = X  [
J_^ ( s  -  So( s  -  S o )

We see  t h a t  th e  i n t e g r a l  e q u a t io n s  ( 4 * l l )  and (4 .1 2 )  b o th  have 

k e rn e ls  w hich a re  w eakly  s in g u la r  and  sym m etric , and a s  th e s e  can be 

shown to  be sq u are  i n t e g r a b l e ,  th e y  can th e r e f o r e  be re g a rd e d  a s  

Fredholm  e q u a t io n s .  F u r th e r ,  a s  th e  e q u a tio n s  a re  homogeneous, th e y  

p o s se s s  n o n - t r i v i a l  s o lu t io n s  o n ly  f o r  c e r t a in  v a lu e s  o f th e  p a ram e te r  

X. Due to  th e  symmetry o f th e  k e r n e l s  we can invoke some w e ll  known 

r e s u l t s  co n ce rn in g  th e s e  e ig e n v a lu e s  and t h e i r  c o rre sp o n d in g  e ig e n 

v e c to r s  w hich a re  c o n v e n ie n tly  s t a t e d  in  [ s ]  ( s e c t io n  1 2 ) , These 

in d i c a te  t h a t  the  e ig e n v a lu e s  a re  a l l  r e a l ,  and t h a t  th e  e ig e n fu n c tio n s  

form a  m u tu a lly  o r th o g o n a l s e t .  A lso , we deduce from  a  theorem  of 

P o g o rz e ls k i  [9 ] (page 132) t h a t  th e  i n t e g r a l  e q u a tio n s  each  adm it an 

i n f i n i t y  o f e ig e n v a lu e s .  T h is  fo llo w s  from  th e  f a c t  t h a t  th e  k e rn e ls  

a re  e x p r e s s ib le  a s  a  sum o f o r th o g o n a l fu n c t io n s  ov er an i n f i n i t e  range 

as  we have seen .

The s o lu t io n  o f  an i n t e g r a l  e q u a tio n  w ith  a w eakly s in g u la r  

k e r n e l  can  be red u ce d  to  th e  prob lem  o f  so lv in g  an i n t e g r a l  e q u a tio n  

w ith  a  r e g u la r  k e rn e l  by  th e  m ethod o f  i t e r a t i o n ,  w hich i s  e lu c id a te d  

i n ,  f o r  example [ 9 ] ,  I t e r a t i n g  th e  lo g a r i th im ic  k e rn e ls  i s  n o t an easy
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p r o p o s i t io n ,  and an a l t e r n a t i v e  approach  w ould seem to  be the  use  o f  

th e  m ethods o f C h ap te r 17 to  reduce  th e  e q u a tio n s  (4 ,1 5 )  to  r e g u la r  

i n t e g r a l  e q u a t io n s .  T h is  has been  done, b u t th e  r e s u l t i n g  s o lu t io n s  o f 

th e  r e g u la r  e q u a t io n s  w ere to o  in v o lv e d  a l g e b r a ic a l ly  to  be a  p r a c t i c a l  

p r o p o s i t io n ,  though  t h e o r e t i c a l l y  th e  te c h n iq u e  was sound.

I t  i s  found  t h a t  th e  g e n e ra l is e d  R iem an n -H ilb e rt e q u a tio n s  

co rre sp o n d in g  to  (4 ,1 5 )  o f f e r  c lo se d  s o lu t io n s  o n ly  i n  th e  case  r  = 1 , 

when th e  te rm s c o n ta in in g  th e  f a c to r s  / { l  -  So^j c l e a r l y  f a l l  in to  th e  

c a te g o ry  o f fu n c t io n s  d e s c r ib e d  i n  C hap ter 17 , S e c tio n  6 , As t h i s  

co rresp o n d s  t o  th e  ca se  when no ic e  i s  p r e s e n t ,  th e re  i s  no v a lu e  in  

p u rsu in g  i t ,  s in c e  s o lu t io n s  a re  r e a d i ly  found  d i r e c t l y  from  ( 4 , l l )  and 

(4 , 12 ) when a = 0 ,

We a re  th e r e f o r e  l e d  to  d e a l w ith  th e  Fredholm  e q u a tio n s  as  

th e y  s ta n d .

In  F ig ,  2 , i s  d is p la y e d  th e  v a r i a t i o n  in  ic e  co v er w ith  a and 

7 ; th e  f r a c t i o n  o f  th e  s u r fa c e  covered  by i c e ,  p ,  i s  s im ply  { l o / t  + l )   ̂

and hence we have

o / 2 —1p = 2a/7r = -  cos t ,
TT

We r e c a l l  t h a t  i n  th e  p re v io u s  s e c t io n  a c e r t a in  c o n d itio n  

e v o lv e d , e q u iv a le n t  to  th e  w e ll known c o r o l l a r y  o f  th e  Green theorem  

th a t  i f  a  fu n c tio n  i s  harm onic in  a c e r t a in  dom ain, th e n  th e  i n t e g r a l  

o f i t s  no rm al d e r iv a t iv e  ov er th e  boundary  o f  t h i s  domain i s  z e ro . In
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th e  case  o f the Neumann prob lem , t h i s  theorem  m a n ife s ts  i t s e l f  a s  a

s o l u b i l i t y  c o n d i t io n ,  r e q u ir in g  t h a t  th e  p r e s c r ib e d  v a lu e s  o f  th e

norm al d e r iv a te  on th e  boundary  a re  such  t h a t  th e  c o r o l l a r y  h o ld s , and

ap p ly in g  i t  to  Problem  A, w ith  r e s p e c t  to  th e  domain D, and changing

to  th e  d im e n s io n le ss  v a r i a b l e ,  t h i s  s o l u b i l i t y  c o n d it io n  becomes

TT-a

<p{6) d.0 = 0 . (4 ,1 6 )

a

W ritin g  ( 4 ,7 )  e x p l i c i t l y ,

TT-a

<j>{6o,T}o) = X 2 cos m0Q e f  cos m0 d0 -

m=i ^  «
TT-a

-  + lo g  c i [  (p{6)  d0 .

and so th e  im posing  o f  (4 ,1 6 )  removes b o th  th e  a r b i t r a r y  c o n s ta n t  and 

th e  te rm  in  r jo,  w hich i s  unbounded as 770 ( o r  y  - “»), v io la t in g  

the  c o n d i t io n  p la c e d  on th e  s o lu t io n .  A lso  in  th e  l i m i t  770 0 , (4 ,1 6 )

e l im in a te s  from th e  s o lu t io n  o f th e  i n t e g r a l  e q u a tio n  an a r b i t r a r y  

c o n s ta n t ,  and we o b ta in

_ “ f
m=l

<^>(0o) = ) Cm I -  cos m0o, (4 ,1 7 )
m

where

TT-a

Cm = ^  J  (p(ô) c o s  m0 d 0 ,  ( 4 , 1 8 )
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A lthough  we have e l e c te d  to  impose (4 .1 6 )  a t  t h i s  s ta g e ,  we must b e a r  

i n  mind t h a t  any su b se q u en t s o lu t io n s  w i l l  s t i l l  be e x p e c te d  to  s a t i s f y  

i t  to  en su re  t h e i r  v a l i d i t y .

In  a s im i la r  m anner we f in d  from  (4 ,1 2 )  t h a t ,  on u s in g  the 

e x p re s s io n  (4 ,1 0 )  f o r  rjo = 0 ,

^ (0 o )  = \  Sm I -  s in  m0o, (4»19)

where

  T T - O i

Sm = X ^  ~ y* 0 ( 0) s in  m0 d0. ( 4 , 20)

A s im i la r  c o n d it io n  to  t h a t  above i s  a l s o  r e le v a n t  to  Problem  B (and  

in d e e d  to  a l l  harm onic boundary  v a lu e  p ro b le m s ) , b u t i t  i s  n o t n e c e s sa ry  

to  u se  i t  e x p l i c i t l y .

By v i r t u e  o f  th e  above e x p re s s io n  f o r  ^(^ojW o) and an e q u iv a le n t

e q u a t io n  f o r  ^ ( 00 , Wo), we can r e t r i e v e  th e  v e lo c i ty  p o t e n t i a l s  in  the

whole domain s im p ly  by

<f>{6o,Tjo) = \  Cm e cos m0o,

L  j
( 4 . 21 )

00

^ ( 00 , Wo) -  Sm e s in  m0o.

R e tu rn in g  to  (4 ,1 7 )  and u s in g  i t  in  ( 4 ,1 8 ) ,  we o b ta in
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or

— ' 2 
Cm = X \     Cn cmn,

Z_/ Vmn 
n= l

Cn j -  5mnj = 0 ,  m = 1 ,  2 , . . . .  (4 .2 2 )
L Vmn

n = l

w l i e r e

TT-a

Cmn = Cnm = j  cos m0 cos n0 d.0 

a

sin (m  + n )a  _ sin (m  -  n )a  m, n b o th  even o r
9

b o th  odd, m /  n .m + n m -  n

= ^ ( tt -  2a) -  , m = n ,
2n

= 0 , o th e rw is e .

The in t r o d u c t io n  o f  the  sq u are  r o o ts  i n  (4 ,1 7 )  i s  now seen  to  r e s u l t  

in  th e  symmetry o f  th e  m a tr ix  o f c o e f f i c i e n t s  i n  ( 4 .2 2 ) ,  w hich i s  

ad v an tag eo u s . The v a n ish in g  o f  th e  cmn when m i s  odd and n i s  even and 

v ic e  v e r s a ,  im p lie s  t h a t  th e  system  o f e q u a tio n s  (4 ,2 2 )  i s  e q u iv a le n t  

to  a  s e t  o f e q u a tio n s  f o r  th e  C a n  and an in d e p en d en t system  f o r  th e  

C a n - i. D e fin in g

oomn =  ^ , cemn = ,
(2m -  l ) ’̂ ( 2 n  -  l ) ^  2m’̂ n ’̂

we can w r i te
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^  ' C2n-1 [comn -  pômn] = 0 ,  (a )

n= l
m = 1 , 2 , . . . .

(4 .2 3 )

(4 .2 4 )

y Cân [cemn -  pômn] -  0 , (b )

n= l

w here p = l /X .  The e ig e n v a lu e  problem  i s  p osed  by

jcomn -  p6mn| = 0 ,  (a )

Icemn — p6mn| = 0 ,  (b )

th e  f i r s t  o f w hich g iv e s  th e  p a n -i (n  = 1 , 2 , , . . . )  and r e q u i r e s  t h a t  

th e  Can be p la c e d  e q u a l t o  z e ro ,  and the  second p ro v id e s  th e  pan (n  = 1 , 

2 , . . . . ) ,  g iv in g  on ly  th e  t r i v i a l  s o lu t io n  f o r  a l l  th e  Can-io Hence th e  

e ig en sy s tem  o f  Problem  A i s

Man-1 , ÿan -i(@ o) = \  cos(2in -  l)@ o,
L i  (2m -  
m=l

P an , #2n (0o ) = \  cos 2m0o,
L_s  Vm 
m=l

S im i la r ly ,  on w r i t in g  in  Problem  B,

somn =  gjam-i.an-i-  ̂ semn = ,
(2m -  1)=^ (2n  -  1)=^

(4 ,2 5 )

we o b ta in

y S an -i [somn -  /c6mn] = 0 , m -  1 ,  2 , • • • •  ( a )  (4 .2 6 )

n = l

a n d



2 3 4

\  S a n  [ s e mn  -  /côtnni = 0 ,  m = 1 ,  2 ,  . . . .  (b) (4 .2 6 )

nkL

where we have now w r it te n  k = l /X  f o r  c l a r i t y ,  and the e igensystem  i s

oo

%2 n - i ,  ^ 2 n - i ( 0 o )  = V2 \  -  ̂ ^  s in ( 2 m  -  l ) 0 o ,  (a )  1

.  1  - •>"
K sn , ^ 2 n ( 0 o )  = \  2 2 T  s i n  2m 0o, ( b ) J

where the Kn are provided  by s e t t in g  equal to  zero the  determ inants o f  

c o e f f i c i e n t s  in  (4 .2 6 )  (a )  and (b ) .

We are now in  a p o s i t io n  to  compare the p resen t s o lu t io n s

with the form ulation  o f  S e c t io n  3 . I t  i s  a t  once c le a r  from (3 .1 6 )  -

(3 .1 8 )  th a t  the approach v ia  the Riemann-Hilbert equation p rov id es  the  

e ig e n v a lu e s  Xgn and /Can and the corresponding e ig e n fu n c t io n s  <̂>2n( 0o) 

and ^ 2p(0o), th e  whole s o lu t io n  (3 .1 6 )  being  sim ply the sum of th ese  

two. S ince th e  fu n c t io n s  ^ 2 n -i(0 o )  and ^ g n -i(0 o )  have per iod  4( in  the  

i n i t i a l  n o ta t io n ,  th e se  w i l l  r e s u l t  from fu r th er  use o f  the automorphic 

fu n c t io n  method su ggested  at th e  c lo se  o f  S e c t io n  3 . ,  w ith  k = 2.

The le a d in g  terms o f  the m atr ices  o f  c o e f f i c i e n t s  are shown 

in  F ig .  3 .  For e a se  o f  re feren ce  we id e n t i f y  the m atrices  o f  (4 .2 3 )

(a )  and (b ) and ( 4 .2 6 )  (a ) and (b) by AO, AS, BO, and BE r e s p e c t iv e ly .



2 3 5

n — 1 , 2 , • • • •  ( 5*1 )

5 . P e r tu r b a t io n  s o lu t io n s  fo r  sm a ll f l o e s .

I t  i s  n o t d i f f i c u l t  to  see  t h a t ,  in  th e  l i m i t  a = 0 ,  c o r r e s 

ponding  to  no i c e ,  th e  n o rm a lise d  s o lu t io n s  o f  Problem s A and B a re  

pn = T^n, <^n(0o) = V(2/7r) cos n# o ,

Kn = 77/ n ,  ^ n (0 o ) = V’(2/7t) s i n  n0Q.

These fo llo w  a t  once from (4 .1 7 )  -  (4 ,2 0 )  s in c e  th e  two sequences cos n0

and s in  n0 a re  o r th o g o n a l in  (0 ,w ) , I n  view  o f ( S . l )  we choose to

r e p la c e  th e  tim e dependence by

& n(0o,W o,t) = cos wnt <^n(0o,Wo) + s in  wnt ^p(0o,W o)

= V(2/w) e cos(n0Q -  w n t) ,

where

(5 .2 )

( 5 . 3 )

g iv e  th e  a llo w a b le  f r e q u e n c ie s ,  f o r  a f ix e d  v a lu e  o f  I ,  ‘'When a i s  

d i f f e r e n t  from  z e ro ,  th e  c o n s tru c t io n  o f a p ro g re s s iv e  wave may be more 

in v o lv e d , s in c e  pn and /Cn may n o t c o in c id e ,  as  th e y  do in  t h i s  sim ple 

c a s e .

To in v e s t ig a t e  the case  when a i s  s m a l l ,  l e t  u s  f i r s t  tu r n  to  

th e  s e c u la r  e q u a tio n s  ( 4 .2 4 ) ,  and the  co rre sp o n d in g  e q u a tio n s  f o r  th e  

K p a ra m e te r . The t r i d ia g o n a l  d e te rm in a n t o f o rd e r  n d e f in e d  by

An = f i  a>i 

a i f s  32 

32 •

0

0

a n - i 

3 n -i f  n

( 5 . 4 )
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can be shown, on expanding  by m in o rs , to  s a t i s f y  th e  r e c u r re n c e  r e l a t i o n  

An = f  n An-i -  a n - i An-2 , n > 2 ,
(5 .5 )

A o  =  1 .  J

F u r th e r ,  i f  we in tro d u c e  th e  n e x t a d ja c e n t su b - and su p e rd ia g o n a l

e lem en ts  bn in  ( 5 .4 )  to  form a  5 -d ia g o n a l a r r a y ,  we can show t h a t  th e

a d d i t io n a l  te rm s r e s u l t i n g  in  (5 .5 )  a re  o f o rd e r  bn"*̂  and an^bn^ . 

O bserv ing  t h a t  the o f f -d ia g o n a l  e lem en ts  in  ou r p re s e n t  d e te rm in a n ta l  

e q u a tio n s  a re  o f  0 (c t) , ( [ s i n  k a /k j<  a ,  a l l  k , a ) ,  we can im m ed ia te ly

d e te rm in e  th e  e ig e n v a lu e s  t o  0(% ), s in c e  we have

An = fn  An-i + O (a^ ).

Hence

Abo = nTT^n + O (a ^ ) ,

and th e  s o lu t io n  o f A^ = 0 i s  sim ply  f n  = 0 ,  f o r  a l l  n ; T h e re fo re  

P s n - i  =  c o n n ,  P s n  =  c e n n ,

K s n - i  =  s o n n ,  K s n  =  s e n n .

o r

= i  -  2a -  ! .  0 (a * )

Kn = i  K -  2 a +  2 _ s i n _ 2 ^ j  + 0(a%)

1
n — 1 ,  2 , . . . .  ( 5 . 6 )

n ■ 2ii

I t  i s  n o t so s tr a ig h tf o r w a r d  to  d e te rm in e  the  c o rre sp o n d in g  

e ig e n v e c to rs  to  th e  same o rd e r ,  b u t we a re  a b le  to  develop  a p e r tu r b 

a t io n  te c h n iq u e  to  ach ie v e  t h i s ,  by r e tu r n in g  to  th e  i n t e g r a l  e q u a t io n s .  

S ince th e  e ig e n fu n c tio n s  a re  known fo r  a = 0 ,  t h e i r  d e te rm in a tio n  as
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(5 .7 )

a moves from  ze ro  can be re g a rd e d  as a c l a s s i c a l  p e r tu r b a t io n  o f boundary

p rob lem . In  view o f ( S . l )  l e t  u s  seek  p e r tu rb e d  s o lu t io n s  o f th e  form

# n ( 0 @) =  / ( S / tt)  c o s  n 0 o  +  a 0 n ^ ( 0 o )  +  O ( a ^ ) ,

Pn ^ = n/TT + + O (a ^ ),

^n(0o) = t/*(2/7t) sin n0o + #n^(0o) + O(o^),
. ( 5 . 8 )

Kn = n/w  + + O (a^ ), J

I t  i s  co n v en ien t a t  t h i s  s ta g e  to  s t a t e  th e  s o lu t io n  o f the  nop-homogen-

eous Fredholm  e q u a tio n
b

fi(xo ) ”  ^  j  K:(x,xo) n (x )  dx = f ( x o ) ,  (5 .9 )

a

v /h ich , in  th e  case  when K(x , xo) i s  sym m etric , can be found e x p l i c i t l y  

u s in g  th e  w e ll known H ilb e r t-S c h m id t theorem . L e t th e  n o rm a lise d  e ig e n -  

s o lu t io n s  o f  the homogeneous e q u a tio n  c o rre sp o n d in g  to  (5 .9 )  be Q i ( x ) , 

0 2 ( x ) ,  . . .  , . . .  . Then, fo llo w in g  M ik h lin  [8 ] ( s e c t i o n l 9 ) ,

th e  s o lu t io n  o f  ( 5 .9 )  can be w r i t t e n

09

n(ia>) = f(xo) + X V  nn(xo), (5 .io )
Ù-1 Xn -  X n=l

i n  w hich t

fn  = j  f ( x )  Q n(x) dx. 

a

I f  X c o in c id e s  w ith  an e ig e n v a lu e  Xm o f th e  k e r n e l ,  th e n  we r e q u i r e  

fm = 0 . In  o th e r  w ords, ( 5 .9 )  i s  s o lu b le  f o r  X = Xm i f  and o n ly  i f  

th e  f r e e  te rm  f ( x )  i s  o rth o g o n a l to  th e  co n ju g a te  o f th e  co rre sp o n d in g
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e i g e n f u n c t i o n  <^m(x)* I f  t h i s  i s  s a t i s f i e d  th e n  t h e  i n d e t e r m in a t e  c o e f f 

i c i e n t  o f  <^m(x) i n  t h e  s e r i e s  ( S . I O )  can be r e p l a c e d  b y  an a r b i t r a r y  

c o n s t a n t .

R e tu r n in g  t o  t h e  p e r t u r b a t i o n  p r o b le m , l e t  u s  d e a l  f i r s t  w i t h  

th e  i n t e g r a l  e q u a t io n  ( 4 , l l )  w h ich  can  be w r i t t e n ,  on e x t r a c t i n g  th e  

c o n s t a n t  c a s  i n d i c a t e d ,

TT

< ^ n ( 0 o )  “ ~ pf, f  l o g  2 | c o s  6  -  c o s  0 o |  ^ n ( 0 )  d 0  + f n ( 0 o ) ,  ( S . l l )

where

fn (0 o )  = J  [ lo g  2 |c o s  6 -  cos 0o| ^ n (0 )  + 

o

+ lo g  2jcos 6 + cos 00 1 <̂>n(7T -  6 ) ]  d0

a

= J  [ lo g  2 1 cos 6 -  cos 001 [-/(2 /w ) cos n0 + OK^n^\0)] + 

o

+ lo g  2 1 COS 6 + cos 0 0 1 [V(2/w) ( - l ) " c o s  n0 + -  0 )]Jd 0

"  t
= _ ^  j ^ cos m0Q j~sin(m  + n ) a s in(m  -  n ) a

^ L-4. ^  L m + n  m - n  _in=i.

+ — c o s  n0o  
n

s i n  2na 

2n J
+ o c R n (0 o ) ,  (5 .1 2 )

on u s i n g  t h e  s e r i e s  form  o f  t h e  k e r n e l ,  where

CL

R n (0o) = j  [ l o g  2jcos 0 -  cos 0oj <^n^(0) + l o g  zjcos 0 + c o s  0o | 9 n ^ (#  -

° -  e)i ae.
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The a c c e n t a s s o c ia te d  w ith  th e  summation d en o tes  t h a t  the te rm  m = n 

i s  o m itte d . The le a d in g  te rm  in  (5 ,1 2 )  i s  e s s e n t i a l l y  o f  o rd e r  a ,  and

s in c e  we a n t i c ip a t e  ^ n ^ (0 )  to  be a l i n e a r  co m bination  o f  c o s in e s . we

conclude t h a t  R n (0) i s  a l s o  0 ( a ) ,  so t h a t  the f i n a l  te rm  i n  (5 ,1 2 )  i s  

0 ( a ^ ) and can be n e g le c te d  i n  the p r e s e n t  ap p ro x im a tio n . S u b s t i tu t in g  

the  t r i a l  s o lu t io n  (5 ,7 )  i n t o  ( 5 , l l )  and e q u a tin g  th e  te rm s in  a ,  we 

o b ta in
TT

# n ^ (0 o )  ~  ^  j  l o g  s j c o s  0 -  c o s  0o | # n ^ (0 )  d0 + g n ( 0 o ) ,  (5 .1 3 )

i n  w hich

00 /

gn(eo) = 1 -  r  -  Mn" c o s  n@o -  T [ l  + ( - i f
• V i r C "  ^  m L m + n

+

m=l

sin (m  -  n )a

m - n  -J

_ 2 . s in  2nd
7T

1 +
_  2n _

cos n0o • (5 o l4 )

In  o rd e r  to  so lv e  (5 ,1 3 )  l e t  u s  c o n s id e r

TT

C (0q) ~  ^  j  l o g  2 | c o s  0 -  COS 0o| C (0) d0 + G ( 0 o ) ,  (5 ,1 5 )

o

t h e  homogeneous p a r t  o f  w h ich  h a s  t h e  known s o l u t i o n s

Cm(0o) = V’(2/7t) c o s  m0o, Xm = -m /w , m % 1 .

T h e r e f o r e ,  b y  t h e  t h e o r y  q u o te d  a b o v e ,  (5 ,1 5 )  i s  s a t i s f i e d  b y

C(0o) = G (0q) + X \      Cm(0o),
/L u  - k / w  -  Xk ^ l
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where
TT

Gk = / G(e) Ck(0) d0.

Comparing (5 .1 3 )  w ith  ( 5 ,1 5 ) ,  th e  fo rm er h as  s o lu t io n

#n^(0o ) = gn (0 o ) + “  \  ________gkn 
i r  -  n / r r  v t t

cos k6o + I -  Cn cos n0o ,
IT

(5 .1 6 )

in  w hich

  TT

g k n  ~ J  ^ j  6n ( 0 )  cos k0 d0 ,
0

p ro v id e d  t h a t  g n n  v a n is h e s .

We have re p la c e d  th e  c o e f f i c i e n t  o f V’( 2 / tt) c o s  n0o b y  Cn,  

an a r b i t r a r y  c o n s ta n t .  I t  i s  e a s i l y  seen  t h a t

TT t i )  2

; n n  =  { -  P n  -  -
n TT

1 +
s in  2nd

2nd _

and th e  re q u ire m e n t t h a t  i t  be ze ro  y ie ld s  th e  e ig e n v a lu e  p e r tu r b a t io n

Mn“ ’ = ^
TT̂

1 +
s in  2nd

2nd —
( 5 . 1 7 )

We a l s o  f in d  t h a t ,  f o r  k /  n ,

gk
n [ l  + ( - l ) ^ ^ " ] C s in ( k  + n )a  s in ( k  -  n )d l  

TT k  L k + n  k - n  J

w h ich , on s u b s t i t u t i n g  in to  ( 5 ,1 6 ) ,  and re a r r a n g in g  the  sum m ations, 

g iv e s
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#n^(Go) = / — ! Cn cos nd
 ̂ _ n y[l 4. (_!)"+"] r s in(m + n)tx  ̂

L (m + n)aTT L— \ m -  n
m=l

5in(in -  n)a"
cos m6o (5 .1 8 )

(m -  n )a  __

V/e can u t i l i s e  an e x a c t ly  s im i la r  p ro ced u re  in  th e  ca se  o f 

Problem  B, and th e  i n t e g r a l  e q u a tio n  ( 4 ,1 2 ) ,  and s e t t i n g  th e  p e r tu rb e d  

s o lu t io n s  a s  in d ic a te d  in  ( 5 .8 ) ,  we f in d  t h a t

L
1 -

s in  2na 

2nd _
(5 .1 9 )

and

^ n ^ (ô o ) = M s „  +
TT L rr L_/ m -  n

m=l

sin(m  -  n )a  

— (m -  n )a

sin (m  + n )a  

(m + n )a  _

in  w hich Sn i s  a r b i t r a r y .  Hence we have

s in  m6o ( , (5 .2 0 )

1 n  2nd

l l x \  TT T ^
_ + 0 ( « : ) ,

g iv in g

w h ile

/in = -  I 1 
n

Kn = 2 ( 1  
n

2d

7T

2d

TT

1 +

1 -

2nd

s in  2nd 

2nd _

s in  2nd

2nd _

0 («"),

0(% =).

( 5 . 2 1 )
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These e x p re s s io n s  c o in c id e ,  o f  c o u rs e ,  w ith  (5 * 6 ) ,  w hich were deduced, 

d i r e c t l y  from  the  s e c u la r  eq u a tio n s*

Comparing (5 ,1 8 )  w ith  (5 * 2 0 ), we observe  t h a t  the  term s cos mfio 

in  ^ n ^ (G o ), o th e r  th a n  cos n#o , a re  p r o p o r t io n a l  to

sin (m  + n )h  sin (m  -  n )a
  + , )

m + n m -  n

w h ile  th e  s in  m6o in  ^ n ^ (# o ) ,  a p a r t  from  s in  n#o , a re  p r o p o r t io n a l  to

s in (m  -  n )a  _ sin(m  + n )a
— — — — . — — —— — —  f

m -  n m + n

Hence th e  c o e f f i c i e n t s  o f th e  p e r tu r b a t io n  te rm s in  ̂ n (^ o ) a re  always

la r g e r  th a n  th o se  i n  ^ n (# o ) ,  b o th  te n d in g  to  sin (m  -  n )a /(m  -  n ) ,  as 

n in c r e a s e s .

We a ls o  rem ark t h a t ,  due to  the f a c t o r  (m -  n) ^ in  <pn^{Oo)f  

th e  m agnitude o f th e  c o e f f i c i e n t  o f  cos m@o d e c re a se s  as  m moves away 

from n i n  e i t h e r  d i r e c t i o n .  There w i l l  be a ls o  a  change o f  s ig n  o f  the

c o e f f i c i e n t s  as  m moves th ro u g h  th e  v a lu e  n ,  though i t  i s  p o s s ib le  fo r

some n and a t h a t  th e  c i r c u l a r  fu n c tio n s  o f  a ,  w hich w i l l  p roduce a 

change o f  s ig n  r e g u la r ly  in  th e  c o e f f i c i e n t s ,  may d is g u is e  t h i s  phenomenon, 

An e x a c t ly  s im i la r  argum ent a p p l ie s  i n  th e  case  o f  ^ n ^ (d o ) .

I t  i s  a l s o  c l e a r  from ( 5 ,2 l )  t h a t  th e  e ig e n v a lu e s  pn a re  more 

g r e a t ly  p e r tu rb e d  th a n  th e  Kn, f o r  i n i t i a l  v a lu e s  o f n ,  th e  Kn h a rd ly  

v a ry in g  from  t h e i r  t o t a l  f r e e  su r fa c e  v a lu e  o f 7r/n, Hence /in and Kn
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d i f f e r  f o r  th e  s m a lle r  n ,  and te n d  to  th e  common a sy m p to tic  v a lu e

^  [ l  -  2d/wj + 0 (a * )  (5 .2 2 )

w ith  in c re a s in g  n .

L e t us t r y  to  c o n s tru c t  a p ro g re s s iv e  wave by com bining th e  

two s o lu t io n s  a s  we d id  in  th e  f r e e  s u r fa c e  c a s e . By v i r t u e  o f  (5 ,7 )  

and ( 5 ,1 8 ) ,  (5 ,8 )  and ( 5 ,1 9 ) ,  l e t  u s  w r ite  th e  e ig e n fu n c tio n s  in  th e  

g e n e ra l  form

0 n ( 0 o )  = S(Xm + Ym) c o s  m#o, m

^ n(f io ) = 2(Xm -  Ym) s i n  m0o,
m

o m ittin g  th e  n dependence in  th e  c o e f f i c i e n t s  f o r  s im p l ic i ty .  As we 

s t a t e d  above, th e  Xm a re  th e  dom inant te rm s , and th e  Y-m te n d  to  ze ro  

w ith  in c re a s in g  n . For a f ix e d  t ,  th e  a llo w a b le  f re q u e n c ie s  o f the  two 

problem s a re

2 _ g7T̂
-  iW n ’

and by r e fe re n c e  to  ( 5 , 2 l ) ,  we can w r i t e ,  to  o rd e r  %, 

Wn = On + €n, Vn = On -  en,

where

21 TT TT
en =

g7p~n s in  2nd 

2 t  TT T T n

en te n d in g  t o  ze ro  as n becomes la r g e .
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Now

$ n ( 6 o , 0 , t ) , =  cos w n t  <^>n(0o) + s in  V n t  ^ n (^ o )

= S(Xm + Y m )  cos wnt cos mdo +m

S(Xm -  Ym) s in  Vnt s in  mfio, m

=  2  [ X m  cos e n t  cos(m0o -  O n t )  + Y m s in  C n t  sin(m #o - O n t ) }

-  2  [ X m s in  en t sin(m #o + O n t )  -  Y m  cos Cnt cos(m0o + O n t ) }

(5 .2 3 )

on re a r ra n g in g  th e  te rm s . T h is  e q u a tio n  r e p re s e n ts  two s e t s  o f  waves 

t r a v e l l i n g  in  o p p o s ite  d i r e c t i o n s ,  and hav ing  tim e dependen t a m p litu d e s , 

g iv in g  a  co m p lic a te d  group e f f e c t .  Thus th e  c o n s tru c t io n  o f  a sim ple 

p ro g re s s in g  wave i s  no lo n g e r  p o s s ib le  by t h i s  m eans, th e  combined 

v e lo c i ty  p o t e n t i a l  b e in g  an in v o lv e d  s u p e rp o s i t io n  o f  w aves, in  a d d i t io n  

to  a  wave group t r a v e l l i n g  in  th e  o p p o s ite  d i r e c t i o n .  I t  i s  d i f f i c u l t  to  

i n t e r p r e t  t h i s  l a t t e r  e f f e c t  and we su g g e s t t h a t  i t  r e p r e s e n t s  a n e t 

r e f l e c t i o n  from  the f l o e s ,  w hich i s  alw ays p r e s e n t .  As n becomes l a r g e ,  

th e n  i n  view  o f the l i m i t s  m en tioned  above

$ n ( # o , 0 , t )  2  X m cos(m6o -  O n t ) ,
m

t h a t  i s ,  th e  h ig h e r  freq u en cy  vjaves te n d  to  a  s im p le r  wave s u p e rp o s i t io n  

hav ing  no r e f l e c t e d  p a r t ,  and no tim e dependence in  i t s  a m p litu d e .

We a re  th u s  le d  to  en q u ire  w hether th e s e  c o n c lu s io n s  a re  

p e c u l i a r  to  th e  ca se  when a i s  s m a ll ,  o r w hether th e y  can  be g e n e ra l

is e d  f o r  a l l  a .  We must tu r n  to  a n u m e rica l in v e s t i g a t io n  to  answ er 

t h i s  q u e s t io n .
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6 , N um erical d e te rm in a tio n  o f  th e  e ig en sy s te rn s .

To s tu d y  th e  e ig en sy s tem s  f o r  a r b i t r a r y  a we must u t i l i s e  some 

ap p ro x im a tio n  to  r e p la c e  th e  i n f i n i t e  s e t s  o f  e q u a t io n s  by f i n i t e  

system s i n  th e  le a d in g  c o e f f i c i e n t s , We d is c u s s  such  a  s te p  and i t s  

v a l i d i t y  l a t e r ,  and f o r  th e  moment a s s e s s  th e  problem  o f f in d in g  th e  

c h a r a c t e r i s t i c  v a lu e s  and fu n c t io n s  o f  a  sym m etric m a trix .'A i o f  o rd e r  n . 

There a re  two w id e ly  u sed  methods o f  ap p ro ach in g  t h i s  c l a s s i c a l  

e ig e n v a lu e  p roblem  n u m e ric a l ly .  The f i r s t  i s  due to  J a c o b i ,  and c o n s is t s  

o f re d u c in g  th e  m a tr ix  Ai to  a s im i la r  d ia g o n a l m a tr ix ,  by means o f 

p r e -  and p o s t - m u l t i p l i c a t i o n  w ith  s e le c te d  o rth o g o n a l m a tr ic e s .  The 

second i s  to  f in d  a  t r i d i a g o n a l  m a tr ix  s a t i s f y i n g  a s i m i l a r i t y  r e l a t i o n 

sh ip  w ith  Ai from  w hich , by v i r t u e  o f th e  re c u rre n c e  fo rm u la  (5 ,5 )  and 

Sturm  * s theorem  ( s e e ,  f o r  example [ lO ] ) ,  th e  e ig e n v a lu e s  can be found .

The m ethod we e l e c t  to  u se  in  th e  p re s e n t  case  i s  e s s e n t i a l l y  a  combin

a t io n  o f  th e s e  two te c h n iq u e s ,  i n  th e  sense  t h a t  we reduce  A% to  a 

t r i d i a g o n a l  m a tr ix ,  f o r  w hich we in  tu r n  d e r iv e  a  s im i la r  d ia g o n a l a r r a y ,  

th e  r o o t s  o f w hich a re  s im p ly  g iv e n  by th e  d ia g o n a l e le m e n ts . The 

re a s o n  f o r  t h i s  am algam ation o f te c h n iq u e s  i s  p u re ly  one o f economy: 

th e  J a c o b i  m ethod i s  an ‘*n̂  " p ro c e s s ,  w h ile  th e  G ivens r e d u c t io n  to  

t r i d i a g o n a l  form  in v o lv e s  - ^ (n - l ) (n -2 )  m a tr ix  m u l t ip l i c a t io n s .  These two 

d e v ic e s  a re  d is c u s s e d  in  [ l l ] .  We make use  o f H o u se h o ld e r’ s method to  

a c h ie v e  t r i d i a g o n a l i s a t i o n ,  and i t  i s  due to  th e  f a c t  t h a t  i t  employs 

on ly  (n -2 )  o r th o g o n a l tr a n s fo rm a tio n s  t h a t  t h i s  i s  th o u g h t s u p e r io r  to
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th e  o th e r  p o s s i b i l i t i e s .

To e lu c id a te  th e  H ouseho lder te c h n iq u e , l e t  us d e f in e  m a tr ic e s  

AI by th e  r e c u r re n c e  r e l a t i o n

At+i = A P l j  i  = 1 ,  2 , , , ,  , (n —2 ) ,

i n  w hich P i  a re  th e  o r th o g o n a l m a tr ic e s

TP I = I  -  2w I w I ,

T
CJI — [ w i p i ,  w i ^ 2 ,  , , , ,  ,  m n — L ,  0 ,  0 ,  , , , ,  ,  Oj

T

w I w I = 1 ,

f o r  some w i, k ,  I  i s  th e  i d e n t i t y  m a tr ix  o f o rd e r  n and Ai th e  i n i t i a l  

sym m etric m a tr ix .

L e t us assume th a t  A i i s  t r i d i a g o n a l  in  i t s  l a s t  ( i - l )  rows 

and  colum ns. Then s in c e  P i  w i l l  have ze ro  e lem en ts  in  i t s  l a s t  i  rows 

and colum ns, a p a r t  from  th o se  on th e  d ia g o n a l which a re  u n i t y ,  th e  

o p e ra t io n  P i  A i P i  w i l l  le a v e  th e  l a s t  ( i - l )  rows and columns o f A i 

u n a l te r e d ,  and we can  choose th e  w i , i ,  wi ^g,  , ,  , .  ,  w i , n - l  so t h a t  th e  

e lem en ts  o f Ai^-i i n  th e  p o s i t i o n s

( n - i+ 1 , 1 ) ,  ( n - i+ 1 , 2 ) ,  . 0 , . , ( n - i + l , n - i - l ) , 

a re  z e ro .  Hence s in ce  a l l  th e  Ai w i l l  be sym m etric , A1+1 becomes t r i 

d ia g o n a l in  i t s  l a s t  i  rows and colum ns. Thus (n -2 )  such o p e ra t io n s

red u ce  A i  to  th e  t r i d i a g o n a l  m a tr ix  An-i g iv e n  by

An—1 — P n~2 Pn—1 , , , ,  P i  A% P 1 , , , ,  Pn—1 Pn-2 , 

so t h a t  An-i and Ai a re  s im i la r  and have c o in c id e n t e ig e n v a lu e s .  I f  X

i s  an e ig e n fu n c t io n  o f An-i , th e n  th e  co rresp o n d in g  e ig e n fu n c tio n  o f
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Al i s  e a s i l y  found  by

P i  P g  • • • •  P n - 2  X ,

W ritin g  I = n - i+ 1 ,  th e n  i f  th e  elem ents o f A i a re  den o ted  by  a j , k  and 

we d e fin e

and

a I = ac%  + ag^2 + . . . .  + ,

H i  = u t  ±  a c , ( - i  a i^ ^  ,

i t  can be shown t h a t  th e  ch o ice  o f wi , k  which h as  th e  d e s i r e d  e f f e c t  o f  

e l im in a tin g  th e  a p p ro p r ia te  e lem en ts  o f Ai+i i s

wi, ( - i  = U«,«- i  i  } / ( 2 H i )^ ,

w i , j  = a C j j / ( 2 H i ) ^ ,  j  = 1> 2 ,  • • • •  ( ^ —2 ) ,

i n  which th e  s ig n  in  wi , c_ i  i s  u l t im a te ly  chosen to  g iv e  n u m e rica l 

s t a b i l i t y .

P ro c e d u re s  f o r  u t i l i s i n g  t h i s  r e d u c t io n  c o m p u ta tio n a lly  have 

been  p u t fo rw ard  by W ilk in so n  [1 3 ] ,  whose n o ta t io n  we have u sed  above, 

and th e s e  have su b se q u e n tly  been  r e f in e d  by M artin  e t  a l ,  [ l 4 ] .  These 

p ro c e d u re s  a re  v a l id  f o r  a r b i t r a r y  sym m etric m a tr ic e s  w ith  r e a l  e le m e n ts , 

and we e l e c t  to  use f o r  ou r p r e s e n t  pu rpose  th e  v a r ia n t  i d e n t i f i e d  by 

M artin  as TRED 2 , In  p r a c t i s e  i t  i s  co n v en ien t to  t r i d i a g o n a l i s e  on ly  

the low er t r i a n g u la r  a r r a y  and p re s e rv e  th e  o r ig i n a l  e lem en ts  o f  the 

m a tr ix  i n  th e  rem ain ing  u pper t r i a n g l e , o r v ic e  v e r s a .  T h is  i s  done i n  

TRED 2 , w hich a ls o  p ro v id e s  th e  a r r a y  H, b e in g  th e  o r th o g o n a l m a tr ix  

form ed by  th e  p ro d u c t o f  th e  H ouseholder tr a n s fo rm a tio n  m a tr ic e s .
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H = P i Pa . . . .  Pn-2 > 

so  t h a t  the  n e t  t r a n s fo rm a tio n  i s

An-i — Ai H,

We m ust now d is c u s s  th e  d e te rm in a tio n  o f  th e  e ig e n v a lu e s  o f 

A n -i, w hich we a ch iev e  u s in g  th e  a lg o ri th m  known a s  TQL 2 , d ev eloped  

by  Bow dler e t  a l ,  [ l 5 ] .  I t  i s  n a tu r a l  t h a t  we sh o u ld  ad o p t t h i s  c o u rs e , 

s in c e  th e  common f a c to r s  i n  th e  a u th o r - s h ip  o f TRED 2 and TQL 2 have 

o b v io u s ly  l e d  to  th e  two program s b e in g  u sed  c o n v e n ie n tly  in  c o n ju n c tio n  

i f  d e s i r e d .  TQL 2 i s  a v e r s io n ,  f o r  u se  w ith  t r i d i a g o n a l  a r r a y s ,  o f th e  

s o - c a l l e d  QL m ethod, w hich i s  b ased  on th e  g e n e ra l  r e s u l t  t h a t  i f

B = QL, C = LQ,

where Q i s  u n i t a r y  (Q'^ = Q'*’ = Q̂  ) and L i s  low er t r i a n g u l a r ,  th e n

C = LQ = Q^B Q.

That i s ,  B and C a re  c o n ju n c tiv e  o r u n i t a r i l y  s im i l a r ,  and th u s  have 

c o in c id e n t  e ig e n v a lu e s .  S ta r t in g  from  a g iv e n  m a tr ix  B i th e  m a tr ic e s  

B( can be s u c c e s s iv e ly  c o n s tru c te d  by th e  re c u r re n c e  r e l a t i o n s  

Bg = Qg L g, Bg+i = Lg Qg = Qg^Bg Qg, 

and i n  g e n e ra l  Bg te n d s  t o  low er t r i a n g u l a r  form . In  p a r t i c u l a r ,  i f  B% 

i s  r e a l  and  sym m etric , th e n  th e  Q& a re  sim ply  o r th o g o n a l tr a n s fo rm a tio n s

and th e  Bg a re  a l l  r e a l  and sym m etric , and in  g e n e ra l  te n d  to  d ia g o n a l

form .

F o llo w in g  B ow dler, th e  re c u r re n c e  r e l a t i o n s  f o r  use on a 

t r i d i a g o n a l  form  a re  more c o n v e n ie n tly  w r i t t e n  as
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Qg(Bg -  k g l )  = Lg,  Bg+i = Lg Qg ' ,

so t h a t  Bg i s  s im i la r  to  B% -  Z k i l  in s te a d  o f B i. The kg a re  s u b tr a c te d

from th e  d ia g o n a l e lem en ts  of Bg to  a c c e le r a te  th e  convergence o f th e

p ro c e s s ,  f o r  i f  kg i s  chosen to  be c lo se  to  an e ig e n v a lu e , th e n  c l e a r ly

th e  o f f -d ia g o n a l  e lem en ts  in  th e  row a s s o c ia te d  w ith  t h i s  e ig en v a lu e

it)w i l l  d e c re a se  s h a rp ly  in  m agn itude . In  p r a c t i c e ,  i f  d r a re  th e  d ia g o n a l

e le m e n ts , and er^^ th e  o f f -d ia g o n a l  e le m e n ts , a t  th e  i t e r a t i o n ,  kg

i s  ta k e n  to  be t h a t  r o o t  o f

d p  e jP  

e i "  d j "
= 0

which i s  c lo s e r  to  d i^ \  Bowdler has fo^ind t h i s  to  be an e f f e c t iv e  means 

o f d e te rm in in g  th e  s h i f t  k g , w ith  r e g a rd  to  speed  o f convergence. A lso  i f  

and er^* a t  th e  f i t e r a t i o n  i s  e f f e c t i v e l y  z e ro , th e  m a tr ix  can be 

p a r t i t i o n e d  in to  th e  p ro d u c t o f two s m a lle r  t r i d i a g o n a l  m a tr ic e s ,  and 

as t h i s  r e s u l t s  in  c o n s id e ra b le  economy, i t  i s  perfo rm ed  in  TQL 2,

F in a l ly  we rem ark  th a t  th e  p ro ced u re  TQL 2 i s  d e s ig n ed  to  f in d  

th e  e ig e n fu n c tio n s  o f the  o r ig in a l  m a tr ix ,  in p u t  to  TRED 2 , d i r e c t l y ,  

w ith o u t th e  in te rm e d ia te  s ta g e  o f lo c a t in g  th e  p ro p e r  fu n c tio n s  o f the 

t r id ia g o n a l  m a tr ix .  T his i s  a ch iev ed  from  a knowledge o f th e  H ouseholder 

tr a n s fo rm a tio n  m a tr ix  H w hich i s  in p u t  to  TQL 2,

H aving b r i e f l y  o u t l in e d  th e  th e o ry  on w hich th e  p ro c e d u re s  

TRED 2 and TQL 2 a re  b a se d , we s h a l l  n o t d is c u s s  i n  d e t a i l  th e  p r e c is e  

ro u t in e s  o f th e s e  program s and t h e i r  n u m e rica l p r o p e r t i e s .  T his would
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m ere ly  be d u p l ic a t io n  o f  th e  p a p e rs  c i t e d  above , and as  we u se  th e  A lg o l 

program s in  th e  e x a c t form s o f  M artin  and B ow dler, th e re  i s  no v a r i a t i o n  

from th e s e  to  be r e c o rd e d .

We now r e tu r n  to  th e  problem  in  h and , hav ing  th e  fo u r  m a tr ic e s  

AO, AE, BO, and BE to. d e a l  w ith .  As th e s e  a re  a l l  o f  a s im i la r  s t r u c tu r e  

we can adop t th e  same p ro ced u re  f o r  each  one. For d e f in i t e n e s s ,  l e t  us 

d is c u s s  AO, th e  a r r a y  (comn -  p6mn).

We observe t h a t  th e  comn d im in ish  w ith  in c re a s in g  m and n ,  due 

b o th  to  th e  f a c t o r  (mn) ^  and th e  c o e f f i c i e n t s  o f th e  s in u s o id a l  te rm s 

in  a .  A lthough  t h i s  decay  i s  n o t p a r t i c u l a r l y  f a s t ,  l e t  u s c o n s id e r  th e  

e f f e c t  o f  c u r t a i l i n g  AO by ig n o r in g  a l l  i t s  o f f -d ia g o n a l  term s o th e r  

th a n  th o s e  in  the  f i r s t  N rows and colum ns. The s e c u la r  e q u a tio n  fo r  th e  

/isn -i can th e n  be e x p re s se d  a s  th e  p ro d u c t o f an N X N sym m etric d e te r 

m in a n t, w hich p ro v id e s  th e  f i r s t  N e ig e n v a lu e s ,  and an i n f i n i t e  d ia g o n a l 

d e te rm in a n t, w hich g iv e s  th e  rem ain d er o f th e  e ig en v a lu e  sequence . T h is

i s ,  am algam ating s im i la r  r e s u l t s  f o r  a l l  th e  a r r a y s ,

n = N+1, , , , ,  ( 6 , 1 )

nr, = {v -  2 a  -  

Kn = -  2% +

o r ,

Pn = Kn = [tt -  2aJ + 0 ( n “̂ ) ,  n = N+1, , , , »  (6 .2 )

To en su re  t h a t  we a re  in v e s t ig a t in g  th e  a p p ro p r ia te  end o f th e  e ig e n 
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v a lu e  sp ec tru m , we have from  ( S . l l ) ,  r e p le c in g  \  h y  l / { i ,

no  = (6 .3 )

T hat i s ,  Pn i s  p r o p o r t io n a l  t o  th e  sq u are  o f th e  a llo w a b le  tim e p e r io d  

when I i s  f ix e d .  We a re  p r i n c i p a l l y  i n t e r e s t e d  in  th e  lo n g e r  p e r io d  

w aves, and th e r e f o r e  r e q u i r e  a knowledge o f  th e  l a r g e r  e ig e n v a lu e s ,  and 

as th e s e  a re  a s s o c ia t e d  w ith  th e  le a d in g  te rm s o f AO, th e y  a re  o b ta in e d  

from th e  o rd e r  a r r a y  and  sh o u ld  th e re f o r e  be th e  m ost a c c u ra te .

The a b r id g in g  o f  th e  m a tr ix  AO in  th e  above manner w i l l  p ro v id e  

a v a l i d  means o f d e te rm in in g  th e  c h a r a c t e r i s t i c  v a lu e s  when th e  o f f -  

d ia g o n a l te rm s a re  sm a ll com pared w ith  th e  dom inant in f lu e n c e  on th e  

e ig e n v a lu e s ,  nam ely th e  te rm s [ t t  -  2 a ] /n  in  th e  d ia g o n a l e le m e n ts . As 

a in c r e a s e s  and th e s e  l a t t e r  te rm s approach  th e  same o rd e r  o f  m agnitude 

as th e  o f f -d ia g o n a l  te rm s , we can ex p ec t some lo s s  o f ac c u ra c y . The 

e ig e n v a lu e s  pn as  n N w i l l  be u n r e l i a b le  f o r  a l l  a ,  s in c e  th e  te rm s 

o f f  the  d ia g o n a l w hich in f lu e n c e  th e s e  q u a n t i t i e s  a re  in c r e a s in g ly  

ig n o re d . However, f o r  m odera te  v a lu e s  o f a we a n t i c ip a te  t h a t  th e  

e ig e n v a lu e  sequences w i l l  te n d  to  th e  v a lu e s  ( 6 , l )  w ith  in c re a s in g  n , 

and any d e p a r tu re  from  t h i s  t r e n d  w i l l  be d is c e rn a b le  and due to  a 

p e r tu r b a t io n  e n fo rc e d  by th e  ap p ro x im atio n .

The c r u c i a l  t e s t  o f th e  v a l i d i t y  o f  t h i s  method i s  a com parison  

betw een th e  e ig e n v a lu e s  o b ta in e d  f o r  two d i f f e r i n g  v a lu e s  o f N, and 

p r e s e n t ly  we t a k e ,  somewhat a r b i t r a r i l y ,  N = 20 , and N = 40 . Those 

e ig e n v a lu e s  w hich rem ain  u n a l te r e d  to  a c e r t a in  acc u racy  as  N i s
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in c re a s e d  from 20 to  40 can be re g a rd e d  a s  th e  e x a c t e ig e n v a lu e s  o f AO 

to  t h i s  a c c u ra c y . F u r th e r ,  by o b se rv in g  th e  te n d en cy  o f  th e  e ig e n 

v a lu e s  to  approach  th e  sequences ( 6 , l )  and any v a r i a t i o n  in  t h i s  ten d en cy  

as N chan g es, we can  deduce t h e  rem ain in g  e ig e n v a lu e s  to  a good approx

im a tio n .

T urn ing  t o  th e  e ig e n fu n c tio n s  o f AO, we n o te  t h a t  we

have e f f e c t i v e l y  s e t  e q u a l to  ze ro  th e  te rm s i n  th e  system  o f eq u a tio n s

( 4 , 22 ) ( a ) ,  o th e r  th a n

2 Can-i [comn -  pômn} = 0 , m = 1 ,  2 , . . . o  N-
' ( 6 , 4 )

Can-i {conn -  juj = 0 , n = N+1, N+2,

From th e  p e r tu r b a t io n  s o lu t io n  o f S e c tio n  5 , ,  we e x p e c t th e  dom inant 

term  in  ^ a n - i(0 o )  to  be c o s(2 n  -  l ) 0 o ,  and th e  c o e f f i c i e n t s  o f th e  o th e r  

te rm s , cos(2m -  l)© o , to  d e c re a se  in  m agnitude as  m moves away from n .

I t  fo llo w s  t h a t ,  due to  th e  f a l l i n g  o f f  o f th e  comn and th e  a n t i c ip a te d  

decay o f  th e  C g n - i, we s h a l l  o b ta in  re a so n a b le  ap p ro x im atio n s  to  th e  

f i r s t  few e ig e n fu n c tio n s  ^ 1( 60) ,  . . . ,  b u t  t h a t  th e  l a t e r

p ro p e r  f u n c t io n s ,  f o r  w hich we a re  ig n o r in g  te rm s o f  l a r g e r  m agnitude 

in  ( 6 , 4 ) ,  may n o t be so a c c u r a te .  A gain , i f  th e  c o e f f i c i e n t s  rem ain the 

same to  a  c e r t a in  a c c u ra c y  as N changes from 20 to  4 0 , th e n  we conclude 

t h a t  th e s e  g iv e  th e  e ig e n fu n c tio n s  o f AO to  t h i s  a c c u ra c y . We rem ark 

t h a t ,  by w hat was s a id  i n  th e  s o lu t io n  o f th e  R ie m an n -H ilb e rt p rob lem , 

and from  a  p h y s ic a l  p o in t  o f  v iew , th e  e ig e n fu n c tio n s  may c o n ta in  

lo g a r i th m ic  s i n g u l a r i t i e s  a t  #o = & and 6 0  = w -a . Such s i n g u l a r i t i e s
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w i l l  be co n cea led  in  the c o e f f i c i e n t s  and we s h a l l  not attem pt to  e x tr a c t  

them, though i t  i s  p o s s ib le  th a t  t h e ir  form can be deduced from the  

p ertu rb a tio n  s o lu t io n s  o f S e c tio n  5 .

I t  i s  c le a r  t h a t ,  s in ce  the e ig e n v a lu e s  o f  the two problems 

have a common asym ptotic  behaviour and the e lem en ts o f  AO and BO, comn 

and somn are alm ost id e n t ic a l  fo r  la r g e  m and n , then the e ig e n fu n c tio n s  

^ 2n -i(^ o )  and ^an-iC^o) w i l l  be m utually  asym p totic  a ls o .  S im ila r ly  fo r  

# 2n(Go) and ^ 2n(Go).

V/e f i n a l l y  remark th a t th e  end o f the spectrum corresponding to  

g r ea t ic e  co v er , fo r  w hich, as we have se e n , th e  above method o f  so lu tic n  

i s  l i k e l y  to  become in c r e a s in g ly  in a c c u r a te , can be r e a d ily  in v e s t ig a te d  

by means o f  the in te g r a l  equation s in  th e  forms (4 ,1 4 ) ,  We see by r e fe r 

ence to  F ig , 2 . th a t  th e  appropriate ic e  cover corresponds to  r sm a ll.

An im m ediately apparent method o f  proceed ing in  the case o f  

<^(s) i s  to  map th e  in te r v a l  o f in te g r a t io n  onto (0 ,w ) by means of  

s = Tcos w, So = Tcos Wo, By expanding the term ( l  -  r^cos^w)"^^ in  

powers o f  we a r r iv e  a t a s im ila r , but more com plex, system  o f equation s  

to  th a t in v e s t ig a te d  above, fo r  which the same type o f num erical 

procedure i s  a p p lic a b le . However we do not pursue th is  l in e  o f thought 

fu r th e r  in  th e  p resen t d is c u s s io n .
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7 , N um erical r e s u l t s  and c o n c lu s io n .

We e v a lu a te  th e  e ig e n sy s te m s , and a ls o  th e  d ia g o n a l e le m e n ts ,

o f th e  fo u r  m a tr ic e s  f o r  th e  two v a lu e s  o f  N s t a t e d  above.

R e tu rn in g  to  th e  c o n d i t io n  (4 ,1 6 )  im posed on th e  Neumann problem

( a ) ,  we s e e ,  u s in g  ( 4 ,2 5 ) ,  t h a t  i t  i s  i d e n t i c a l l y  s a t i s f i e d  by th e  

# 2n - i ( # o ) ,  b u t i s  o n ly  s a t i s f i e d  by th e  ( p^ni do )  p ro v id e d  th a t

s in  2ma = 0 ,
L j /m 
m=l

7/e th e r e f o r e  e v a lu a te ,  f o r  each  o f th e  fu n c tio n s  ^ 2n (# o ) , th e  e x p re s s io n

N

©211 = )  s in  2raa  ̂ ( 7 , l )

m=l

and f in d  t h a t  i t  i s  n o n -z e ro  to  our p r e s c r ib e d  ac c u ra c y . We conclude 

t h a t  th e  <Pzo{6o)  a r e  n o t v a l i d  s o lu t io n s  o f th e  problem  and , m oreover, 

t h a t  no s o lu t io n  e x i s t s  h av in g  a w aveleng th  26, T h is  i s  p ro b a b ly  due 

to  th e  f a c t  t h a t  th e  o r th o g o n a l s e t  cos 2#o, cos 46o , • • • •  iu  te rm s o f 

w hich (f>2 n i &o )  i s  e x p re s s e d , i s  in c o m p le te , th e  c o n s ta n t te rm  b e in g  

in a d m issa b le  as  we saw e a r l i e r .

In  f a c t  i t  i s  found  th a t

esn < u , a l l  n ,  a l l  a ,  

and  t h a t  ean d e c re a se s  i n  a b s o lu te  m agnitude w ith  in c re a s in g  n ,  so  t h a t  

th e  l a t e r  e ig e n fu n c tio n s  can be th o u g h t o f as s o lu t io n s  o f th e  p rob lem , 

v a l i d  to  a  c e r t a in  a c c u ra c y .
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We a p p ly  th e  p ro ced u re s  o f S e c tio n  6 , i n  tu r n  f o r  a = 77/ 3 6 ,

77/ 1 8 , 77/ 9 , 77/ 6 , 77/ 4 ,  77/3 and 57t/12, The f i n a l  v a lu e s  a re  n o t e x p e c te d  

to  y i e ld  such  a c c u ra te  r e s u l t s  as th e  sm a lle r  a ,  b u t we t e n t a t i v e l y  

t r y  them . In  each  case  we compare th e  e ig e n v a lu e s  p ro v id e d  by th e  N = 20 

and N = 40 a r r a y s ,  and e s t a b l i s h  th e  t r e n d  o f th e s e  tow ards th e  d ia g o n a l 

e le m e n ts . I n  t h i s  way we a re  ab le  to  p ro v id e  a s u f f i c i e n t l y  a c c u ra te  

p ic tu r e  o f  th e  e ig e n v a lu e s  f o r  a l l  th e  a exam ined, w ith  th e  e x c e p tio n  

o f  a = %/3 and a = 677/ 1 2 ,  f o r  which o n ly  th e  le a d in g  c h a r a c t e r i s t i c  

r o o ts  can be e s ta b l i s h e d .

The e ig e n v a lu e s  a re  d e p ic te d  g r a p h ic a l ly  i n  F ig s ,  4 - 9 ,  two 

d i f f e r e n t  s c a le s  b e in g  chosen f o r  c l a r i t y .  For t h i s  re a s o n  we a ls o  

draw cu rv es  th ro u g h  th e  v a lu e s ,  though th e y  a re  o f c o u r s e ,  d i s c r e t e  

p o in t s ,  Vfe n o t ic e  a t  once t h a t  th e  psn cu rv es  a re  d i s t o r t e d  somewhat 

f o r  th e  i n i t i a l  v a lu e s  o f n ,  compared w ith  th e  o th e r  g ra p h s , b u t  soon 

te n d  t o  the  same s o r t  o f r e g u la r  p a t t e r n  e x h ib i te d  by th e  o th e r  e ig e n 

v a lu e s ,  T h is  i s  p resum ab ly  a consequence o f the i n v a l i d i t y  o f th e  

(p2 T\{do)  d is c u s s e d  above.

The c o n c lu s io n s  we drew from  th e  p e r tu r b a t io n  e x p re s s io n s  ( 5 ,2 l )  

a re  seen  to  be s u b s ta n t i a te d  by th e  g ra p h s : th e  pn v i s i b l y  d e p a r t  from 

t h e i r  f r e e  su r fa c e  v a lu e s  a s  soon as a moves from  z e ro ; th e  Kn a re  

v i r t u a l l y  c o in c id e n t  w ith  t h e i r  f r e e  s u r fa c e  v a lu e s  when a = 77/36 (and  

a re  f o r  t h i s  re a so n  n o t shown e x p l i c i t l y ) ,  and a re  b a r e ly  d i s t i n c t  from 

them when a = 77/ I 8 ,
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R e s t r i c t i n g  our rem arks to  th e  adm issa b le  v a lu e s  Kan-i and 

/Jsn-i y we o b serv e  t h a t  K^n- i  > p an -i f o r  th e  i n i t i a l  v a lu e s  o f n ,  and 

a l l  a ,  w h ile  th e  two s e t s  o f e ig e n v a lu e s  have common asym pto tes w ith  

in c re a s in g  n .

We have th e r e f o r e  e s ta b l i s h e d  t h a t  th e  d i f f e r e n c e  in  th e  i n i t i a l  

e ig e n v a lu e s  o f  Problem s A and B and the  m u tu a lly  a sy m p to tic  b eh av io u r 

o f th e s e  e ig e n v a lu e s  as  n in c r e a s e s ,  w hich was found  f o r  sm all a ,  i s  

t r u e  f o r  the w hêle a spectrum .

As re g a rd s  th e  e ig e n fu n c tio n s  # 2n - i(# o )  and ^ 2n - i(G o ) , d is p la y  

i s  more d i f f i c u l t  and we r e s t r i c t  i t  to  th e  le a d in g  v e c to r s  g iv e n  by 

n = 1 and n = 2 , d is c u s s in g  th e  g e n e ra l t r e n d  o f  th e  fu n c t io n s .  The 

dom inant c o e f f i c i e n t s  o f <̂>3( ^ 0) and ^ 3( 60) shown

in  T ab les  1 and 2 , b e in g  g iv en  by

C2m-i = Cgm-i V{2/(2m -  l ) { ,  Sgm-i = Sgm.i -/|2 /(2 m  -  l ) } ,  

by v i r t u e  o f  th e  assumed forms o f th e  s o lu t io n s .

A g ain , q u a l i t a t i v e  co n c lu s io n s  o f th e  p e r tu r b a t io n  method 

fo llo w  th ro u g h  to  a l l  v a lu e s  o f a : th e  c o e f f i c i e n t s  in  a re

g r e a t e r  i n  a b s o lu te  m agnitude th a n  th o se  in  ^ 3n - i ( # o ) ;  th e s e  c o e f f i c i e n t s  

undergo a s ig n  change as m p a s se s  th ro u g h  th e  v a lu e  n ,  and o s c i l l a t e ,  

changing  s ig n  w ith  a r e g u la r i t y  w hich i s  more m arked a s  a in c r e a s e s .

The d e c re a se  in  m agnitude o f Cgm-i and Sgm-i as  m moves away 

from n becomes l e s s  marked as a in c r e a s e s ,  and f o r  l a r g e r  v a lu e s  o f  ic e  

c o v e r , C2n -i and S2n-i cea se  to  be the  dom inant te rm s i n
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and ^ 2 n - i ( 0 o ) .  T h is  i s  f i r s t  observ ed  f o r  n = 2 , and i s  more a p p a re n t 

as n in c r e a s e s .  I t  i s  n o te d  th a t  th e  two s e t s  o f c o e f f i c i e n t s  te n d  

tow ards common v a lu e s  as n in c r e a s e s ,  co n firm in g  th e  d ed u c tio n  we made 

above.

Thus th e  com bining o f  th e  s o lu t io n s  i s  a co m p lic a te d  p ro c e d u re , 

and th e  c o n c lu s io n s  a t  th e  c lo se  o f S e c tio n  5 . w ould seem to  h o ld  fo r  

the  whole range  o f ic e  c o v e r . I t  i s  o f co u rse  ou t o f  th e  q u e s tio n  to  

in v e s t ig a t e  th e  p o s s i b i l i t y  o f s e v e ra l  e ig e n fu n c tio n s  superim posing  in  

some p a r t i c u l a r  way to  form a sim ple p ro g re s s in g  w av e ..

Q u a l i t a t i v e ly ,  we may summarise some o f th e  above r e s u l t s :

( i )  C orrespond ing  to  each  s ta n d in g  wave o f an a llo w a b le  p e r io d  in  

th e  t o t a l  f r e e  s u r fa c e  c a s e , th e re  i s ,  i n  th e  p re sen ce  o f th e  

f l o e s ,  a more complex s ta n d in g  wave o f s m a lle r  p e r io d ,  t h i s  

p e r io d  d e c re a s in g  as th e  f lo e  s iz e  in c r e a s e s .

( i i )  As th e  ic e  co v er in c r e a s e s ,  the  dominance o f  cos n6o uud s in  n^o 

i n  0n(®o) and ^n (ô o ) f o r  th e  le a d in g  v a lu e s  o f  n d im in is h e s ,  the 

e ig e n fu n c tio n s  d e p a r t in g  more and more from t h e i r  t o t a l  f r e e  

su r fa c e  s t a t e s .  A p o s s ib le ,  b u t unp roven , consequence o f t h i s  i s  

t h a t  a  com bination  o f the  ty p e  (5 .2 3 )  w i l l  more c lo s e ly  resem ble  

a sim ple  p ro g re s s iv e  wave, w ith  a l e s s e r  r e f l e c t e d  p a r t ,  when a 

i s  sm a ll.

( i i i )  The h ig h e r  freq u en cy  waves combine in  a s im p le r  way th a n  th o se  

w ith  lo n g e r  p e r io d s ,  b e in g  a s u p e rp o s i t io n  o f  p ro g re s s iv e  waves
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and h av in g  a sm all r e f l e c t e d  com ponent, as  we saw f o r  a sm a ll and 

w hich h as  been  shown to  fo llo w  f o r  a l l  ct. These waves a re  such 

th a t  t h e i r  e n e rg ie s  a re  d i s s ip a t e d  by v a r io u s  mechanisms which 

we have n o t acco u n ted  fo r  h e r e ,  b u t i t  i s  i n t e r e s t i n g  to  n o te  

t h a t  th e y  a re  p e rm is s ib le  s o lu t io n s  o f ou r p r e s e n t  m a th em a tica l 

m odel.

The p r e s e n t  fo rm u la tio n  has d e a l t  o n ly  w ith  a r e s t r i c t e d  c la s s  

o f  s o lu t io n s ,  hav ing  p e r io d s  4 i ,  and i t  w ould be i n t e r e s t i n g  to  compare 

th e  r e s u l t s  o f  a g e n e ra l  c l a s s  o f s o lu t io n  w ith  th o se  o b ta in e d  h e re .  

However we do n o t fo llo w  t h i s  im m ediate e x te n s io n  f u r t h e r  a t  t h i s  s ta g e .

T h is  problem  was co n ce iv ed  w ith  a  view  to  o b ta in in g  p o s s ib le  

p ro g re s s iv e  wave s o lu t i o n s ,  f o r  u se  in  a t r a n s m is s io n - r e f l e c t io n  in v e s t 

ig a t io n  in  th e  s i t u a t i o n  o f a s e m i - in f in i t e  f r e e  s u r fa c e  and a sem i

i n f i n i t e  r e g u la r  a r r a y  o f r i g i d  f l o e s .  T h is  l a t t e r  p a r t  has n o t p roved  

f e a s i b l e ,  due t o  th e  co m plex ity  o f  o b ta in in g  th e  b a s ic  wave s o lu t i o n s ,  

w hich has h ig h l ig h te d  th e  d i f f i c u l t y  o f so lv in g  th e  more r e a l i s t i c  

m a th e m a tic a l i n t e r p r e t a t i o n s  o f th e  wave -  ic e  i n t e r a c t i o n .
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a 7t / 3 6 n/ I B 7t / 9 7t / 6 7t / 4 7t / 3

C l 1 . 4 0 1 1 . 3 7 2 1 .282 1 . 1 3 8 . 9 2 2 . 6 4 0

03 -  . 0 7 8 - . 1 5 8 - . 3 1 8 - A 38 - . 3 7 2 - . 5 2 4

C5 -  . 0 3 7 - . 0 6 8 - . 0 9 2 - . 0 3 9 . 1 6 2 .337
C 7 -  . 0 2 4 - . 0 3 9 - . 0 2 3 . 0 3 4 . 0 4 2 - . 1 3 0

Cg -  . 0 1 7 - . 0 2 4 . 0 0 3 . 0 3 1 - . 0 3 7 .020

C i l -  . 0 1 3 - .014 . 0 1 3 .008 - . 0 1 6 . 0 3 4

C l 3 -  .010 - .008 .012 - . 0 0 9 . 0 1 6 - . 0 3 0

C l 5 -  .008 - . 0 0 4 .008 .011 . 0 0 9 . 0 0 3

C 1 7 -  . 0 0 6 - .001 .002 - . 0 0 3 - . 0 0 9 . 0 1 3

C l 9 -  . 0 0 5 .001 - .002 .004 - . 0 0 3 - . 0 1 3

C2 1 — « 0 0 4 .002 - . 0 0 4 . 0 0 5 . 0 0 6 .002

C 2 3 -  . 0 0 3 . 0 0 3 - .004 .002 . 0 0 4 . 0 0 7

C 2 5 -  .002 . 0 0 3 - .002 - .002 - . 0 0 4 - . 0 0 7

S i 1 . 4 1 4 1 . 4 1 4 1 . 4 1 2 1 . 4 0 4 1 . 3 7 1 1 . 3 0 0

S 3 -  .001 - . 0 0 4 - . 0 2 9 - .080 - . 1 9 2 - . 3 0 3

S 5 .000 - . 0 0 3 - . 0 1 9 - . 0 3 9 - . 0 2 3 . 0 7 0

S 7 - . 0 0 3 - . 0 1 3 - .012 . 0 2 4 .012

S g - . 0 0 3 - . 0 0 7 . 0 0 3 . 0 0 9 - . 0 2 3

S i i - .002 - . 0 0 3 . 0 0 7 - . 0 0 9 .011

s  1  3 - .002 .000 .004 - . 0 0 4 . 0 0 4

S i s - .001 .000 - .001 . 0 0 3 - . 0 0 9

S 17 - .001 .002 - . 0 0 3 . 0 0 3 . 0 0 4

S l 9 - .001 .002 - .002 - . 0 0 3 .002

S 2 I .000 .001 . .000 - .002 - . 0 0 4

S 23 .000 .001 .002 .002

S 25 .001 .001 .001

T À B L E  1 ; O h e e i g e n f u n c t i o n s  <4 i  = z
m

C 2 m - i COS (2m - 1)9 0

and = Z  s 2 m - i s in (2 m 1 ) ô  0
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a 7t/3 6 7t /1 8 7t/ 9 t t / 6 ttA 7t/ 3

Cl .097 .160 .240 .273 .268 .208

C3 .788 .728 .356 .331 .071 -  .089
C5 -  .124 -  .243 - Ji41 -  .324 -  .379 -  .083
c? -  .055 — .089 - .051 .129 .371 .229

Cg -  .035 — .046 .013 .072 -  .140 -  .279
Cl 1 -  .024 -  .025 .027 .012 -  .034 .228
Cl3 -  .018 -  .013 .023 -  .019 .039 -  .122
Cl5 -  .014 — .005 .013 -  .019 .013 .022

Cl7 -  .011 -  .001 .002 -  .003 -  .019 .030
Cl 9 -  .008 .002 - .005 .008 -  .009 -  .031
Cg 1 — .006. .004 - .007 .009 .011 .007
C23 -  .005 .005 - .006 .003 .006 .013
C25 — .004 .005 - .003 -  .004 -  .007 -  .013

Si .001 .006 .031 .071 .134 .177
S3 .816 .814 .783 . 7 0 3 . 4 8 6 .223
Ss -  . 0 0 4 -  .029 - . 1 4 6 .038 -  .433 -  .348
S7 -  . 0 0 3 -  .018 - . 0 6 7 .033 . 1 6 7 .322
Sg -  . 0 0 3 -  .014 - .032 . 0 1 7 .032 -  . 2 0 6

S l l -  .002 -  .011 - .010 .028 -  . 0 4 0 .076
s 13 -  .002 -  .009 .002 .013 -  . 0 1 4 .011

S15 -  .002 -  . 0 0 7 .008 -  . 0 0 4 .018 -  . 0 3 7
S i 7 -  .002 -  . 0 0 5 .008 -  .010 .008 .020
Slg -  .002 -  . 0 0 4 . 0 0 5 -  . 0 0 6 -  .010 .003
S2I: -  .001 -  .002 .001 .001 -  . 0 0 3 -  . 0 1 6

S23 -  .001 -  .001 - .002 . 0 0 3 .007 .009
S25 -  .001 .000 - .003 . 0 0 4 . 0 0 4 .003

T/iBLE 2 . : The e ig e n fu n c tio n s  </>3 = Z  Cam-i cos(2m -  1 )9 o
m

and ^3 = Z Ssm-i s i n ( 2m -  1 )9 0 .
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CONCLUSION

The p re c e d in g  c h a p te rs  have a tte m p te d  to  p ro v id e  a su rv ey  o f 

th e  p re s e n t  knowledge o f  th e  w a te r  wave -  ic e  f lo e  i n t e r a c t i o n ,  and to  

e x te n d  c e r t a in  a s p e c ts  o f t h i s  knowledge by in v e s t ig a t in g  a number o f  

h i t h e r t o  u n ex p lo re d  p rob lem s. In  a d d i t io n ,  th e  c o n te n ts  o f C h ap te r IV 

have se rv e d  in  a l i m i t e d  way to  a s s im i la t e  and develop  th e  th e o ry  o f  

s in g u la r  i n t e g r o - d i f f e r e n t i a l  e q u a t io n s ,  th e  o r i e n t a t i o n  o f  t h i s  su rv ey  

b e in g  tow ards s p e c i f i c  methods o f  s o lv in g  such e q u a t io n s .

E x te n s io n s  to  the sh a llo w  w a te r  problem s o f C hap te rs  I I  and 

I I I  a re  im m ediate , a p rim ary  o b je c t iv e  b e in g  th e  d e r iv a t io n  o f  s o lu tio n s  

f o r  an a r b i t r a r y  w a te r  d e p th . The p o s s i b i l i t y  o f a c h ie v in g  t h i s  on an 

a n a ly t ic  b a s is  in  th e  case  o f th e  f l e x i b l e  ic e  s h e e t  o f  C hap ter I I  seems 

re m o te , due to  th e  co m p lex ity  o f th e  boundary  c o n d it io n  w hich d e s c r ib e s  

th e  i c e .

The problem  o f th e  v a r ia b le  th ic k n e s s  ic e  s h e e t  o f C h ap te r I I I  

i s  more p rom ising  in  t h i s  r e s p e c t ,  and i s  s im i la r  to  t h a t  o f ,7eitz  and 

K e lle r*  m entioned  i n  C hap ter I .  On p r e s c r ib in g  a s in u s o id a l  ic e  th i c k 

n e s s ,  as in  th e  sh a llo w  w a te r  fo rm u la t io n ,  a W iener-H opf i n t e g r a l  

e q u a tio n  can be d e r iv e d .  W ithout d v /e llin g  on th e  d e t a i l  o f such  e q u a t io n s ,

* W e itz , M ., and K e l l e r ,  J . B . ,  " R e f le c t io n  o f w a te r  waves from  f l o a t i n g  

ic e  in  w a te r  o f  f i n i t e  d e p th " . Comm unications on P ure  and A p p lie d  

M athem atics , v o l .  3 ,  ( l9 5 0 ) .
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a s o lu t io n  was a tte m p te d  u s in g  th e  s ta n d a rd  te c h n iq u e  u n t i l  a d e v ia t io n  

from  th e  W iener-H opf th e o ry  ev o lv ed . No v;ay v/as found  o f p ro ceed in g  a t  

th e  t im e ,  h u t i t  i s  p o s s ib le  t h a t  the problem  i s  t r a c t a b l e .

An a l t e r n a t iv e  e x te n s io n  to  t h i s  problem  i s  th e  th r e e  dim ens

io n a l  case  i n  w hich th e  ic e  th ic k n e s s  i s  a llow ed  to  v a ry  w ith  r e s p e c t  

to  b o th  th e  h o r iz o n ta l  v a r i a b l e s .  An approach  a long  th e se  l i n e s  e s ta b 

l i s h e d ,  by a  s e p a ra t io n  o f v a r i a b l e s ,  t h a t  a M athieu e q u a tio n  a r i s e s  

in  each  o f  th e s e  v a r ia b le s *  A q u a l i t a t i v e  d is c u s s io n  o f the problem  i s  

im m ed ia te ly  made com plex, s in c e  th e re  a re  now two s t a b i l i t y  d iagram s in  

in d ep en d en t p a ra m e te rs , and th e  s o lu t io n  was th e r e f o r e  ta k e n  no fu r th e r*  

The f i n a l  C hap ter em phasises th e  d i f f i c u l t y  o f so lv in g  a 

m a th em a tic a l model in  w hich th e  ic e  f lo e s  a re  re g a rd e d  as  r i g i d  b lo c k s . 

N e v e r th e le s s ,  i t  i s  f e l t  t h a t  t h i s  i s  th e  d i r e c t io n  in  w hich th e  o v e r a l l  

problem  m ust p ro c e e d , and t h a t  perhaps a  knowledge o f th e  th re e  dim ens

io n a l  s i t u a t i o n  o f  a s in g le  r i g i d  d is c  f l o a t in g  on an expanse o f f l u i d  

w ould be a s u i ta b le  s te p p in g  s to n e  tow ards t h i s  end.

A lso  th e  q u e s tio n  o f  v isc o u s  e f f e c t s  in  the  form o f boundary 

la y e r s  u nder th e  ic e  sh e e t i s  y e t  to  be re s o lv e d ,  and as  was made 

a p p a re n t by th e  e x p e rim e n ta l approaches m entioned  in  C hap ter I ,  t h i s  

may in d e ed  be a s ig n i f i c a n t  mechanism.
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APPENDIX I  : The n u m e rica l s o lu t io n  o f a  system  o f l i n e a r  e q u a t io n s .

An e f f i c i e n t  m ethod o f so lv in g  the system  o f l i n e a r  e q u a tio n s  

A X = B,

f o r  th e  n X r  m a tr ix  X, where A i s  an n x n a r r a y  and B i s  an n x  r  

m a tr ix  com prising  th e  e lem en ts  o f r  d i f f e r e n t  r i g h t  hand s id e s ,  has been  

d ev eloped  by  Bow dler e t  a l . * ,  to g e th e r  w ith  v a r io u s  com puter program s
t

b a se d  on i t .  R e fe r r in g  to  Bow dler*s no ta tio n , we employ in  th e  p re s e n t  

case  th e  v a r i a n t s  d e s ig n a te d  UNSYi.IDET and UNSYMî̂ îACCSOLVE.

The f i r s t  o f th e s e  g iv e s  th e  G rout f a c t o r i s a t i o n  o f th e  m a tr ix  

A, b a se d  on the f a c t  t h a t  a n o n -s in g u la r  sq u are  m a tr ix  can  in  g e n e ra l  be 

e x p re s se d  in  th e  form

A = L U,

where L i s  low er t r i a n g u l a r  and U u p p er t r i a n g u l a r .  W ritin g  t h i s  as

A = (L D)(D"i U ),

th e  G rout ch o ice  o f d ia g o n a l m a tr ix  D i s  such th a t  D~  ̂ U i s  u n i t  upper 

t r i a n g u l a r .  W ithou t go ing  in to  d e t a i l ,  the f a c t o r i s a t i o n  in v o lv e s  n 

m ajor s t e p s ,  each  r e p re s e n ta b le  by a p e rm u ta tio n  m a tr ix  Pp o p e ra tin g  on 

A, so t h a t

Pn . . ,  P 2 P i A = L U.

* B ow dler, H . J . ,  M a r tin , R .S . ,  P e t e r s ,  G. and W ilk in so n , J . H , , " S o lu tio n  

o f r e a l  and complex system s o f l i n e a r  e q u a t io n s " ,  Num erische M atem atik , 

v o l .  8 , p p . 217 -  234 , ( l9 6 6 ) .
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Thus fo r  one o f  the  r i g h t  hand s id e s  b ,  and an unknown v e c to r  x ,  we can 

w r ite

Pn . . . ,  P 2 P i  A X = L U X = Pn • • • •  P i  P 2 % = bo ,  

s a y , so t h a t  in  e f f e c t  we must so lv e

L y  = b o , U X = y .

T hat th e  s o lu t io n  o f th e  f i r s t  o f th e s e  can be found  by  r e p e a te d  s u b s t

i t u t i o n  i s  c l e a r ,  and  from  a knowledge o f th e  v e c to r  y ,  x can be d e te r 

m ined w ith  s im i la r  ease* These l a t t e r  p ro c e s s e s  a re  accom plished  by 

UNSYIÆMACCSOLVS, w hich a ls o  in v lo v e s  an i t e r a t i v e  p ro ced u re  to  ensu re  

s u f f i c i e n t  a cc u racy  in  th e  s o lu t io n .

F u r th e r  d e t a i l  h e re  i s  su p e rf lu o u s  s in c e  th e  A lg o l program s 

a re  u sed  in  th e  e x a c t form  p roposed  by B ow dler, in  whose p a p e r , c i t e d  

above, can be found a l l  th e  n o ta t io n a l  and p ro c e d u ra l d e t a i l s  o f the 

method*


