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Aîî Experimental Study Into Impact Wave Propagation in Cross Ply
Composite Plates

By

5.J0 Walters

Abstract

To gain insight into the problem of impact on to composite materials this work has 
examined experimentally the chai acteristics of stress waves propagating through a multi 
layered plate due to a surface impact. Theoretical and numerical techniques have been 
developed for an impulsive line load acting on the upper surface of a four layer cross ply 
plate. These resolve the surface and inter lamina disturbances caused by the passing stress 
waves due to a normal line impulse onto a plate.

The objective of this work was to examine tire wave propagation in a cross ply plate with 
experimental techniques and compare the wave characteristics with the analytical 
predictions.

To detect the passing of the stress waves on the surfaces and at the ply interfaces a piezo 
electric sensor was developed using polarized homopolymer of vinylidene fluoride (PVDF) 
film. The responses collected from surfaces and mid plane of the impacted plate were 
dominated by the low frequency contribution of the impact, so the high frequency shear 
wave responses were extracted with digital filters.

The experimental results presented show that when the limiting wave velocity in the plate 
was that of a Rayleigh type surface wave the largest disturbance in the plate occuiTed on 
the upper surface of the plate, and that when the limiting wave velocity in the plate was 
that in an internal shear wave and the largest disturbance occurred at the mid plane of the 
plate.

These results demonstrated that the presence or absence of shear waves could be resolved 
experimentally at the surfaces and ply interfaces of a multi layered material. A good 
corTelation was seen between the experimental results and the analytical results which 
provided some verification for the analysis method.
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Chapter 1: Introduction

Chapter 1: Introduction

Over the last 20 years there has been a rapid expansion in the use of fibre reinforced 

materials for a wide range of engineering applications. These composite materials of 

reinforcement fibres mixed with a matrix material offer distinct advantages over more 

conventional engineering metallic alloys. They generally offer higher specific stiffness and 

superior corrosion resistance and in some situations can provide lower cost with the 

production of complex load bearing structures in single operation, Chou, McCullough and 

Pipes [1]. With this increase in the application of composite materials there has been a 

lai ge expansion in the research effort into the understanding of all aspects of their 

mechanical behaviour in particular examining the material strengths and weakness.

One perceived weakness of fibre reinforced polymer material is its response to localised 

impact, where the material's low ductility can result in extensive damage from relatively 

low energy impacts. This is becoming increasingly important with the trend in the 

aerospace industry in the use of fibre reinforced polymers as replacements for alummium 

on the outside sldn of aeroplanes, Ratwani [2]. The outside sldn of aircrafts is vulnerable 

to impact from a range of sources such as a dropped tool during maintenance, runway 

debris during talceoff and landing and airborne foreign objects such as birds during flight. 

In recent years there have been many research programs undertalcen in attempts to 

understand better the impact response of fibre reinforced materials. The majority have 

studied the continuous fibre high performance composites which have been used in civil 

and military air craft where the consequences of extensive impact damage could be serious, 

A review article by Cantwell and Morton [3] has described much of the previous work in 

this field.

The manner in which composite materials dissipate the kinetic energy from a projectile 

impact loading is very different to that of metals. When metals are impacted by low and
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intermediate incident energy projectiles the energy is absorbed by elastic and then plastic 

defoimation, which can cause permanent deformation to the materials, but the reduction in 

tire components load bearing capability is usually small. High incident impacts can result 

in target penetration with the impactor passing through the material, this often causes the 

degradation to the loading bearing capacity of the material but this can usually be 

predicted with fracture mechanics principles.

In fibre reinforced polymers the plastic deformation capacity is limited depending on the 

fibres and polymers in the material. This results in the energy from the impact being 

absorbed into the material creating a large area of fracture which results in the loss of 

strength and stiffness in the material. The nature of composite materials with a multi 

layered constrirction malces the prediction of post fracture load bearing capacity of a 

damaged composite structure difficult due to the complex nature of the damage zone. 

These effects are described in Mortimer, Chou and Carieone [4], Schonberg [5], Ujihashi 

et al [6] and Kumar, Rai [7]. This problem can also be compounded with difficulty in 

detecting the post impact damage where the fracture occurs as a delamination of the 

material layers with little or no surface deformation. The research work concerned with 

impact assessment of multi layered composite materials has concentrated on the evaluation 

of damage caused on a variety of material constructions with various impactors and 

energies and the resulting post impact material strength, Cantwell and Morton [8], Park 

[9] and Qian et al [10].

A second area of impact research has also developed into the way stress waves propagate 

away from an impact on a material. An impact on to a material causes the propagation of 

elastic waves known as stress waves from the point of impact. This phenomena was first 

investigated by Lord Rayleigh [11] who examined the waves travelling in solid isotropic 

materials. Lord Rayleigh gave his name to a particular high frequency surface wave 

Icnown as the Rayleigh wave. As mathematical and experimental techniques developed 

Kolsky [12] continued the investigation into the wave propagation in solid materials and
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describes it in detail. With the development of fibre reinforced materials into anistropic 

laminated plates there was the requirement to investigate the wave propagation in this 

material to aid the better understanding of the response due to stress waves propagated 

from impacts, Green [13] and Kolsky [14]

The aim of this research work was to investigate the stress wave propagation in multi 

layered anistropic plates due to surface impacts. The area of particular interest was the 

interaction between the direction of propagation and the wave characteristics at the 

different layers in the plate. This was achieved with the examination of the correlation 

between experimental and analytical data.

The theoretical study of wave motion in laminated plates has been extensively researched 

in recent years and the developments are presented in the review articles by Mildiwitz 

[15], and Ting [16]. These accounts show that the methods of analysing the problem can 

be classified into essentially three groups. One group involves the use of assumptions 

about the stress or displacement variations through the thiclcness of the laminate. This 

method is the usual engineering mechanics approach to plate theory and the integration 

through the thiclcness reduced the number of spatial variables from three to two.

Examples of the use of this technique to study impact problems are contained in the papers 

by Chow [17], Moon [18] and Sun [19]. There is a hybrid numerical method described 

by Lui et al [20] which can also be regarded as an example of this method. This method 

involves the use of a finite element formalism which expresses the through thiclcness 

displacement on a number of planes which therefore reduces the equations of motion to 

involving two spatial dimensions on each plane.

The second group of methods involves a pure numerical approach to solving the problem 

and an example is furnished in the paper by Lee et al [21]. This evaluates the transient 

stresses in a composite due to an impact with a finite element numerical technique.
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Solution methods which belong in either of the two groups described above will of 

necessity lead only to approximate results, since by their nature they are incapable of 

reproducing the details of the stress variation throughout the laminate thickness. For low 

frequency vibrations, or for transient motion due to low velocity impact, where the 

wavelength of the disturbance is large in comparison with the overall plate thickness, these 

methods could be expected to provide good results. High velocity impacts and internal 

impulsive events such as delamination or cracking, on the other hand , will give rise to 

transient motion involving a wide range of frequencies (and wavelengths). For these, the 

stress variation through the laminate thickness may well differ significantly from that 

assumed in the approximate theories and it becomes necessary to analyse these problems 

using the full three dimensional equations of elasticity. It is a method which make use of 

these full elasticity equations which constitute the third group of solution techniques. 

Examples are provided in the work of Baylis and Green [22,23,24], these methods 

generate the exact analytic solutions using transform techniques. With these solutions it 

becomes possible to evaluate stress and displacement components at any location within 

or on the surfaces of the plate with the only approximation being that arising from the 

procedure for numerical computation of the analytic solution, Baylis and Green [25], 

Green and Green [26]. It is this three dimensional approach that has been adopted in this 

work.

The details of the stress variation throughout the laminate have a practical significance in a 

paper by Stone and Chatterjee [66] dealing with the effect of several impacts on laminated 

plates. These authors showed that the dhectional focusing of waves arising from the first 

impact could cause reduction in the stiength of the inter-ply bonds at regions away from 

the immediate impact site, with the wealcened regions suffering delamination as a result of 

subsequent impacts. In the work reported here it is assumed that the plate maintains its 

stmctural integrity during and after the impact process and in consequence the results are 

not valid in the immediate impact region where the magnitude of the event is such as to 

cause fracture or delamination of the material.
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In addition to their immediate relevance to the problem of impact, these results are 

important in the quantitative non-destructive evaluation (QNDE) process. The QNDE 

technique of acoustic emission employs the stress waves generated of internal cracks or 

delamination under applied loads as a means of determining the location and extent of 

internal flaws within structural members. The intenuption of acoustic emission events 

monitored on the surface relies on a detailed knowledge of the mode of h ansmission of the 

stress waves through the structure which the theoretical model presented in this work can 

provide. Green [27, 28].

In carrying out the analysis of a 4-ply laminated plate it was assumed that the plies were 

perfectly bonded to each other so the displacements and tractions were continuous across 

each interface. The material forming each of the plies has been modelled as transversely 

isotropic homogeneous elastic continuum. The elastic properties of a transversersely 

isotropic material involve five independent elastic constants which were measured from 

the material used in the experimental testing. In adopting the homogeneous continuum 

model for the fibre composite it was assumed that the wavelengths of the disturbances 

were laige in comparison with the fibre diameter and inter fibre spacing. For typical pre- 

preg-plies containing some 60% by volume of fibre, the fibre diameter and inter fibre 

spacing is of the order of 6pm with the ply thickness being approximately 210 pm. The 

assumption of homogeneity might be expected to be valid in such a material for 

wavelengths of the order 1/3 the ply thickness or greater. On the other hand, for 

wavelengths of order 1/10 the ply thickness or less, the waves would suffer diffraction and 

scattering by the individual fibres and the homogeneous continuum model would no longer, 

hold.

The analytical solutions have been derived for impulsive loads which were represented 

mathematically by a Dirac delta function of time. An impulse of this kind has a constant 

spectrum, indicating that all frequencies from zero to infinity occur with equal amplitude.
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While such a function is physically unrealistic the response generated by it constitutes the 

fundamental (Green's function) solution.

All the work carried out in this project relates to a line load impulse acting on the upper 

plate surface which provides the basic solution to the surface impact problem. The 

laminated plates have been assumed to have infinite laterial extent so that the results relate 

to waves propagating outwards from the impulsé location. In the realistic situation, the 

results remain valid at any point up to the time of anival of disturbances reflected from the 

plate edges. The impulse employed to generate these solutions were assumed to act along 

a line of infinite length and to be of uniform strength along tlie line. An impulse of this 

Idnd would set up a disturbance travelling away from the line through the laminate in such 

a way that the solution would be identical in evei-y plane perpendicular to the impulse line. 

The analytical solution are consequently independent of position along the line and are 

functions of two space variables and time only. For isotropic materials the displacement 

would be confined to lie in the planes perpendicular to the impulse line but this is not the 

case for the anistropic materials which have been studied here. The solutions involve all 

three components of displacement and all six components of stress, despite the fact that 

tliese are all functions of two space variables only. A line load impulse was used in this 

analysis as the fiist steps towards the determining of the response to a point load.

The basic method of solution as detailed in Green [29] was to talce the Laplace 

Transforms with respect to time and the Fourier Transforms with respect to one of the 

spatial variables. This reduced the governing equations to a coupled system of linear 

ordinary differential and algebraic equations for the transfonns of the displacement 

components and the stress components in terms of the variable measuring distance 

through the laminate. These equations have different fonns within each of the plies and 

the solution within each ply has been derived in terms of the propagator matrix for that 

ply. Continuity of displacement and traction components between each ply leads to the 

solution for the stress and displacement transforms in terms of an overall propagator
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matlix for the laminate as a whole and the transform of the impulse load. In order to 

recover the solution as functions of position and time, it is necessary to invert the 

transforms and this process was performed numerically.

The solutions were recovered as a time history of the disturbances at the surfaces and ply 

interfaces at a fixed location away from the point of impact. This provided comparable 

results with the experimental data which came from a sensor mounted on a plate, which 

recorded the disturbances in the plate after a surface impact.

1.1 Experimental Background.

The experimental work concerned with stress waves propagation in fibre composites due 

to impact has employed three main experimental techniques. They have involved the use 

of optical techniques to measure the out of plane displacements of a surface, strain gauges 

to measure surface strain and acoustic emission sensors to detect the vibration caused by 

the passing stress waves.

The optical techniques employed light refraction methodology to measure the out of plane 

displacement of an impacted plate, Degrieck and Dechaenes [30] used a high speed streak 

photography combined with a shadow moiré technique to measure the back wall out of 

plane deflections of a composite plate. Fallstrom et al [31] employed hologram 

interferometry to investigate the transient bending waves in anistropic plates. Both these 

techniques provided pictures at discrete time points after the impact of the overall 

deformation of the plates.

The second technique was to use strain gauges to measure strains in the plate at points 

away from the impact. Kolslcy [14] and Sayir [32] both investigated the response of 

unidirectional composites plates with strain gauges. Daniel and Wooh [33] embedded 

strain gauges into composite plates to study the transient deformations and dynamic 

fractures of composite plates under impact. This work showed the strain responses of the 

plate at various locations remote to the impact but the monitoring of the strain gauge 
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outputs was limited to a sampling interval of 10//s, which provided a frequency limit of 25 

IcHz for random data, and therefore investigated the low frequency response of the plates 

and not the higher fr equency stress waves propagated from the impact. Similar work was 

completed by Takeda et al [34] and Khan and Hsiao [35] who used electrical resistance 

foil strain gauges to study plastic waves in solids. This involved the impacting a bar of 

material and recording the waves passing through the bar by applying a 30V-dc to the 

strain gauges for a short period of time.

Both these techniques provided information on the gross deformation of the plates when 

impacted but failed to resolve the detailed picture of specific stress waves propagating 

from the point of impact due to frequency response limitations of the measurement 

systems.

The third area of experimental research which relates to this work is the non destmctive 

evaluation (NDE) of materials. The NDE of materials involves the detection and 

evaluation of damage and flaws in materials caused by material processing of subsequent 

material damage. The traditional methods employed on composite materials either employ 

X-rays or ultrasonic C-scanning, Cantwell and Morton [68]. Ultrasonic C-scanning 

involves the placement of a transmitter on one side of the material and the ultrasonic 

waves propagate through the material and are detected by a receiver on the other side.

The waves travelling thi ough the material are disrupted by any flaws in the material, this is 

detected to provide an indication of the structual integrity through the thickness of the 

material. The recent developments in ultrasonics have been discussed by Sachse et al [69] 

on the quantitative ultrasonic detection for the specific location of flaws and defects in 

composite materials. Veidt and Sachse [70] describe the use of an ultrasonic point 

source and point receiver to characterise the elastic wave field in a material. Barcohen,

Mai and Lit [71] have described the use of ultrasonic oblique insonification in the NDE of 

composites. Ultrasonic wave propagation is also employed in the investigation of material
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properties by the measurement of the wave speeds travelling through a material, Hsu and 

Hughes [72], Whooh and Daniel [39].

The use of anistropic wave propagation in the NDE of composites has been described by 

Wuand Ho [73]. This has included the use of acoustic emission (AE) sources such as 

pencil lead break and laser sources with AE detectors to characterise the wave 

propagation through composite materials, Mai et al [74]. This technique has been used to 

measure the elastic properties of the material, Mai et al [38] or to examine the location of 

flaws in the material, Guo and Crawley [37], Gorman [36].

The combination of the use of acoustic emission sources and ultrasonic detectors, 

described as acousto-ultrasonics, has been discussed by Guo and Crawley [77], and 

Prosser and Gorman [75] and [78].

Gorman [36] has reported the use of plate wave acoustic emissions (AE) in composites. 

This work describes the acoustic emissions with are produced by impulsive sources such 

as matrix cracldng and fibre breakage. Transverse matrix cracking which is the first failure 

mode was induced into cross ply (0/90)s graphite/epoxy plates by loading in tension along 

the zero degree direction. The resulting acoustic emission was monitored using wide band 

transducers and a digital oscilloscope and the fundamental flexural and extensional modes 

were observed which developed understanding in the distinguishing of AE sources in 

plates and thin walled structures.

Guo and Cawley [76] have reported the use of Lamb waves which can propagate over 

distances in the order of Im as a potential long range non destructive inspection method. 

The work reports the detection of the reflection and scattering effects on the porpagating 

Lamb waves due to theis interaction with delamination in the composite materials.

Hutchins [40] describes the use of pulsed lasers for quantitative ultrasonic NDE and 

describes its mechanisms of operating and the typical surface wave responses produced in 

aluminium plate. Scudder, Hutchins and Mottram [41] describe the use of pulsed lasers 
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on unidirectional carbon fibre laminates to characterise the ultrasonic propagation 

resulting from an impulsive force on the surface from a pulsed laser. The material 

responses were detected using a broad band capacitance transducer mounted on the 

surface of the material and therefore only displayed the surface responses.

In relation to this work the NDE methods described are capable of detecting the individual 

waves propagated through the material, but the sensors used to detect the disturbances 

caused by the passing of the waves were broad band capacitance devices mounted on the 

surface of the material and therefore only responded to the out of plane surface 

disturbances and would not distinguish the ply interface disturbances.

The most relevant aspect of NDE to this project was the development of the piezo film 

sensor which had been applied in the field of NDE, Brown and Brown [42]. This film 

sensor was manufactured from lightweight thin plastic piezo electric which resulted in 

sensors of 52pm thicloiess which provided the capability of embedding the sensors into a 

composite plate at the ply interfaces.

In the work completed by Green [29] and the references within, it is described how 

theoretical and numerical techniques were developed for the analysis of the wave 

propagation through a laminated plate consisting of a periodically repeating configuration 

of a unit cell subjected to a surface impact. The solutions reported were for a 4-ply plate 

of cross ply symmetric construction (0/90)s and presented the scaled displacements 

through the thickness of the plate as a function of the distance from the impact site. 

Included in the report was the variation in the plate displacements due to the variation in 

the angle y, where y is the angle between the of the direction of propagation and the 

direction of the fibres at the mid plane of thé plate. Tlie results from this work showed 

that when the angle y  =30° there was a veiy large amplitude present on the upper surface 

which was not transmitted to any of the lower levels, which was typical of a surface wave.
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When the angle j=60° the very large amplitude was absent. It had been previously shown 

by Green [43] that the limiting wave velocity of both the antisymmetric and symmetric 

fundamental modes is the smaller of two wave speeds, a Rayleigh type surface wave speed 

in the upper layer Vr or that of a shear wave speed in the inner layers Vg. These speeds 

are material dependent and are equal for angle y = 47.6" for the material properties used in 

[29]. When y < 47.6° Vr < Vg and when y > 47.6° Vr > Vg. As the disturbances in the 

plate are dominated by the behaviour of the fundamental mode the surface wave was 

expected at y=30°but not at y=60°.

A limitation of the theoretical model and numerical analysis techniques developed by 

Green was the shortage of experimental correlation with the theoretical analysis of a 4-ply 

plate subjected to a surface impact. There was some experimental evidence of the 

presence of large surface waves on the impact surface from NDE work, Wu and Ho [44], 

but evidence of the internal shear waves and the variation of the limiting wave velocity in 

the plate did not have any experimental validly.

The aim of this work was to build of the work by Green [43] by studying the wave 

propagation due to a surface impact through a 4-ply composite plate by experimental 

investigation for a range of wave propagation directions. The main requirement of the 

experimental program was to detect and record the disturbances at the surfaces and ply 

interfaces separately caused by the stress wave propagation and examine behaviour for 

different values of the angle of wave propagation y.

This required the design and construction of an experimental test facility which would 

provide a line loading onto a 4-ply plate to propagate a plane wave front through the 

plate. It was also necessary to develop a sensor system which could detect and record the 

stress wave disturbances at the plate surfaces and ply interfaces.

There were two main components of the experimental facility designed to produce and 

detect stress waves propagating through a 4 ply composite plate. These were an impulse
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system to generate the stress waves and the equipment to detect and record the stress 

waves passing a point on the plate. The main requirement of the impulse system was to 

produce a line load on to the plate to propagate a plane wave front through the material.

A plane wave front was required as the theoretical model and analytical solution 

considered a plane wave travelling through an infinite plate, and the angle of propagation y 

with a plane wave front could be specified. For the experimental aspect of this project a 

point load would have been simpler to generate, but the required analytical solution to the 

point load on a composite plate is more complex and is currently under development, Mai 

[45].

To produce the impact onto the surface of the material a variety of plate excitation 

methods were considered including a drop weight, ballistic, explosive, piezoelectric 

crystals and a electromechanical shalcer. The use of an ultrasonic line impulse from a laser 

was considered but not followed due to resources that would have been required for this 

method. As this work's objective was to examine the elastic stress waves from the point 

of impact it was desirable not to damage the plate during the impact so many tests could 

be conducted on the same material samples, and no additional information would have 

been obtained from a plate if it was damaged during the impact. This provided an energy 

constraint on the impact system of a maximum energy in the region of 0.5J as there was 

evidence that some materials could be damaged with impact energies as low as 1J 

Cantwell and Morton [8]. Of the considered energy sources a ballistic gas gun source was 

selected with a fast lightweight projectile to provide a controllable energy level. The 

problem with the ballistic energy source was that the projectile from the gas gun could 

only provide a point load onto the plate, so a bar striker was placed in front of the plate. 

This bai" strilcer was accelerated by the gas gun projectile and impacted the plate to 

provide a line load impact with a speed in the region of 5ms’̂  and a maximum energy of 

0.5J.
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Chapter 1: Introduction

The second aspect of the experimental system was the detecting and recording of the 

stress waves generated from the surface impact. The initial intent of the project was to 

use semiconductor strain gauges placed on the surfaces and ply interfaces on the plate to 

detect the stress waves. Previous work [33] had shown that the fundamental wave modes 

could be detected by strain gauges but had not examined the higher frequency wave 

components. Kim and Sachse [79] has described the use of strain gauges for the 

generation of line sources in thin metal films. The resistance strain gauges were attached 

to the material and an electrical pulse was applied to the gauge. The effect of this pulse 

was to cause a temperature rise in the gauge which thermal expanded which caused a 

thermal dilatation in the film to generate a ultrasonic pulse.

It has been shown by Green [43] that the channelling effects caused by the limiting wave 

velocities in a composite plate are associated with stress waves whose wavelengths are of 

the order of five times the single ply thickness or less, corresponding to a frequency of the 

order c/5h or greater, where c is a typical shear wave speed and h is the ply thiclcness. For 

a typical carbon fibre pre preg material with a shear wave speed c of approximately 

lOOOm/s and a ply thiclcness of the order of 125/urn, the channelling effects would be 

associated with frequencies of the order of IMHz or greater. This frequency could be 

reduced by increasing the thiclcness of each ply to the order of 1mm which would reduce 

the channelling effects associated to the order of 2001cHz and greater. This indicated that 

the measurement system would require a frequency response of a minimum of 200kHz 

and ideally going into the low MHz region.

This frequency requirement presented problems with the original intention of using strain 

gauges to monitor the strains in the plate as described by Hofstotter [46] and used by 

Kahn and Hsiao [35]. The frequency range required the use of broad band high gain 

amplifiers to amplify the strain gauge outputs and no commercial amplifiers could be 

found with sufficient gain and fiequency response to meet this requirement. Following 

further investigation into possible sensors the PVDF piezo film sensors were investigated
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into their possible use. These sensors manufactured from tliin piezo electric film had a 

frequency response ranging from low frequency up to the GHz region, the sensor response 

to low level disturbances was relatively high so no further amplification was required. As 

the desire of the sensors was to measure the response at a point location on the plate the 

ideal sensor size would have been less than half the shortest wave length to be measured, 

but the very short wave lengths being measured resulted in this being physically 

impossible. It was necessary to design the PVDF sensors with the smallest sensing area 

possible which resulted in a sensor size of 1mm x 0.5mm, this small size limited the 

sensor’s low frequency response to 20kHz but this was not a problem as only the 

frequencies above 200kHz were of interest.

These sensors resulted in the only frequency limit on the measurement system was the 

equipment used to record the PVDF sensors response. To record this response a digital 

recording system was selected with a sampling frequency of 20MHz and 64Kbytes of 

memory storage. This would provide a good frequency response of 4MHz for random 

signals and provide 1ms of recording time. Eight channels of data recording were 

obtained in the foim of two 4 channel Yokogawa DL1200 oscilloscopes. Once the sensor 

responses were captured on the oscilloscopes the data was down loaded to a PC computer 

where it could be post processed with PAFEC spiders digital signal processing package.

The main limitation of the PVDF film sensors was that their survival temperature was 

90°C. This presented problems with the placing of sensors at the ply interfaces during the 

lay up of the plate as the majority of epoxy based fibre reinforced materials are cured at 

120°C and above. This resulted in two experimental investigations being conducted, the 

first investigated the surface wave propagation in tlie ICI material Plytron which was a 

glass fibre polypropylene composite which cured at 170°C, this material was donated by 

ICI. For this investigation the plates were manufactured and the sensors bonded onto the 

surface after the plate was cured.
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Following an investigation into the fibre reinforced materials available on the commercial 

market a low temperature resin cure material was found manufactured by the Advanced 

Composite Group called LTM22, this resin could be cured at 50°C a,nd supplied with a 

range of fibre reinforcement. This material provided the capability to place sensors at the 

ply interfaces during the constraction of the plate and suiwive the cure process. The 

material combination selected was a LTM22 epoxy resin reinforces with T700 carbon 

fibres.

There were two experimental investigations completed within this project, the first was the 

study of the surface wave responses of the Plytron material due to the line load surface 

impact. These first set of results showed that the PVDF film sensors were capable of 

detecting the disturbances caused by the passing of the sti'ess waves propagating from the 

point of impact. The responses recorded showed the same form as the responses from the 

previous work involving the use of strain gauges in the measurement of stress waves, [33].

The work by Green [47,48] had shown that the response of the plate was dependent on 

the duration of the impact loading with the longer the impulse the more dominant the low 

frequency contribution of the response becomes. Therefore to examine the high frequency 

waves which were associated with the channelling effects under investigation this low 

frequency contribution required removal from the recorded response. This was achieved 

with the use of the digital filtering capability of the PAFEC spiders post processing 

software, where band pass filters were employed to remove low frequency response and 

very high frequency interference form the recorded responses. A typical filter used on the 

Plytron results was a 10th order Butterworth band pass filter between 0.2MHz and 3MHz.

The results presented for Plytron show the upper and lower surface responses for the two 

cases of Y = 0° and y=90°, both the experimental and analytical results are presented. The 

graphs show the plate responses at a distance of 15mm (15h, where h=ply tliickness) away 

from the point of impact. These results show quite clearly the presence of a high
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frequency Rayleigh type surface wave on the upper surface when y = 0° which was absent 

from the lower surface and was also absent from both surfaces when y = 90°.

The second set of results presented are the surface and mid plane responses of the 

LTM22/T700 material in a cross ply 4 layered plate. As witli the Plytron results the 

recorded responses from the sensors were subjected to filtering to remove the low 

frequency contribution of the impact. In this case the sensors were placed 32mm (40h) 

away from the point of impact, and again showed the presence of a Rayleigh type surface 

wave when y = 0° on the upper surface which was absent when y = 90°. The mid plane 

responses showed a larger disturbance when y = 90° than when y = 0°.

The meaning of these results and the conclusions drawn from them are discussed in 

chapters 7, 8 and 9 of this work. Chapter 2 contains the theoretical model and analytical 

solution employed for the numerical analysis associated with the experimental test 

conditions. Chapters 3 and 4 contain details of the experimental system and sensors which 

were developed to experimental propagate and detect the surface and internal stress waves 

in a multi layered material, and chapter 5 contains full details of the materials studied.
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Chapter 2: Theoretical Model of a 4 Ply Composite Plate

The theoretical model presented is for a laminated plate constructed from four layers of 

unidirectional fibre composite material into a symmetric cross ply plate. Each layer of 

material consisted of a single family of straight, parallel, strong fibres embedded in a 

isotropic matrix. A typical material is formed from carbon fibres embedded into a 

thermoplastic resin, with a layer thickness of 125|im and an inter fibre spacing of the order 

of 6pm. The modulus in the fibre direction is of the order of 25 times that at right angles 

to the fibres. The model does not consider the individual fibres on a micro scale but 

considers the whole material as a homogenous continuum of transversely isotropic elastic 

material with the axis of transverse isotropy parallel to the fibre direction.

The use of this model in the study of wave propagation through a material is only valid 

for wavelengths which are an order of magnitude greater than the fibre diameter and the 

inter fibre spacing. Wavelengths that are less than this are effected directly by the presence 

of the fibres which leads to diffraction and scattering of the waves. For a typical carbon 

reinforced plastic containing 60% by volume of fibres the fibre diameter and inter fibre 

spacing is in the order of 6pm, therefore the assumption of homogeneity is only valid for 

wavelengths greater than 60pm. This implies that the non-dimensional wave number 

kh=2 Kh/k vaiies between 0 and approximately 13. ( A, is the wavelength and h is the ply 

thickness).

2.1 Single Layer of Material

A Cartesian co-ordinate system is established on the material with its origin at the centre. 

The x^-axis is normal to the plane of the fibres with the x^-axis peipendicular to the fibres 

and the x -axis is thus parallel to the fibres. The material has a unit thickness of h. A 

plane wave front is propagated from a noimal surface impact through the material in the 

direction x at the angle y to the xg-axis, figure 2.1.
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Governing Equations

To define the disturbances in a material the displacement at any point can be defined by 

u/X],X2,Xj), (i=l,2,3). The strain components ejxj,X2,X2,t) can be described in terms of 

displacement by the usual expressions

du; . 9»;
[2.1]

Here and throughout this chapter the summation convention is used to describe sets of 

equations.

The constitutive equation relating to the Cauchy stress tensor (x^,t) to the strain 

components (Xj,,t) was defined by Spencer [49] for a transversely isotropic materials 

with the fibres in the plane at an angle (j) to the Xj axis

t. = ’ke j).. + + 2[ p ^ - P r %

a( j+Pf )

where 6ÿ, is the Icronecker delta, X,Pï>p^a,p are the anisotropy Lame material constants, 

aj=0, a2=sin<̂ , and %=cos([). These constants can be related to the components of the 

symmetric (6x6) stiffness matrix Cpq, defined by Musgrave [50], through the expressions 

Cjj = A/ 4" 2̂ 2̂  ~ ^2 2  ^3 3  ™ A# 4* “2Py 4*20C 4" P

C44 = P2, ~ 5̂5 ^6 6  ~ J/2 (C22 - Cj2) = Pj'

1̂2 “ A/ Cŷ  = A/4“0c = C2J [2.3]

The five elastic constants together with the density p gives a complete description of the 

material, but they are not the most convenient when investigating a dynamic response in a 

material. It is more natural to work with the density p and the five squared wave speeds

c /, C3 , C4 and c /  where

pCj — A# 4" 2Py' Pt'2 “  Py'

pCj = p  t PC4 =  A, 4- a  [2.4]

pC; =  A,4-4py — 2py. 4- 2 ot4-p
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To study the disturbances caused by the propagation of waves through a material it is 

necessary to solve the equations of motions for the material in terms of displacement or 

stress. The equations of motion are defined as

dL
^  = (2.5]

where the dots denote the differential with respect to time. To solve these equations it is 

necessary to combine them with the constitutive equations [2.2]. To reduce the 

components involved it is assumed that a plane wave is travelling through the material in 

the direction x  at the angle y  to the x^-axis. The displacement components of the motion 

are therefore defined as

M/Xy,Xg,Xj,ri = u/xj,x,t) [2.6]

and the stress components as

ti/xj,X2,Xj,t) = ti/xj,x,t) [2.7]

where

X = Xjcosy + Xg siny. [2.8]

It is also convenient to take the Laplace transform in time and the Fourier transform with 

respect to x of both the displacement and stress components. These can be typified by

[/,.(x,Æ,s) = J Ui{Xi,x,t)e~^‘e~‘̂ dtdx [2.9]

and

T]j(x,k,s) = j  ^^t;j(Xi,x,t )e~"e~'*^dtdx [2.10]
” 0

The transformed displacements and stiesses Û  and aie functions of the normal co­

ordinate Xp and the Laplace transform parameter s and the Fourier parameter k. Since the 

Laplace transform has been talcen with respect to time and the Fourier transform with 

respect to the spatial variable x the governing equations, Equ. [2.1,2.2,2.5], can be 

reduced to a coupled system of linear ordinary differential equations for the transforms of
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the displacement and stress components in terms of tlie variable measuring distance 

through the material along the axis together with three algebraic. These are :

= 1-2-%  \iksU-, - — ikcU-,

-  1̂3

■iksU,

■ikcU,

dU,
dx^
dU^
dx^

dx^

dx̂

dx̂

dT̂ -j
dx̂

T̂  ̂= çU^Aiksci\ 1— +pf / 32/ c ^ ^ + r „  1

pc;

: pC/i^  ̂-  T^.Jks-T^jikc

[2 .11]

[2.12]

[2.13]

[2.14]

-k-pU^ik sc c, + 2c|c!

= pÜ2k^sc\ a] +  CC; 2

2c'T^iksl 1----   [2.15]

c ; i  C2C4 2c'

7^ = piitc' {cU2 -i-sU^)

( p t / 2  2 iks +  T il) -!- pU^ikc] cj -

[2.16]

[2.17]

[2.18] 

[2.19]

Where c = cosy, and s = siny.

If this is considered as the m layer in the plate, equations [2.11] to [2.16] can be written 

in the form

[2.20]

where is the transpose of the vector ([/,, f/g, Û , T^, Tj2, Tj^), and A is a 6x6 matrix 

whose elements are functions of the transpose parameters, s , k and the propagation angle 

y, and the five material wave speeds.

It is possible to wiite the general solution for equation [2.20] in the form

[2.21]
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Where P,„ is the 6x6 matrix whose columns contain the eigen vectors of the matrix A,„, K,„ 

is a constant vector of order 6, and is a 6x6 diagonal matrix given by

E„,(;r;) = Diag { ê P2(^r^J, ê Pd̂ b-̂ d, e'̂ P2(̂ b-̂ d, } [2.22]

where ± k p p ±  kp2 , ± kp^ are the six eigen values of A,„ and and are the x^ co­

ordinates of the upper and lower surfaces of the layers respectively. The reason for the 

choice of the particular matrix E„, is so there are no positive exponentials present, even 

when the eigenvalue kp^ is real. Hence the numerical instabilities caused by growing 

exponentials are removed.

The layer of material has a finite thickness h, and is assumed to be of infinite lateral extent, 

thus occupies the region of - °^>X2, x^< . It is possible to define the

general solution Equ. [2.21] for the upper and lower surfaces of the layer of material. For 

the upper surface, atxj =x^ the matiix E,„(xy) can be written as

= Em+ = 7, 7, 7, g"*P/ ; [2.23]

and the lower surface, at Xj = Xj,

E (̂Xt) = E -̂ = jtagf g-*P/̂  g-̂ 2'̂  g-*P/ 7, 7, 7,/ [2.24]

Thus the general solution for the upper surface of a layer of material is expresses as

Y /  = P^E^+K^ [2.25]

and for the lower surface of a layer

Y -̂ = P^E^'K^ [2.26]

The application of the relevant boundary and interface conditions for each layers of 

material can yield a system of equations, which can be solved to find the arbitrary

constants IC,„ for each layer. These solutions in turn can then be used to determine the

displacement and stresses for any point (xj,Xg,Xg) in the layer of material. The detail model 

of a four layer cross ply plate is described in the next section.
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2.2 Four Layer Plate

The plate examined here is constructed from four layers of the transversely anisotropy 

material described in the previous section. The top two layers have their axes of transverse 

anisotropy at 90° to each other, and the bottom two layers have an orientation that is 

symmetric about the mid plane of the plate. This configuration of plate is of cross ply 

orientation and can be denoted by (0,90),. Each layer has a thickness of h and it is 

assumed that there is perfect bonding between each layer. A Cartesian co-ordinate system 

was established on the plate with its origin at the mid plane of the plate. The Xj-axis is 

normal to the plate with the x^axis parallel to the fibres in the outer layers and the x^axis 

is thus parallel to the fibres in the inner layers. The laminated plate is assumed to be of 

infinite lateral extent and occupies the region -2h < Xj > 2h, o°< x^ Xg >oo figure 2.2.

A plane wave front is propagated from an impulse line load applied on the upper surface 

where xf=2h on the plate at an angle n il - y to the x -̂axis. The lower surface is traction 

free, and the upper surface has a stress discontinuity where the line load is applied. The 

resultant disturbance travels along the plate in a direction x normal to the line load.

The examination of wave propagation through a multi layered plate requhes that the 

dispersion equation is solved for each layer and then appropriate boundary and interface 

conditions are applied to find the overall response of the whole plate. To do this it is 

necessary to derive the matrix from equation [2.20] for each layer and then produce 

the associated eigenvector matiix P^for equation [2.21].

In this particular case the second and third (inner) layers have the same orientation as in 

the previous section. The first and fourth (outer) layers are orthogonal to the inner layers 

therefore the matiix A„, can be derived by replacing y by 90 - y in the governing equations 

for the inner layers.

The elements of A2 = A3 are
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c \  c~ I
0 -ks—̂  —— 0 0

- ik s  0 0 0 - J — 0

- ik e  0 0 0 0 1

pc^
0 0 0 —iks —ike

0 p(s + k^ ( s^  ( ,c j— |-)  + c 2 c |) )  + 2 ^ ^ )  - / t o ( l - 2 ^ )  0 0

2 2
pt^fc(c3 +2- ^ ^ )  +4c^(c^ -ilcc^ 0 ̂ ^2

[2.27]

Then using eigenvector extraction techniques the matiix Pg is written as

-tp,c is -IP 3C ip,c is m e
sc -P i sc sc Pi sc
- a 0 -P  - a 0 -p

ia-Jic 2iksp2 I’Pfcc ta,fee -liksp2 ip/cc
Ikscp^ - k (  s^ + p I ) Ikscpj -Ikscp^ —k( s' + P2 ) -Ikscpj

f c ' - a  )%/(/;, -C3
fc ' - p;%fep3 f a - c '  )%fep, ^ f e s e

L ^ 2 Cl C2 4 cl cl

[2.28]

where p ^  and P2 are roots of the equation

&  +  s'^cl +  c ' c ^  -  c f I I  - ^ 4- / c ^  -i- c'^cl -  C 3 V  I +  c '  r  C3' cl f  =  0

[2.29] 

and P2 is given by
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/?2 +  + c 'c j  1 [2 .3 0 ]

c^+cf
[2.31]

P = --------------m -------^  [2.32]Cl 4" Ca'3

_ i 2_rv_/ j. .2otj —- y a  —( P2 + ) [2.33]
C2

(3- f  /?2 ) [2.34]

Boundary Conditions

It is assumed that the layers in the plate are perfectly bonded together this means that the 

stress and displacement components at the interfaces have to satisfy continuity conditions 

for the interface. WhenX j= ± h  these are given by

u}( x^,x,t ) = u f(x i ,x , t  ) [2.35]

and

= t l (Xi ,x, t )  [2.36]

where the superscripts refers to the layer number.

The traction free boundary condition for the lower surface when Xi = -2h

= 0 [2.37]

On the upper surface there is a stress discontinuity caused by the impact so the upper 

surface boundary condition is defined as

[2.38]

tlj(x^,x,t) = 0 (/=2,5> [2.39]

where/f t) is the loading on the plate.

An Experimental Study Into Impact Wave Propagation in Cross Ply Composite Plates Page 24



Chapter 2: Theoretical Model of a 4 Ply Composite Plate

By applying these boundary conditions to the general solution of equation [2.20] the 

constant vector IĈ j from Equ. [2.21] for each layer can be evaluated.

2.3 Theoretical Solution

To solve the general solution to equation [2.20] the arbitrary constants vector EC f̂or each 

layer are resolved. From these arbitrary constants the displacements and stress at any 

point on a multi layered plate can be calculated by applying inverse Fourier and Laplace 

transforms. As the plate is symmetric about the mid plane there are two distinct types of 

motion, flexural (antisymmetric) and longitudinal (symmetric). The arbitrary constants 

is defined as E^Jfor the antisymmetric motion and as K^^for the symmetric motion. The 

disturbances due to each type of motion are resolved separately and then combined to 

form the total disturbance.

Throughout the rest of this chapter the transformed displacements U, (i = 1 to 3) are 

detonated as U, V, W and the transformed stresses t,j (j = 1 to 3) as R, S, T.

Loading condition

The upper surface of the plate is subjected to line load normal to the plate (-ve x̂  

direction). The loading is of a form

hi{x2 ,Xj,t) = pc lf{ t) 8 {x) [2.40]

where S(x) is the Dirac delta function, the Laplace transform of fit) is denoted by F(s ).

Antisymmetric Motion

From the boundary conditions, the upper surface of the plate is traction free except for the 

applied stress from the impact. For layer 1 where Xj = 2h,

Y(2h) = (U,V,W,F(s ),0,0) [2.41]

and therefore equation [2.25] and equation [2.41] are be combined as

Y(2h) = PfllK ' = RiK ' = (U,V,W,F(s ),0,0) [2.42]

Where the matrix R is the combination of the matrices P and E.
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Considering the interface condition of the 1st and 2nd layers, where x = h equations 

[2.25], [2.26] and [2.35] can be combined to

PiE-Ki" = PgE+Kg" [2.43]

therefore

PiE-K " - PgE'TS/ = R g K = 0. [2.44]

Considering the antisymmetric motion at the mid plane it can be shown that

V = W = R = 0 [2.45]

The motion in the centre of the plate is defined from equations [2.26] and [2.37] as 

Y(0) = PgE-Kg" = R^K̂  = (U,0,0,0,S,T) [2.46]

To evaluate the arbitrary constants K^, it is convenient to combine equations [2.42] [2.44] 

[2.46] and to write them in the form

M'K = L [2.47]

The matrix M*= (my) is a 12x12 matrix constructed from the bottom three rows of R,, all 

of Rg and R^, and the second third and fourth rows of R^. the matrix is a 12 vector 

combining the six elements of and ICg®’ and L is the 12-vector 

(F(s),0,0,0,0,0,0,0,0,0,0,0).

To obtain the twelve arbitrary constants for the antisymmetric motion 1C»equation [3.45] 

gives

K®= M t, [2.48]

which implies that

where K®= kj (i = 1,12) and My is the adjoint of the element m^

Symmetric Motion

The boundary conditions for the antisymmetric and the symmetric motion are the same 

except for the mid plane conditions.

Considering the symmetric motion at the mid plane it can be shown that

_________U = S = T  = 0_________________________________________ [2.50]
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In the same way as for the antisymmetric motion this provides the second set of 12 

arbitrary constants.

Since the transforms of any displacement or stress is given in terms of these arbitrary 

constants, all that remains is to invert the transforms to obtain the displacement or stresses 

at any point on the plate after an impact.

2.4 Numerical Procedure

To outline the numerical procedure for resolving the stresses or displacements in a plate a 

typical quality, the displacement in the Xg-axis «/xy.x.fj at the upper surface of the plate 

will be described.

The plate was subjected to a line load consisting of a delta function in time, so that

VTfj = [2.51]

with F (s) = l. [2.52]

For simplicity only the antisymmetric motion is described here but the same procedure is 

used for the symmetric motion.

The double transform of Mg(Xy,x,f) is given by V(2h,k, s ) where

V ( 2 H , U ) = i n ^ , k , ^ ± n ^ , £ ^ ^  [2.53]

The formal solution on inverting the transforms is

■I Y+t**® oo 7 /  ̂ i
= [2.54,
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6

where Z( k,s ) = ^ m 2iMn( k,s ) [2.55]
;=i

The integral with respect to k may be evaluated in terms of the residues of the intergrand 

at zeros of the function det Mffe, s ) in the left half of the plane. The equation

detM(Æ,/œ) = 0 [2.56]

is the dispersion equation for the antisymmetric motion of a plane harmonic wave of 

frequency co travelling at an angle j  to the x^-axis under traction free boundary conditions. 

This equation has an infinite number of pairs of roots, kj -  ±  k,(icù), (j = 1,2 ...), each pair 

corresponds to forward and backward travelling waves associated with one branch of the 

dispersion curve. In terms of these solutions, equation [2.54] becomes

where the sum of the residues are Rfi k,s ) = k,s ) [2.58]
i=l

Rgffe, f ) is an odd function of k, equation [2.57] is written as

1 X-flo® oo
Wgr2/i,x,f] = —  J  [2.60]

Y-'«”

Rj(f ) is an even function of s , and there for equation [2.60] can be further simplified to 

give
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2/ p ^
U2( 2 h,x,t) = — J 2^Rj((o)sinkj(0))xcos(ûd(û [2.62]

^ 0 ;=i

This expression for the normal displacement consists of a sum of integrals, one along each 

branch of the dispersion curve.

The equations [2.62] provides the antisymmetric displacements of the plate, the 

symmetric displacements are resolved in a similar way.

The total displacement of the upper surface of the plate is given by the combination of the 

antisymmetric motion and symmetric motion of the form

U , =  U f  4- U f , Ug =  Ug» 4- Ug", U 3  = U 3 » 4- U 3 » [2.63]

Strain

As was described earlier the aim of this theoretical work was to produce results that could 

be easily compai^ed with experimentally collected data. This required the data to be of the 

same form. The experimental data was in the form of the strain developed in the plane of 

the plate in tlie dhection of the wave propagation. The strain was measured over a finite 

length of the plate and recorded for a time duration. It was necessaiy to transfoim the 

displacements in the Xg and direction into strain for a finite length of the plate at a fixed 

distance from the impact.

The strain is defined in terms of position and time as

= 6wÆx [2.64]

where the displacement in the x direction is u.

Since the direction of the wave propagation is defined by equation [2.8]

X = Xjcosj 4- 

the displacement u{x,t) is defined by

u(h,x,t) = ufih,x,t)cosy + U2(h,x,t)siny [2.65]
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equations [2.64] and [2.65] can be combined to provide the strain in the direction of wave 

propagation over a lenght 1̂ .

= cosyi U3(x,t,h)âJ+ siny(u2(x,t,h)/lj [2.66]

Therefore the combination of equation [2.66] with the Wg and displacements will 

provide the solution to the dispersion equation [2.35] in the form of strain in the direction 

of wave propagation.

The numerical solution for the dispersion wave equation [2.35] was completed in two 

parts. The first stage was to calculate the solutions to the foim of the dispersion equation, 

[2.35] for the antisymmetric and symmetric motion separately. A computer program was 

produced (Appendix 1) which calculated the solution k(m) to equation [2.56] by fixing a 

value of O, where O = cah/cj, and then starting from k= 0 , the program marching up 

the fe-axis in steps evaluating the values of M at each step until the branches of the 

dispersion curves had been resolved.

The zeros of M were detemined by dividing a step in k into equal sub intervals, and the 

value of M was calculated at each sub interval. If the sign of the value of M changed for 

successive intervals there was at a root of the equation in between these values. To 

verify the number of roots in the step of k the sub interval between the values was reduced 

by a factor of 2 and the number of sign changes was checked. This was repeated until the 

number of sign changes remained constant after four successive sub divisions of the values 

of k, when it was judged that all the sign changes, and hence roots of the equation had 

been found for this step in k. If the number of sign changes did not become stable after 10 

sub divisions of the values of k, the step values of k were reduced and the operation 

repeated. Once the values of k were known either side of a root of the equation the value 

of the root was approximated by the secant method. This was repeated until all the root 

for a particular value of to were found.
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The analysis was completed for a range of O = 0 to 14 in steps of 0.02. The maximum 

value of 14 for O was selected as this gave an upper frequency limit of between 4.4MHz 

and 44MHz for layer thickness h between 0.1mm and 1mm, and a wave speed C; = 

2000ms‘\

Once a root of equation [2.56] was found the corresponding value of equation

[2.39], was evaluated numerically and stored. This operation was repeated separately for 

the antisymmetric motion and the symmetric motion, and tlie stored values were recorded 

in a data file for the second stage of the analysis.

Once the solutions to the dispersion equation were obtained with the corresponding values 

of Z/k,s), the second stage of the analysis could be performed. This involved the 

numerical integration and summations for the inversion of the transfoims to resolve the 

displacements at the required locations of the plate. This was completed separately for 

each of the surfaces and the mid plane of the plate.

A separate computer program (Appendix 1) was written to resolve the Xg and x̂  

displacements from the surface and the mid plane disturbances in the plate, using 

numerical integration methods. Once these displacements were resolved the required 

strain values were calculated with equation [2.81]. This resulted is the strain values at a 

fixed point on the plate, for a specified time duration, which could be compared with 

experimental data.

The results from the analysis of a four ply plate are presented in chapters 6 and 7 for the 

two materials studies in this work.

An Experimental Study Into Impact Wave Propagation in Cross Ply Composite Plates Page 31



Chapter 2: Theoretical Model of a 4 Ply Composite Plate

2.6 Limiting Wave Velocities

It has been shown by Green and Bay lis [23] that the limiting solution of the dispersion 

equation [Equ. 2.56] for short wavelengths (high frequency) is the smaller of the Rayleigh 

type surface velocity v̂ j in the outer layer or a shear wave velocity in the inner cote.

The Rayleigh type surface wave velocity in the outer layer is given by

v /  = c^^sin y + c^cos^ y  [2.67]

and the shear wave velocity in the inner core by

v /  = c/cos~ y^ + C2 sin^ y  [2.68]

In equation [2.67], is the Rayleigh wave velocity in the direction at right angles to the 

fibres and is equal to that in an isotropic material for which the longitudinal wave has 

speed Cj and shear wave speed Cg. The Rayleigh wave velocity of an isotropic material 

was defined by Kolsky [12] as

{2 c l-c l)  = 4cg |^ l-™ j [2.69]

The surface wave velocity Vg in the outer layer becomes equal to the shear wave velocity 

in the core at a critical value of which can be determined from

vl = cl cos^ Y, 4- Cg sin^ Yc [2.70]

For the values of y < Yc the limiting speed at short wavelengths is and for values of y > 

Yc the limit is v̂ .

2.7 Wave Propagation Through a Cross Ply Composite Plate

The transmission of stress waves through a plate is described by the dispersion equation 

[Equ. 2.35] the roots of which generate a series of dispersion curves. There exists an 

infinite number of these curves which correspond to the harmonics of the dispersion 

equation. Each harmonic of the plate will contribute to the transient motion of the plate 

with the bullc of disturbance normally associated with the fundamental mode. The
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disturbances associated with the fiindamental modes are called the Lamb waves. It has 

been described by Green and Balysis [24] that the speed of propagation of these Lamb 

waves is considerably less than the speed of waves travelling through an infinite medium 

whereas it is loiown that the first arrivals in a plate travel with this speed. To account for 

this motion the high harmonics are required to describe the motion of the plate after an 

impact.

The motion in the plate due to the long wavelength (low frequency) limit, wavelength is 

long in comparison with the plate thiclcness, is the Lamb waves which generate a linear 

variation in the stress distribution in the plate which is associated with pure bending. The 

fundamental flexural Lamb mode is almost non dispersive which indicates that it can 

propagate over a long distance without significant change in the shape of the propagating 

waveform. The motion due to the higher harmonics up to the short wavelength limit, 

wavelength is short in comparison to plate thiclcness, is associated with rapid variation in 

the shear stress of the plate. Green [23]. This motion is highly dispersive and so will 

change its waveform as it propagates through the plate. It is therefore this short 

wavelength limit with the associated rapid variation in shear stresses which are of interest 

in this work.

In the examination of the short wavelength (high frequency) wave propagation in a cross 

ply plate of anistropic layers the main consideration is the relationship between the 

direction of wave propagation and the direction of anisotropy of a particular layer. For a 

infinite anisotropic material the five wave speeds defined in section 2.1 can be described in 

terms of longitude wave (v^) and shear waves (v )̂ and the axis of anisotropy of the 

material. If the 1 direction is parallel to the axis of anisotropy, the 2 direction 

perpendicular to the direction of anisotropy (i.e., normal to the fibre length in ai. 

unidirectional material) and the 3 direction is normal to the 1-2 plane the five material 

wave speed can be described as C;=v^2, and c^=Vsj2, where the
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subscripts define the direction. It can be seen that the wave speeds Cj and are 

associated with a wave propagating perpendicular to the direction of anisotropy, wave 

speeds and are associated with the waves propagating in the direction of anisotropy 

and Cj with a shear wave travelling through the thickness of the layer.

Considering a plate impacted on the upper surface with the angle of propagation y=0°, the 

direction of the wave propagation would be parallel the direction of anisotropy in the 

inner core and perpendicular to it in the outer layer. In the outer layers the direction of 

wave propagation would be perpendicular to the direction of anisotropy, therefore the 

waves would be travelling in a quasi-isotropic material. This would result in longitudinal 

and shear waves travelling through the upper surface of the layer as if it was an quasi­

isotropic plate. This would result in symmetric and anti-symmetric motion occurring on 

the upper surface which would generate a Rayleigh type surface wave. At the interface 

between the upper layer and the core of the plate the motion would be constrained by the 

anisotropy of the inner core, this would result in the motion decaying rapidly from the 

surface to the interface with the core. In the core of the plate the waves would be 

propagating in the direction of anisotropy but would generate lower amplitude in this 

layer due to its greater stifihess than the outer layers. On the lower surface the waves 

would be propagating through a quasi-isotropic material again.

Considering a second condition of y= 90°, the direction of wave propagation is parallel to 

the axis of anisotropy in the outer layers and perpendicular to it in the inner core. In this 

condition the effect of the anistropic material would be on the outer layers of the plate and 

the waves propagating through the inner core passing through a qusai-isotropic material. 

The longitudinal motion of the inner core would be constrained by the anisotropic outer 

layers which would result in the shear wave propagating through the centre of the plate 

generating the largest motion in the plate.
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The overall effect of the short wavelength limit will be to channel the largest motion in the 

plate due the propagation of the stress waves into the most flexible layers of material in 

the direction of the propagating wavefronts.

Figure 2.1: Lower Half of Four Layer Plate with Axis System
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Chapter 3: Design of Stress Wave Propagation and Detection System

In Chapter 2 a theoretical model was presented which predicted the elastic response of a 

multi layered plate when subjected to a normal surface impact. The solution resolved the 

in plane strain responses of the plate due to a stress wave propagating following a normal 

surface line impact. The plate construction examined was a symmetric cross-ply assembly 

of four layers of a uni-directional composite material.

The objective of the experimental study was to examine the disturbances caused by the 

stress waves and to examine for correlation between the results of the numerical solution 

of the theoretical model and experimental data. Therefore the aim of the experimentation 

was to propagate and detect the stress wave passage at the surfaces and the internal ply 

interfaces for a four ply laminated plate. To achieve this an experimental system was 

required to excite a plate with a normal surface line load and also to detect and record the 

passing of the stress waves at locations on and in the plate away from the point of impact.

The three main requirements of the experimental system were:

i) A system which would excite the plate with a normal surface line load.

ii) Sensors that could detect the passing of the stress waves on the surface and at the 

ply interfaces of the plate.

iii) The collection and processing of the sensor signals.

Parts (i) and (iii) of the experimental system are discussed in this chapter while the sensor 

requirement and design are described in detail in Chapter 4.

3,1 Plate Excitation

In the analytical solution the plate model was excited by a numerical delta function 

imptrlse, whose characteristics were an infinite magnitude over zero time. This style of

An Experimental Study Into Impact Wave Propagation in Cross Ply Composite Plates 36



Chapter 3: Design of Stress Wave Propagation and Detection System_______________________________

ideal impulse could not be physically produced in an experimental environment as any 

impulse would posses a finite magnitude and duration over which it was applied to the 

plate. Previous work by Green [47,48] had shown that the length of the impulse applied 

affected the plate response. For an impulse of long duration the low frequency bending 

responses dominate the high frequency shear responses in a plate. This indicated that if an 

impulse of finite duration was used which resulted in a dominating low frequency 

response, the high frequency shear wave component responses would have to be separated 

to permit their examination.

A requirement for the plate excitation system was that the responses produced were within 

the plate were elastic. The reason for this was that the analytical solution only resolved 

the elastic disturbances caused by the passing stress waves. A second consideration was 

that if the plate response was elastic no damage would occur to the plate and therefore it 

could be used for successive tests.

Cantwell and Morton [8] have examined the effects of low and high velocity impacts on 

the damage threshold of composite materials. It was reported that for low velocity 

impacts surface fibre failures were observed with an impact energy of l.OJ and for high 

velocity (short duration) impacts damage could occur at 0.5 J. This was for a material of 

Grafil XA-s fibres in a Ciba - Geigy BSL91LL epoxy resin in a ((± 45°),,), configuration. 

This provided an initial estimate that an impulse energy in the region of O.IJ to 0.5 J was 

required to provide an elastic response dependent on the material under examination.

Energy sources

A variety of impact systems have been used in the study of the impact response of fibre 

reinforced plates. These have been extensively reviewed by Cantwell and Morton [3].

The majority of this work was concerned with the plastic deformation and damage of the
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material in relation to its post impact strength. Park [9], Falabella et al [51], Mortimer [4]. 

Those studies concerned with an elastic response have mainly been of quasi static loading 

conditions involving servo hydraulic machines, Kalcarala and Roche [52].

There was no quantified impulse duration requirements for the energy source except that 

the shorter the duration the easier it would be to isolate individual characteristics in the 

general response, such as surface waves. The use of filtering of the responses could 

remove the low frequency bending waves to provide more a detailed picture of the shear 

waves responses. There were five primary energy sources were considered to provide the 

energy impulse into the plate.

Electromechanical

This involved the use of an electro magnetic coil which would induce movement into a 

steel bar when a cunent is applied to the coil. This method was used in a preliminary 

study by Awang [52] where a single square wave pulse was applied to an electric shalcer. 

This system provided an impact of velocity of 2ms'^ and an impulse duration of 150|iy. 

This response was the fastest possible due to the limitation with this electro mechanical 

device caused by the inertia of the steel bar and the time for the electro magnetic field to 

be produced. These limitations provided little capability for variation in the characteristics 

of the impulse applied to the plate.

Chetwynd and Sachse [81] have developed a micro hammer as a broad band ultrasonic 

source for point source / point receiver applications. The principle of the design was that 

a small projectile is attached to a larger carrier. This carrier is accelerated towards the test 

material but is rapidly decelerated just before the surface which releases the projectile to 

impact the material. The device used an electi'omagnet aimature as a carrier with small 

16mg and Img point masses as the projectiles, these were attached to the armature with a 

thin metal strip. This device produced an impact velocity in the region of Ims'^ which
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resulted in impact energies of 8mJ for the 16mg projectile and 0.5mJ for the Img 

projectile. This device produced a point load onto the plate with an impulse duration in 

the region of 2|is.

Piezoelectric Crystal

The application of an electrical charge to a piezo electric material causes the deformation 

of the material structure. The direction of the material deformation can be controlled in 

piezo electric crystals depending on their stmcture. If a ciystal was placed in contact with 

a plate the deformation of the crystal could be used to provide an impulse into the plate. 

This method could result in a very short duration impulse depending on the response of 

the crystal, and the frequency of the applied electidcal charge. Piezo electric crystals have 

been used extensively in acoustic emitters for quantive non destructive evaluation (QNDE) 

of materials where radial waves are used to detect flaws in materials, Gorman [36]. A 

limitation of this technique was that very small displacement would be applied to the plate 

and therefore produce small responses which could be difficult to detect at the ply 

interfaces.

Explosive

Several methods of producing line impulses using explosives are discussed in [53]. This 

appeared to be a simple way of applying a line impulse, but problems would occur with the 

control of the energy levels and the location of the test site which would have to be in a 

safe environment. A second problem would be that an explosive force could generate a 

large amount heat to be dissipated which would result in damage to the composite plates.

Ballistic

There are two basic types of ballistic impact systems currently employed in the 

investigation into impact response of materials. Tlie first involves the low speed 

techniques where the projectile is accelerated by gravity i.e. drop weight machine Gause 

and Buckley [54]. The second is where the projectile in accelerated by an external energy
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such as compressed gas or explosive charge Cantwell and Morton [8]. The main 

limitation with the ballistic systems for the requirements of this work was that they 

generally used spherical projectiles which result in a point impulse when impacting on a 

material. To produce a plane wave from a point loading the impulse would require 

translating into a line impulse with some form of load spreader or strilcer. The two basic 

types of ballistic impact systems are described in detail below.

Drop Weight Machine

The drop weight machine has been a popular method of examining the damage caused in 

composite plates by impact, Gause and Buckley [54]. The advantage of this type of 

machine is that they are simple to manufacture and operate, as the energy is supplied by 

gravity. The impact energy can be varied as it is proportional to the drop height of the 

projectile. If the projectile does not cause peneti ation of the plate during the impact event 

the rebound of the projectile can provide the opportunity for it to be caught to prevent 

multiple impact occurring. The velocity of the projectile can be measured using an optical 

speed measurement device before impact. A problem with the use of drop weight system 

with low energy impacts is that a small rebound of the projectile could provide difficulties 

in the prevention of multiple plate impacts. A second effect that could occur was that the 

projectile could not rebound at all and remain on the plate which could alter its response 

characteristics.

Gas Gun

The gas gun has been used to study the response of strain gauges to plastic waves in 

solids Khan [35], and the hyper velocity impact response of composites, Schonberg [5].

It has also been used by Cantwell and Morton [8] to compare the impact response of 

carbon-fibre reinforced plastic at low and high velocities. There is also reported work by 

Talceda et. al. [55] where a variety of projectile nose shapes and masses were used in the 

study of the delamination of composite plates. Another form of Ballistic impact is the
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pneumatic impact device where a piston is accelerated to a high velocity. This then strilces 

the striker which in turn impacts the test specimen. This type of device was used to 

simulate the front of a car hitting an object Nusholtz et al [56]. A similar design was 

used to investigate inteimediate velocity impact of fibre reinforced composites 

Derieck J. and Dechaene R. [30] where the shear wave surface disturbances from a 

delamination were examined using high speed strealc photography.

Pulsed Laser

The use of a pulsed laser for quantitative ultrasonic NDE is described by Hutchins [40]. 

There are three basic mechanisms by which a laser can produce stress waves in a material, 

the first is by heating the material which leads to rapid thermal expansion of the material 

which radiates the elastic waves. The second mechanism is the removal of a coating from 

the material by evaporation, which produces a pulse due to the material leaving the 

surface. A third mechanism which was recently identified was the effect of plasma 

formation close to the surface but not in contact with it. The reflected energy and incident 

pulse combine to produce the breakdown of the air close to the surface of the plate and so 

provide the impulse into the plate.

The main advantage of this system was that very short duration impulses could be 

produced which would reduce the dominance of the low frequency bending wave response 

of the plate. A second consideration was that although a laser would provide an impulse 

at point location on the plate there was the capability to scan the laser across the plate 

which would provide the required line impulse. The primaiy concern with the use of the 

laser system was whether the plate responses produced by the propagated waves be of 

sufficient magnitude to be detected by the sensors embedded at the ply interfaces.

After consideration of all the proposed energy sources a gas gun energy source seemed to 

provide the best initial impulse source. The impulse energy could be controlled by altering
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the projectile speed, and the gas gun could be mounted hoiizontally and therefore prevent 

the projectile from resting on the plate after the impact. There were also suitable gas guns 

available on the open market in the form of commercial pneumatic air rifles that could be 

modified to meet the energy requirements.

3.2 Plane Wave Propagation

There were two basic ideas that were considered to translate the impulse of a point load 

from a gas gun projectile in to a line impulse applied on a plate. The first was to use a 

load spreader which would be in contact with the plate at one end and the projectile would 

strilce the other end. The load would be transferred from the projectile through the 

spreader onto the plate in a line form, figure 3.1. A second method was to mount a line 

striker in-between the plate and the projectile. The strilcer would be impacted by the 

projectile and would then accelerate to impact the plate, figure 3.2.

Load Spreader or Striker 

Load spreader

The principal function of the load spreader was to distribute the load from a point source 

into a line source across the plate. This was to be achieved by fixing a shaped piece of 

material such as steel in contact with the plate. This was struck at one end by the 

projectile from the gas gun and the stress waves would propagate through the spreader 

into a line load onto the plate. The load spreader would be supported horizontally to 

avoid the addition of extra weight to the plate. There were two initial designs for load 

spreaders figures 3.3 and 3.4, but after consideration of tlie designs it was resolved that a 

consistent force would not be produced along the bottom edge as the stress waves 

travelling though the spreader would reach the centre of the spreader before the outside 

edges. There was also the concern that the spreader remaining in contact with the plate 

would affect the response of the plate by providing an extra constraint on the movement of
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the plate after the initial impulse.

Striker

The principle of using a striker was to provide a second projectile in-between the gas gun 

projectile and the plate. This second projectile would be impacted by the gas gun 

projectile and then accelerate to impact the plate. The major consideration was the loss of 

energy due to the projectile hitting the süiker and then the strilcer hitting the plate.

Strilcer Design

The basic design for a striker was a triangular section bar of material supported by two flat 

spring steel strips from a suitable stmcture, Figure 3.5. The most important criterion for 

the striker was to produce a maximum impact energy of 0.5J onto the plate from a Ig 

pellet travelling with a speed range of 80ms'^ to 150ms'\ The first requirement was to 

calculate the mass limit of the striker to provide the required impact energy.

Preliminary tests with the gas gun indicated that Ig soft lead pellets deformed on impact 

with a steel bar and produced no rebound. This led to the assumption that the impact 

between the striker and gas gun pellet was virtually plastic and therefore the majority of 

the momentum would be transferred from the pellet to the striker.

Therefore the momentum equation can be written as

mpVp = m,V, [3.1]

where = mass of pellet, Vp = velocity of pellet before impact 

= mass of striker, 1/ = velocity of striker after impact.

If the maximum required striker energy was 0.5J,

from the definition of kinetic energy, K.E. = 1/2 mV^ the sti'iker velocity is

y,' = [3.2]
substituting the striker velocity into the momentum equation Equ [3.1] for a maximum
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impact energy of 0.5J

therefore

Maximum pellet velocity = 150ms'* Maximum stiiker mass = 22.5g

Minimum pellet velocity = 80ms'* Minimum striker mass = 6.4g

This provides the requirement of a maximum stiiker mass of 22.5g, with an impact 

velocity of V, = 6.6mS'*.

In the design of a striker a second consideration was the stiffness along the length. If the 

striker deformed under the point loading in its centre a line load would not be produced on 

the plate. An initial design was to use a triangular section of short fibre reinforced plastic, 

but this was found to have insufficient strength across the strilcer width and fractured 

under impact with the plate.

A striker was then designed from steel which was to be case haidened to prevent local 

deformation during impact. The strilcer was 100mm long to provide a broad impact across 

the plate, and the back face required a minimum depth of 5mm to provide sufficient area 

for the pellet to impact. To produce a striker of 20g the total volume of material was 

2.54cm^. This resulted in a striker dimensions shown in figure 3.5.

Finite Element Analysis of Stiiker Design 

To evaluate the performance of the striker and suspension system a forced response finite 

element analysis of the stincture was completed. This analysis examined the response of 

the striker due to an impulse applied at its centre considering its first four modes of 

vibration. The analysis involved the constmction of a simple finite element mesh, figure

3.6 which was subjected to a vibration analysis to find the first four vibration modes.

Once the displacement of the striker was known for each vibration mode Guyan reduction
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techniques were applied to the mesh to reduce the analysis to 35 degrees of freedom. The 

impulse was applied to one of the degrees of freedom at the centre of the strilcer for a 

duration of 10ms and the forced response vibration displacement of the 35 degrees of 

freedom was calculated. The impulse applied was equivalent to a Ig projectile impacting 

the strilcer at 120 m s'\ The results of the analysis, figure 3.7, shows the duration of time 

a section of the leading edge of the striker talces to travel 0.5mm. These results show 

cleai'ly that centre 15mm section of the striker would impact the plate with in l|is of the 

initial contact between the striker and a plate mounted 0.5mm away from the initial strilcer 

location. Since the width of the sensors that were used to detect the disturbance in the 

plate was 0.5mm, it was considered that the sensors would be subjected to a plane wave 

front across their sensing area due the ratio of the sensor width and the width of the load 

strilcer.

3.3 Detailed Design of Stress Wave Propagation System

The general arrangement of the design for the stress wave propagation system can be seen 

in Figure 3.8. There were the three main parts of the system, the gas gun to provide the 

initial energy input into the system, the load stiilcer assembly to produce the line load onto 

the plate and the plate and the stmcture to hold the plate into position.

Gas Gun

One of the considerations in selection of a gas gun as the primary energy source was the 

availability of commercial air rifles which could produce a Ig projectile with a maximum 

energy of 12 J. This provided an advantage that time and money was saved compared 

with the manufacture of a one off design. A second reason for the selection of a 

commercial air rifle was that a high standard projectiles were available which produced a 

plastic impact between the air rifle pellet and the load strilcer.

An Experimental Study Into Impact Wave Propagation in Cross Ply Composite Plates 45



Chapter 3: Design of Stress Wave Propagation and Detection System_______________________________

The type of air rifle selected functioned by filling a chamber under the baiTel with 

compressed gas. This gas was then released through a mechanical valve operated by the 

trigger into the gun barrel which accelerated the projectile down the gun barrel. This 

method of operation produced very little recoil in the gun and provided the capability to 

control the pressure in the chamber which in turn controlled the exit velocity of the pellet. 

The gun was modified to direcdy pressurise the chamber with an external gas supply 

controlled with a Druck pressure controller. This provided accurate control on the exit 

velocity of the pellet and thence the initial energy into the impact system.

It was necessaiy to measure the initial energy going into the impact system to ensure 

consistency between tests. For this purpose an optical velocity measurement device was 

designed and built using fast response optical emitters and detectors, figure 3.9.

An extension was designed for the end of the gun banel which contained three pairs of 

optical emitters and detectors. These optical emitters and detectors were mounted 

opposite each other and with a distance of 30mm between each pair. When the detectors 

were receiving the light from the emitters they produced a voltage which could be 

measured. The pellet passed through the light beams which resulted in a change in the 

output levels of the detector which was recorded on a storage oscilloscope. This change 

in the output of the detectors resulted the determination of the time of travel between two 

light beams and so the velocity of the pellet was known.

Using the optical velocity measurement device a pressure/velocity calibration was canied 

out on the air gun Figure 3.10, which showed die gun could produce a range of impact 

velocities..

The air rifle with the optical measurement device attached to the end of the barrel were 

mounted in a V block onto a solid table. The gun mounting onto the table provided
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vertical and horizontal movement to provide alignment with the striker. A remote trigger 

system was also mounted onto the gun mounting to release the air from the pressure 

chamber to propel the pellet with the minimal disturbance of the gun.

Striker Mounting

A suspension frame was designed and built, with the snilcer mounted on it. Micrometer 

heads were used to adjust the distance between the striker and the plate. To detect the 

exact point in time when the striker first made contact with the plate a small electrical 

potential was applied between the striker and the plate from a 9V battery. When the 

striker contacted the plate there was a drop in the potential which was detected and 

provide the exact instant of the striker impact.

Plate Mounting

The analytical analysis of the stress waves in a multi layered plate presented in Chapter 2 

was based on the assumption of an infinite plate with no edge restraints. In the 

experimental system to minimise the edge effects on the plate it was simply supported at 

the two edges parallel to the load strilcer with the other two sides left free.

3.4 Data Recording System

Requirements

The data recording system was required to record the disturbance caused by the passing of 

the stress wave propagated from the line impulse nonnal to the plate. A typical caibon 

fibre reinforced laminated material with a ply thickness of 125|J.m has a typical shear wave 

speed is 1000ms‘\  and an associated frequency in the order of IMHz. This provided the 

initial requirements that the data recording system required a frequency response into the 

low MHz region.
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The recording system needed the capability to record the output of at least 5 signals 

simultaneously, one for a sensor at each interface of a four ply laminated plate and one for 

each of the surfaces. The high frequency nature of the signals collected required the 

system to store the data while it was collected and then down load it to a computer for 

permanent storage.

Once the data was stored onto the computer there was the requirement to post process the 

data to extract the shear wave responses from the lower frequency bending plate response. 

The main requirements for the data recording system were;

i) Upper frequency response limit in the low MHz region.

ii) Signal storage and recovery facilities

iii) Post processing facilities, including digital filtering.

The data recording system consisted of two parts, the first part recording the signals from 

the sensors and a second pait for post processing and storing the signals after the test.

The data was to be stored during capture and then transferred onto a computer for post 

processed and storage. This required the sensor signals to be converted from time 

analogue into digital for storage. The recording units were required to contain sufficient 

memory to record the data for a minimum recording time of 40ps for a sensor mounted 

40mm away from the impact for a typical wave speed of 1000ms '.

The data recorders selected were Yokogawa digital oscilloscopes, these oscilloscopes 

contained four channels with 32Kbytes of data storage on each channel and an analogue to 

digital sampling frequency of 20MHz.

This recording system provided 1ms of recording time on each channel and therefore it 

was important to synchronise the data recording with the impact event. To achieve this a 

PVDF sensor was mounted on the strilcer. When the striker was impacted by the
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projectile from the gun, the local deformation of the strilcer caused a response in the 

PVDF sensor which could be used as a trigger to the data recording system.

Post processing

After the sensor signals had been recorded and stored on the oscilloscopes the data was 

then transferred to a computer (Dell 386) for processing via a IEEE communication card. 

The post processing of the signals was then completed using the PAFEC Spiders digital 

signal processing software. This software provided the facilities to window in on 

particular areas of data, apply fast Fourier transforms to the data and to use digital filters 

on the data. The digital filters were important as the theoretical work had shown that as 

the impulse duration became longer the lower frequency bending waves dominated the 

high fiequency shear waves and the high frequency component was not visible. To 

recover the high frequency component of the signals, digital filters were used to remove 

the low frequency components.

3.5 System Evaluation Test

To complete an initial evaluation of the stress wave propagation and detection system 

some preliminary tests were completed with a steel plate. The principal objective of the 

tests was to verify that the impact system produced stress waves travelling through a 

material, that the sensors could detect the stress wave disturbances and that the data 

capture system could record and extract the required stiess waves from the sensor signals.

Steel was selected as the initial evaluation material since it is an isotropic material and 

therefore only two waves (longitudinal and flexural) are propagated through the material 

from a surface impact. Thus evaluating the data would be simpler as would the 

understanding of plate response. An effect particularly under investigation was the 

Rayleigh surface wave which should be present on the surface subjected to the impact but
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would be absent from the lower surface. If these wave disturbances could be detected for 

a steel plate subjected to an impact it could be concluded that the stress wave propagation 

and detection system fulfil the requirements and would be capable of detecting the stress 

wave disturbances in multi layered plates of anistropic materials.

The sensors used to detect the stress wave disturbances were the PVDF piezo electric film 

sensors which are discussed in detail in Chapter 4.

The steel tested was 4mm gauge plate which was selected as the thickness was 

comparable to the proposed thickness of the composite plates to be tested. The plate 

dimensions were 200mm by 300mm with the impact occuning 100mm away from the 

bottom edge of the plate, and the sensors mounted 15mm away from the stiiker impact. 

The layout of the plate can be seen on figure 3.11.

To mount the sensors on the plate the Micro Measurement M610 adhesive was used 

which provided a minimal adhesive layer between the plate and the sensor and provided 

insulation between the electrical contacts on the sensor and the plate.

The plate test was completed with the gun pressure set at 40 bar. This pressure provided 

an initial projectile velocity of 120ms '. This projectile speed resulted in an impact energy 

of the striker onto the plate of 0.42J. This was the magnitude of impact energy that was 

required to impact the composite plates with outdamage.

System Evaluation Test Results 

Figure 3.12 shows the raw responses from the sensors mounted on the surfaces of the 

plate impacted by the striker, for a duration of 50|is. Figure 3.13a is the upper impact 

surface at a distance of 15 mm from impact, figure 3.12b shows the lower surface 

response 15mm from the impact and figure 3.13c shows the upper surface response 30mm
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from the point of impact. The responses recorded show similar low frequency 

characteristics to the responses recorded by Daniel and Wooh [33], Mortimer et al [4] and 

Takeda et al [34] with strain gauges on impacted composite plates. This indicated that the 

sensors were detecting similar responses to the strain gauges used in the previous impact 

wave propagation work. This indicated that the responses produced from the impact were 

of the same nature as from other ballistic impact systems.

Following the test the raw responses collected were subjected to post processing with the 

PAFEC spiders digital signal processing package. The objective of this was to extiact the 

high frequency shear wave component disturbances caused by the passing of the shear 

waves.

The raw data responses were filtered with a 10th order Buttei-worth filter with a lower 

frequency filter of 400kHz and an upper frequency filter limit of 4MHz. The lower 

frequency limit was set to remove the plate bending effects, and the upper frequency limit 

was to remove any high frequency noise and alising effects from the digital conversion. 

The filtered responses can be seen in Figure 3.13.

To compare with the experimental results an analytical analysis was also completed for a 

steel plate using the methods described in Chapter 2. The results of this analysis can be 

seen in Figure 3.14. To ensure compatibility between the analytical and experimental 

results the same filters were applied to both sets of results.

The analytical results of the upper surface [Fig 3.14a] show the clear presence of two 

waves, the first occurs 2.5|is after the impact and is therefore travelling at 6mm|is'\ The 

second response occurs after 4.9[ts and is travelling at a speed of 2.9 mm\xs^. The lower 

surface response [Fig 3.14b] also shows two responses the first occuning at 2.8[is after 

impact and the second at 5.4ps after impact. Tire propagation speed of this response
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matches the longitudinal wave speed for steel, table 3.1. The delay between tire upper 

surface response and the lower surface response is due to the time the wave talces to 

propagate from the upper surface impact to the lower surface.

The second response detected on the upper surface is a large magnitude response whose 

propagation speed matches the Rayleigh wave speed for this material, table 3.1. The 

magnitude of this response and the absence of a similar response on the lower surface are 

the characteristics of a Rayleigh wave. The second response on the lower surface is 

propagating at a speed of 2.9mm(is'' and is identified as the response due to the flexural 

(shear) wave propagating through the plate and generates symmetric motion on the upper 

and lower surface of the plate. The effect of this wave cannot be seen on the upper 

surface due to the presence of the larger Rayleigh wave and the small difference in speed 

between the flexural and Rayleigh wave speeds in steel, table 3.1.

The experimental results [Fig 3.13] show the sensor responses for a period of 30|is with 

the point of impact indicated. There are the responses of three sensors shown, the upper 

and lower disturbances at 15 mm from the point of impact and the upper surface 

disturbance at 30mm from the point of impact. At the point 15mm from the impact the 

upper surface response [Fig 3.13a] shows a greater disturbance occuning than appears on 

the lower surface [Fig 3.13b] which is consistent with the presence of a Rayleigh surface 

wave but the individual waves present are not distinguishable. The most likely cause of 

the poor resolution of the individual waves was that the sensors were mounted 15mm 

away from the impact point which was only 3.75 times the thickness of the steel plate, and 

the sensors would be subjected to the wave reflection occurring between the plate 

surfaces, and that there would be little time for the separation of the waves due to their 

different wave speeds to occur. On the upper surface 30mm away from the impact 

[Fig 3.13c] there are two distinguishable waves, the first wave (1) is the faster of the 

waves and is travelling at 6mm[is'' and the second waves (2) appeared to be travelling at
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3mm|is’'. These wave speeds are comparable with the theoretical longitudinal wave speed 

(cj) and the Rayleigh surface wave speed (V/j) in Table 3.1, which indicated that these 

were the waves that were detected by the sensors on the plate.

In conclusion to the system evaluation test the initial raw responses of the sensors 

recorded similar- characteristics in the plate response to previous ballistic testing 

[39],[4],[34] of matei-ial in plate foi-m. The higher frequency stress wave disturbances 

were detected with the digital filtei-ing of the sensor responses but the individual waves 

could only be resolved with a sufficient distance from the impact relative to the plate 

thiclcness to avoid interference from the intei-nal reflections of the waves between the 

upper and lower surfaces.This testing showed that the stress wave propagation and 

detection systems were capable of propagating stress waves through a plate, which caused 

disturbances which could be detected by the sensors and recorded by the data capture 

system.
Wave Speed (mmjJis'')

Longitudinal (c,) 5.95
Flexural (c,) 3.18
Rayleigh (v„) 2.95

Table 3.1: Shear Wave Speed for Steel 

Wave speeds calculated from equations in Kolslcy [12].
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Figure 3.1: Load Spreader Arrangement
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Figure 3.2: Load Striker Arrangement
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Figure 3.3: Load Spreader, Design 1
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Figure 3.4: Load Spreader, Design 2
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Figure 3.5: Load Striker Design

Figure 3.6: Finite Element Mesh of Striker and Suspension System
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Figure 3.9; Optical Speed Measurement Device
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Chapter 4; Stress Wave Sensors

A key objective of this work was to develop a method for examining experimentally 

the disturbances in a laminated plate, caused by the passing of stress waves 

propagated from a surface impact. The data collected from the experimental work 

had to be comparable to the analytical solution to the problem, to enable a reasonable 

comparison between the experimental and theoretical data. The analytical solution 

enabled the displacements, stresses or strains at any point on a plate caused by the 

passing of the stress waves to be calculated. This allowed for a wide consideration in 

the types of sensors that could be used.

There were several important requirements for the stress wave sensor dictated by both 

the analytical work and physical constraints. To achieve a reasonable comparison 

between the analytical and experimental work the frequency range of the sensor 

would have to match the upper frequency limit used in the analytical solution. The 

upper frequency limit was defined by CO = 14cj/7i, in Section 2.5, where Cj was a wave 

speed of the material and h the thickness of one material layer. For the main material 

used in this study LTM22/T700 the upper frequency limit was f = 4.9 MHz with a 

layer thickness of 1 mm.

It was desired to examine the stress wave disturbances at the surfaces and the mid 

plane of a plate. The sensor would have to be capable of detecting the mid plane 

disturbances which would most probably involve embedding part of the sensor into 

the plate. It was therefore necessary to consider how the embedding could talce place 

and how much disruption would be caused to the structural integrity of the plate.

A third consideration was to know exactly what the sensor was measuring. Ideally 

the sensor would detect the normal displacement at a point on the plate, as this was
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the form of the early analytical results. However it would have proved to be very 

difficult to measure the internal responses of a plate in this way. The favoured 

method to detect the disturbances was to measure the strains developed in the 

direction of wave travel caused by the passing of the sti'ess waves. A sensor of this 

type would have a finite length that could be longer than tlie wavelengths of the 

waves to be examined, which would lead to an integration of the waves as they passed 

the sensor. It was decided that this could be acceptable if necessary as the analytical 

results could be modified to show the responses of the plate over a finite length of 

plate, provided the sensor was as small as physically possible.

The disturbance caused by the passage of the sti'ess waves was to be of an elastic 

nature in this study and therefore very small. The sensors would have to be very 

sensitive to measure the physical disturbances caused by the passing of the stress 

waves.

The main requirements of the stress wave sensor system are summarised below.

i) Detection of disturbances over a small area to minimise the wave integration.

Ü) To detect the internal disturbances of the plate with the minimise disturbance

to the plate structure.

hi) The frequency response of the system must be in the MHz region,

iv) High Sensitivity

4.1 Review of Stress Wave Sensor Methods

There were five main types of sensors considered, that met some of the requirements 

above. These sensors were fibre optic systems, non contact displacement/stress
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systems, non destructive evaluation techniques, strain gauges and piezo - electric 

transducers.

Fibre optic systems.

Optical Fibres have a number of advantages when used as sensors in fibre reinforced 

materials. Their material properties are not dissimilar to carbon fibres, and their size 

is only one order of magnitude larger. These facts mean that they are very attractive 

as embedded sensors for fibre reinforced plates. They have been embedded into 

carbon fibre reinforced plates and used as a damage assessment system or as a strain 

measurement system. Damage assessment systems are described by Hofer [57] and 

Crane and Maccander[58] where the fibre optics are laid in a mesh in a laminated 

plate. When the strains in the composite exceed a critical point and failure within the 

composite occurs, the fibre optic will also fail and so provide a means of detection. 

This system is improved in Waite et al [59] where the fibre optics are deliberately 

weakened so that they will fail at certain strain values to indicate when a stiucture 

has been subjected to critical strains. This damage assessment system was not of 

particular" interest for this work as it detects the damage of the material rather than 

the elastic response, but it did show the viability of embedding optical fibres in fibre 

reinforced materials.

The optical fibre strain measurement systems were initially of more interest as they 

would not produce large discontinuities within the laminated plates. The basic theory 

as described by Butter [60] is that the elastic response of the optical fibre produces a 

delay in the time it talces for the light to tr avel down the fibre which can be measured 

when compared to a reference fibre. This system has been used to measure the 

strains in a laminate plate during processing, Reddy et. al. [61], and work is being 

carried out into developing it into a usable strain gauge Uttam et. al [62]. The main 

drawback with the system is that it is only capable of measuring the strain across
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the entire length of the fibre optic and not at specific points. This would malce it 

particularly difficult to measure the strains developed in the mid plane due to the 

whole length of the fibre optic being embedded in the plate.

Non contact measurement systems

Non contact measurement systems fall into two main types, eddy current systems 

which detect the normal displacements by the reflections of eddy currents from a 

conductive material and laser displacement systems which detect normal displacement 

from the reflection of a laser from a surface using the Doppler effect.

Eddy current systems.

These systems were advantageous as they measured normal displacement, but the 

surface of the material had to be conductive to effect the electio magnetic field which 

was produced by the sensor. This would have meant that for a non conductive 

composite reflective material would have had to placed on the material, introducing a 

second material into the plate. The sensing area also was relative lai'ge, the smallest 

sensor found required an area 6mm in diameter. The frequency response of the 

systems examined up to 2KHz which was too low for the requirements. The final 

problem was that it would have been difficult to examine the mid plane disturbances 

as the sensors have to be normal to the surface and could not be embedded into the 

plate for internal disturbance measurement. Holes could have been cut into the plate 

but was not practical due to the large discontinues that would have been created.

Laser displacement systems

The laser displacement systems detected the phase change of the reflected light from a 

moving surface. This system also measured the normal displacement of the surface of 

a material, but could measure the displacement over an area of 1-2 mm diameter. The 

disadvantage of the systems was again the frequency limits which were in the region
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of 5-lOIcHz . The mid plane disturbances would also have been difficult to measure 

and a hole would again have had to be cut in the plate, but it would have been smaller 

than for the eddy current sensor.

Acoustic Emission Techniques

One method for the non destructive evaluation of materials has used elastic wave 

propagation as a method to detect flaws in materials, this involves the use of acoustic 

emission sensors which detect the presence of elastic waves travelling through a 

material. Work was carried out by Gorman [36] examine the acoustic emission in 

composite plates from waves propagated due to a lead brealc on the surface of the a 

plate.

The AE sensors work by detecting the disturbances of the passing of the waves under 

the sensor. The primary function for acoustic emission sensors has usually been the 

measurement of time it takes particular types of waves to travel between two points 

and then calculating the location of flaws or cracks. This type of sensor have been 

developed to detect the high frequency waves had typical frequency responses in the 

order of 250kHz to 5MHz.

The smallest available sensor was the point like transducer which was 3mm in 

diameter, which was comparable with the smallest available strain gauge. The sensors 

were also the most sensitive of all the sensors examined and could detect the waves 

propagated from a simple pencil lead brealc on the surface of the material.

The disadvantage was that they could only be used effectively on the surface of the 

plate due the physical size. To detect internal waves a sensor would have to again be 

cut into the plate to place the sensor in physical contact with the mid plane layers of 

material. A second problem was that the sensors could only detect the passing
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waves, and there did not appear to be any direct correlation back to the actual 

displacement on the surface of the plate.

Strain Gauges

The use of strain gauges initially looked very promising as a method of detecting the 

stress wave disturbances. There was the major advantage of being established 

technology, and therefore requiring little development work.

The two types of strain gauges under consideration were resistance foil and 

semiconductor. The resistance foil gauges had gauge factors around 2 and the 

smallest size of 2mm^ whereas the semiconductor gauge factor was in the region of 

155 and a smallest size of O.Smm .̂ Both types of gauges survive high temperatures 

up to 350°C which was inside the cure temperature of most epoxy based fibre 

reinforced plastics, which typically cured at 200°C - 250°C.

The main problem with strain gauges was the signal conditioning that was required. 

To meet the requirements the strain gauge amplifiers would need a response in the 

MHz region. There were large bandwidth amplifiers available but as the gain 

increased by a order of magnitude the bandwidth of the amplifers was proportionally 

reduced. This was considered a possible problem area but since at the ear ly stages of 

the work it was unclear the strain levels that would be expected some experimental 

investigation was required.

Piezoelectric Transducers

Piezoelectric transducers work on the principle that when certain materials are 

deformed an electrical charge is produced. The most common material to display this 

effect is quartz crystal, which is used in many washer style force transducers. Other 

materials which have been developed and which also exhibit tliis effect are ceramics
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and polyvinylidene fluoride (PVDF). These materials are often used as the sensing 

element for acoustic emission sensors. Cam bel et. al. [80] has reported the use of this 

material as a multi purpose sensor on composite laminates.

The material that was the most interesting was PVDF film, it exhibited several of the 

physical characteristics of strain gauges. It was thin (~ 52pm) and could easily be 

applied to the surface and embedded into a multi layered material, and exhibited a 

very high sensitivity and had a resonance frequency of 20MHz. Preliminary tests 

indicated that the response of the film could be detected directly and no further 

amplification was required.

Tlie overall impression was that the PVDF film could directly be used as a stress wave 

sensor but further investigation was required.

Sensor Selection

After consideration of all the sensing systems considered the two that looked the most 

suitable were the strain gauges and the PVDF film. The stiain gauges looked 

promising as they were established technology and had been used for laminated 

materials, but had the problem of frequency bandwidth of the strain gauge amplifers. 

The PVDF film had a very good frequency response but there was limited information 

on them as dynamic strain gauges.

Further investigations were carried out into the use of strain gauges and piezoelectric 

sensors, and are reported in the following sections. Experimental evaluations were 

canied out on both sensor systems before the final sensor selection was made.
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4.2 Strain Gauge Measurement System

As outlined above the main concern in using conventional strain gauges was the gain 

bandwidth product of the strain gauge amplifiers. This defined the ratio between the 

gain of the amplifiers and the frequency bandwidth. Since the stress waves travelling 

through a material only produce low level high frequency responses a high gain and 

frequency bandwidth measurement system was required. Two types of strain gauges, 

resistance foil and semiconductor and a high frequency bandwidth strain gauge 

amplifier were evaluated to see if a suitable stress wave detection system could be 

developed.

Strain Gauges

The considerations in the choice of strain gauges were the physical size, gauge factor 

and the suiwival temperature. The physical size had to be as small as physically 

possible to produce the minimum disruption to the plate and have the lowest possible 

integration of the waves as they passed the gauge. The gauge factor was important as 

the higher it was the more sensitive the gauge was and therefore the higher output 

that could be obtained. A good survival temperature was required to enable the 

gauges to be embedded into the laminated plated during manufacture.

Resistance foil gauges

The most suitable resistance foil gauge that was found was manufactured by Tinsley, 

gauge number 002/350/PC. The physical size was 2mm 1mm and possessed a 

survival temperature of 350°C. Due to their small size the maximum excitation 

voltage that could be applied was 0.75V.
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Semiconductor gauges

The best semiconductor strain gauge was manufactured by Entran, gauge number 

ESB-020-500, figure 4.1. The gauge size was 1mm x 0.5mm, gauge factor 155 and 

survival temperature 315°C. The excitation voltage was recommended at 3.5V for 

long term use but a maximum of 5V could be used for short duration's.

The size and construction of the gauges meant that they could only be handled by the 

lead out wires and could not be pressed on to the plate during bonding. They were 

also not encapsulated so insulation layer was required between the gauge and any 

conductive surface. The fine gold lead out wires were attached normal to the gauge 

with a relatively large area of solder which led to concern about disruption to the 

waves for the internal gauges.

Overall the semiconductor strain gauges were more suitable than the resistance foil 

strain gauges due to their smaller size and higher sensivity. To evaluate their ability to 

detect the passing of stress waves it was decided to conduct an experimental 

evaluation of their performance with the strain gauge amplifiers.

Bonding semiconductor strain gauges

To evaluate the performance of the semiconductor strain gauges three gauges were 

bonded onto an aluminium plate with Micro Measurement M310 strain gauge 

adhesive. Initially an insulating layer of adhesive was applied to the plate and cured at 

50°C for 5 hours. A second layer of adhesive was applied to the plate and the gauge 

placed on the adhesive and held in place with a special jig which clamped the lead 

wires and then cured at 50°C again. The gauges proved difficult to mount due to the 

brittle semiconductor material which fractured if it was handled too heavly. Once
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the adhesive was cured the fine gold leads were attached to connection tabs which 

also proved difficult as the leads were prone to breaking.

On the first attempt there was a high mortality rate for the gauges, due to both the 

gauges breaking during bonding and lead failure after bonding, 3 out of 10 survived. 

This would have improved with practice but it did raise the question as to whether the 

gauges would be tough enough to survive the processing of the laminated material for 

the internal gauges.

Strain Gauge Amplifiers

To detect the strain gauge response suitable strain gauge amplifiers were required. 

These amplifiers were required to respond to stress waves frequencies up to 4MHz to 

provide realistic comparison with the analytical results. After investigation into 

commercial products a suitable amplifier was found manufactured by CIL in the form 

of their SGAl 103 board. This board was based around the SGA403 instrumentation 

amplifier. This amplifier claimed a unity gain bandwidth of 30MHz, and would 

therefore have a bandwidth of 3MHz at a gain of 10. This was in the upper frequency 

limits that was required but it was unclear whether a gain of 10 would be sufficient to 

produce a clear* signal. It was decided that a verification of the gain and frequency 

response of the amplifiers should be carried out since they were to be used at the 

upper limit of the manufacture’s specifications.

To investigate the responses of the amplifiers a sweep function generator was used to 

provide an input signal varying from lOlcHz to 5MHz. The amplifier was set on a 

gain of 10 as this the minimum gain that would be required for the stress wave signals. 

The output was recorded on the data collection system described in section 3.5, 

recording with a 20MHz sampling frequency. A fast fourier transform was used and
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the data plotted as frequency against gain. Tire response of SGAl 103 board and just 

the SGA403 amplifier can be seen in figure 4.2.

The gain of an amplifier is defined as

Gain (dB) = 201og (V/V;) [4.1]

Where, = output voltage, V; = input voltage.

The test showed that the SGA403 amplifier on the board had a response of 20dB up 

to 3MHz but it was not particularly linear, the overall response of the whole board 

was 32dB but only up to 2kHz. After consultation with the manufactures it was 

found that the discrepancy between the SGA403 amplifier and the overall board 

response was due to a second operational amplifier on the output of the SGA403 

which was used to improve the gain and produce a linear* response across the 

frequency range, but introduced a smaller bandwidth. To improve the situation 

several modifications were made to the board by changing the second stage amplifier 

to one with a higher bandwidth specification. The results can be seen in figure 4.3

The different output amplifiers did improve the situation but none of them increased 

the bandwidth limit above IMHz, which was lower than required. It was decided that 

the best solution was to by pass the second stage amplifier and accept the non 

linearity of the SGA403 output with a gain of 20db and a frequency limit of 3MHz. It 

was therefore necessary to establish if a gain of 20dB would be sufficient to detect the 

stress waves passing through a material.

Evaluation of strain gauge measurement system.

The objective of this test was to evaluate the performance of the semiconductor sti*ain 

gauges and amplifiers at detecting stress waves passing through an aluminium plate.
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A strain gauges was successfully mounted on each surface of a 12.5mm thick 

aluminium plate. The plate was placed in the wave propagation tig as described in 

section 3.4, the plate was impacted to propagate stress waves from the point of 

impact. To produce any response from the strain gauges the excitation of the strain 

gauges had to be set to the maximum of 5 V. This excitation voltage produced an 

electrical breakdown in the insulating layer between the gauge and the plate and the 

gauges started to short to earth. The only successful response can be seen in figure 

4.4. The response of the strain gauge showed that the gain of the amplifiers was 

much too low as the response can only just be seen above the background noise of the 

amplifiers, and any details of the response were swamped by the noise.

The conclusions from this assessment were that a much larger gain was required from 

the strain gauge amplifiers to produce a clear response. The problem was that 

suitable amplifiers could not be found that had a large bandwidth at a high gain.

The other two responses shown in figure 4.4 were from two PVDF film transducers 

with a gauge length of 2mm. These devices produced a much better response than 

the strain gauges and are described in the next section.

4.3 Investigation into the use of Piezo-Electric Film Sensors as Dynamic 

Strain Gauges.

Principles of Piezoelectric Material 

It was discovered more than a hundred years ago, by Jacques and Pierre Curie, that if 

a quartz crystal was subjected to pressure an electrical charge was generated.

Similarly if an electrical charge was applied to a quartz crystal it changed in 

dimension. This effect became known as piezo-electricity from the Greek for pressure 

electricity. The piezo-electric effect has been used for many different applications
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including quartz watches, cigarette lighters and a whole vaiiety of transducers. The 

most common transducer is the force cell, which contains a layer of crystal for each 

active axis, and produces a charge when the cell is compressed in an active axis. In 

the early 1960's studies were carried out on the piezo-electric effect of organic 

materials, and Kawai [63] found that polarised homopolymer of vinylidene fluoride 

had greater piezo-electric response than any other synthetic or natural polymer.

When a deformation is applied to a piezoelectric material the charge that develops 

within its crystalline structure will diminish with time. The defoimation of the 

crystalline structure results in a net change in the charge density of the material. If 

there are electrical contacts applied to the material there will be a flow of electrons to 

produce a charge balance with in the material. This flow of elections can be 

monitored and can be shown to be proportional to the deformation of the material. 

This effect is enhanced by the doping of the material to increase the number of aligned 

charge dipoles in a particular direction..

The piezoelectric material under consideration here is manufactured from the polymer 

polyvinylidene fluoride (PVDF). A film of the material is stretched to produce a 

polymeric structure as shown in figure 4.5. The charge dipoles within the material 

are aligned by heating it to the Curie temperature (just below the melting temperature) 

and applying a strong electric field,. This process is known as poling and the 

structure of the material is shown in figure 4.6. When the material is below the Curie 

temperature and a mechanical strain is applied to the film the material develops a 

variation in charge density which malces an effective sensor. This also produces an 

upper temperature limit of 120°C for the PVDF film. If conductive layers are applied 

to both sides of the film a capacitative storing of the film is produced. The 

capacitance of the film is small, and any measurement device can cause drift, and
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therefore the film is most effective when used in dynamic situations. A full 

description of the chacteristice of PVDF sensors is provided in [64].

There are several advantages of piezoelectric film over other piezoelectric materials 

such as crystal and ceramics. They can easily be cut to any size and therefore fit 

complex geometry, and due to their low sharpness of resonance (Q) they have a 

bandwidth of 20MHz. This is as opposed to piezo crystals which are only applicable 

over a narrow bandwidth. As the film is relatively compliant and can absorb more 

energy than crystals, it acts as good receiver but does not perfor-m as well as Piezo 

crystals as an emitter or actuator.

Piezo film is a flexible lightweight tough plastic film which is available in a variety of 

thicknesses. It has a wide frequency range (0 to 10̂  Hz) and a large dynamic range 

(10"® to 10  ̂psi). The elastic compliance is high and therefore faithfully reproducing 

the input forces, and a good mechanical strength (10^-10*“ Pascal modules).

Directionality

The polling of the film results in the piezoelectric properties of the material being 

anisotropic, and the electrical and mechanical properties differ depending on the axis 

of applied stress or strain. Figure 4.7 shows how axes are defined. To define the 

properties two subscripts are used. The first defines the axis of electrical field and the 

second refers to the axis of applied or induced stress or strain. For the film 

manufactured by the Pennwalt company the polarization axis is always the thickness 

or 3-axis. Applied loading can talce place in all three directions.

Frequency dependence

One of the major considerations with piezoelectric film is that it is inherently 

capactive, and therefore means that the signal generated by the film will change with
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time. The flat response over such a large frequency range is partly due to the polymer 

softness as oppose to hard ceramics. The basic half wave length resonance of 28 |im 

piezo film is about 40MHz.

Mechanical impedance

Transducers made of PVDF film are thin and flexible, are of low density and excellent 

sensitivity but stül mechanically tough. The compliance of piezo film is 10 times 

greater then that of ceramic. They can be directly attached to structures with out 

disturbing the mechanical motion of the structure.

Initial evaluation of PVDF film as a strain sensor.

The initial evaluation of the PVDF film was to establish that the film could detect the 

response of a material when it was impacted. Two standard gauges of size 15mm x 

30mm were reduced in length to 15mm x 2mm, to produce a sensor length 

comparable witli the semiconductor strain gauges. The gauges were mounted directly 

on to the same plate as the semi conductor strain gauges to provide a direct 

comparison between strain gauge and the PVDF film performance. The output of the 

PVDF film was directly connected to the data recording équipement with no further 

amplification. The results can be seen in figure 4.4. The responses from the PVDF 

film were an improvement compared to the strain gauge results. This showed that the 

PVDF film could be used as a stress wave sensor, but further investigation was 

required into the design and manufacture of a sutiable sensor size.
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4.4 Design and Manufacture of a Piezoelectric PVDF Film Sensor

The active area of a piece of piezo-electric film is defined by the area of the film 

where there is a conductive surface on both sides. The requirements for the sensor 

was that it had to be as small as physically possible to simulate a point on the plate. In 

the design of the size of the sensor the main concern was the reduction of capacitance 

of the sensor. The lower cut off frequency of the sensor is defined by the sensor 

capacitance and the capacitance and resistance of the output device. The lower 

frequency cut off value %) was defined by

y; = [4.2]

where R=  input resistance, C— input capacitance and Cj= film capacitance.

A second consideration in the size of the sensor is the effect of non active parts of the 

sensor. The non active parts also add capacitance to the output voltage which can 

reduce the signal. Therefore the optimum size of sensor is one that is small enough so 

the whole sensor is excited at the same time, but large enough for the lower cut off 

frequency to be a suitable level. A sensor size of 1mm in length and l/2mm in widtli 

and 52um thiclcness, would result in a lower cut off frequency of 2KHz. The material 

data for the PVDF film is presented in appendix 2.

Manufacture of PVDF sensor

One of the problems with the piezo-electric film is the foim in which the material is 

available. Commercially it can be purchased in made up gauges the smallest size of 

which is 15mm*30mm or it can be purchased in sheet form. The material is available 

with two different coatings, either a printed silver ink or a thin vacuum deposited 

metallization. The question was how to produce the sensor design that was required.
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Several different techniques were attempted, the first was to remove some of the 

silver inlc from the larger gauges using an organic solvent. This method produced 

limited success as gauges were produced but the active areas of the gauges varied 

between 2mm^ and 6mm^, and therefore a better technique was required as a 

consistent active area could not be achieved. The second technique that was 

attempted was to use a sheet of the metalised surface film and to etch off the 

unwanted metal to produce sensor design, using the same techniques as printed circuit 

board production. The main concern with this system was that the film could not be 

heated above 100°C and therefore the standard method of laminating a board with a 

photo resist material at 200°C could not be used. A room temperature spray photo 

resist was found but this did not seem to adhere properly to the smooth metalised 

surface. The second problem was that the standard metalised surface was a 

Nickel/Aliminium mixture and it was not possible to find any etchents that woirld 

remove both these materials at the same rate. This method would have worked but it 

required time in the developing of the correct procedures and materials required.

The best solution to the production of the design of sensor was to get ActoChem the 

film manufactures to screen print the design on to the film during manufacture. This 

was done and after four prototype gauges were evaluated two hundred gauges were 

produced. The design of the sensors can be seen in figure 4.8.

Experimential verification of sensor design

The fust experiment to evaluate the proposed sensor design was a simple comparison 

between three piezoelectric gauges. This was to study the effects of length of the 

gauges on their output to look at the difference of the integration of the waves along 

the active area. Also a comparison was carried out between the polymer film gauges 

and a ceramic based piezoelectric sensor. The ceramic based piezoelectric sensor was
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included for a comparison with the PVDF sensors but was not considered as a viable 

sensor due to its 1mm thickness.

Gauges used;

1) Ceramic sensor length = 10mm

2) Prototype of proposed piezoelectric film sensor design, length = 0.5mm

3) Standard piezoelectric film sensor, length = 30mm.

Test conditions

The gauges were mounted in a line next to each other at a distance of 15mm from the 

impact, the impact energy was 0.3J. All the data was recorded on the oscilloscope 

and stored on the computer. The responses from the sensors can be seen in fig 4.9.

The results show that the smaller custom sensor produced a low level high frequency 

response of 1.7 |j,s duration, Tire ceramic sensor also showed a high frequency 

response but it lasted for 23 [is as the waves travelled along the length of the sensor. 

The standard sensor showed high level response but no detail of the high frequency 

components.

This result showed that the custom design if PVDF film sensor could provide data on 

the high frequency response of a plate due to the passing of stress waves. The size of 

the sensor was comparable with the smallest available strain gauge and was acceptable 

for this project. The details of the evaluation of the whole impact system including 

the sensors was described in the previous chapter.
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Tension mcrcases the piezo film volume, changing the net charge 
distribution within the film. Under open ciicuit the excess stufaoe 
charge appears as a voltage difference between the electrodes. Upon 
closing the circuit electrons flow to re-establish electrical 
netitraliiy, producing curreoL

Figure 4.5: PVDF Film Structure, Ref. [69]
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Figure 4.6: PVDF Film Poling, Ref. [69].
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Figure 4.8: PVDF Film Sensor Design.
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Figure 4.9: Piezo Electric Evaluation Test
a) Ceramic Piezo Electric Sensor
b) Prototype PVDF Film Sensor
c) Standard 30mm PVDF Film Sensor
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Chapters: Materials

The main objective of this work was to study experimentally the stress waves propagated 

through a multi layered plate from a line surface impact. There were two transversely 

isotropic materials that were used to construct the multi layered plate, the first was a 

polypropylene polymer reinforced with glass fibre called Plytion manufactured by ICI. 

The second material was an epoxy resin called LTM22 which was reinforced with T700 

carbon fibres, manufactured by Advanced Composite Group (AGC). This chapter details 

the processing techniques involved in the production of test plates in each material, 

including the placement of the PVDF sensors on and in the plates.

The model and analytical solution presented in Chapter 2 was for the wave propagation 

in a 4-ply laminated plate, with the laminate constructed from layers of transversely 

isotropic material. The material constant input required for analytical solution were the 

five elastic material wave speeds associated with the transversely isotropic material under 

investigation. Since any unidirectional composite material could be analysed there was 

no restriction on the selection of material used to manufacture the 4-ply laminate plates 

for the comparison between collected experimental data and analytical solution results. 

This resulted in the main considerations for the selection of the materials being cost, 

material conductivity and cure temperature.

The material conductivity was important as the PVDF film used as sensors was printed 

with silver inlc on both sides to form the sensor, if the material was conductive insulation 

would be require to prevent conduction between the sensors and the plate. The cure 

temperature of the material was important due to the desire to investigate the responses 

at the laminate interfaces. The sensors were to be placed between the plate layers before 

the material was cured, this limited the cure temperature of the composite material to 

90°C which was the survival temperature of the PVDF film.
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The first material that was investigated was Plytron, it fulfilled the requirement of non 

conductive but possessed a cure temperature of 200°C. The material was donated free 

of charge by ICI and was used to investigate the surface waves propagating from the line 

impact. The cure temperature prevented the investigation into the internal shear" waves 

with in the material.

The second experiment investigation was on LTM22/T700. This material possessed a 

cure cycle of 50°C held for 16 hours. This provided the capability for the placing of the 

PVDF sensors inbetween the layets of material to investigate the internal shear wave 

response of the plate. The disadvantage of the material was that the LTM22 toughened 

epoxy resin was reinforced with carbon fibres which were conductive, which requir-ed the 

PVDF sensors to be insulated to prevented conduction between the fibres and the silver 

irrlc and therefore increased the overall thickness of the sensors.

The two materials were manufactured into the cross ply plates containing four layers of 

the material in a (0/90)  ̂configuration.

This material was based around a polypropylene matiix with nylon, glass and graphic 

fibre reinforcement available. The material supplied by ICI was a polypropylene/glass 

fibte material which apparently possessed similar properties to the ICI themoset based 

material APC-2 whose material properties had been used in previous theoretical studies 

[29]. The material was supplied as a prepreg tape 240mm wide, ply thickness of 0.47mm 

and a glass content of 35%.

The examination of the short wavelength limiting wave velocities, section 2.7, required 

that the overall thiclcness of the plate was sufficient to permit the recording of the high 

frequency, short wavelength waves propagating from the impact source. The upper

An Experimental Study Into Stress Wave Propagation in Cross Ply Composite Plates 87



Chapter 5: Materials

frequency of the plate harmonics in the analytical analysis was defined as 0)/?/c;=14, 

where co was the frequency, h the ply thickness and Cj is a elastic wave speed calculated 

as C; = 2040 m s'\ (The method for calculating the elastic wave speeds is described in 

section 5.4).. The upper limit of the experimental data capture system was 4MHz, so the 

layer thickness had to be sufficient so that 2jto) = 4MHz. This resulted in a layer 

thickness for the four layer plate in the order of 1mm was required. Since material was 

supplied with a ply thickness of 0.47mm a eight ply plate was constructed with a ply 

orientation of (0/0/90/90)^. This plate orientation simulated the required a four layer 

cross-ply plate of (0/90)s orientation with the required ply thickness of 0.94mm and an 

overall thickness of 3.8mm.

Plate Manufacture

Plytron required a processing cycle of 30 minutes at 200°C with a 250psi applied 

pressure, to achieve this a hydraulic press with heated platens was used. To manufacture 

a plate the eight layers of pre preg were placed in-between steel plates coated in PTFE 

mould release agent. This sandwich of pre preg and steel was then placed inside a steel 

window which constrained the edges of the material. There was a clearance of 1/8" 

between the pre preg and the window to avoid fibre buckling and minimise the resin loss 

during processing to maintain the fibre volume ratio of the supplied pre preg which had 

been optimised for strength.

Once the material had ciued in the hydraulic press for 30 minutes at 200°C it was 

cooled with cooling water passing through the platens until the plate could be removed 

from the mould and trimmed to remove the excess resin. The details of the hydraulic 

press moulding arrangement can be seen in figure 5.1

Sensor Attachment.

The main advantage of using a glass/polypropylene fibre mix was that it was non 

conductive so the sensors did not require any insulation between themselves and the 
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plate. To bond the sensors onto the plate a cyanoacrylate adhesive was used as this 

would produce a thin adhesive layer between the sensor and the plate to minimise any 

attenuation of the plate response due to the adhesive. The problem with this method was 

that polypropylene is a difficult material to bond due to its low surface energy, so the 

plate surfaces were first treated with corona discharge which increased the surface 

energy to help the adhesive bond. The sensors were connected to the data capture 

system via ribbon wire which was attached to the sensor with silver paint.

5.2 Advance Composite Group LTM22/T700

This material was manufactured by the Advanced composite Group from their toughened 

epoxy resin LTM22 with T700 carbon fibre reinforcement. This material was selected 

for its low cure temperature of 50°C which provided the capability of placing the sensors 

into the plate prior to curing to enable the investigation into the internal shear wave 

effects. The supplied pre preg contained a fibre content of 58% w/w and with thickness 

of 0.2mm. To provide the material layers of the required thickness to investigate the 

short wavelength limiting wave velocities a 16-ply plate was constructed of orientation 

(0/0/0/0/90/90/90/90)5. This plate construction simulated the required four layer plate of 

cross ply orientation (0/90)^ with a layer thickness of 0.8mm and a total plate thickness 

of 3.2mm. A layer thickness of 0.8mm provided an upper frequency limit to the analytical 

solution (co/?/C;=14) of 2jtco =6.15MHz where Cy=2209ms'\ This frequency limit was 

slightly higher than the upper frequency limit of the data capture system but would be 

compensated for in the post processing of the analytical solution data.

The hot press system that had been used to manufacture the Plytron plates could not be 

used in the manufacture of this material as the temperature contr ollers could not provide 

a stable temperature at 50°C, and the same level of pressure was not required. One 

recommended manufacturing method was a vacuum bag / oven technique. This method
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involved the placing of the assembled prepreg into a vacuum bag where the air between 

the layers was removed with a vacume and then the bag with the prepreg was placed in 

an oven to cure. The capability to conduct this form of composite moulding was not 

available so the necessary materials and sldlls were developed.

The unidirectional properties of this material were not directly available from the 

supplier, so once a suitable moulding technique was developed a series of material tests 

were conducted to evaluate the five elastic constants required for the analytical analysis.

Plate Manufacture

There were two suggested manufacturing methods for this material, the first was a 

vacuum bag / oven cure and the second was a vacuum pressure cure in a autoclave. The 

initial production trials were completed using the vacuum bag / oven method, figure 5.2. 

This consisted of a mould base plate with a vacuum outlet on it, a piece of PTFE glass 

cloth was placed on the base plate with the laid up pre preg on top. Above the prepreg a 

layer of perforated PTFE bleed film was placed to allow the entrapped air and volatile 

gases to be extracted from the plate, above this a caul plate was placed to provide a flat 

upper surface to the plate. Over the whole assembly a piece of breather material was 

placed to provide a path for the air being removed from the plate, then a piece of vacuum 

film was placed which was sealed to the mould base. The diagram of the vacuum bag 

arrangement figure 5.2 shows the specific materials used which were supplied by 

Aero Vac. Once the pre preg was sealed in the bag a vacuum was applied and it was 

placed in an oven for 16 hours at 50 °C to cure.

The plates produced by this method appeared to have a good surface finish on the 

bottom, but the surface next to the perforated film contained dimples from the 

perforations in the release film. When the plate was sectioned after curing it was found 

to contain a large number of voids due to insufficient air removal during the cure which 

was unacceptable. After consultation with AGC it was concluded that due to the low
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temperature cure of this material it was in a very 'tacky' state at room temperature when 

the plates were constructed. This resulted in a large amount of entrapped air which the 

vacuum bag technique was not removing. It was decided that to remove all the 

entrapped air a vacuum/pressure cure was required, where a positive pressure is applied 

to the vacuum bag to squeeze out any remaining air.

A simple autoclave was designed and manufactured which contained heating elements in 

the base and could with stand a pressure of 90psi. The cross section of the autoclave can 

be seen in figure 5.3 along with the vacuum bag material. A change was made to the 

initial vacuum bag lay up with the introduction of a second piece of PTFE glass cloth 

between the caul plate and the upper surface of the pre preg. This was to provide a 

better surface finish on the upper surface but restricted the bleeding of the air from the 

plate to along the edges only. The use of the positive pressure on the plate improved the 

plates, which were found to be void free when sectioned after manufacture.

Once this manufacturing technique was established a set of uni directional plates was 

manufactured to measure the elastic properties of the material. Details of this are 

presented in Appendix 3.

Embedding Sensors into the Plate

The capability of embedding these sensors into the plate also presented the problem of 

how to insulate the sensors from the conductive carbon reinforcement fibres. The 

sensors required an insulation film between themselves and the plate. The main 

consideration for the insulation was the effect of increasing the thickness of the sensor, 

which would lead to greater disruption of the plate. A second consideration was that the 

lead out wires from the sensors would also have to be insulated and be as small as 

possible.

The first attempt at insulating the sensors was to apply an epoxy resin coating to the 

sensors, the resin used was Araldite 820 resin system. The resin was mixed to a ratio of 
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1:1 by weight of PZ820 resin and HZ820 hardener along with 1 part Toluene which 

acted as a solvent to assist with application. The resin was brushed onto the gauges and 

allowed to cure of 1 hour at 60°C.

Leads were made for the sensors from 36 SWG enamel coated copper wire with one end 

of the wire coiled and stripped of the enamel and flattened, this was then joined to the 

tabs on the sensor with silver paint before the sensors were coated.

This method was not successful for two reasons. The connection between the leads and 

the sensors was mechanically very wealc and sometimes came apart when the sensors 

were handled. The second problem was that when trials were conducted with 

embedding the sensors into a plate, the carbon fibres managed to break through the resin 

coating and contacting the sensors.

A second method of insulating the sensors was with the use of a high temperature 

polymer tape called 'Mylar' tape, which could survive up to 200°C. The tape was applied 

to both sides of the sensor, including the connection tabs to provide extra mechanical 

strength to the lead connection. This application of the insulating tape resulted in a 

sensor with an overall thiclcness of 300pm. Figures 5.4 and 5.5 show a cross section 

through a plate with sensors embedded at the mid plane of the plate and on one surface. 

The sensor at the mid plane of the plate provides an increase of 18.75% in each of the 

two mid plane material layers, where the original thickness of each layer was 0.8mm.

This increase has provided the visible disturbance in the layer fibres but this disturbance 

appears to be a gradual deflection in the fibres rather than a sudden discontinuity in the 

material layer. The sensor on the surface provides a 37% increase in the layer thickness 

and again provides a visible disturbance to the fibres in the outer layers, but as a gradual 

change in the fibre direction. The overall effect of a two sensors placed in a plate would 

be a total addition of 18.75% extra material in the cross section of the plate through the 

sensors. The total effect of three sensors would be an extra 28.1% material.
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The processing of the plate with the prepreg mateiial sandwich between the mould base 

and the caul plate combined with the application of positive pressure resulted in there 

being no overall change in thickness where the sensors were placed in the plate. It was 

therefore concluded that in the layers above and below the sensors the resin was 

displaced to provide a higher fibre volume ratio. In order to minimise this effect in the 

plates the number of sensors placed on or in a plate was restricted to two, which could 

provide comparisons between the upper and lower surface responses of the plate or 

between the upper surface and the mid plane plate responses.

5.3 Elastic Wave Speeds

For the analytical solution of the dispersion equation [Chapter 2] the five anistropic 

elastic constants are required for the uni directional material. The analytical solution 

requires the elastic constants in the form of the elastic wave speeds Cj, Cg, ĉ , ĉ , Cj. 

These elastic wave speeds equate to the ansitropic elastic constants E^, Egg, V23 &̂ d 

Gi2, where thel direction is along the fibres and the 2 and 3 directions are perpendicular 

to the fibres.

In Section 2.2 the elastic wave speeds were defined in terns of the Lame constants and 

material density which were related to the components of the symertic 6x6 stiffness 

matrix Cpq, equation [2.4].
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C j j  — C 2 2  — A< +  — p C [

C33 =A,-i-4|j.^-2fj.j,-)-2a-!-p = pC5 

C 4 4  — Q s  ~  M-Z, ~  P <̂3 

Qe — ~̂ ( Ai ~ ) — Kr — P̂ 2

C12 =  A,

Cj3 =  A< H" oc — pc.j

In the same way the compoments of the 6x6 stifness matiic Cp̂  can be defined in terms 

of the engineering elastic constants

fi-VizVzi;

C44 = Qs ~ ^ 1 2  — P̂ 3 [5.1]
Qe = ^23 ~ P̂ 2

Since

M2 _  •^11 

/ It Er
Eu

22

^23= ^
[5.2]

2f 1+V23 )

the five elastic wave speeds could be derived from the the five engineering constants 

Egg Vyg, Vgj and Gyg wich could easly be measured from specimen testing of the material.
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For the Plytron material the material properties were supplied by ICI and were verified 

by Souris and Turlcman [65and are recorded in Table 5.1.

The ACG LTM22/T700 material was not provided with the relevant data for the specific 

material mix so a testing program was completed to measure the elastic properties, full 

details in appendix 2. The measured material properties are recorded in Table 5.1 along 

with the calculated wave speeds.

Limiting Wave Velocities

The limiting wave velocity in a cross ply plate was the slower of the two wave speeds, 

the Rayleigh type surface wave speed (v̂ j) and an internal shear" wave speed (v )̂ which 

were dependent on the angle of wave propagation y. In section 2.6 it was shown that for 

a critical angle of propagation ŷ , when y<% the limiting wave velocity would be Vj, and 

for values of y > ŷ  the limiting wave velocity would be v^.The speeds of these waves 

can be dei-ived from equations [2.67,2.68,2.69] and the critical angle of propagation 

y/rom equation [2.70].

The calculated wave speeds for each material and condition are recorded in tables 5.1 

and 5.3. The values of the critical angle % are recorded in table 5.4.
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Elastic Constants Elastic Wave Speeds (mmps’ )̂

E„
(GPa)

E22
(GPa)

V12 V23 G12
(GPa)

c, C2 C4

Plytron 28 3 ^ 0.4 (X63 1.39 2TW3 0.839 0.969 1.665 4.590

LTM22/
1 T700

8&9 3.8 0.29 0.67 4 J2 2.210 0.889 1.726 1.546 7.919

Table 5.1: Material Constants

Density (Kgm'^) I
Plytron 1.48xlOf

LTM22/1T700 1.45x10^
......................

Table 5.2: Material Density

Vjij when y = 0° (mmp.s'*)

1 Plytron CL792

LTM22/T700 (X838

Table 5.3: Material Rayleigh Type Surface Wave Speeds.

Ic

Pljdron 46.14''

LTM22/T700 46.16°

Table 5.4: Critical Angle of Wave Propagation
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Figure 5.1: Hydraulic Press Arrangement for I C I  Plytron Manufacture
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Figure 5.2: Vacuum Bag Anangement for AGO LTM22/T700 Manufacture
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Autoclave Top

Clam
Pressure

/ / s r / / / /

V a c u u m
Autoclave Base

0 —Ring Seal

V a c u u m  bag m ater ia ls  are the sa m e  as in f igure 5 .2

Figure 5.3: Autoclave Arrangement for AGC LTM22/T700 Manufacture
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Figure 5.4: Mid Plane Sensor in LTM22yT700 Material
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PVDF
Sensor

mm

Figure 5.5: Surface Sensor in LTM22/T700 Material
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Chapter 6: Surface Wave Propagation in a Cross Ply Composite Plate

The initial investigation into wave propagation in a multi layered plate was conducted on 

the Polypropylene/glass fibre material Plytron which was donated by ICI. The details of 

this material were described in the previous chapter. This investigation was restricted to 

the study of surface wave propagation. Since the PVDF sensors cannot withstand the 

200°C Plytron cure temperature, it was not possible to place any sensors at the laminate 

interfaces. However an advantage of using Plytron was that it was a composite of non 

conductive materials so no further insulation of the sensors was required.

The experimental study was to investigate the effect of the angle of wave propagation (y) 

on the surface responses of the plate. There were two conditions that were investigated, 

the first was when y = 0°, the direction of wave propagation was parallel to the fibre 

direction in the inner layers. The second was when y = 90°, the direction of wave 

propagation was perpendicular to the fibres in the inner layer.

The analytical solution presented in chapter 2 had shown that the limiting wave velocity 

was the smaller velocity of two waves, the Rayleigh type surface wave in the upper layer 

and a internal shear wave v̂ . It was calculated from equations [2.70] in chapter 2 that 

the speeds of these waves were equal for Plytron when the angle of propagation y =

46.14°. Therefore when y < 46.14° the limiting wave velocity would be the Rayleigh 

type surface wave velocity (v )̂ in the upper layer and when j> 46.14° the limiting wave 

velocity would be the internal shear wave velocity (v )̂.

For the condition y = 0° the lowest wave speed would be v ,̂ the Rayleigh type surface 

wave speed which would be present on the upper surface of the plate. For the second 

condition of y = 90° the limiting wave speed would be the internal shear wave speed. In 

this case the greatest disturbances should be at the mid plane of the plate with a smaller 

upper surface response than the y = 0° case.
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A full list of the theoretical wave speeds can be seen in Table 6.1. The details of the 

derivation of the wave speeds from the engineering material constants was reported in 

chapter 5.

In the comparison between the analytical and experimental results there were two main 

features for consideration.

i) The presence of a Rayleigh type surface wave on the upper impact surface when y 

= 0° and the absence of any similar disturbances when y=90°.

ii) If a Rayleigh type surface wave is present the speed of this wave should match the 

theoretically derived wave speed in Table 6.1.

6.1 Analytical Solution to Dispersion Equation

Using the techniques described in Chapter 2 the symmetric and antisymmetric forms of the 

dispersion equation [Equ. 2.56] were solved up to a value (ûh/cj = 14. This equation was 

solved for the two conditions under consideration of y  = 0° and y  =  90°.

Figure 6.1a shows the dispersion curves for antisymmetric motion for y=0° and figure 6.1b 

shows the corresponding curves for the symmetric motion. Similarly, figures 6.2a and 

6.2b show the dispersion curves when y=90° for the antisymmetric and symmetric motion 

respectively.

The dispersion curves for both values of angle y  examined have the strildng feature of 

three distinct ghost lines brought about by the osculation of the branches which are related 

to the material wave speeds. As the dispersion curves approach the first ghost line from 

the left they exhibit the plateau and step phenomenon which has been described by 

Redwood [67]. Along the plateau the curves are parallel to the ghost line, with a constant 

phase velocity at the value given by the slope of the ghost line. On the steps the phase 

velocity exhibits a small but sudden drop either ending up on the next plateau, if to the left
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of the ghost line, or passing through and moving rapidly to the next ghost line. On 

crossing the last ghost line they tend to the lowest stress wave velocity (shear) which in 

the 7=90° case is the limiting wave velocity of the fundamental mode. In the 7=0° case the 

fundamental mode matched a Rayleigh type surface wave velocity. This cuiwe diverges 

from the direction the curves tend to which is the lowest stress wave velocity Cg (shear) 

for this case.

As explained in section 2.4, the analytical solution derived the plane strains caused by the 

passing of the stress waves at a point remote from the point of impact. For comparison 

with the experimental results the solution was calculated for a distance of 15h away from 

the point of impact, where h is a ply thickness.

The derived strains are presented and discussed in section 6.3 along with the experimental 

results.

6.2 Experimental Study

To examine the conditions y = 0° and y = 90°, there were two separate plates 

manufactured and the PVDF sensors were bonded onto the plate surfaces at a distance of 

15mm away from the point of impact

The testing procedure was previously described in chapter 3. The plates were set up with 

a distance between the plate and the strilcer of 0.5mm, with a gun pressure of 45bar which 

provided a pellet velocity of 120 ms'’. This provided an impact energy onto the plate of 

0.4J. To verify that this impact energy did not cause damage to the material a dirmmy 

plate with no sensors was impacted and X-rayed to examine for internal damage. There 

was no damage detected with the X-ray so it was assumed that the plate was only 

experiencing elastic response and could be used for successive tests.
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For each test the speed of the pellet was monitored to verify consistent impact energy on 

the plate. The data recording system was triggered by a PVDF sensor which was mounted 

on the striker so the sensor response was measured from a time before the plate was 

impacted for a total duration of 1ms. The data was collected at a sampling frequency of 

20MHz and was stored on the computer for further post processing with PAFEC Spiders 

digital signal processing software. Each test was repeated three times to examine the 

consistency of results.

Figure 6.3 shows the raw data response from a y=Q° plate at a distance 15mm away from 

the point of impact. The plot shows the measured potential change of the sensor against a 

time duration of 50ps from the point of impact. This plot shows dominant low frequency 

response of the plate and is of a similar shape to the responses detected by Daniel and 

Wooh [1.47], Mortimer et al [1.4] and Takeda et al [1.41] from surface mounted strain 

gauges on impacted composite plates. This showed that the responses detected by the 

PVDF sensors on the composite plate were of the same nature as had been detected by 

strain gauges in previous work, but that filtering was required to extract the specific stress 

wave responses of the plate.

Analysis of Experimental Results

In section 2.4 the analytical solution had shown that the duration of the impact affected 

the overall response of the plate. Green [47] has shown that the longer the impulse 

duration the more dominant the low frequency part of the impulse spectra becomes. This 

was in agreement with the system evaluation tests conducted of steel in Section 3.6, where 

the filtering out of the low frequency response from the experimental data resulted in the 

higher frequency stress wave disturbances becoming more visible.

The same filtering techniques were applied to this experimental data to extract the high 

frequency stress wave disturbances from the experimental data for comparison to the 

analytical results. The effect of this filtering was to examine the motion associated with
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the short wavelength waves travelling through the plate but remove and long wavelength 

waves (Lamb waves) from the response. In the application of filters to the raw data care 

was required since the Rayleigh type surface wave is a result of the interaction of the 

stress waves travelling through the material. It was important tliat a broad band filter was 

used to remove the low frequency components of the response but to retain the high 

frequency components in the data.

The filter applied to the data was a 10th order rectangular Buttei-worth band pass filter 

with a lower frequency limit/, = 200kHz and an upper frequency limit o f/, = 3MHz, Fig. 

6.4. The application of this filter was completed on the raw test data using the PAFEC 

spiders digital signal processing package. The filter was applied in the frequency domain 

by transforming the raw time domain data into the frequency domain via a Fast Fourier 

Transform (FFT). The filter was applied to remove the spectra above and below the limits 

and then an inverse FFT was applied to return the data to the time domain. The 

theoretical form of the filter is presented in appendix 4.

To provide a valid comparison between the analytical results and the experimental results 

the analytical results were subjected to the same filters as the experimental results. This 

was to demonstrate that the use of these filters had no adverse affect on the characteristics 

of the analytical response data and therefore would not remove important information 

from the experimental data.

6.3 Analytical Results

Case 1, Y = 0°

Figure 6.5 shows the analytical results for the upper and lower surface responses at a 

distance of 15mm from the point of impact. Figure 6.5a shows the plane strain response in 

the direction of wave propagation for the upper surface of the plate. This shows clearly a
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large response with a peak to pealc magnitude of 500 on the plate occurring 19 [is after the 

impact onto the plate. The velocity of this wave is 0.79mm|o,s'’. Figure 6.5b shows the 

comparable lower surface response from which any large response is absent. The presence 

of the large disturbance on the upper surface which is absent from the lower surface 

indicated that this upper surface response is a Rayleigh type surface wave. The velocity of 

this disturbance matches the calculated Rayleigh wave velocity in Table 6.1. This agrees 

with the theory that the limiting wave velocity when the angle of wave propagation y=0° 

would be the velocity of a Rayleigh type surface wave.

Case 2 ,7=90°

Figure 6.6 shows the analytical results for the upper and lower responses of a plate at a 

distance of 15mm from the point of a delta function impact. Figure 6.6a shows the upper 

surface plane strain in the direction of the wave propagation , and Figure 6.6b shows the 

comparable lower surface response. The surface responses for this condition show the 

complete absence of any large response when compared with the y=0° condition, with only 

very small responses occurring at lOjis'’ after the impact. This again agrees witli the 

theory that when y > 46.14° the limiting wave velocity would be that of the Cg (shear) 

wave occurring at the mid plane of the plate.

6.4 Experimental Results

Figure 6.7 shows the surface responses of the PVDF sensors mounted on a 7 = 0° plate at 

a distance of 15mm from the point of impact, for an impact energy of 0.4J. The figures 

show the change of the potential of the sensor detected by data capture system plotted 

against time starting from the point of impact. In figure 6.7a, which shows the upper 

surface response, a visible large response is occurring inbetween ISfis and 20|is from the 

striker impact. The average velocity of these responses can be measured at v=8.0mm|is'’. 

The lower surface responses in figure 6.7b shows a complete absence of responses which 

are comparable with the magnitude of the upper surface response.
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Figure 6.8, shows the surface responses of a second plate when y= 90° at a distance of 

15mm from the point of impact, for a impact energy of 0.4J. The upper and lower 

surfaces show a complete absence of significant disturbances when compared with the 

previous tests of 7=0°.

6.5 Comparison off Experimental and Analytical Results

The analytical results in figure 6.5 for the 7 = 0° condition show clearly the presence of a 

Rayleigh type surface wave based on the velocity of the detected response and the absence 

of a comparable lower surface response. The equivalent experimental results in figures 

6.7-6.9 show a very similar result with a large upper surface response travelling at 

0.8mm|as'’, which is absent from the lower surface. This resemblance between the 

analytical results and the experimental lead to two important conclusions at this stage of 

the work. The first conclusion was that the responses detected in the experimental testing 

were Rayleigh type surface waves due to their wave velocities and presence only on the 

upper surface. This showed that the experimental system that had been developed was 

capable of detecting the presence or absence of the responses in a composite plate which 

were caused by the passage of stress waves in the plate. This also demonstrated that the 

results from the experimental impact system with the use of digital filtering could be 

directly compared with the analytical results from an ideal delta function line impulse on a 

plate. The second concliision was that this provided initial experimental evidence to 

validate the theory which predicted that when y<46.14° is the limiting wave velocity for 

this plate was the velocity of a Rayleigh type surface wave.

The second case examined of 7 = 90° showed agreement between the analytical and 

experimental results in that there was no particularly significant responses compared with 

the 7 = 0°case. This again agreed with the theory which predicted that when y>46.14° the
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limiting wave velocity would that of an internal shear wave, so there would not be a large 

Rayleigh type of surface wave present on the upper surface.

These results clearly showed the presence or absence of a Rayleigh type surface wave and 

showed very good agreement between the analytical results and the experimentally 

recorded data. They did not present any clear resolution of the individual stress waves 

which are associated with the ghost lines present in the dispersion curves. It was 

concluded that this was partly due to the responses being measured at a distance of only 

15h where h is the layer thickness away from the point of interest, which was only 4.25 

times the total plate thickness. This did not provide sufficient distance for the different 

waves to separate due to their separate speeds which prevented observation of the 

separate shear wave. A second limitation to the resolution of the separate waves in the 

experimental results could be due to the attenuation of the plate response due to the 

presence of a layer of adhesive between the sensors and the surfaces of the plates.

In order to validate further the theoretical model, it was necessary to examine the internal 

response when y> 46.14°. According to the theory, the core layers should show a larger 

disturbance than the surfaces due to the limiting wave velocity being an internal shear 

wave speed. As mentioned earlier this could not be considered for the Plytron material, 

but a second material, LTM22/T700, was chosen with a low curing temperature to permit 

the placing of sensors in the core layers. The results for this material are reported in the 

next chapter.

Elastic Waves Wave Speed (mm|j,s'’) Time travel to 15mm (us)

c, 2.04 7.34
Co 0.84 17.87
c, 0.97 15.48

Ç4 1.66 9.0

Cs 4.59 3.26
V, (7 = 0°) 0.792 18.94

Table 6.1; Theoretical wave Speeds For ICI Plytron Material.
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Figure 6.1 ; ICI Plytron Cross Ply Plate
Dispersion curves y= 0°
a) Antisymmetric Motion
b) Symmetric Motion

An Experimental Study Into Impact Wave Propagation In Cross Ply Composite Plates 108



Chapter 6: Surface Wave Propagation in a Cross Ply Composite Plate

0 5 10 fS 20 2S 30 35

Figure 6.2: ICI Plytron Cross Ply Plate
Dispersion curves 7=90°

a) Antisymmetric Motion
b) Symmetric Motion
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Figure 6.3: ICI Plytron Cross Ply Plate, 7̂ =0°
Experimental Response to Surface Line Impact
a) Upper surface, 15mm from Impact
b) Lower surface, 15mm from Impact
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Figure 6.4: 10th Order Butterworth Bandpass Filter
0.2MHz-4MHz
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ICI Plytron Cross Ply Plate, y= 0°
Filtered Analytical Response to Surface Line Impact
a) Upper surface, 15mm from Impact
b) Lower surface, 15mm from Impact
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Figure 6.6: ICI Plytron Cross Ply Plate, y=VU
Filtered Analytical Response to Surface Line Impact
a) Upper surface, 15mm from Impact
b) Lower surface, 15mm from Impact
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Figure 6.7: ICI Plytron Cross Ply Plate, y=0°
Filtered Experimental Response to Surface Line Impact
a) Upper surface, 15mm from Impact
b) Lower surface, 15mm from Impact
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Figure 6.8: ICI Plytron Cross Ply Plate, y= 90°
Filtered Experimental Response to Surface Line Impact
a) Upper surface, 15mm from Impact
b) Lower surface, 15mm from Impact
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Chapter 7: Internal Wave Propagation in a 4-Ply Laminated Plate

In the previous chapter the investigation into surface wave propagation of a 4-ply 

laminated plate was described. The material used in that investigation was ICI Plytron, 

but the cure temperature of this material prevented the placing of the PVDF sensors at the 

laminate interfaces to investigate the internal waves. Following an investigation into other 

fibre reinforced materials available a suitable low temperature material was selected which 

would provide the capability for the placing sensors inside the plate. The material was 

produced by Advanced Composite Materials and consisted of their LTM22 resin with 

T700 carbon fibre reinforcement. This material had a recommended cure cycle of 55°C 

for 16 hours which was at a lower temperature than the survival temperature of the PVDF 

sensors of 70°C. This material provided the ability to manufacture plates of material with 

sensors as an integral part. The full details of the material and processing techniques were 

presented in chapter 5. Using this material the investigation into tlie internal stress waves 

of a 4-ply pate could be conducted.

The major disadvantage of this material was the conductivity of the carbon reinforcement 

fibres. This required the PVDF sensors and lead out wires to be insulated which resulted 

in an increase in the overall thickness of the sensors. The conductivity of the plates also 

resulted in an increase in the electro magnetic interference on the sensor responses. This 

provided a variation in the quality of the tests and difficulties with the filtering of the 

sensor outputs due to the lower signal to noise ratio on the sensor responses. The aim of 

the filtering was to remove the low frequency contribution of the impact and any high 

frequency noise. The problem arising in removing the noise from the signal was the 

danger of removing the high frequency component of the sti'ess waves which were under 

investigation. This resulted in some of the processed data having less clarity than was 

desirable.
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In section 5.4 it was shown that for a four layer cross ply composite plate the angle of 

wave propagation Y when the wave velocities of an internal shear wave and a Rayleigh 

type surface wave are equal could be calculated from the material wave speeds, equation 

[2.70]. For a four layer cross ply composite plate manufactures from LTM22/T700 

material with a layer thiclcness of 0.8mm, the equal wave velocities occurs when the angle 

between the dhection of propagation and the fibres at the mid plane of the plate, y = 

46.30°.

This experimental investigation was completed for the same two cases that had been 

examined for Plytron in the previous chapter, y = 0“ and y = 90°. As in the previous study 

the analytical solution had suggested that when y = 0° the limiting wave velocity would the 

velocity of a Rayleigh type surface wave, and that when y = 90“ the limiting wave velocity 

would be the velocity of an internal shear wave.

For each case there were three sets of tests completed, the first tests repeated the previous 

tests on Plytron, and examined the responses of the outer surfaces from an impact. The 

objective of these tests were to show that the same wave propagation characteristics were 

observed in the LTM22/T700 material as had been observed in Plytron.

The second set involved plates which had sensors placed on the upper surface and at the 

mid plane. These tests were particularly to investigate the internal wave characteristics 

when y = 90“. The theoretical model had predicted that at this condition the mid plane 

responses would be of a larger magnitude than the surface responses.

The third set also involved the investigation of the upper surface and mid plane responses 

but to examine the responses over a range of impact energies. These tests were 

particularly aimed to study the variation in experimental conditions on the plate responses 

compared to the analytical delta function responses.
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7.1 Analytical Solution To Dispersion Equation.

The procedure to solve the symmetric and anti symmetric forms of the dispersion equation 

[Equ. 2.56] were the same as for the previous material Plytron, but with the relevant 

material elastic wave speeds. The dispersion equation was solved up to a value of co/t/C;

= 14 for the two conditions under investigation y = 0° and y = 90°.

Figure 7.1a shows the dispersion curves for the antisymmetiic motion for y = 0° and figure 

7.1b shows the corresponding curves for the symmetric motion. Similarly 7.2a and 7.2b 

shows dispersion curves when y = 90° for the antisymmetric and symmetric motion 

respectively.

The dispersion curves for the LTM22/T700 material show the same characteristics as has 

been previously described for the Plytron material. For the y = 90° symmetric and 

antisymmetric case there are two visible ghost lines, which relate to the material elastic 

wave speeds, brought about by the osculation of the branches. As the curves approach the 

ghost lines they exhibit the same plateau and step phenomenon described earlier. Once the 

curves have passed through the left hand ghost line they tend towards the limiting wave 

velocity of the fundamental mode. For the y = 0° symmetric and antisymmetric case the 

same ghost lines are present and as with the Plytron material the curves tend to the lowest 

stress wave velocity. In this case the lowest stress wave velocity is not the limiting wave 

velocity and the fundamental mode which equates to a Rayleigh type surface wave speed 

is diverging from the other curves.

The analytical solution to the theoretical model derived the strains from the dispersion 

curves for the surfaces and mid plane of the plate. For the comparison with the 

experimental results the strains were calculated at a point 40h from the impact, where h is 

the ply thiclcness. A larger distance between the impact and the point of examination was 

selected compared with the previous Plytron results to provide a greater separation 

between the individual stress waves which would then be detectable experimentally. The
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derived strains are presented and discussed in section 7.4 along with the experimental 

results.

7.2 Experimental Study.

This study was aimed at examining the upper, lower surface and mid plane responses of a 

4-ply laminated plate. For this investigation surface and mid plane sensors were embedded 

into the plate during manufacture. This was to make the sensors a more integral part of 

the plate than in the Plytron investigation , to reduce the attenuation of the plate response 

due to adhesive layers between the sensors and the plate surfaces.

A problem that occurred with the internal sensors was their location relative to the surface 

sensors. After each plate was manufactured it was X- rayed [Fig. 7.3] which showed any 

misalignment between the surface gauge and the mid plane sensor due to poor location of 

the sensors during plate manufacture and movement of the sensors during the plate cure. 

This difference in the sensor locations had to be talcen into account in the wave speed 

calculations from the experimental results.

The third stage of this study was an initial investigation into the effect of the variation of 

the impact energy on the plate responses.

The testing procedure was the same as in the previous tests with the striker displacement 

set at 0.5mm, and the gun pressure set at 40bar for the first two stages. This provided an 

impact energy of 0.42J. The same filtering techniques were applied to the data to remove 

the unwanted low and veiy high frequency components. The filter used was a 

Butterworth band pass filter between 250kHz and 4MHz.

7.3 Analytical Results 

Case 1 Y = 0°
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Figure 7.4 shows each surface and mid plane responses of a plate subjected to a delta 

function line impulse. The upper surface response in figure 7.4a shows a clear upper 

surface response of magnitude 12 pk-pk occuriing at 38|lis after the impulse onto the 

plate. This response is therefore travelling at 0.84mmps'\ This response is of the same 

type that was observed in the analytical results for Plytron in figure 6.5a. Figure 7.4b 

shows the mid plane response where the maximum response is 0.2 pk-pk which is 

insignificant when compared with the upper surface response. Figure 7.4c shows the 

lower surface response, this surface shows a larger response than at the mid plane with a 

maximum magnitude of 1.6pk-pk. As with the mid plane response there was no significant 

response present on the lower surface which could be associated with the large response 

present on the upper surface.

The large response on the upper surface can be associated with a wave travelling along the 

upper surface which is absent from the mid plane and lower surface of the plate, and has a 

velocity of 0.84mm|is'\ This wave has all the characteristics of a Rayleigh type surface 

wave, and the velocity matches a theoretical Rayleigh type surface wave velocity in table 

7.1. This also matches the theory that the limiting wave velocity at y < 46.16° is a 

Rayleigh type smface wave.

Case 2, Y= 90°

Figure 7.5 presents the analytical strain responses for y = 90° at each surface and mid 

plane of a plate for a delta function line impulse applied to an infinite plate. Figure 7.5a 

presents the upper surface responses in which the maximum response occurs between 

18|is and 20|is, with a magnitude of 0.8pk-pk. Figure 7.5b of the mid plane response has 

a magnitude of 1.2pk-pk with large responses occurring at 20|is and 40|is. The lower 

suiface response in figure 7.5c shows a similar response to the upper surface with a 

maximum magnitude of 0.6pk-pk occuiring at 20|is.
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These results show that the maximum response occurring for this case is at the mid plane 

of a plate with the upper surface response significantly lower that the upper surface 

response of the previous condition when y = 0°. The mid plane response is larger than both 

the surface responses and the mid plane response of the y = 0° case. This shows that in 

this case that the limiting wave velocity was an internal shear wave occurring at the mid 

plane of the plate rather than the Rayleigh type surface wave velocity of the y = 0° case. 

This agrees with the theoretical predication that when y > 46.14 the limiting wave velocity 

would be that of an internal shear wave velocity (c )̂.

7.4 Experimental Results

As described in section 7.3 there were three sets of experimental tests completed, the 

surfaces only responses, the upper surface and mid plane response, and the upper surface 

and mid plane response for different impact energies. The results presented are plots of 

the detected potential change (Volts) of the sensors which is related to the strain in the 

direction of wave propagation, for a time duration of 80|is after the impact of the striker 

onto the plate. The point of impact was detected from a sensor mounted onto the striker.

Upper and Lower Surfaces Response.

The responses in Figure 7.6 show the upper and lower surface responses 32 mm from the 

impact, for y = 0° due to a 0.4J impact. Figure 7.6a shows the upper surface response 

where two noticeable increases in the signal magnitude can be seen. The first one 

occurred at 15|is after the point of impact with a magnitude of 25.9mV pk-pk, the second 

occurs at 38ps with a magnitude of 57mV pk-pk. Following the largest peak the response 

decays away to the background noise level. The wave speed of the first response is 2.1 

mmps'^ which is close to the (longitudinal) stress wave speed of the material, table 7.1. 

The second large response is caused by a wave travelling at 0.84mm|is'' which is the same 

as the wave speed of the Rayleigh type surface wave when y = 0°.
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Figure 7.6b shows the lower surface response and the first noticeable response occurs at 

20ps with a magnitude of 22mV. In the region between 30jJ,s and 40ms there is a pealc 

response of 28mV. The first response correlates with the (shear) response on the upper 

surface, but the second response is of a smaller magnitude than on the upper surface and 

can be matched to the (shear) wave speed.

The responses in Figure 7.7 show the upper and lower surfaces responses for y = 90" for a 

0.42J impact. Figure 7.7a shows the upper surface response with the first response of the 

sensor occurring 13.5fxs with a magnitude of 37.6mV after the impact. There is no 

noticeable response occurring at 4O|0.s after the impact as had been the case on the upper 

surface when y = 0°. Figure 7.7b shows the lower surface response with the largest 

response occurring at 41|0.s after impact with a magnitude of 32mV. The time duration 

between these responses and the point of impact indicate that they can be attributed to the 

Cj (longitudinal) and Cg (shear) waves respectively.

These results for the responses of the upper and lower surfaces have shown the same 

characteristics as the results for Plytron in the previous chapter. On the upper surface 

when y = 0" a large wave is present whose speed matches the speed of a Rayleigh type 

surface wave, a similar disturbance is noticeably absent from the lower surface. This 

provides further verification for the predication that the limiting wave velocity when y < 

46.14° is the velocity of a Rayleigh type surface wave, which is only present on the upper 

surface.

The absence of a similar large upper surface response in the second case of y = 90° 

matches the predication that under this condition the limiting wave velocity would be that 

of an internal shear wave velocity. To fully investigate this prediction the comparison of 

the upper surface and mid plane responses is required.
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Surface and Mid plane Results

The second set of tests investigated the difference between the upper surface and mid 

plane responses from the same surface impact conditions as the previous surface wave 

tests.

For 7  = 0° figure 7.8a shows the upper surface response. The surface waves for this test 

are not as clear as for the previous tests due to a large amount of interference that 

occurred during this test, and the specific waves cannot be easily separated from the 

background noise. Figure 7.8b shows the mid plane response in which the overall 

maximum response is 20mV pk-pk. This level is lower than the responses seen in both the 

upper surface response in figure 7.8a and in the upper surface response from the previous 

test figure 7.6a. There are not any large responses present at the mid plane which can be 

associated with a Rayleigh type surface wave present on the upper surface.

The upper surface and mid plane response when y = 90° are presented in Figure 7.9.

Figure 7.9a shows the upper surface response which is similar in characteristics to the 

pr-evious surface response [Fig. 7.7a] for this case. This response shows evidence of the 

individual stress waves between 20ps and 40ps but no Rayleigh type surface wave.

The mid plane response in figure 7.9b shows distinct response occurring 39[is aftet the 

impact onto the plate. This response has a magnitude of 33mV and a wave velocity of 

0.85mm|is'\ This velocity correlates with the slowest stress wave velocity of the C2 

(shear) wave in table 7.1.

These responses at the mid plane of a plate have shown that when y = 0° the dominant 

response of the plate is at the upper surface. When y = 90° the dominant response is at 

the mid plane of the plate, with a velocity closest the (shear-) stress wave velocity. This 

provides the frnial verification to the theoretical predictions that when y > 46.16° the 

limiting wave velocity will be that of the slowest internal shear wave velocity.
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Surface and Mid plane Response at Different Impact Energies

This third set of tests investigated the effects of different impact energies on the surface 

and mid plane responses. Figures 7.10 and 7.11 show the upper surface and mid plane 

responses for y = 0°, from a time of 20ps after the impact for a duration of 80ps. Figure 

7.10a is the upper surface response from a 0.36J impact and has the same large surface 

response as the previous tests with a maximum response of 50.7mV. Similarly figure 

7.11a shows the upper surface response for a 0.49J impact, with a maximum response of 

53.3mV. The velocities of both these responses match the Raleigh type surface wave 

velocity. The mid plane responses figures 7.10b 7.1 lb both show little response compaied 

with the upper surface.

Figures 7.12 and 7.13 show the upper surface and mid plane responses for y = 90°, for 

impact energies of 0.36J and 0.49J respectively. Figures 7.12a and 7.13a are the upper 

surface responses and show little disturbance as in the previous tests of this condition. 

Figure 7.12b is the mid plane response with a maximum magnitude of 31.3mV pk-pk, and 

figure 7.13b has a maximum magnitude of 30.7m V pk-pk. The velocities of the mid plane 

responses match the (sheai) stress wave speed. Figures 7.13a and 7.13b show an 

electrical interference occuiing 77|0.s after the impact.

Both sets of results show the same characteristics as the previous tests in that when y = 0° 

the largest disturbance is at the upper surface and when y = 90°the largest disturbance is at 

the mid plane of the plate and shows that there is little variation in the responses of the 

plates for the different impact energies.

The cause for the lack of variation in the responses due to the different impact energies 

can be explained by the filtering that was applied to the sensor responses. It was the 

objective of the filtering to remove the low frequency contribution of the impact from the 

sensor response caused by the impact duration [Ref. 48]. This reduction of the low 

frequency contribution also reduced the energy contribution to the magnitude of the signal
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responses, which resulted in there being litde effect of the different impact energies on the 

plate responses due to the stress waves propagating through tlie plate. This provides 

evidence of the validity in the comparison between the expeiimental results from a real 

impact and the analytical results for an ideal delta function impact as the magnitude of the 

real impact had little effect on the filtered experimental results.

1 Â QuaHty of Results

A comment is required on the quality of these results in relation to the amount of noise 

present on the results. The PVDF sensors were very sensitive to the responses of the plate 

in such a way that no further amplification was required to the sensor response. It was 

this high sensitivity that made them ideal for detecting the stress wave responses, but it 

was also this high sensitive that resulted in their high sensitivity to electro magnetic 

interference. This problem was compounded due to the conductivity of the car bon fibres 

in the plates which also received the interference which resulted in more noise of the 

sensor responses. This interference resulted in the quality of some of the results being 

poor which presents difficulty in the resolution in the stress wave responses. There is 

further work that is required in the development of the sensors and in the signal processing 

of the results to produce clear and concise data on the stress wave responses of composite 

plate, but the data presented in this chapter has shown clearly that the characteristics of 

tlie stress waves due a surface impact may be resolved.

Stress Wave Wave Speed (mm|0.s‘*) Time to Travel 32mm (|0,s)

c, Z210 14.48
c. 0.889 36.00

c? 1.726 1&54
C4 1.546 20.70
c. 7.919 4.04

Vp (Y = 0°) Œ838 38.19

Table 7.1: Theoretical Wave Speeds for LTM22/T700 Material
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Figure 7.1 : LTM22/T700 Cross Ply Plate
Dispersion curves y=0°
a) Antisymmeuic Motion
b) Symmetric Motion
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Figure 7.2: LTM22/T700 Cross Ply Plate
Dispersion curves 7=90”

a) Antisymmetric Motion
b) Symmetric Motion
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Figure 7.3; X-Ray of LTM22/T700 Cross Ply Plate 
Showing Sensor Location
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Figure 7.4: LTM22/T700 Cross Ply Plate, 7=0°
Analytical Response to Surface Line Impact

a) Upper surface, 32mm from Impact
b) Mid plane, 32mm from Impact
b) Lower surface, 32mm from Impact
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Figure 7.5: LTM22/T700 Cross Ply Plate, 7=90°

Analytical Response to Surface Line Impact
a) Upper surface, 32mm from Impact
b) Mid plane, 32mm from Impact
b) Lower surface, 32mm from Impact
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Figure 7.6; LTM22/T700 Cross Ply Plate, y= 0°
Filtered Experimental Response to Surface Line Impact
a) Upper surface, 32mm from Impact
b) Lower surface, 32mm from Impact
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Figure 7.7: LTM22/T700 Cross Ply Plate, 7̂ =90°
Filtered Experimental Response to Surface Line Impact
a) Upper surface, 32mm from Impact
b) Lower surface, 32mm from Impact
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Figure 7.8: LTM22/T700 Cross Ply Plate, 7̂ =0°
Filtered Experimental Response to Surface Line Impact
a) Upper surface, 32mm from Impact
b) Mid Plane, 32mm from Impact
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Figure 7.9: LTM22/T700 Cross Ply Plate, 7=90°
Filtered Experimental Response to Surface Line Impact
a) Upper surface, 32mm from Impact
b) Mid Plane, 32mm from Impact
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Figure 7.10: LTM22/T700 Cross Ply Plate, y= 0°
Filtered Experimental Response to Surface Line 0.36J Impact,
a) Upper surface, 32mm from Impact
b) Mid Plane, 32mm from Impact
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Figure 7.11; LTM22/T700 Cross Ply Plate, 7=0°
Filtered Expeiimental Response to Surface Line 0.49J Impact,
a) Upper surface, 32mm from Impact
b) Mid Plane, 32mm from Impact
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Figure 7.12: LTM22/T700 Cross Ply Plate, y=90°
Filtered Experimental Response to Surface Line 0.36J Impact,
a) Upper surface, 32mm from Impact
b) Mid Plane, 32mm from Impact

An Experimental Study Into Impact Wave Propagation In Cross Fly Composite Plates 136



Chapter 7: Internal Wave Propagation in a Cross Plv Cmnposite Plate

; . u O E - ; Z

L ' .

. 7 '- '  ' 7

(a)

'C.300 UL-LC

i in ir

3 G . 0 C E - 0

L i r - (b)

Figure 7.13: LTM22/T700 Cross Ply Plate, y=90°
Filtered Experimental Response to Surface Line 0.49J Impact,
a) Upper surface, 32mm from Impact
b) Mid Plane, 32mm from Impact
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Chapters: Conclusions

The original aim of this work was to study impact wave propagation in cross ply 

composite plates by experimental investigation. The previous work by Green [27] had 

modelled a cross ply composite plate and produced a analytical solution to the wave 

dispersion equation which predicted the response at the surfaces and ply interfaces at a 

point in time of a cross ply composite plate due to a surface impulse. This previous work 

had shown the characteristics of stress waves propagated from a surface impulse were 

dependent of the angle of wave propagation between a plane wave front and the direction 

of the fibres in the inner core of the plate.

The requirements of this project was to detect and examine the stress waves generated 

from a surface impact at the surfaces and internal ply interfaces and to compare the results 

to analytical predictions to provide verification for the analytical solution of the material 

model.

The disturbances caused by the passing of stress waves in the plate were recorded by the 

piezo electric PVDF sensors. This sensor has shown advantages over more the convent 

measurement systems of strain gauges due to its frequency response into the GHz region 

and the high response removing the need for further amplification. The sensor also had an 

advantage over acoustic emission transducers due to its thickness which permitted the 

placement of the sensors inside the material during manufacture which enabled the study 

of the internal shear wave disturbances. The results presented in chapters 6 and 7 have 

shown good correlation between the measured speeds of disturbances travelling though 

the material and the calculated material wave speeds from the measured elastic properties.

The filtering of the sensor signals removed the low frequency component of the response 

due to the finite duration of the impact. This enabled the extraction of the higher 

frequency responses due to the disturbances caused by the passing of the stress waves.
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The results from chapter 7 for the tests with different impact energies showed little 

difference in the responses, this showed that the filtering was removing the impact 

influence. This provided evidence that the comparison between the experimental data for 

a real impact and the analytical data which was for an ideal delta function impact was valid 

as the effects of the real impact had been removed from the experimental results.

It was reported by Balyis and Green [23] that the limiting wave velocity of the shear 

waves propagating through a cross ply composite plate was dependent of the lower of two 

wave speeds, the Rayleigh type surface wave speed (v̂ j) and an internal shear- wave speed 

(vg). It was been demonstrated analytical that the limiting wave velocity is dependent on 

the angle y between the direction of wave propagation and the fibre direction at the mid 

plane of the plate, and that v^= at a critical angle ŷ .

The experimental results presented for the two cases examined of y  = 0 “ and y  = 90° 

showed the same wave propagation characteristics that when y  =  0° which was less than 

the critical angle y. the slowest disturbance present was a laige response on the upper 

surface whose speed matched that of a Rayleigh type surface wave. When y  =  90° which 

was greater that the critical angle ŷ  the slowest disturbance present occurred at the mid 

plane of the plate whose speed matched that of the ĉ  material wave speed. This showed 

that when y  =  0° the limiting wave velocity was that of a Rayleigh type surface wave and 

that when y  =  90° the limiting wave velocity was that of an internal shear wave. This 

provided some validity to the analytical solution as the same wave propagation 

characterises of the limiting wave velocities that had been observed from the analytical 

work were obsei-ved in the experimental study into impact wave propagation in cross ply 

composite plates.

Further Work.
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There are several directions in which this work could be extended, the first is to examine 

the limiting wave velocities of a radial wave propagating out from a point load on a 

composite material. A radial wave travelling through a multi layered material provides a 

complex problem to the theoretical modelling of wave propagation as the wave front is 

moving in two dimensions as compared to the single direction propagation of a plane 

wave front. The complexity of the problem means that an experimental investigation into 

the surface and ply interface responses could easily provide insight into the char acteristics 

of a radial wave propagating throughout a cross ply plate, in particular- the examination of 

the internal ply interfaces.

A second area of work would be to increases the magnitude of the impacts to an extent 

that damage occurred. This would permit the examination of the inter-nal wave 

propagation characteristics of a multi layered plate before and while the damage is 

generated. This would permit the examination into a relationship between the limiting 

wave velocity and the extent and direction of the ply delamination which occurs when a 

multi layered material is damaged by an impact.
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Appendix 1: Analytical Analysis Computer Programs

1.1 Dispersion Equation Solution, Antisymmertic Motion.

C FIND ALL VALUES OF K IN 0<IC<20 FOR QMGA = 0 TO 20 STEP 0.02 
C WITH GAMMER SQUARED = 4 FOR ANTISVMMEnC DISPERSION EQUATION 

PROGRAM CCOFA
IM PL ICrr DOUBLE PR ECISIO N(A *H .K,aZ)
COMMON C2,C3.C4,C5.0M.SINTHE,COSTHE,Xl(12,12)
COMMON Ql ,Q2,Q3,LQLLQ2,LQ3,XQ1,XQ2,XQ3,ICI,K2.GBJDD 
DIMENSION ROOT(<50).DERIV(60)Z(l 1,11 ).COFACT( 12)
DIMENSION WKSPCE(I I).UD(12)

C THE CALLING TOEEOFTHIS PROGRAM IS AS FOLLOWS- 
C
C COMATW ..HNDR ..JIOOTS ..DET 
C SET CONSTANTS.

C READ IN ALL THE DATA NEEDED TO RUN 
C a .a .C 4 .C 5  
C THETA
C (START OMEGA. HNISH OMEGA, STEP)«100 
C ALIM. DLIM, RKLIM

READ(1.’ )C2.C3,04.C5 
READ (I.«) THETA 
READ(I.«) 11,12,13 
READ(1.«) SR.FR.'m 
SC=0.0 
DO 2501=1.50 
RO0T(I)=0.0 

250 CONTINUE 
C NREQ=20 

DO201K=ll.I2.13 
C PRINT*,’IK'
C READ(5.»)IK 
C DO 20 IK=2,500,2 

OMEGA=IK/100.0DO 
C READ(5,®£ND=3a) RKAY 
C WRrrE(<5.300) OMEGA 
C 300 FORMATC OMEGA SETTOMPG14.6)
C PRINT® ,'FINDR IN'

CALL MNDR(OMEGA,'IHETA,SRfR,TR, ROOT.NCOLL)
C PRINT®,“HNOR OUT 
C PRINT®,NCOLL
C WRrrE(<5.®)0MEGA.(R00T(IR00T).IR00T=LNREQ)
C WRTTE(10.") OMEGA,(ROOT(IROOT),IROOT=I,NREQ)
C 303FORMAT(6E14.8,6EU.8)

D025IR00Tol,N C 0LL 
C IF (ROOT(IROOT).NEO) THEN

SC=SC+I
c WRITE(10.400)ROOT(IROOT),OMEGA
c 400 FORMAT(2EI5.8)
C WUnE<6>l25)SC

125 FORMATC NUMBER OF PASSES IS 5.1)
C ROOT(IROOT)=0.0
C ELSE
C END IF

25 CONTINUE

C THE DERIVATIVE IS NOW CALCULATED

DO 2331=1,60 
DERIV(I)=0.0 

233 CONTINUE 
DO 151=1,NCOLL 
OPcOMEGA+0.00001 
OI=OMEGA-0.00001
IF(ROOT(0 .GT. 01 AND. ROOT(I) LT. OP) GOTO 15 
DRKcO.Ol 
DPREV=0.0 
D0 51HALF=1.20 

C D=(DEr(ROOT(l)+DRK).DET(ROOT(I)*DRIC)
C . )/(2.0®DRK)

DF=DET(ROOT(I)+DRK)
DM=DET(ROOT(D-DRK)
D4DP.DMV(2.0«DRK)

C WRTIE(6,302) DPX)M4100T(I)X>
C 302FORMATC DP IS ',G13.5.DM IS ’.GIS.S.TIOOT IS ',013.5)
C WRHE(6.3(M) I43RKX)
C 304 FORMATC ROOT.H.'DRK IS',G13.5,DERIV IS .G13.5) 

r^ABS(DPREV-D)LT.0.000l ®ABS(D)) GOTO 10 
DPREVsD 
DRK=0.5*DRK 

5 CONTINUE 
C STOP

PRINT®. 'WARNING DERIVERATIVE NOT CONVERGED" 
lODERIV(I)^
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15 CONTINUE 
C w u r m i  3.301 ) 0MEGA,(DERIV(I),I=1 ,NCOLL)
301FORMAT(1P11G12.4)

C THE COFACrORS ARE NOW CALCULATED

D018IR00T=LNC0LL
RK=ROOT(IROOD
IF(DERtV(IROarr).EQ.O.ODO)GOTO 18 
D=DET(ROOT(IROanr))

C WRITE(10.®)DJlOOT(IROCrr)

C RETURN FROM DET WITH D APPROX 0 AND ARRAY X HOLDING 
C ELEMENTS OF 12 X 12 DETERMINANT 
C

DO I00L=L12 
DO 901=1,11 

DO 80J=1,11

IF(JILT.13) GOTO 75 
Jl=H .l2  

75 Z(I4)=X1(I+M1)
80 CONTINUE 
90 CONTINUE

IFAIL=1
CALL F03AAF(Z,IANX>T,WKSPCE.IFAIL)

C
C WHEN RK<I DIFFERENT COFACTOR EQU USED TO COMPENSATE FOR 
C THE SCALING OF RK IN DET TO AVOID ERROR 
C

IF(RKLT.L0)THEN
C0FACT(L)=<. I )®«(L+ I )*DT*RIC® RIUDERI V(IROOT)

COFACT(LX'I )®®(L+l)®EfT/(DERIV(IROOT)®RIO

100 CONTINUE
IF(RKLT.1.0)THEN 

C FURTHER ADJUSTEMENTFOR SMALLER 
COFACT(2)=COFACr(2)/RK 
COFACT(5)=COFACT(5)/RK 
C0FACr(B)=C0FACr(8)AlK 
COPACTd l)=COFACT(l 1)/RK 
END IF
WRHE(11,400) OMEGA,ROOT(IROOT),(COFACT(L)L=1,12)

400 FDRMAT( 14012.4)
18 CONHNUE 

WRHE(6,410) OMEGA 
410 FORMATCFINISHED FOR OMEGA IS 10.2)
20 CONHNUE 
30 STOP 

END
SUBROUTINE FINDR(OMEOA,THETA,SRfR.TR, ROOT.NCOLL)
IMPLICIT DOUBLE PRECISION(A-H,K.O-Z)
COMMON C2.C3,C4.C5,OM,SlNTHE,COSTHE,Xl(12,12)
DIMENSION ROOT(60)X«50)
EXTERNAL DBF

C THIS SUBROUTINE RETURNS THE FIRST NREQ POSmVE ROOTS OF THE 
C EQUATION

IN THE ARRAY ROOT. THE SUBROUTINE WHICH ACTUALLY SOLVES 
THE EQUATION IS CALLED ROOTS. THIS FINDS ALL THE ROOTS 
IN A GIVEN INTERVAL OR ELSE RETURNS WITH AN ERROR 
INDICATION ETIHER THAT THERE ARE TOO MANY ROOTS IN THE GIVEN 
INTERVAL OR THAT THEY COULD NOT BE FOUND
WTTH SUFFKTENT ACCURACY. IN EHHER OF THESE CASES, THE INTERVAL 
IS REPEATEDLY HALVED UNTIL A SUCCESSFUL RETURN IS OBTAINED. WE 
CONTINUE ALONG THE REAL AXIS UNTIL NREQ ROOTS HAVE BEEN 
COLLECTED.

OM=OMEGA

NCOLL WILL HOLD THE NUMBER OFROOTS COLLECTED SO FAR.
RKLIM IS THE MAX VALUE THAT IS USED TO FIND THE ROOTS.
IN AND ID ARE COUNTERS. IN COUNTS THE NUMBER OF PASSES 
WHEN IFA1L=0. ID COUNTS THE NUMBER OF PASSES WHEN IFAILX)
AND THE SEARCH FOR ROOTS IS REPEATED WHH A SMALLER INTERVAL. 
DMAX IS THE STANDARD VALUE OFDDFF. SO DIFF CAN BE RESET 
a ft e r  a  SEARCn WITH A SMALLER INTERVAL HAS BEEN COMPLEATED

CX)NV=ATAN( I .OD0)/45.0
TEMP=THETA®CONV
SINTHE=SIN(TEMP)
COSTHEsCOSOEMP)

NCOLL=0
ALIM=SR
BLIM=FR
RKLlMaTR
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C READ(3.«) ALIM.BLIM 
C
C PR1NT®.'AL1M.BLIMRKLIM’
C WRTIE(6.*) ALIM.BLIMRKLIM

30 IF (RKLIM .GT. ALIM) THEN2
:  IF (ALIM .GT.l.O) THEN
C DMAXsl.O
C END IF

C IFDIFFHAS BEEN SUBDIVIDED THEN (ID+1) SUCESSFULL PASES 
C M U ^  BE MADE TO ENSHURE THAT NO ROOTS ARE MISSED, AND 
C DIFF CAN BE RESET TO THE MAXIMUM VALUE. THE VALUE OF BLIM IS THEN 
C CHANGED TO BE DMAX ABOVE THE CURRENT VALUE OF ALIM.

IF (IN £Q.(ICM-l> .OR. ID £Q. 0)THEN 
DIFF=DMAX 
BLIM=ALIM+DIFF

END IF
:  WRITE(6,*) DIFFDMAX.ALIMC

D 0 40U L 50

C PRINT® ."ROOTS IN'
CALL ROOTS(DET,ALIM,BLIM,N, X.NROOTS.IFAIL)

C PRINT®,IFAIL
IF(IFAIL£Q.O)THEN 

C WRnE(6.300) ALIM.BLIM.NROOTSXX(I),I=LNROOTS) 
300 FORMATC LIMITS ARE.1P2GI4.5/ RETURNED WITH,14, 

. 'ROOTS. THEYARE'/(IH,(H"5F14.(5))
C PRINT®,NROOTS

IF(NROOTS.GT.D)THEN
DO20I=l,NR0OTS
NCOLL=NCOLL+I
ROOT(NCOLL)=X(1)
EZ=0 

20 CONTINUE

C COUNT THE NUMBER OF SUCËSSIVE RETURNS W HH NO ROOTS. AND NO 
C SUBDIVIDING, THEN RETURN AFTER 3 TO SAVE CALCULATIONS.
C

IF((NROCrTS ÆQ. 0) .AND. (ID £Q . 0)) THEN 
IZnEZ+l

IF (IZ £Q . iO)THEN 
C WRITE(6.163) ALIM,OM,NCOLL
C 163 FORMATC NO MORE ROOTS TO BEFOUND AFTER'£7.3,
C . ' FOR OMEGA =’£7.2,' NUMBER OF ROOTS FOUND =",13)

RETURN

C FINDR PROCEDURE STOPED AS NO MORE ROOTS

C IF ALL THE ROOTS FOR THE CURRENT LIMHS ARE FOUND THEN NEW 
C LIMFTS ARE SELECTED AND THE PROCESS CONMHNUES.
C

AUMsBLlM 
BLIM=AUM+DIFF 
INoIN{.l 
GOTO 30

C BACK TO START OF FIND RPROŒDURE

C ERROR RETURN. HALVE INTERVAL AND TRY AGAIN.
C
C WRTTE(6,301 ) ALIM.BLIM.IFAIL
C 301 FORMATC LIMITS ARE,IP2G14.5/ RETURNED WITH IFAIL < I4) 

DIFF=0.5«DIFF 
BUMsALIM+DIFF 
ID=ID+1 

END IF 
40 CONTINUE 

C WRnE(6,304) OMEGA,ALIM
C 304 FORMATC IN SUBROUTINE FINDR, INTERVAL HAS BEEN HALVED TOO', 
C I MANY TIMES FOR OMEGA <F12.4/'SEARCHING FOR ROOTS IN THE',
C 2 'INTERVAL STARTING ATF12.4,'. ABANDONED FDR THIS OMEGA.*) 

D 045I=l,NC0LL
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ROOT(I)=0.0 
45 CONTINUE 

RETURN 
C 50 GOTO 30

C WRITE(6.305) OMEGA
C 305 FORMATC IN SUBROUTINE FINDR, PROGRAM HAS SEARCHED THE',
C 1 'MAXIMUM NUMBER OP/* INTERVALS AND POUND ALL THE ',
C 2 "POSSIBLEROOTS. OMEGA ="£I2.4,'. STOreDFOR',
C 3 THIS OMEGA.')

DO 55 I=NCOLL+l.NREQ 
RO0T(I)=0.0 

55 CONTINUE 
RETURN 
END
SUBROUTINE ROOTS(FUN,ALIM.BLIM,N. X.NROOTS.IFAIL)

C THIS SUBROUTINE FINDS AN UNKNOWN NUMBER OF ROOTS OF THE EQUATION

C FUN(X) = 0
C
C BETWEEN THE LIMITS X »  ALIM AND X n  BUM. THE ROOTS, NROOTS IN
C NUMBER, ARE RETURNED IN THE FIRST NROOTS ELEMENTS OF THE
C ARRAYX,DEŒARED ASBEINOOFLENGTHN. THEREtURNEDVALUEOF 
C INTEGER IFAIL INDICATES WHETHER THE ROUTINE HAS BEEN SUCCESSFUL 
C (IFAIL = 0) OR NOT (IFAIL = I MEANS MORE THAN N ROOTS. IFAIL =  2
C MEANS THE ROUHNE COULD NOT DETERMINE HOW MANY ROOTS THERE ARE
C INTHE GIVEN INTERVAL. IFAIL = 3MEANSTHENEWTONSECnONTO 
C FIND THE ROOTS ACCURATELY DID NOT CONVERGE) FOR ANY OF
C THESE ERROR RETURNS, m s  SUGGESTED THE ROUTINE IS
C CALLED AGAIN WITH A SMALLER INTERVAL.

C THE WAY THE SUBROUTINE WORKS IS AS FOLLOWS. THE INTERVAL 
C X = ALIM TO BUM IS SPLH INTO 2*®L EQUAL SUB-INTERVALS AND 
C THEFUNCnON IS EVALUATED ATTHE2®=L+I ENDPOINTS OF THESE 
C SUB-INTERVALS. THESE FUNCTION VALUES ARE STORED IN THE 
C ARRAY WORK. WE THEN LOOK FOR SIGN CHANGES BETWEEN SUCCESSIVE 
C POINTS. IFTHE SION OFTHEFUNCnON CHANGES AND IFTHEFUNCTION 
C IS CONTINUOUS, THERE IS A ROOT BETWEEN THE POINTS. A CHECK IS 
C MADE THATTHE FUNCTION DOES NOT HAVE A SINGULARITY BY USING 
C THE VALUE OF THE FUNCTION'S DERIVATIVE. IF THERE IS NO 
C SINGULARnr. FT IS ASSUMED THAT THE FUNCHON IS CONTINUOUS.
C THE ROOT IS APPROXIMATED BY THE SECANT METHOD AND THE NUMBER 
C OF ROOTS POUND IN THE INTERVAL (ALIM.BLIM) STORED IN NR(L).
C THIS PROCESS IS REPEATED FOR INCREASING L, THE LENGTH OF 
C THE SUB-INTERVAL BEING HALVED EACHTIME.

C IF THE SUPPLIED FUNCTION DOES HAVE A SINGULARITY IN THE RANCE,
C r r  IS ASSUMED THAT FUN IS DEFINED SO THAT THE PROGRAM DOES 
C NOT ACTUALLY OVERFLOW AND END IN ERROR.

C IF. FOR 4 SUCCESSIVE VALUES OF L, THE NUMBER OF SIGN CHANGES 
C REMAINS THE SAME, n  IS CONSIDERS) THATTHE INTERVAL 
C (ALIM,BUM) HAS BEEN SUB-DIVIDED SUFFICIENTLYFINELYTHAT 
C AU- THE ROOTS HAVE BEEN OBTAINED. IF THE NUMBER OF SIGN 
C CHANGES HAS NOT BECOME CONSTANT WHEN L REACHES TVS MAXIMUM 
C ALLOWED VALUE (10). THE ROUTINE RETURNS WITH AN ERROR 
C INDICATOR. IN THIS CASE, THE FUNCTION IS ŒVERELY 
C OSCILLATTNG AND IN ORDER TO FIND THE ROOTS, THE ROUTINE SHOULD BE 
C CALLED AGAIN WHH A SMALLER INTERVAL.
C

IMPLICrr DOUBLE PRECISION(A-H.K.O-Z)
DIMENSION X(N).WORK(0:1024),NR(10)
rrOP=1024
DIFF=BLIM-ALIM
H=DIFF/rrOP
WORK(0)=FUN(AUM)

C
C INITIALISE WORK ARRAY SO THAT LATER WE CAN CHECK WHETHER THE 
C FUNCTION AT POINT I HAS ALREADY BEEN CALCULATED. THIS IS TO SAVE 
C UNNECESSARY COMPUTATION.

DO 101=1,HOP 
WORK(I)=0.0 

10 CONTINUE 
DO 151=1,10 
NR(D=0 

15 CONTINUE 
D050L=3,10 
NR(L)=0 
NSTEPS=2®«L 
INTRVL=ITOP/NSTEPS 
STEP=INTRVL®H 
DO 20 I=INTRVL.ITOP.INTRVL 
XX=AL1M+I®H 

C WRITE(6.«)XX
IF(W0RK(1) £Q . 0.0) WORK(I)=FUN(XX)

C WRHE(6,®) XX.WORKd)
20 CONTINUE 

DO 30 I=O.ITOP-1 .INTRVL
IF(SIGN(1.0DO,WORK(I))®SIGN(1.(®O.WORK(I+INTRVL)) LE. 0.0) THEN

C
C THERE HAS BEEN A SIGN CHANGE BETWEEN SUCCESSIVE POINTS CURRENTLY 
C UNDER CONSIDERATION. NOW APPROXIMATE THE DERIVATIVE AT POINT I
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C BY ITS BACKWARD DIVIDED DIFFERENCE...
C

IF(I.NE. 0)1HEN 
C WR1TE(6.»)W0RK(1).W0RK(UNTRVL),STEP 

DERIV=(WORK(0*WORK(MNTRVL))/STEP

C ... OR IN THE SPECIAL CASE OF I = 0 WHERE THE BACKWARD DIFFERENCE 
C IS NOT AVAILABLE, USE THE FORWARD DIFFERENCE INSTEAD.

DERIV=(WORK(INTRVL)-WORK(0)ySTEP

IF(SIGN( 1 .ODO,WORK(I))®SIGN( 1 .ODOJDERIV) LT. 0.0) THEN

C THERE HAS BEEN A CHANGE OF SIGN IN THE FUNCTION AND THE SIGN 
C OFTHE DERIVATIVE EXCLUDES A SINGULARfTY. APPROXIMATE THE 
C ROOT BY THE SECANT MEIHOD AND STORE rr iN  THE X ARRAY.
C IF THERE IS ROOM.

NR(L)=NR(L)+I 
IF(NR(L) .GT,N)THEN

C THIS ERROR RETURN MEANS THERE ARE MORE ROOTS THAN ARRAYX 
C HAS ROOM FOR.

RETURN 
END IF
X(NR(L))=ALIM+I*H 

END IF 
END IF 

30 CONTINUE 
C WRTTE(6300) L,ALIM,BUM,NR(L),(X(I),1=1,NR(L))
C 300 FORMATC L*,U,‘ INTC,1P2G14.6,') SIGN CHANCES',13,
C 1 * APROOTS.dH ,0P5F13.6)/(1H.10F13.(5))
C
C WE ARE LOOKING FOR 4 CONSECUTIVE EQUAL NR VALUES. IF L HAS 
C ATTAINED THE VALUE OF 8 OR 9 AND NR(L-l) IS DIFFERENT FROM NR(L), 
C THERE IS NO POINT IN CONHNUING TO LARGER L VALUES. SAVE WORK 
C AND SKIP OUT EARLY WITH ERROR SETTING.

IF((L £Q . 8 .OR. L  £ Q . 9) .AND. NR(L-l) .NE, NR(L» GO TO 60 
DF(L.GE6)THEN
IF(NR(L) £Q . NRIL-3) .AND. NR(L) EQ. NR(L-2) .AND.

I NR(L)£Q.NR(L-1))THEN 
IFAIUO
NROOTS=NR(L)
GOTO 100

50 CONTINUE

C IF WE DROP OUT THE BOTTOM OF DO-LOOP 50, FT MEANS THAT THE 
C INTERVAL HAS BEEN SUB-DIVIDED AS FINELY AS POSSIBLE AND THAT 
C THE NUMBER OF SIGN CHANGES HAS NOT YET SETILED DOWN. RETURN 
C WITH ERROR.

60IFAIL=2 
RETURN 

100 CONTINUE

C WE CAN NOW FIND THE ROOTS MORE ACCURATELY BYTHE SECANT METHOD 
C WHH THE CONFIDENCE THAT WE HAVE GOOD ENOUGH STARTING POINTS 
C FOR FAST CONVERGENCE TO THE CORRECT ROOT. WE KNOW THAT 
C THE FUNCTION CHANGES SIGN BETWEEN X(I) AND X(I)+STEP. WHERE 
C THE X ARRAY WAS SET IN THE FIRST HALF OFTHIS SUBROUTINE.
C

TOL=DIFF®I.(H-IO

C 10 IS A COUNTER FOR THE ROOT ARRAY X()

DO 150 I=LNROCTS 
SPaSTEP 

155 XLEFT=X(I)
C WRITE(6,®) SP 

XRIGHT=XLEFT+SP 
FLEFT=FUN(XLEFT)
FRIGHT=FUN(XR1GHT)

C TEST THAT FLEFT AND FRIGHT ARE OF DIFFERENT SIGNS AND THEREFOR 
C EITHER SIDE OF THE ROOT

IF(FUaT.CT.0.0)JL=I 
IF(FRIGHT.GT.0.0) JR=l 
JLR=JL-fIR
IF(JLR£Q.O.ORJLR£Q.2) THEN 
GOTO 150 
END IF

An Experimental Study Into Impact Wave Propagation in Cross Ply Composite Plates
A1.5



Appendix 1: Analytical Analysis Computer Programs

C IF SIGNS ARE THE SAME THEN STOP SEARING FOR THIS ROOT 
C AS ROOT IS IS NOT CORRECTLY EVALUATED AND THEREFOR WILL 
C DEINCORECr

OLDC=XLEFT 
C \VRrrE(€.35P XLEFTFLEFTXRIGKrPRlGHT 
C 351 FORMATC ROOT BRACKETED Br£14.8;(F=^.G14.6.*) a n d , 0PF14.8,
C r ( F « ’.lPG14.6,7)
C FLR=R£Fr-FRlGHr 
C WRITE(6.®) FLR 

D0110K=1.20
C«XLEFr+(XRlGHr-XLEFT)®FLEFr/(FLEFr-FRlGHr)
IF( ABS(C-OLDC) LT. TOL) GO TO 120 
FC=FUN(Q

C TEST TO FIND THE FUNCTION AT NEW C IS SAME AR LEFT OR RIGHT POINT 

IS=0
IF(FC.Gr.O.O) IC=I 
IF(FRIGHr.GT.O.O) IRsl

C IFFC AND FRIGHT ARETHE SAME SIGN THENIS=2 0RO 
C IF FC AND FLEFT ARE THE SAME SIGN THEN IS=l 
C

m s  EQ.DTHEN
C
C FUNCnON AT NEW C IS SAME SIGN AS AT LEFT POINT. REPLACE 
C LEFT POINT.
C

Xl£Fr=C
FLEFT=fC

ELSE

XRIGHT=C
FRIGHTsFC

OLDCcC
C WRHE(6,351 ) XLEFTfLEFrXRIGHTfRIGHT 

IIOCONTINUE

C IF WE DROP OUT THE BOTTOM OF LOOP 110, TT MEANS THE ROOT 
C HAS NOT BEEN FOUND ACCURATELY IN 20 HERATTONS. WE 
C SUITOSE THIS WAS BECAUSE THE STARTING VALUE WAS NOT SUFFICIENTLY 
C ACCtmATE AND THAT THE NUMBER OF ROOTS IN THE INTERVAL WAS 
C NOT AFTER ALL CORRECT. WE MUST HAVE HAD ACCIDENTAL AGREEMENT. 
C RETURN WTTH IFAIL c 3.

WRnE(6,») FAIL 
RETURN 12010=10»!
X(IO)=C 

C WRTIE(6,»)JOX(JO)
C
C J O IS ONLY INOIEAMENTED IF A ROOT IS WRTTTEN BACK TO X()

150 CONTINUE 
NROOTS=JO 
RETURN 
END
DOUBLE PREaSION FUNCTION DET(RK)
IMPLICIT DOUBLE PRECISION(A-H.K.O-Z)
DIMENSION WKSPCE(12),Y(12.12)
COMMON C2,C3,C4,C5,OM,SINTHE.COSTHEXI( 12,12)
COMMON Ql ,Q2,Q3LQ 1 .LQ2LQ3XQ1 ,XQ2,XQ3,KI.K2.GBX>B

C
C IF BLIM IS LESS THAN 1.0 THEN THE 
C MATRIX COMPONEMTS ARE DIVIDED BY RK (BY RV=I .0)
C OTHERWISERV « RK.TO AVOID OVERFLOWS 
C

IF(RKLT.1.0)THEN
RV=l.O
RS=RK

ELSE
RV=RK

VELCTY=OMRV
V=VELCTY*«2
K1=SINTHE®RS
K2=C0STHE*RS
SP2=K 1 ®K 1 +(C3® K2®K2-VyC2
SQ2=K2®K2-KC3®Kl®Kl-VyC2
T1 =(C3®K1 ®K1 +C5®K2*K2-V)
T2=(K1 ®KUa®K2®IC2-V)
T3=(C3+C4)®»2®K2«K2
Z2=T3-T1-T2*C3
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Z3=Tl *T2-T3*K1*K1
DISCR=SQRT(Z2*Z2-4.0D0*C3“Z3)
Zl=2.0DO»a
SP1=(.Z2-DISCRVZ1
SP3=(.Z2+D1SCR)/Z1
U1=<C3®K2®K2+C5*K1®K1-V)
U2=K2*K2+C3®KI*K1.V
U3=(a+C4)®«2®K1*K1
Z2=U3-UI-U2*C3
Z3=U!*U2.U3*K2*K2
DISCR=SQRT(Z2®Z2-4.0D0*C3*Z3)
SQ1=<-Z2-DISCRVZ1
SQ3=(.Z2+DISCRVZI
As<(Kl®Kl-SPI)+C3®K2*K2-V)/(a+C4)
AB=((K2®K2-SQl)+a*Kl®KUVy(C3+C4)
D=((K1 ®K1 -SP3)+C3®K2»K2-Vy(a+C4)
D B=((K2* IC2-SQ3)+C3«K I «K1-Vy(a+C4) 
G=C3»A/C2-SP2-KI®K1 
GB=a*AB/C2-SQ2-K2»K2 
D=C3«(B*AyC2+G 
DB=C3*(BB.ADyC2+GB 
DO2I0Ll=1.12 

DO2l0L2=l,12 
Y(L1L2)=0 

210 CONnNUE

IF(SPI.Cni.O.ODO)THBN
PI=SQRT(SP1)
LPl=l
XP1=EXP(.P1®RV)
XCP1=1.()D0
XSPlssI.ODO

ELSE
P1=SQRT(*SP1)
LP1=0
XPlsLODO
XCPI=COS(Pl*RV)
XSPI=SIN(P1»RV)

IF(SP2.GT.O.ODO)THEN
P2=SQRT(SP2)
LP2=1
XP2=EXP(.P2®RV)
XSP2=l.ODO
XCP2=l.OD0

P2üSQRT(-SP2)

XP2=1.W)0
XCP2=COS(P2®RV)
XSP2=SIN(P2«RV)

END IF
IF(SP3.GT.0.0D0)THEN

P3=SQRT(SP3)
LP3=1
XP3ÆXP(.P3®RV)
XO>3=I.ODO
XSP3=1.0DO

ELSE
P3=SQRT(-SP3)
LP3=0
XP3=!.0D0
Xa>3=COS(P3®RV)
XSP3=SIN(P3«RV)

END IF
IF(SQLCT.O.ODO)THEN

Q1=SQRT(SQ1)
LQlol
XQ1ÆXP(-Q1®RV)
XOQlaLODO
XSQI=1.0D0

ELSE
Ql=SQRT(-SQl)
LQIcO
XQlaLODO
XCQ1=C0S(Q1®RV)
XSQ1=SIN(Q!*RV)

END IF
IF(SQ2.GT.O.ODO)THEN 

Q2=SQRT(SQ2)

ELSE

LQ2=1
XQ2=£XP(.Q2*RV)

XSQ2«L0D0

Q2=SQRT(.SQ2)
LQ2=0
XQ2sl.0D0

XCQ2=COS(Q2®RV)
XSQ2=SIN(Q2®RV)

END IF
IF(SQ3.GT.O.ODO)'mEN

Q3=SQRT(SQ3)
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LQ3=1
XQ3=EXP(-Q3*RV)
XSQ3=I.0D0
XCX}3=I.0D0

ELSE
Q3=SQRT(-SQ3)
LQ3=0
XQ3=1.ÜD0
XCQ3=COS(Q3»RV)
XSQ3=SIN(Q3«RV)

END IF
Y(1,I)=GB»KI
Y( 1,2)=2.0DO"Q2»K2»LQ2
Y(1,3)=DB«K1
Y(I,4)=GB*K1«XQI»LQI
Y( 1,5)=-2.0DO'>Q2«K2»XQ2
Y(1,6)=DB“K1*XQ3«LQ3
Y(3,l)=2.0DO*Kl •K2"Qt»LQl
Y(3,2)=KSQ2+K2“K2)
Y(3,3)=2.0D0»K1 •K2»Q3»LQ3
Y(3,4)=>ZODO'Kl “l a ’Q l'X Q l
Y(3,5)=(SQ2+K2« K2)'XQ2"LQ2
Y(3,6)»2.œO"KI «K2°Q3»XQ3
Y(2.1)=(K1>'K1-AB)'Q1*LQ1«C3/C2
Y(2,2)=-K1«IC2<’C3/C2
Y(2,3)KK1 »K1-BB)'Q3»LQ3«C3/C2
Y(2,4)=< AB-K ! -K l )»Q 1 »XQ 1 'C3/C2
Y(2fl=-Kl »K2'>XQ2*LQ2«C3/C2
Y(2,6)=(BB-K1 »K1)»Q3''XQ3«C3/C2
Y(4,1)=Q1»KPXQ1»XSQI
Y(4,2)=-IC2‘>XQ2*XCQ2
Y(4,3)=Q3«K1 •XQ3»XSQ3
Y(4.4)=-Ql«KfXCQI
Y(4,5)=-I{2»XSQ2
Y(4,6)=-Q3»K1»XCQ3
Y(4,7)=-P1”K2«LP1
Y(4,8)=K1
Y(4,9)=-P3«K2‘LP3
Y(4,!0)=P1"K2»XPI
Y(4,tl)=Kl»XP2>LP2
Y(4,12)=P3“K2»XP3
Y«S,1)=-K1'K2''XQ!»XCQ1
Y(«,2)=Q2"XQ2»XSQ2
Y(6,3)=-K1 ■>ia"XQ3«XCQ3
Y(6,4)=-K1<'K2»XSQ1
Y(S4)=-Q2“XCX}2
Y(6,6)=-K1'>K2«XSQ3
Y(5,7)=K1»I{2
Y(5,8)=-P2“LP2
Y(5,9)=KI»K2
Y(5,10)=K1"K2»XP1"LP1
Y(S.U)=P2«XP2
Y(5.12)=K1<'K2«XP3«LP3
Y(5.1)=AB'>XQ1«XCQ1
Y(5^)=BB»XQ3"XCQ3
Y(5,4)=.AB»XSQ1
Y(5,6)=BB“XSQ3
Y(6,7)=-A
Y(6,9)=-B
Y(6,10)>=.A<'XPI»LP1
Y(6,12)=-B“XP3»LP3
Y(7,1)=-GB»K1»XQ1">XCQ1
YP,2)=-ZC»0»Q2«K2"XQ2«XSQ2
Y(73)=-DB'KI »XQ3'XCQ3
Y(9,l )=-ZODO«Kl " l a 'p r X Q I  "XSQl
Y(9,2MSQ2+K2'>K2)»XQ2'>XCX32
Y(9.3)=-20D0»K1*K2«Q3“XQ3*XSQ3
Y(8,l)=<AB-Kl»KI)«Ql'>XQl»XSQl»a/C2
Y(8,2)=K1 »K2°XQ2“XCQ2«C3/C2
Y(8,3)=(BB-K1“K!)'Q3<’XQ3»XSQ3'C3/C2
Y(7.4)=-OB«K!»XSQI
Y(7^)=2.0DO’Q2*K2‘'XCX}2
Y(7,6)=-DB'>K1*XSQ3
Y (9,4>Zœ o"K I «K2»qi »XCQ1
Y(9,5)=<SQ2+K2''K2)<'XSQ2
Y(9,fi)=Z0D0»Kl'>I{2»Q3*XCX!3
Y(8,4)=(K 1 <■ K1 - AB)«Q I «XCQ1 «C3/C2
Y(8,S)=IC1“K2»XSQ2“C3/C2
Y(8.6HK1«KI-BB)«Q3»XCQ3"C3/C2
Y(7,7M3«K2
YP,8)=2.0D0«P2»KI»U>2
Y(7,9)=D'K2
Y(8,7)=2.0DO»K1 »K2»P! «LP1 
Y(8,8)HSP2+K1»K1)
Y(8,9)=2.0D0«K1 <'K2*P3'’LP3 
Y(9,7)=<K2«K2-A)»P1 *LPl «C3/C2 
Y(9,8)=.KI»K2»C3/C2 
Y(9,9MK2*K2-B)«P3”LP3«C3/C2 
Y(7,10)=G«K2»XP1»LP1 
Y(7,11)=2.0D0»P2*K1 «XP2 
YP,I2)=D«K2«XP3°LP3 
Y(8,10)=-20D0"K1 «K2»P1 «XP1 
Y(8,11)=-<SP2+KI «K1)>‘XP2»LP2 
Y(8,12)=-2.QD0’ K1”I{2*P3»XP3
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Y(9.10)=-PI •(K2*K2-A)®XP1 ®C3/C2 
Y(9.l 1)=.K1 •K2*XP2»LP2»C3/C2 
Y(9.12)=.P3®(K2*K2-D)®XP3®C3/C2 
Y(I0.7)=XPPK1“K2*XCP1 
Y(iO,8)=.XP2®P2*XSP2 
Y( 10.9)=K 1 ® K2®XP3®XCP3 
Y(10,10)=K1®K2«XSPI 
Y(10.U)=P2®XCP2 
Y(10,12)=K1®K2®XSP3 
Y(11.7)=-A®XP1®XCP1 
Y(11,9)=.B®XP3®XCP3 
Y(1!,10)=-A®XSP1 
Y(U.12)='B*XSP3 
Y(I2.7)=0«K2®XP1®XCP1 
Y(12.8)=Z0D0*P2»KI *XP2®XSP2 
Y(12,9)=D®IC2®XP3«XCP3 
Y(12,10)=G*K2*XSP1 
Y(12,l 1)=.2.0DO*P2®K1®XCP2 
Y(12,12)=D»K2®XSP3 
DO 5001=1.12 

DO 600 J=l,12 
XI(U)=Y(U)

600 CONTINUE 
500 CONHNUE 

N=12 
IA=12

CALL R)3AAF(Y.IA.N.DEr,WKSPŒ,lFAIL)
IF(IFAIL£Q.O) GOTO 1000 

1000 RETURN 
END

1.2 Dispersion Equation, Symmetric Motion

Since the procedure for the solution to the dispersion equation was the same for the 
antisymmetric and the symmetric motion, only the subroutine concerned with the 
symmetric motion matrix is presented here.

DOUBLE PRECISION FUNCTION DEF(RK)
IMPLICIT DOUBLE PRECISION(A-H.K.O-Z)
DIMENSION WKSPCE(12).Y(12,12)
COMMON C2.a,C4.C5.0M,SINTHE.C0STHE.Xl(l2.l2)
COMMON Q1,Q2.Q3.LQ1LQ2LQ3,XQ!,XQ2JCQ3.K1.K2.GBJ>B

C
C IFBLIM IS LESS THAN 1.0 THEN TOE 
C MATRIX COMK)NEMTS ARE DIVIDED BY RK (BY RV=1.0)
C OTHERWISE RV = RK, TO AVOID OVERFLOWS 
C

IF(R1CLT.1.0)TOEN
RV=1.0
RS=RK

ELSE
RVcRK
RSal.O

VELCrY=OM/RV
V=VELCrY®»2
KlcSINTHE«RS
K2=C0STHE®RS
SP2=K 1 ®K 1 +(C3® K2®K2-V yC2
SQ2=IC2“K2+(C3«Kl®Kl-VyC2
T1=(C3®K1®K1+C5®K2“K2-V)
T2=(K1®K!+C3®K2»K2*V)
T3=(C3+C4)®®2®K2®K2
Z2=T3-T1-T2®C3
Z3=TI®T2.T3«K1®IC1
DISCR=SQRT(Z2®Z2-4.0D0®C3»Z3)
Z1=2.0D0®C3 
SPM-Z2-DISCRyZI 
SP3=(-Z2+DISCR)/ZI 
U1 c(C3®K2®lC2+C5®Kl ®K1 -V)
U2=ia®IC2+C3»Ki»Kl-V
U3c(C3+C4)**2®Kl®Kl
Z2=U3-UI-U2*C3
Z3=U1«U2-U3»K2®K2
D1SCR=SQRT(Z2®Z2-4.0D0’C3®Z3)
SQl=(-Z2-DISCRyZl
SQ3=K-Z2»DISCRVZl
A=((KI®Kl-SPl)+C3“K2®K2.Vy(C3+C4)
AB=((ia®K2.SQl)+C3®K!®Kl-Vy(a+C4)
B=((K1 ®Kl -SP3>+C3*K2«K2-Vy(C3+C4)
BB=<(ia*K2-SQ3)+C3»Kl®Kl-Vy(a+C4)
G=C3®A/C2-SP2-Kl«Kl 
GB=C3®AB/C2-SQ2-K2®K2 
D=C3®(B-AyC2+G 
DB=C3®(BB-AByC2+GB 
DO 2 1 0L lsl,l2  

D O 2l0L2= l.l2
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Y(LIL2)=0 
210 CONTINUE

IF(SP1.GT.O.ODO)THEN
PI=SQRT(SP1)
LP1=1
XP!*ÆXP(-P1®RV)
Xa>!=1.0D0
XSPl=l.ODO

ELSE
P1=SQRT(-SP1)
LPI=0
XP1=1.0D0
XO>1=COS(P1®RV)
XSP1=SIN(P1«RV)

END IF
IF(SP2.GT.0.0D0)THEN

P2=SQRT(SP2)
LP2=I
XP2=EXP(-P2«RV)
XSP2=1.0D0
XCP2=I.0D0

ELSE
P2=SQRT(-SP2)
LP2=0
XP2=I.mO
XCP2=C0S(P2®RV)
XSP2=SIN(P2»RV)

END IF
IF(SP3.GT.0.0D0)TOEN

P3=SQRT(SP3)
LP3=I
XP3=EXP(.P3*RV)
XCP3=l.0D0
XSP3«l.OD0

ELSE
P3=SQRT(-SP3)
LP3=0
XP3=Ll®0
XCP3=COS(P3«RV)
XSP3=SIN(P3*RV)

END IF
IF (SQ1 .GT.O.ODO) THEN

Ql=SQRT<SQl)
LQIoI
XQ1=EXP(.Q1»RV)
XCQ1=I.ODO
XSQl«LODO

ELSE
QlaSQRT(.SQ!)
LQ1=0
XQlol.ODO
XCQI=COS(Ql®RV)
XSQ1=SIN(Q!«RV)

END IF
IF {SQ2.GT.0.0D0) THEN 

Q2=SQRT(SQ2)
LQ2=1
XQ2=EXP(.Q2“RV)

ELSE
XSQ2=1.(®0

Q2=SQRT(-SQ2)
LQ2=0
XQ2«L0D0

XCQ2=COS(Q2®RV)
XSQ2=SIN(Q2®RV)

END IF
IF(SQ3.GT.Q.0D0)THEN

Q3=SQRT(SQ3)
LQ3=l
XQ3=EXP(-Q3*RV)
XSQ3=1.(®0
XCQ3=l.l®0

ELSE
Q3=SQRT(-SQ3)
LQ3=0
XQ3=1.0D0
XCQ3=COS(Q3®RV)
XSQ3=S1N(Q3®RV)

END IF
Y(I.1)=GB®K1
Y( 1.2)=2.QD0®Q2®K2®LQ2
Y(l,3)=DB»Kl
Y(!.4)=0B*K1®XQI«LQ1
Y( 1,5)=>2.0D0®Q2»K2*XQ2
Y(l,6)=DB«Kl®XQ3®LQ3
Y(3,1 )=2.(®0»K I ® K2®Q 1 ®LQI
Y(3,2MSQ2+K2®K2)
Y(3.3)=2.0D0®K1 ®K2®Q3®LQ3 
Y(3,4)=>2.0D0»K1 *K2®Q 1 ®XQ 1 
Y(3,5)o.(SQ2+K2®K2)»XQ2«LQ2 
Y(3.6)=-2.0DQ®K1 »K2®Q3«XQ3
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Y(2,1)=<K1'>K1-AD)«QI»LQ1*C3/C2
Y(2,2)=-K1*K2«C3/C2
Y(2,3)^K1 “K1-BB)«Q3«UQ3”C3/C2
Y(2,4)=(AB-KI«K1)“Q1*XQ1>C3/C2
Y(2,5)=-K 1 »K2»XQ2«LQ2*C3/C2
Y(2,6)=(BB-KI”K1)»Q3»XQ3'C3/C2
Y(4,1)=Q1”K1>'XQ1>XSQ1
Y(4,2).>K2«XQ2<'XCQ2
Y(4,3)=Q3»K1 •XQ3«XSQ3
Y(4,4)=-Q1«KI»XCQ1
Y(4,5)=-K2»XSQ2
Y(4,6)=-Q3“K1"XCQ3
Y(4,7)=-P1'K2*LP1
Y(4,8)=K1
Y(4,9)=.P3”K2“LP3
Y(4,10)=PI«K2'>XP1
Y(4,11)=K1*XP2»LP2
Y(4,12)=P3“K2<'XP3
Y(6,l)=-K1«K2»XQ1*XCQ1
Y(6,2>=Q2«XQ2»XSQ2
Y(6,3)=-K1 «K2«XQ3»XCQ3
Y(6,4)=-KI»K2<'XSQ1
Y(6^)=-Q2'>XCQ2
Y(6,6)=-K1'>K2«XSQ3
Y(5,7)=K1*K2
Y(5,8)=-P2“LP2
Y(5.9M(I«K2
Y(5,10)=K1»K2»XPI<'LP1
Y(5,11)=P2»XP2
Y(5,12)=K1'’K2»XP3»LP3
Y(S,1)=AB<'XQ1«XCQ1
Y(53)=BB»XQ3»XCQ3
Y(5,4)=AB»XSQ1
Y(5,6)=BB»XSQ3
Y(6,7)=-A
Y(6,9)=-B
Y(6,10)=.A“XP1»LP1
Y(6,12)=-B»XP3"LP3
YP.I )=CB'K1 "XQI'XCQI
YP,2)=-2.(X)0"Q2»K2«XQ2<'XSQ2
YP3)=-DB»KI •XQ3«XCQ3
Y(9,l )=-2,0D0'»Kl« K2»Q I «XQI "XSQl
Y(9,2)=<SQ2+K2'K2rXQ2«XCX32
Y(9,3)=.2.0D0*KI»K2«Q3“XQ3»XSQ3
Y(8,1)=<AB-K1 «ici )«Q1 «XQ1 «XSQ1 «C3/C2
Y(8,2)=K1 «K2»XQ2«XCX32«C3/C2
Y(8,3)=(BB-K1«K1)«Q3»XQ3«XSQ3«C3/C2
YP,4)=-OB«KI«XSQl
YPÆ=2(»0«Q2»K2«XCQ2
YP,6).>DB«K1»XSQ3
Y(9,4)s.2.K)0«K 1 «K2»Ql «XCQ1
Y(9.5)=<SQ2+K2«IC2)«XSQ2
Y(9,6)=2.(a>0«Kl «K2»Q3 «XCQ3
Y(8,4)=<K1»K1-AB)»Q1»XCQ1«C3/C2
Y(8fl=Kl«K2«XSQ2»a/C2
Y(8,6)=<K1»K!-BD)»Q3«XCQ3«C3/C2
YP,7)=0«K2
YP,8)=2.0D0«P2»K1 «LP2
Y(75)=D"K2
Y(8,7)=2.O0O«K1°K2«P1»U>!
Y(83i)=KSP2+Kl»Kl)
Y(8,9)=2.0D0«K1 "K2«P3«LP3 
Y(9,7MK2«K2-A)«P1»LP1»C3/C2 
Y(9,8)o-Kl«IC2»C3/C2 
Y(9,9MK2«K2.B)«P3"LP3«(3/C2 
YaiO)=G«K2»XPl«LPl 
YP.l 1)=2.M30«P2»K1 "XP2 
YP.12)=D»K2«XP3«U>3 
Y(8,10)=-2,0D0«K1«K2»P1»XP1 
Y(8,l 1MSP2+KI «K1)»XP2«LR2 
Y(8,12)=2,(»0«K1«K2«P3»XP3 
Y(9,10)=-P1»(K2»K2-A)»XP1«C3/C2 
Y(9,ll)=-Kl »K2«XP2»LP2«C3/C2 
Y(9,12)=-P3«(K2»K2-B)«XP3'C3/C2 
Y(10,7)=-XP1»PI»K2»XSP1 
Y(I0,8)=XP2«K1»XCP2 
Y(10,9)=-XP3»P3«K2»XSP3 
Y(10.I0)=P1»K2*XCT1 
Y(10,11)=.K1»XSP2 
Y(!0,12)=P3«K2«XCP3 
Y(11,7)=2.M30«K 1 »K2«P1 «XP! «XSP1 
Y(11,8)=KSP2+K 1 «K1 )»XP2«XCP2 
Y(11,9)=2.0D0«K1 «K2*P3«XP3«XSP3 
Y(ll,10)=-2.(ffl0«Kl«K2«Pl«XCTl 
Y(11,11)=KSP2+K1«K1)«XSP2 
Y(11,12)=-2.ÜD0«K1«K2«P3«XCP3 
Y( 1 2,7HK 2”K2-A)«P1 «XP1 «XSP1 «C3/C2 
Y(12,8)=-K1“K2»XCP2«XP2"C3/C2 
Y( 12,9)KK2«K2-B)«P3«XP3«XSR3«C3/C2 
Y(! 2,10)=<A-K2»K2)»P1 «XCP1 «C3/C2 
Y(12,l 1)=.K1 «K2«XSP2«C3/C2 
Y(12,12)=<B-K2«K2)»P3«XCP3«C3/C2 
DO 5001=1,12 
DO 6001=1,12
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X1(I,J)=Y(U)
600 CONTINUE 
500 CONTINUE

IFAILal
CALL R)3AAF(Y.IA.NX>Er.WKSPCE,IFAIL) 
IF(IFAIL£Q.O) GOTO 1000 

lOOO RETURN

1.3 Surface Strams in the Direction of Wave Propagation

PROGRAM STCOD
IM PL IC rr D OUBLE PRECISION(A-H.O-Z)
DIMENSION WA(30000).WS(30000).VA(3000Q).VS(3000G)
DIMENSION FWA(!000)£WS(1000)£VA(1000)£VS(1000)
DIMENSION RKAY(65),AQ12).OM(2000).G(I).NAS(800),NSS(800)
COMMON C2,C3,C4.C5.NAS.NSS

C CALCULATING STRAIN V TIME FROM COFACrORS
C UPPER AND LOWER SURFACE SHIAIN IN X DIRECTION FOR A DISTANCE XL 
C FROM THE DISPLACEMENTS IN THE X2 AND X3 DIRECTTON 
C

READ(3.®) XJÜHTM.THETAH 
READ(3,®) C2,C3,C4.C5,CIR 
CONV*= ATAN( 1.000X45.0 
TEMP»THETA*CONV 
AKI=SIN(TEMP)
AIC2=C0S(TEMP)
WRIIE(6.®) THETA,CONV,TEMP,Aid ,AK2 
TS=TM

C CALCULATING TIME CONSTANT 
c TC4H/C1R)®1E6

C CALCULATED CONSTANTS 
PI=4.(®0®ATAN(1.0DO)
HP1=PF2.M)0
XL=X+L25

C
C CONSTANT FOR CALCULATING GI 
C ZC=SIN(0.138D0®X)/(X®0.14D0)

D047K=L700 
FWA(K)=0.0 
FWS(K>=0.0 
FVA(K>=0.0 
FVS(K)=0.0 

47 CONTINUE
CALL NROQT(NAS,NSS)
DO 50 ICW«1,700 

c WRHE(6,®) NAS(KW)
C
c SUM FOR ANTISYMEFRIC WAVE 
C

NC=NAS(ICW)
DO 40J=1,NC

DO 201=1,12 
AC(I)=0 

20 CONTINUE
READ(1 ,®£ND=4I) 0M(KW)RKAY(J).(Aqi),I=l,12)
OG=OM(ICW)
RKt=RKAY(J) 

c IF (OGLT.0.05) GOTO 50 
c WRnE(6.“) OM(KW).RICAY(J),(AC(I).I=1.12)
C

CALL RESD(RILAC,OG.THErARVRW)
C W RnE(6.»)OGRKRU 
C
C FOR EACH VALUE OF K=0.02 TO 20 IN STEPS OF 0.02 
C FIND THE SUM OF RES®SIN(K®X). X IS 40 OR 200,
C LIM IS ROUGHLY IO®X/PI ANDTM IS PI/20 
C

FWA(KW)=FWA(KW)+RW®(SIN(RK®XL)-SIN(RK®X))
FVA(KW)=FVA(KW)+RV®(SIN(RK®XL)-SIN(RK®X)) 

c WRITE(6,®) FWA(1CW)£VA(KW)
C
40 CONTINUE

C SUM FOR SYMETRIC WAVE 
C
C IF(KW.NEI)HTEN 
C READ(7,®)NSW 

NC=NSS(KW)
41 DO 451=1,NC 

RKAY(J)=0 
DO 301=1,12
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AQI)=0 
30 COimNUE

READ(2,®£ND=50) OM(KW)RKAY(J).(AC(I).I=l .12) 
C WRrrE(6.«)OM(KW)

IF (OG .NE. OM(KW)) THEN 
WRrrE(6,®) OG.OM(KW)
STOP

C IF(OG.GT.OM(KW))'raEN 
C DACKSPACEd)
C BACKSPACE(4)
C ELSE 
C BACKSPACE(2)
C BACKSPACES)
C END IF 
C GOTO 50

RK=RKAY(J)
C

CALL RESD(RK,AC.OG.TKErA4lVRW)
C
C WRrrEd4,®) OGRKJIV.RW 
420 FWS(KW)=FWS(KW)+RW»(SIN(RK*XL)-SIN(RK*X)) 

FVS(KW)=FVS(K\V)+RV®(SIN(RK®XL)-SIN(RK*X))
C
45 CONHNUE

C FWS(KW)=0.0 
C END IF 
C WINDOWING

C48 C=0.54+0.46«COS(KWK).Ü0314I59)
C FWA(KW)=FWA(KW)®C 
C FWS(KW)=FWS(KW)®C 
C FVA(KW)=FVA(KW)®C 
C FVS(KW)=FVS(KW)®C 
C
C CALCULATION FOR FREQUENCY PLOTS

C OGR=(OM(ICW)®C 1 R)/(H®2.0D0*PI)
C FU=DABS(FWA(KWHFWS(KW))
C FL=DABS(FWA(KW)-FWS(KW))

C OUTPUT FOR FREQUENCY PLOTS

C W Rrre(I03I0)O G R £U  
C W RHEd 1,310) OGR£L 
C
310FORMAT(2(G15.6))

C WRTTEdZ®) OG,FWA(KW)£WS(ICW)
C
50 CONTINUE 
C
C NOW FIND THE CORRESPONDING VALUES AT K=0.
C AT K=0. THE RESIDUES ARE NEGLIGIBLE BUT FOR THE 
C FUNDAMENTAL MODE W  THE ANTISYMMETRIC MOTION.
C HERE, THE RES=T»C2/(4®C1) WHERE T=C1
C TO USE THE TRAPEZIUM RULE NEED THE FIRST TERM HALVED.
C
C THE FACTOR WAS WRONG AND SHOULD BE-C2SQ/(4®CISQ)
C AND THEN HALVED

C G(I)=4).02909®TM

C SINCE U IS EVEN IN K. FIND THE SUM OF FA(K)®COS(K«X) 
C FOR EACH VALUE OF T FROM 0 TO 7 IN STEPS OF 2®PI/20.

C HNDTHESUM0FFWA(KW)®(1.C0S(0M(KW)«TM)
C FOR EACH VALUE OFX FROM 0 TO T  IN STEPS OF 2®PI/20.

D O70L=lLIM
WA(L)=0.0
WS(L>=0.0
VA(L)=0.0
VS(L)=0.0
DQ60KW=l.7Q0

CY=(I-COS(OM(KW)<TM))
SY=SIN(OM(KW)®TM)
WA(L)=WA(L>+<FWA(KW)®SY)
WS(L)=WS(L>+<FWS(KW)®SY)
VA(L)=VA(L>+<FVA(KW)®SY)
VS(L)=VS(L>+fFVS(KW)®SY)

60 CONTINUE
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C FOR U.S. NEED WA+WS, FOR L.S. NEED UA-US.
C MULT BY DELTA K = 0.02. TO BE CONSISTENT WITH 
C PREVIOUS GRAPHS. SCALE FURTHER BY 2*C1SQ/C2SQ 
C 0.02®2"C1SQ/C2SQ « 0.14 
C

TP=<AK1»(VA(L)+VS(L))+AK2»(WA(L)+WS(L)))*0.17187 
BS=(AKI®(VA(L).VS(L))+AK2®(WA(L)-WS(L)))*0.17!87 

C WRHE(6.®) US.BS 
WRrTE(8.300)TM*TC,TP 
WRITE(9.300) TM«TC.BS 
TM«TM+TS 

300 FORMAT(2(G15.6))
70 CONTINUE

SUBROUTINE RESD(RK.AC,OG,THETA,RV.RW)
IMFLICTT DOUBLE PRECISION! A-H.O-Z)
DIMENSION AC(12)
COMMON C2.C3.C4.C5 
OM=OG
CONV= ATAN( 1.000X45.0
TEMR=THETA*CONV
AKl=SIN(TEMP)
AK2=C0S(TEMP)

C W RrrE(6.®)AKI,AK2 
S A K l=A K I«A K I 
SAIC2=AK2*AK2 
VELCTY=OM/RIC 
VcVELCTY»«2 
Z1=2.C®0®C3 
U3=(C3+C4)®«2»SAK1 
SQ2=S AK2+<C3®SAK 1-VXC2 
UMC3®SAK2+C5®SAK1.V)
U2=SAK2+C3®SAKl.V
Z2=U3-U1-U2®C3
Z3=U1*U2-U3®SAK2
DISCR=SQRT(Z2*Z2-4.0D0®C3*Z3)
SQI=<.Z2-DISCRXZ1
SQ3=(.Z2+DISCRXZ1
AB=((SAK2-SQ1 )+a«SAKl-VX(C3+C4)
BB=((SAK2-SQ3)+C3«SAKI-VX(C3+C4)
GB=C3»AB/C2-SQ2-SAIC2
DB=a*(BB-ABXC2+GB
IF (SQI.GT.O.ODO) THEN

Q1=SQRT(SQI)
LQ1=1
XQI=EXP(-Q1®RK)
XCQld.ODO 
XSQI=l.ODO

IF(SQZGT.O.ODO)THEN
Q2=SQRT(SQ2)

QI=SQRT(.SQ1)
LQ1=0
XQloI.ODO
XCQl=COS(QI®RK)
XSQIcSIN(QI®RK)

LQ2=I
XQ2=EXP(.Q2®RK)

XSQ2=1.0D0

Q2=SQRT(-SQ2)
LQ2=0
XQ2=I.ODO

XCQ2=COS(Q2*Rig
XSQ2=SIN(Q2*RK)

END IF
IF(SQ 3.GT.0.0D0)THEN

Q3=SQRT(SQ3)
LQ3=I
XQ3=EXP(.Q3®RK)
XSQ3=1.(®0
XCQ3=1.0D0

ELSE
Q3=SQRT(-SQ3)
LQ3cO
XQ3=!.0D0
XCQ3=COS(Q3®RK)
XSQ3=SIN(Q3®RIC)

C WRITING OUT THE RESIDUES CORRESPONDING TO U 
C WR1TE(6,®) AC(2),AK2,XQ2LQ2.AC(5)

C SURFAŒ STRAIN 
C

RW=AK1 *AK2® AC(1 )-Q2*LQ2®AC(2)+AKl » AK2® AC(3) 
.+AKl*AK2®XQl*LQi®AC(4)»Q2®XQ2*Aq5)+AK!“AK2»XQ3*LQ3«AC(6)

C
RV=.AB»AC(1)-BB-AC(3)-AB*XQ1®LQ1®AC(4)-BB®XQ3®LQ3»AC(6)
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SUBROUTINE NROOT(NAS,NSS)

SUB TO COUNTTHE NUMBER OFROOTS IN THE COFACTOR
DATA FEES
DATE STARTED 1/6/92

DIMENSION NAS(800),NSS(800)
NR=l

OM=0.0

K=1
READ(1,“)0 N  
DO 201=130000 
READ(1,"£ND=10) OM 
IF(OM£Q.ON)THEN 

NR=NR+1
ON=OM

ELSE
NAS(K)=NR

20 CONTINUE 
40 NAS(K)=NR

REPEATE FOR SECOND FE E

OM=0.0
MT=1K=I
READ(2,«) ON 
D 0 50J=130000 
READ(2.®.END=60) OM 
IF(OM.EQ.ON)THEN 

NRcNR+1
ON=OM

ELSE
NSS(K)=NR

NRnl
ON=OM
K=K+I

END IF 
50 CONTINUE 
60 NSS(IC)=NR 
C

REWIND(l)
REWIND(2) 

too RETURN 
END

lo4 Mid Plane Strains in the Direction of Wave Propagation

PROGRAM STCOD
IMPLICIT DOUBLE PREaSION(A-H.O-Z)
DIMENSION WS(30000).VS(30000)
DIMENSION FWS(1000)£VS(I000)
DIMENSION UICAY(65).AC(12).OM(2000),0(1),NSS(aOO) 
COMMON C2,C3,C4.C5.NSS

CALCULATING STRAIN V TIME FROM COFACTORS 
MIDPLANE STRAIN IN X DIRECTION 
FROM DISPLACEMENTS OF V AND W

READ(3,®) XXJMTM.THETAH 
READ(3,*> C2,C3,C4,C5,CiR 
CONV=ATAN( 1 .ODOX45.0 
TEMPaTHETA’ OONV 
AKl=SIN(TEMP)
AK2=C0S(TEMP)
WTUTE(6,®) THETA,CONV.TEMP, Aid ,AK2
TS=TM
XL=X+I.25

CALCULATING TIME CONSTANT 
TC=(H/CIR)®1E6

CALCULATED CONSTANTS 
PM.(®0®ATAN(I.0D0)
HPI=Pl/2.0D0

CONSTANT FOR CALCULATING GI 
ZC=SIN(0.138D0«X)/(X*0.14D0)
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FWS(K)=0.0 
FVS(K)=().0 

47 CONTINUE
CALL NROCrrCNSS) 
D0 50KW=I,700 

c WRITE(6.«> NAS(IOV)

C SUM FOR SYMETRIC WAVE

C IF(KW .NE.n’m EN  
NC=NSS(KW)

41 D045J=1,NC 
RICAY(J)=0 
DO 301=1.12 
AQI)=0 

30 CONTINUE 
C UL=0.0 
C LL=0.0

READ(2,®£ND=50) OM(KW)£KAY(J).(AC(I).I»l.l2)
C W RnE(6.*)0M (KW )
C

RK=UKAY(J)
OG=OM(KW)

C
CALL RESD(R1C,AC,0G.THETARVRW)

C
C WRTIEd4.®) OGRKRV.RW 
420 FWS(KW)=FWS(KW)+RW«RK®COS(RK®X) 

FVS(ICW)=FVS<KW)+RV®RK«-COS(RK®X) 
c420 FWS(KW>=FWS(KW)+RW*(SIN(RK®XL)-SIN(RK®X)) 
c FVS(KW)=FVS(KW)+RV*(SIN(RK*XL>-SIN(RIC®X))C 
45 CONTINUE

C WINDOWING

48 C=0.54+0.46»COS(KW*0.(KH4S79S9)
C FWA(KW)=FWA(KW)®C 

FWS(KW)=FWS(KW)»C 
C FVA(KW)=FVA(KW)«C 

FVS(KW)=FVS(KW)®C
C
50 CONTINUE

C NOW FIND THE CORRESPONDING VALUES AT K=0.
C AT K=0, THE RESIDUES ARE NEGLIGIBLE BUT FOR THE 
C FUNDAMENTAL MODE OFTHE ANTISYMMETRIC MOTION.
C HERE, THE RES=iT®C2/(4®Cl) WHERE T=CI ®l/H.
C TO USE THE TRAPEZIUM RULE NEED THE FIRST TERM HALVED.

C G(I)=>0.02909®TM

C SINCE U IS EVEN IN K, FIND THE SUM OF FA(K)«COS(K®X) 
C FOR EACH VALUE OFT FROM 0 TO 7 IN STEPS OF 2»PI/20.

C nNDTHESUMOFFWA(ICW)®(l-COS(OM(KW)«TM)
C FOR EACH VALUE OF X FROM 0 TO T IN STEPS OF 2®PI/20.

D 070L=IL1M  
WS(L)=0.0 
VS(L)=0.0 
D060I<W=1.700 
CY=(COS(OM( KW)*TM)) 

SY=SIN(OM(KW)«TM) 
WS(L)=WS(L)+<FWS(KW)®SY) 
VS(L)=VS(L>+<FVS(KW)®SY)

60 CONTINUE 
C
C FOR U.S. NEED WA+WS, FOR L.S. NEED UA-US.
C MULT BY DELTA K = 0.02, TO BE CONSISTENT WHH 
C PREVIOUS GRAPHS, SCALE FURTHER BY 2"CISQ/C2SQ 
C 0.02®2®CISQ/C2SQ 

SO=(l/C2)®<1.02®2
C

TIMAK2®VS(L>+AK1 ®WS(L))»SC 
C WRTTE(6.®)US.BS 

WRrTE(8,300) TM®TC,TP 
writc(9,300)VS(L)
WR1TE(10.300) WS(L)
TM=TM+TS 

300 F0RMAT(2(G15.6)>
70 CONTINUE 

STOP 
END
SUBROUTINE RESD(RK,AC.OG,THETARVR\V)
IMPLICIT DOUBLE PREaSI0N(A-H,0-Z)
DIMENSION AC(12)
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COMMON C2.C3.C4.C5 
OMt=OG
CONV=ATAN( 1.0D0V45.0"IEMm=TOErA®CONV
AK1=SIN(TEMP)
AK2=COS{TEMP)

WRrrE(6.®)AlCI,AK2 
SAK1=AK1®AK1 
SAK2=AK2®AK2 
VELCTYsOMRK 
V=VELCFY«®2 
ZI=2.{®0®C3 
T3=(C3+C4)®®2®SAK2 
SP2=SAK1+(C3«SAK2.V)/C2 
Tl=<a®SAKl+C5®SAK2.V) 
T2=SAKl+C3«SAia-V 
Z2=T3-T1-T2®C3 
Z3sT 1«T2-T3»SAK1 
DISCR=SQRT(Z2»Z2-4.0D0®C3®Z3) 
SPlc(-Z2-DISCR)/Zl 
SP3=(.Z2+DISC3l)/Zl 
Ac((SAKl.SPl)+C3®SAIÜ-Vy(a-fC4) 
B=((SAKl -SP3KC3«S AK2-Vy(C3+C4> 
G=C3*A/C2-SP2-SAK1 
D=C3®(B-AyC2+G 
IF(SPI.GT.0.(a)0)'mEN

Pl=SQRT(SPi)
LPI=l
XP1=EXP(-P1®RK)
XC3>1=1.0D0
XSPI=I.ODO

ELSE
Pl=SQRT<-SPl)
LPIrO
XPlal.ODO
XO>l=COS(Pl®RK)
XSP1=SIN(P1®RK)

END IF
IF(SP2.Crr.O.ODO)THEN 

P2=SQRT(SP2)
LP2=I
XP2=EXP(-P2®RK)

XSP2=L0D0

P2=SQRT(-SP2)
LP2=0
XP2=i.0D0

XCP2=COS(P2®RIO
XSP2=SIN(P2®RK)

END IF
IF(SP3.GT.O.CÜO)THEN

P3oSQRT(SP3)
LP3=i
XP3=EXP(-P3®RK)
XSP3=1.0D0
XC3»3=L(a)0

ELSE
P3=SQRT(-SP3)

XP3=1.(©0
XCP3=COS(P3®RIQ
XSP3=SIN(P3«RIO

C WRITING OUT THE RESIDUES CORRESPONDING TO U
c wnrme.®) AC(2),Aia3CQ2LQ2.Aqs) 
c
C SURFACE STRAIN 
C

RVnAKl®AIC2®XCPl«XPI®AC(7)-P2®XSP2«XP2®AC(8) 
.+AK1®AK2®XCP3®XP3®AC(9)+AK1®AK2®XSPI®AC(10) 
.+P2®XCP2«AC( 11 )» AKl ® AK2-XSP3® A Q 12)

RW=-A*XCP1 «XPI ®AC(7)-B®XCP3«XP3® AC(9)
.. A’XSPl «ACdOy B“XSP3® AC( 12)

C
c vvrilc(6,®) RV £W

iOOO RETURN 
END

SUBROUTINE NROOT(NSS)

C SUB TO COUNT THE NUMBER OF ROOTS IN THE COFACTOR 
C DATAFILES 
C DATE STARTED 1/6/92 
C

DIMENSION NSS(800)
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Appendix 1: Analytical Analysis Computer Programs

OMrO.O

READ(2,®)ON 
DO 50 J=l 30000 
READ(2,®£ND=60) OM 

c wrile(6,*) OM
IF(OM£Q.ON)'mEN

NR=NR+1
ON=OM

ELSE
NSS(K)=NR

ON=OM

50 CONTINUE 
60 NSS(K)=NR 
C

REWIND(2)
100 RETURN
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Appendix 2: PVDF Piezo Electric Film Properties

Appendix 2: PVDF Piezo Electric Film Properties

Data from Penwalt [64]
Typical Properties of Piezo Film

Property Symbols Values Units Conditions

Thickness t 9,15,28,52
110,220,800

pm

Piezo Strain Constant ^31.
^32
433
4

«33

23x10-12
3x10-12

-33x10-12
-22x10-12

0.16

(m/m)/(V/m)

(C/m2)/(N/m2)
(C/m2)/(m/m)

(N/m2)/(V/m)

laterally clamped 

laterally clamped

Piezo Stress Constant &31
%2
S33
St

216x10-3
19x10-3

-339x10-3
-207x10-3

(V/m)/(N/m2)

(m/m)/(C/m2)

laterally clamped

Electro-mechanical 
Coupling Constant

/=31
4

12
29

%
%

@ 100 Hz (Vf2)
@ 100 MHz (Vf2/Vl3)

Permittivity E 106x10-12 F/m @ 10 KHz

Relative Pennittivity e/£o 12 @ lOIŒz
Capacitance C 379x10-12 F/cm2 28 pm Film @ 10 KHz

Acoustic Impedance Za 3.9x10^
2.7x106

kg/m2-sec. 3 Direction 
1 Direction

Electrical Impedance Ze 1350 ohms 100 cm2 for 9pm film 
@ IKHz

Speed of Sound Vs
Vs

2.2x103
1.5x103

m/sec. 3 Direction 
1 Direction

Pyroelectric Coefficient P -30x10-6 C/(m2=K) @20°C

Volume Resistivity Pv 1.5x1013 ohm-m. @20°C

Siuface Resistivity 
of Electrodes

Rq <2.0
<0.5

ohms/square Aluminum
Silver

Dissipation Factor tan-5g 0.015 - 0.02 @ 10 KHz

Mechanical Loss Tangent tan-V 0.10

Dielectric Strength Eb 75 V/pm

Max. Operating Field Eo 10
30

V/pm
V/pm

@ d.c. 
@ a.c.

Density P 1.78 x 103 kg/m3

Water Absorption 0.02 % By Weight

Tensile Strength 
at Break

Tb
Tb

140- 210x 106
30-55x106

N/m2
N/m2

1 Direction
2 Direction

Elongation at Break %
Sfi

2.5-4.0
380-430

%
%

1 Direction
2 Direction

Elongation at Yield Sy 2-5 %

Young’s Modulus Y 2 x 109 N/m2

An Experimental Study Into Impact Wave Propagation in Cross Ply Composite Plates
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Appendix 3: Material Tests of AGC LTM22/T700 Material

Appendix 3: Material Tests of AGC LTM22/T700 Material

To evaluate material properties of the Advanced Composite Group LTM22/T700 material 

a series of elastic tests were completed. The properties required were the Young's moduli 

E,i and E2 2 , the Poisson s ratios v , 2  ^2 3 , and the shear modulus G1 2 , where the fibre

direction is in the 1-axis. The data for the Young's moduli and the Poisson's ratios was 

collected from tensile testing of uni-directional specimens using strain gauges to measure 

the elastic strain. The shear moduli was calculated from data collected from a V notched 

beam test. The results of these tests are presented in the following plots.
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Appendix 3: Material Tests of AGC LTM22/T700 Material
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Appendix 3: Material Tests of AGC LTM22/T700 Material
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Surface Progmg^wn diM ^  In Cross P^
Composite Plates
M.B.J. Walters and E.R. Green
Department o f Engineering, University o f Leicester, Leicester LEI 

ABSTRACT

To gain further insight into the problem of surface impact on 
composite materials we have examined the wave propagation resulting from a 
surface impact on a laminated plate. Theoretical and numerical techniques 
have been developed for the case of an impulsive line load acting on the upper 
surface of a plate. The results that are reported are for both analytical and 
experimental work, and they show the responses for the upper and lower 
surfaces of a plate subjected to a line load impact. The angle of the line load is 
varied relative to the ply directions. These results consist of graphs which 
show the strain on the surfaces of the laminate as a function of time. The 
experimental procedure for obtaining the data will be described in full, as will 
a comparison of the analytical and experimental results.

INTRODUCTION

The increasing use of advanced fibre reinforced materials on the outer slcin of 
stnictures has led to a need for a better understanding of the response of such 
materials under impact. Examined in this paper are the surface effects of the 
elastic waves propagated from a surface impact. Theoretical investigations 
have been carried out by Green [1], who reports analytical predictions of the 
response of a symmetric cross ply laminated plate consisting of four layers of a 
uni-directional fibre reinforced composite to a surface impact. The procedure 
involves the solving of the full three dimensional equations of elasticity in each 
layer, matching the solutions across the interfaces and satisfying the 
appropriate boundary conditions.

Experimental work that has been reported which is of relevance here 
has been conducted by Daniel et al [2,3], Sachse et al [4],and Gorman [5]. 
Daniel [2,3] has recorded signals received from surface and embedded strain 
gauges in order to analyse a variety of characteristics of the propagating wave



resulting from a surface impact on a laminated plate, Sachse [4] has employed 
a pulse laser technique to produce a short duration impact to measure wave 
speeds in plates. Also he monitors the effect of damage on the elastic wave 
transmission. Gorman [5] has monitored the acoustic emissions from the 
waves travelling through the plate propagated from a lead break.

The current paper is the first report of experimental work undertalcen to 
examine the verification of the analytical procedure developed by Green [1]. 
An impact system has been established and initial tests examining the surface 
response of a four layer symmetric cross ply laminated plate are reported. 
Also included are the analytical results for the same plate, and a comparison 
between the two is presented. The experimental results do show some 
evidence for the theoretical predictions reported in Green [1]. Further 
experimental work has commenced to examine the waves propagated within a 
laminated plate, and will be reported in due course.

THEORY

This is described in some detail in Green [1], thus only an outline of the 
method will be given here. The plate consists of a symmetric cross-ply 
assembly of four layers of an uni-directional fibre composite material. This 
material comprises of a single family of straight, parallel, strong fibres 
embedded in an isotropic matrix and is modelled as a homogeneous continuum 
of transversely isotropic elastic material with the axis of transverse isotropy 
parallel to the fibre direction.

A Cartesian co-ordinate system of axes is set-up with the origin in the 
mid-plane, the Xj axis being normal to the plate and the Xg and Xg axes being 
parallel to the fibres in the two outer and two inner layers respectively. The 
line source is talcen to be a delta function impulse acting on the upper surface 
in the negative Xj direction at an angle tc/2 - y to the X3 axis. The consequent 
plane wave propagation will be at an angle y to the X3 - axis and parallel to the 
layers, figure 1. Hence, each strain and displacement component at any point x 
may be expressed as functions of x^.x and t only, where x=X2siny-(-X3Cosy and t 
is the time. It is convenient to talce the Laplace transform with respect to t and 
the Fourier transform with respect to x for each of these components. Utilising 
the appropriate constitutive equations, the full three-dimensional equations of 
elasticity are solved for each layer. The ensuing solutions are subjected to the 
traction free conditions appropriate to the two outer surfaces, apart from the 
stress discontinuity at the upper surface due to the impulsive loading. The 
perfect bonding conditions imply continuity of strain and displacement at each 
interface.

Once all these conditions have been implemented it is possible to 
express the transformed strain and displacement components at any point on or 
within the plate in terms of the material constants, the propagation angle and



the transform parameters. To derive the full solution to the problem the 
transforms are inverted in order to recover the strain and &splacement 
components as functions of x and t. This inversion is carried out numerically 
using residue theory for the spatial inversion followed by integration with 
respect to frequency using standard techniques. Due to the symmetry of the 
plate, any disturbance separates into two distinct motions, flexural 
(antisymmetric) and longitudinal (symmetric). The numerical techniques are 
applied to the two motions separately and the full solutions are obtained upon 
using an appropriate combination of the two partial solutions. The limits of 
integration are chosen to be consistent with the continuum theory and the 
summation is restricted to a frequency upper limit of o) = 14ci/Æ where ci is 
a typical body wave speed, and fi is the ply thickness.

LINE LOAD

Figure 1, Geometry of plate

EXPERIMENTAL WORK

The main objective of the experimental work was to produce experimental data 
that could be realistically compared with the theoretical solutions. This 
involved the setting up of an experimental system that could reproduce the 
theoretical conditions as closely as physically possible. The main constraints 
the theoretical solution presented were firstly that the elastic response was to 
be studied, so all deformations were to be in the elastic region. The second 
constraint was that the impact had to be a line load. It has been reported by 
Cantwell et al [6] and others that initial impact damage can start as low as IJ. 
Therefore it was decided that the maximum impact energy should be 0.51, to 
ensure that all deformations were of an elastic nature. Another consideration 
was the effect of the impactor acting as a damper onto the plate. Taking both 
these constraints into consideration the best form of impact would be of low 
energy, but high velocity. To achieve this style of impact a gas gun was used 
with a low mass projectile of Ig. The gas gun had an air reservoir which was



demonstrated these effects have been obtained using idealised impact 
conditions of a delta function impulse on an infinite plate.

The examination of the experimental results was assisted with the use 
of digital filters. The aim of this filtering was to remove the low frequency 
impact response of the plate so it would not dominate the high frequency 
signals. The filters used were 10th order Butterworth band pass filters. The 
lower limit of the filter was set to avoid the dominance of the low frequency 
response, the upper limit determined by the frequency limits used in the 
theoretical integration. The limits used are presented in table 1. To ensure 
compatibility between the numerical and experimental data the same filter was 
applied to both sets of data.

Material Lower frequency limit Upper frequency limit
Steel 400KHZ 4MHz
ICI Plytron 200KHZ 3MHz

Table 1: Filter frequency limits

There were two criteria applied for the assessment of the presence of 
surface waves in the experimental and numerical data. The first was that 
Rayleigh type surface waves are only present on the impact surface, whereas 
propagated shear waves would be present throughout the material. The second 
criteria was that when the Rayleigh type surface wave was present its measured 
speed from both the numerical and experimental results was consistent with 
that calculated from the material constants.

RESULTS AND DISCUSSION

Presented here are three sets of results all of which show the surface strain in 
the direction of propagation. Figures 4 and 5 refer to an evaluation test for a 
steel plate. The numerical results in figure 4 show the upper and lower surface 
strains in the X3 direction, and the experimental results in figure 5 show the 
output of the piezo electric transducers in volts. Both sets of results are for a 
position 15mm away from the line of impact. Figtue 4a shows quite clearly a 
high frequency wave travelling on the upper stuface at a speed of 2.9*10^ MS'  ̂
which is absent from the lower surface figure 4b. The theoretical Rayleigh 
wave speed for steel calculated from the material constants is 2.95*10^ MS'h 
Comparing figures 5a and 5b (the upper and lower surfaces respectively) It can 
be seen that there is more distiubance on the upper surface which is consistent 
with the presence of the Rayleigh wave.

It has been shown by Green [1] that the limiting wave velocity for a 
laminated 4-ply plate is the smaller of two wave speeds, the Rayleigh type 
surface wave in the upper layer V^, or the shear wave speed in the inner layer



Vg. For the Plytron material these waves are equal when the angle of 
propagation y is 46.14°.

For Y <46.14° Vr<Vs

and for y > 46.14° Vr >Vg

Therefore a surface wave effect would be expected when y = 0° and absent 
when 7̂ =90° as Vg would be the slower wave speed. From the elastic constants 
of Plytron when Y=0° then Vr = 0.792* lO^MS h

Figures 6a and 7a show the upper surface analytical and experimental 
results respectively for plytron when y=0°. They both show large amplitude 
waves which are not transmitted to the lower surface (figs 6b,7b), which 
indicates the presence of a Rayleigh type surface wave. The velocity of the 
wave in fig.6a is 0.79*10-^MS-  ̂ and the velocity of the experimental wave is
0.8*10"2MS’L both of which are in good agreement with the calculated value 
of V r . The corresponding figures for y  = 90°, figures 8 and 9 for y=90° show a 
complete absence of any large surface waves which is consistent with the 
theory above.

In conclusion, it has been shown that the theoretical predictions for the 
presence and speed of surface waves on a laminated plate have been validated 
by both the numerical and experimental results. Work is in hand to monitor 
the response at the interfaces in order to examine the validity of the prediction 
that in the absence of a surface wave, the high frequency response is 
channelled in the inner layers.
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WAVE PROPAGATION DUE TO IMPACT IN CROSS PLY COMPOSITE 
PLATES

WALTERS, E.R. GREEN, C.J. MORRISION 
Department o f Engineering, University o f Leicester, Leicester, LEI 7RH, UK

ABSTRACT

To gain further insight into the problem of surface impact on composite materials we 
have examined the wave propagation resulting from a surface impact on a laminated 
plate. Theoretical and numerical techniques have been developed for the case of an 
impulsive line load acting on the upper surface of a plate. The results that are reported 
are for experimental work, and they show the through thiclcness response for a 4-ply 
(0/90)g plate subjected to a line load impact. The angle of the line load is varied 
relative to the ply directions. These results consist of graphs which show the strain on 
the surfaces and at the mid plane of the plate as a function of time.

INTRODUCTION

The increasing use of advanced fibre reinforced materials on the outer sidn of 
structures has led to a need for a better understanding of the response of such materials 
under impact. Examined in this paper are the through thickness effects of the elastic 
waves propagated from a surface impact. Theoretical investigations have been carried 
out by Green [1], who reports analytical predictions of the response of a symmetric 
cross ply laminated plate to a surface impact.

The current paper reports on experimental work that was undertaken to examine the 
verification of the analytical results presented in [1]. An impact system has been 
established and tests examining the through thiclcness response of a four layer 
symmetric cross ply laminated plate are reported. The experimental results do show 
evidence to support the theoretical predictions reported in [1],

BACKGROUND

The analytical model that has been developed predicts the stress levels at any point on 
or within the plate following a line load impulse on the top of the plate. The plate 
consists of four perfectly bonded layers of a uni directional fibre reinforced composite, 
each of finite depth h but of infinite lateral extent, (figure 1). This fibre reinforced 
material is modelled as a homogeneous transversely isotropic, elastic continuum, with 
the axis of transverse isotropy lying in the plane of the lamina and parallel to the fibre 
direction. The procedure involves solving the full three dimension equations of 
elasticity in each layer and subjecting the solutions to the appropriate interfacial and 
boundary conditions. It is then possible to evaluate any component of stress, strain or 
displacement at any point in the plate.

The results have shown that there is a relationship between the direction of the wave 
propagation y (see figl) and the stresses developed in the plate. When y is less than 
some critical angle, y_., the short wave limiting response is a Rayleigh type surface wave



travelling on the impacted surface. When y is greater than ŷ , however, this behaviour 
is a shear wave, channelled in the inner layers.

UNE LOAD

Figure 1, Geometry of plate

EXPERIMENTAL WORK

The main objective of the experimental work was to produce experimental data that 
could be realistically compared with the theoretical solutions. This involved the setting 
up of an experimental system that could propagate elastic waves with a plane wave 
front. The experimental system is described in detail in [2] so only an outline is 
presented here. A gas gun was used to fire a low mass projectile of Ig. The projectile 
then impacted a striker which in turn after a small displacement, impacted the plate. 
This impact produced a surface line loading on to the plate with an impact energy of 
0.5J. The impact initiated the required plane elastic waves propagating through the 
plate. The whole experimental system is shown in figure 2.

TO DATA CAPTURE UNITS

LOAD STRIKER 
POSITION ADJUSTMENTPLATE MOUNTING

OUTPUT
FROM SENSOR! AIR GUN

^  OPTICAL VELOCITY 
^^M E A S U R E M E N T  DEVICl

P R E S S U R E
C O N T R O L E E

PLATl
LOAD STRIKER GAS INLET

NOT TO SCALE

Figure 2, Complete experimental impact system



The elastic response produced by the impact was detected using piezo electric 
transducers. These transducers were made from a thin Piezo-electric polymer film 
which was screen printed with silver ink on both sides to produce electrical contacts. 
The transducers were of a custom design and had an active area of 1mm by 0.5mm. 
Although the size of the active region meant that there was an integration of the waves 
as they passed the active area they were the smallest physical size possible to 
manufacture. The design of the gauges can be seen in figure 3. This size of gauge has 
a fi-equency response of 2KHz -IGHz, and can produce large outputs for a small 
applied strain, so no further amplification was required. The output of the transducers 
was recorded on data capture units sampling at 20Mhz, and then down loaded to a 
computer where post processing of the signals took place.

Tests were carried out on cross ply laminated plates. The plates were manufactured 
using the Advanced Composite Group material LTM22/T700 which was an epoxy 
resin reinforced with unidirectional carbon fibres. The transducers were embedded 
into the plate during manufacture and were located on the upper and lower surfaces 
and at the mid plane of the plate. Two cases are presented here, one where the wave 
direction is parallel to the fibres in the inner layers, y = 0*̂ , and the second where the 
wave direction is perpendicular to the fibres in the inner core, y = 90°.

UPPER s u r f a c e  
IN K  D E SIG N LOWER SURFACE 

IN K  D E S IG N

ACTIVE REG IO N
1 mm*O.Dmm

Figure 3, Piezo-electric transducer design

RESULTS AND DISCUSSION

It has been shown in [1] that the limiting short wave velocity for a laminated 4-ply 
plate is the smaller of two wave speeds, the Rayleigh type surface wave in the upper 
layer Vĵ , or the shear wave speed in the inner layers Vg. The occurrence of which is 
dependent on the angle y. For the LTM22/T700 material these wave speeds are equal 
when y = 46.3°

For Y < 46.3° <Vg

and for y > 46.3° >Vg



Figures 4 and 5 show the response of the plate at a distance of 32mm from the line of 
impact. In each case, the time duration is 80|iS measured from the point of impact. 
Curves (a), (b), and (c) refer to the upper surface, mid plane and lower surface 
respectively. In figure 4 where y = 0°, the upper surface response shows a larger 
amplitude disturbance travelling at 840ms-L This disturbance is noticeably absent from 
the mid plane and tire lower surface. This behaviour is characteristic of a Rayleigh type 
surface wave which decays rapidly with depth from the impacted surface. Further the 
speed, Vr of a Rayleigh type surface wave may be calculacted from teh elastic 
constants for the material. In this case, Vr is 838ms"\

In figure 5, when the angle of propagation y  is 90°, there is no evidence of a surface 
wave present. However, comparing figures 4b and 5b, the response when y = 0° is of 
smaller amplitude than when y = 90°. This again is consistent with the predicated 
limiting short wave behaviour which at y = 0° is confined to the outer layer and at y = 
90° is a shear disturbance in the core.

In conclusion the experimental results show good agreement with the analytical 
predictions on the effect of the angle of propagation y on the response of a cross ply 
plate due to impact.
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