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GROUP ACTIONS AND COVERINGS OF BRAUER GRAPH ALGEBRAS

EDWARD L. GREEN, SIBYLLE SCHROLL, AND NICOLE SNASHALL

ABSTRACT. We develop a theory of group actions and coverings on Brauer graphs that parallels
the theory of group actions and coverings of algebras. In particular, we show that any Brauer
graph can be covered by a tower of coverings of Brauer graphs such that the topmost covering has
multiplicity function identically one, no loops, and no multiple edges. Furthermore, we classify
the coverings of Brauer graph algebras that are again Brauer graph algebras.

INTRODUCTION

In this paper we introduce the theory of group actions and coverings on Brauer graphs that
parallels the theory of group actions and coverings of algebras. In particular, we show that any
Brauer graph can be covered by a tower of coverings, the topmost of which is a Brauer graph
with no exceptional vertices, no loops, and no multiple edges (Theorem 6.7). This allows many
homological questions related to Brauer graph algebras to be simplified by considering Brauer
graphs with no exceptional vertices, no loops and no multiple edges. Specifically, we know from
covering theory that, for a finite group G, the category of G-graded modules over a Brauer graph
algebra is equivalent to the module category of the covering algebra associated to the group G. In
a subsequent paper ([8]), we use this fact and Theorem 6.7 to compute a minimal set of generators
for the Ext algebra of any Brauer graph algebra. In this current paper we also classify the coverings
of Brauer graph algebras that are again Brauer graph algebras (Theorem 6.1). One reason this
result is of interest, is that it is difficult, in general, to determine if a covering comes from a Brauer
graph simply from knowledge of the quiver and relations.

Since their introduction by Riedtmann in [17], coverings of algebras have been extensively
studied and they have rapidly proven to be of interest in the representation theory of algebras
(see, for example, [3, 5, 6, 7, 20] and references within). In the case of self-injective algebras
of finite or tame type - including Brauer graph algebras - this is also well demonstrated in the
survey article [19]. The results in [6] and [7], relating the coverings of algebras given by quivers
with relations on one hand, and the group-gradings of algebras on the other hand, lead to an
equivalence of categories; namely, given a G-grading of a quiver with relations, then the category
of finite-dimensional modules of the covering of the algebra is equivalent to the category of finite-

dimensional G-graded modules.
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Brauer graphs are a generalization of Brauer trees. A Brauer tree is a finite tree, with a cyclic
ordering of the edges at each vertex and a multiplicity assigned to exactly one of its vertices, which
is called the exceptional vertex. These trees were defined by Brauer in [4] in the study of block
algebras of finite groups with cyclic defect groups. The entire structure of a block with cyclic defect
groups can be read directly from its Brauer tree. For example, in [10], Janusz gives a description
of the non-projective, non-simple indecomposable modules of a block with cyclic defect groups in
terms of paths in its Brauer tree, and in [9], J.A. Green defined “walking around the Brauer tree',
giving projective resolutions of certain modules of a block with cyclic defect groups.

It is well known (see for example [1] or [2]) that Brauer graph algebras are tame special biserial
self-injective algebras and that those of finite representation type are the Brauer tree algebras. Fur-
thermore, the derived equivalence classes of Brauer graph algebras have been extensively studied,
beginning with Brauer tree algebras (for example, [16], and, for stable equivalence classes, see [15]),
generalized Brauer tree algebras (see [14]) and finally Brauer graph algebras (see [11, 12, 13, 18]
and [19] and the references within).

We briefly summarize the results of the paper. In Section 1, we begin by recalling the definitions
of a Brauer graph and a Brauer graph algebra together with some essential notation. In Section 2,
we define a free Brauer action of a finite abelian group on a Brauer graph and construct the Brauer
orbit graph. A free Brauer action of a finite abelian group G on a Brauer graph I' induces a free
action of G on the quiver of the associated Brauer graph algebra and the section culminates with
Theorem 2.12, which relates the Brauer graph algebras of I' and its orbit graph I

Section 3 introduces a Brauer weighting on a Brauer graph which is analogous to a weight
function on a quiver. Given a Brauer weighting W to a finite abelian group G on a Brauer graph
A, we define the Brauer covering graph Ay, and show there is a canonical action of G on Ayy.
Theorem 3.9 proves that this action is a free Brauer action and that A = Ay as Brauer graphs.
We apply the results of Section 3 in Section 4 to Brauer graph algebras. If A (respectively, Aay, ,
Am) is the Brauer graph algebra of A (resp., Ay, Ay ), then Theorem 4.6 shows that there are
K-algebra isomorphisms

Ap = Ax—= Anyy,
where Ap,, denotes the orbit algebra of Aa,, .

The main result of Section 5 is Theorem 5.3, which shows that if G is a finite abelian group with
free Brauer action on T, then there is a Brauer weighting W on T such that the Brauer graphs I'
and Ty are isomorphic, as are their corresponding Brauer graph algebras.

Applications of the theory presented are given in Section 6. The Appendix, Section 7, provides

a brief survey of covering theory for path algebras and their quotients.

1. NOTATION

Let T" be a finite connected graph with at least one edge. We denote by 'y the set of vertices of
I' and by I'y the set of edges of T'. We equip I' with a multiplicity function m: Ty — N\ {0} and,
for each vertex in I', we fix a cyclic ordering of the edges incident with this vertex. We call such a

graph a Brauer graph. Thus a Brauer graph is a triple (I, 0, m) where o denotes the cyclic ordering
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and m the multiplicity function. Note that in the Brauer tree case, the multiplicity function has
value 1 at all but possibly one vertex, called the exceptional vertex. Although the convention in
the literature is to denote a Brauer graph by I', where the choice of cyclic ordering and multiplicity
function are suppressed, we usually write (', 0, m). In all examples a planar embedding of T' is
given and we choose the cyclic ordering to be the clockwise ordering of the edges around each
vertex.

We say that an edge j in I' is the successor of the edge ¢ at the vertex p if both ¢ and j are
incident with p and edge j directly follows edge ¢ in the cyclic ordering around p. For each p € ',
let val(u) denote the valency of u, that is, the number of edges incident with p where we count
each loop as two edges. If val(u) = 1 with edge ¢ incident with the vertex u then we say that  is a
successor of itself. If u is a vertex with val(u) = 1 and m(u) = 1 so that ¢ is the only edge incident
with u then we call i a truncated edge at the vertex p.

Following [2] and [12], we let K be a field and introduce the Brauer graph algebra of a Brauer
graph I'. We associate to I' a quiver Qr and a set of relations pr in the path algebra K Qr, which
we call the Brauer graph relations. Let It be the ideal of K Qr which is generated by the set pr.
We define the Brauer graph algebra Ar of T' to be the quotient Ar = K Qr/Ir.

v with m(u) = m(v) =1 then Qr is e 3 = and pr = {22}

If the Brauer graph I is p
so the Brauer graph algebra is K|[x]/(2?).

We now define Or for a general Brauer graph (excluding the above case, so if edge ¢ is truncated
at vertex u and the endpoints of ¢ are  and v then m(v) val(v) > 2). The vertices of Qr correspond
to the edges of ', that is, for every edge ¢ € I'; there is a corresponding vertex v; in Qr. If edge j
is the successor of edge ¢ at the vertex p and edge 7 is not a truncated edge at p then there is an
arrow from v; to v; in Qp. For each vertex p and edge 4 incident with p, let ¢ = i1,42,.. ., vy
be the edges incident with u listed in the cyclic ordering, where the loops are listed twice and the
other edges precisely once. We call this the successor sequence of i at p. We set iyai()4+1 = 1,
noting that ¢ is the successor of iya(,)-

In case I' has at least one loop, care must be taken. In such circumstances, for each vertex
i, we choose a distinguished edge, i,, incident with p. If £ is a loop at u, £ occurs twice in the
successor sequence of i,. We distinguish the first and second occurrences of £ in this sequence and
view the two occurrences as two edges in I'y. Thus, I'; is the set of all edges with the proviso that
loops are listed twice and have different successors. In particular, if I is qu' then, since 7 is
viewed as two edges, say i and %, the successor sequence of i at vertex p is i,7 and the successor
sequence of 7 at W is i,i. These sequences imply that there are two arrows in the quiver Qp, and
Qr = C'Q .

In order to define the Brauer graph relations pr we need a quantizing function q. Let Xp =
{(¢, ) | ¢ € Ty is incident with u € Ty and ¢ is not truncated at either of its endpoints} and let
g: Xt — K\ {0} be a set function. We denote ¢((¢, 1)) by ¢;,,. With this additional data we call

(T',0,m,q) a quantized Brauer graph. We remark that if the Brauer graph T' is pu v then

Xt = 0. Furthermore, if the Brauer graph algebra is assumed to be symmetric and if the field is

algebraically closed, then we can set ¢ = 1.
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There are three types of relations for (T, 0,m,q). Note that write our paths from left to right.

Relations of type one. For each vertex p and edge 4 incident with p, which is not truncated
at the vertex pu, let i = 41,142, .., %) be the successor sequence of 7 at . From this we obtain
a cycle Cj; = a1a2 -+ Gyay(y) in Qr where the arrow a, corresponds to the edge .41 being the
successor of the edge i, at the vertex p. With this notation, for each edge i € I' with endpoints
p and v so that ¢ is not truncated at either p or v, pr contains either Qi,ucﬂ(#) — qi,l,CZZ(V) or
Qi,ucx,(y) — ql',MCZL(“). We call this a type one relation. Note that since one of these relations is
the negative of the other, the ideal I+ does not depend on this choice.

Relations of type two. The second type of relations occurs if ¢ is a truncated edge at the vertex
p and the endpoints of ¢ are p and v. Let Cj,, = b1ba - - - byai(y) be the cycle associated to edge i
incident with vertex v. In this case we have a relation C;Z,(U)bl.

Relations of type three. The third type of relations are quadratic monomial relations of the form

ab in K Qr where ab is not a subpath of any C; .

Example 1.1. (1) The graph (T',0,m)

with m(A) = m(u) = m(v) =1 and m(§) = 2 has edge 1 truncated at vertex p and edge 2
truncated at vertex v. Then Xt = {(3, ), (3,£)}. Let ¢: X1 — K \ {0} be the quantizing
function. The Brauer graph algebra associated to the quantized Brauer graph (T, 0,m, q)

has quiver

«
VG ———————>="02

N
&

and pr = {g3,¢6% — gs \yaB, afya, Byaf, 46,0}

(2) The graph (T',0,m)

7
/X
£ 5 v
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with m(n) = 3 and m(v) = m(§) = 1 has Xr = {(1, ), (1,v),(2,€),(2,v),(3,£), 3, 1) }-
Let g: Xr — K \ {0}. The Brauer graph algebra of (T',0,m, ¢) has quiver

a
'Ul<—'U2

N A

_ = 3 = = = = = \3
and pr = {Q1,u(a3as) — (q1,,Q101,492,£0202 — ¢2,,Q101,493 0202 — Q3,u(a3a3) )

aiaz,asas3, azai, a1as, 3z, Gaa1 }.

2. GROUP ACTIONS ON BRAUER GRAPHS AND BRAUER GRAPH ALGEBRAS

Suppose G is a finite abelian group which acts on a finite connected graph ¥. Let ¥ = /G be
the orbit graph of ¥ under G, and let ji = {9 | g € G} and i = {i9 | g € G} where p € ¥y and
i € ¥q. If the action of G on ¥ is not faithful, then let N be the normal subgroup of G consisting of
those elements that fix every vertex and every edge of X. Then G/N acts faithfully on 3. Without
loss of generality, we assume throughout this paper that our group actions are faithful.

Since a Brauer graph comes equipped with a cyclic ordering and multiplicity function we now

define a Brauer action of a finite abelian group on a Brauer graph as follows.

Definition 2.1. Let G be a finite abelian group and let (I, 0,m) be a Brauer graph. We say that

there is a Brauer action of G on (T', 0, m) if

(1) G acts (faithfully) on the graph T,

(2) the action of G on T is orientation preserving, that is, if j is the successor of i at the vertex
u, then, for all g € G, j9 is the successor of 9 at the vertex u9, and

(3) m(u) =m(p9) for all g € G, pu € Ty.

If there is a Brauer action of a finite abelian group G on a Brauer graph (I", 0, m) then val(u) =
val(p9) for all g € G and u € Ty, since successors are preserved by the G-action. In particular, by
property (3), val(u)m(p) = val(u9)m(u9) for all g € G and p € Ty.

We now define a free Brauer action.

Definition 2.2. Let G be a finite abelian group and let (I', 0, m) be a Brauer graph. A Brauer
action of G on (I',0,m) is a free Brauer action if G acts freely on the edge set I'; of ', that is, if
i1 €T’y and 9 =i then g = idg, the identity in G.

We remark that if there is a Brauer action of G on (T', 0, m) and if there exists g € G such that
19 = 4 for some ¢ € I'; then, since the action of GG is orientation preserving and I' is connected,
it follows that 79 = j for all j € I'y. Moreover, if there is a Brauer action of a non-trivial finite
abelian group G on (T, 0,m) and if |T'g| > 3, then there is a free Brauer action of G on (I',0,m) if
and only if whenever ¢ € I'; then there is some g € G with ¢ # i. We emphasize that the group G
need not act freely on the set of vertices of I for the Brauer action of G on (T',0,m) to be a free

Brauer action.
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The next results show that if there is a free Brauer action of G on the Brauer graph (T', 0,m),
then there is a multiplicity function 7 on I' which is compatible with m and an induced cyclic

ordering o which makes (T',0,77) a Brauer graph.

Lemma 2.3. Suppose there is a free Brauer action of G on (I'y0,m). Then val(px) | val(p) for all
w € To. Moreover, if i € 'y is incident with u, then there exist 1 < k < val(u),s >0 and g € G
such that

(1) val(iz) = k;

(2) the successor sequence of i at p is

R . .9 .g .g .g° .g g . )
T=01,192, oy Uk, 87,095+ oy by ooy 07 505 5ee vy B = byal(w);

(3) val() = val()(s + 1).

Proof. Let u € Ty and ¢ € Ty be incident with p. If val(u) = 1 then clearly val(iz) = 1 and we are
done. So assume that val(u) > 1. Consider the successor sequence of i at j, i = 41,42, ..., ival(u)-
val(u)- There is k minimal with 1 < k < val(u)
and i1 = 9 for some g € G. If1§a<ﬂ§kandia:ig+1 for some h € G then a = 1
and 8 = k. To see this, if & = 1 then 8 = k from the choice of k. On the other hand, if & > 1
and there exists h with i, = igﬂ, using Definition 2.1(2) we see that i; = ig_a+2. Therefore
B8 —a+2=k+ 1 by definition of £ and hence § — a = k — 1. But this contradicts o > 2 and
B < k. From this it follows that val(g) = k.

Repeating this argument shows that the successor sequence of i at u can be written as

Recall that iyay()41 = 7 since ¢ is the successor of i

SR 29 g 'g 9% -9° g% _ .
T=11,12y -y bk, 17500y ey Upy-vvyly 52 5oonyly —'Lval(u)
for some s > 0. Hence val(fz)(s + 1) = val(u) and we are done. O

Proposition 2.4. Suppose there is a free Brauer action of G on (I';0,m). Let m be the function

T = N\ {0}, i = val(u)m(u)/ val(p).

Then there is a cyclic ordering 0 induced by o such that (I',0,m) is a Brauer graph.

Proof. We begin by showing that the cyclic ordering o induces a cyclic ordering 0. Let p € I'y
and i € I'; be incident with pu. If val(u) = 1 so that val(z) = 1, then the cyclic ordering on T’
is the only one possible. So assume that val(u) > 1. Consider the successor sequence of i at p,
i = 101,02, .,0val(y)- Let k be as in Lemma 2.3. We take the successor sequence for i at fi to be
i1,42,...,i,. This gives the desired cyclic ordering 0. In particular, if j is the successor of i at
vertex p then 5 is the successor of i at vertex M.

The set function 7 is well-defined by Definition 2.1(3) and Lemma 2.3. O

We call the Brauer graph (I',0,7m) in Proposition 2.4 the Brauer orbit graph of (I',0,m) associ-
ated to the action of G.

Proposition 2.5. Suppose there is a free Brauer action of G on (I';o,m). Then the following
properties hold.
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(1) m(p) val() = m(p) val(u) = m(p9) val(u9) for all p € Ty and g € G.

(2) Edge i € 'y is truncated at vertex p if and only if i € T'y is truncated at vertex fi.

(8) Edge i € Ty is truncated at vertex p if and only if i9 € 'y is truncated at vertex u9 for all
g€ G.

Proof. (1) is immediate from the definition of . For the proof of (2) we recall that the edge
i € T'y is truncated at vertex y if and only if m(u) val(u) = 1. Now, from (1), this holds if and only
if m(ji) val(z) = 1, which is precisely the condition that i € I'; is truncated at vertex ji. Hence
property (2) holds. The proof of (3) is similar to that of (2), since m(u)val(p) = 1 if and only if
m(p?) val(u9) = 1 from Definition 2.1(3) and the subsequent remark. O

Example 2.6. Let (T',0,m) be the Brauer graph

[ ] [ ]
i6 iS

[ ] 1% [ ]
[ ] [ ]

where each vertex has multiplicity 1. Let G be the cyclic group G = Zy = (g | g> = id) so that
G acts on T' with i =44, = i5,i = i6. Then necessarily i = i1, = is,i} = i3. This is a free

Brauer action of G on I" and T is the Brauer graph

_ i3

p—e

where g has multiplicity 2 and the other vertices have multiplicity 1.

We now extend the concept of a Brauer action by defining a Brauer action on a quantized Brauer

graph (T, 0,m, q).

Definition 2.7. A Brauer action of a finite abelian group G on the Brauer graph (I',0,m) is a
Brauer action of G on the quantized Brauer graph (T, 0,m, q) if
Qi _ Qio.po

qi,v qig,v9

%

for all g € G and p v in I' such that 7 is not truncated at either of its endpoints.

To understand the importance of the quotients above, we note that the relation of type one
GO — 4;, 01" may be replaced by either C]"" — gzj—jzcgfj’” or O — g—c":fm without
altering the ideal Ir. These last two relations distinguish between the endpoints of the edge i.
We formalize this as follows. Let Y = {i € T’y | 7 is not truncated at either of its endpoints}. Let
E1: Y — Iy be a set function such that £;(¢) is an endpoint of i. Let £5: Y — Ty be the set

function with the property that £1(i) and £2(i) are the two endpoints of i. We note that i is a
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loop if and only if £ (i) = £3(4). From the above remarks, we see that, for each ¢ € ), the relation

of type one may be replaced by

m(1(i) _ Li.E2() ~m(Ex(i)

4,E1(3) i e (i) 3,E2(7)
Lemma 2.8. Suppose there is a free Brauer action of G on (I';0,m,q). Then there is a choice of
set functions £1 and Eo such that

forallie Y,geG,j=1,2.

Proof. Tt suffices to prove this for j = 1. Proposition 2.5(3) implies that ) is a disjoint union of
orbits. For each orbit, choose some edge i in the orbit and arbitrarily select an endpoint; define
£1(%) to be this endpoint. For all other 9 in the orbit of 4, define £1(¢9) = (£1(¢))9. This yields a
choice of £; that satisfies the desired property. O

If there is a free Brauer action of G on a quantized Brauer graph (T', 0,m, q), then we henceforth
assume that the functions £, and &, satisfy (£;(i))9 = £;(#9), for all i € Y,9 € G, and j = 1, 2.
We are now in a position to define a quantizing function g for the Brauer orbit graph (I', 0, 7) and
thus extend Proposition 2.4. Recall that

X5 ={(i,n) | i €Ty is incident with /i € Ty and i is not truncated at either of its endpoints}.

Define 7: Xy — K \ {0} by
T - Qi,
q((i, ) = —*—.
qi,&1 (4)
We denote q((4, /i) by G;, and note that, by the above discussion, 7 is well defined. Summarizing,

we have the following result.

Proposition 2.9. Suppose there is a free Brauer action of G on (I',0,m,q). Then there is a
quantizing function q so that (T',9,m,q) is a quantized Brauer graph satisfying the property that if
i € Y with endpoints p and v, then
Gip _ T
qi,v - 6%,17.
We call the quantized Brauer graph (I',0,77,q) in Proposition 2.9 the quantized Brauer orbit
graph of (T, 0,m, q) associated to the action of G.
Now we turn our attention to the Brauer graph algebra associated to a Brauer graph on which

there is a free Brauer action.

Lemma 2.10. Suppose there is a free Brauer action of G on the Brauer graph (I'yo,m). Then
there is an induced free group action of G on the quiver Qr. Moreover if (I',0,m,q) is a quantized

Brauer graph then the induced G-action satisfies

x € It if and only if x9 € Ip for all g € G.
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Proof. Let v; be a vertex in the quiver Or so that v; corresponds to the edge 7 in I'. We define the
action of G on the vertices of Or by (v;)9 = v;s for g € G. Let a be an arrow from v; to v; in the
quiver Qr; then ¢ and j are two edges in I' incident with the same vertex and such that j is the
successor of 7. By Definition 2.1(2), the edge 79 is the successor of the edge 9 for all g € G. So, for
g € G, we define af to be the arrow from v;s to v;s in Qr. It is now straightforward to show, for
all g, h € G, that ((v;)?)" = (vie)" = V(ayr = Vyen = (v;)9") and, similarly, that (a9)" = al9").

To show that this is a free action on Qr, suppose that, for a vertex v; in Qr (which corresponds
to an edge i in I') and ¢ in G, we have (v;)9 = v;. Then v;s = v; so by definition of Qr we have
that i9 = i. Hence by Definition 2.2 we have g = idg. It follows that G acts freely on Or.

Now suppose that we have a type one relation

m(€1(1)) _ LiE2(0) m(E2(2))
4,E1(3) qi,gl(i) 3,E2(7)

From Definition 2.7 and Lemma 2.8 we have that

g
m(E1 (4 4i,E5(i) ~m(Ea(3)) m(€1(i9))  i9,E2(i9) ~m(E2(i9))
&) 18200 ~m(£a =cm&i @) D9,8:0) om(Ea (s
< 4,E1 (%) Qi,Sl(i) 4,E2(1) 19,E1(19) Qiy,é’l(ig) 19,E2(19)
which is in Ip. It is easy to see that if = is a relation of type 2 or type 3 then x9 is also a relation

of type 2 or type 3 respectively, for all g € G. This completes the proof. O

Suppose there is a free Brauer action of G on (I, 0,m). The induced action of G on Qr given

in Lemma 2.10, allows us to consider the orbit quiver Qr, which is defined in the Appendix.

Proposition 2.11. Suppose there is a free Brauer action of G on (T',0,m). Then Op = Or as

quivers.

Proof. We prove that (Qr)o = (Qp)o and (Qr)1 = (Qf)1-

The set (@)0 corresponds to the orbits of vertices of Qr under the action of G. The set (QF)O
is the set of vertices of Qf and so corresponds to the set of edges of T, that is, to the orbits of
edges of I under the action of G. By definition of Qr, the vertices of Qr correspond to the edges
of I'. From the definition of the action of G on Qr in Lemma 2.10, the two sets of orbits are in
bijection. Thus (Qr)o = (QF)o-

The set (Qf)l is the set of arrows of va and so corresponds to the orbits under the action of G
of a vertex p € T with two incident edges i and j where j is the successor of i. By Definition 2.1(2),
the edges 79 and j9 are incident with the vertex p9 and j9 is the successor of 9. Thus the orbit

. . [e3 . [e3% .
of this action on an arrow v; ——wv; in Qr corresponds to an arrow v; —v; in (Qg)1. On

the other hand, an element of (@)1 corresponds to an orbit wv; 2 v; under the action of G

of an arrow v; —— v; in Qr. It is now easy to see that there is a bijection between elements

v; o, v; of (9r)1 and elements v; 2 v; of (@)1 O

Suppose there is a free Brauer action of G on the quantized Brauer graph (T',0,m,q). Then,
from the Appendix and Lemma 2.10, we have that G acts freely on Qr and Ar = K Qr/Ir.
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Theorem 2.12. Let G be a finite abelian group with a free Brauer action on the quantized Brauer
graph (T,0,m,q). Let (T,0,Mm,q) be the associated quantized Brauer orbit graph. Let Ar be
the Brauer graph algebra associated to (I',0,m,q) and Ay the Brauer graph algebra associated
o (T,0,7,3). Then
Ar & Ag.

Proof. From the discussion above and Proposition 2.11, it suffices to show that Iy = Iz. Given
our choice of £ and &, as in Lemma 2.8 we see that £; and £ induce set functions £; and &, for
T.

First we consider a relation x of type one in Ip. For this, suppose i is an edge in I'y which is
not truncated at either of its endpoints and let £1(i) = p and E£3(i) = v. Let i = i1,ia, ..., dvai(p)
(respectively i = ji, ja, ..., jval(v)) be the successor sequence for i at vertex u (respectively i at
vertex v) with associated cycle C;,, = a1az - - - aya(y) (respectively Cj,, = biba - - - byai) in Qr.
Thus = = C%(“) - Z—::Cﬁ(l’). By Lemma 2.3, there exist 1 < k < val(u), 1 <1 <val(v), g,h € G
and s,t > 0 such that the successor sequence for ¢ at p is

o 29 -9 °g 9% -9° :g°

(AR PN N S RN 2 I 5 A 2 IR 25 PP 4 8
and the successor sequence for ¢ at v is

. . . .h -h -h ht Rt Kt

jla]?v"'a]lv]la]Qv"'a]l7"'7]1 yJ2 e Jl -

It now follows that z € It is given by

T = (@1as - @)D _ v g ym@) (D),

Qi
From Lemma 2.3 we have val(p ) val(f)(s + 1) and val(v) = val(¥)(t + 1), and, from Proposi-
tion 2.5(1), we have m() val(ir) = m(p) val(p). Thus m(p)(s+1) = m(a) and m(v)(t+1) = m(v).
Finally by Proposition 2.9,
7= (a1az - @k)ﬁ(ﬁ) Giw (b1b2 5 )m(ﬂ)
Tin

which is the relation of type one in K Qf corresponding to i under the isomorphism of Proposi-
tion 2.11.
The remaining relations of types two and three are monomial and a similar argument holds for

these cases. O

3. WEIGHTINGS ON BRAUER GRAPHS

Throughout this section (A, 0, m) will denote a Brauer graph and G will continue to be a
finite abelian group. For each p € Ag, we define Z, to be the set Z, = {(i,j) | i,j €
Ay, j is the successor of i at vertex u}. Let Z A be the disjoint union

.
U 2.

HEAQ
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Definition 3.1. A set function W: ZA — G is called a successor weighting of the Brauer graph
(A, 0,m). For € Ay we define the order of 11, denoted ord(), to be the order in G of the element
we=[[ WG.J).

(1.)€Z,

Let W: Za — G be a successor weighting of (A, 0,m). The aim of this section is to construct
a new Brauer graph (Aw, 0w, mw) and a free Brauer action of G on (Aw, oy, mp ) such that the
Brauer orbit graph (Ayy, oy, ) associated to W is isomorphic to (A, 0,m). We begin with the
construction of Ayy.

Suppose p is a vertex in A. Let H,, denote the subgroup of G generated by the element w,,, and
label the cosets of Hy, in G as Hy1,Hy2,...,Hyjc|/ord(n)- We define an equivalence relation on
the set {(i, H, ) | i € Ay is incident with p,1 < s < |G|/ ord(u)} to be the equivalence relation
generated by

(i, Hps) ~ (j, Hyy) if j is the successor of i at vertex p and H,; = H,, ;W (i, j).

Let D, be the set of equivalence classes under this equivalence relation; we denote the equivalence
class of (¢, H,, s) by [i, Hp s).

We recall that if an edge 7 is a loop at the vertex u, then, by the remarks in Section 1, 7 is
viewed as two edges, say ¢ and i, having different successors. It can easily occur that (i, H, ;) is
not equivalent to (i, H, ), for all s.

Suppose i € Aj is incident with vertex p in A and let i = i1,42,... 4, be the succes-
sor sequence of i at vertex y with our usual convention that iya(,)4+1 = @1. Define w(iy,iy) =
W (i1, i2)W (ia,43) - - - W (ip_1,4,) for 1 <7 <val(u) + 1. Then w, = w(i1, fvai(u)+1)-

Lemma 3.2. Let W: Z5o — G be a successor weighting of (A,0,m), i € Ay be incident with
p € Ao and i = i1,02,...,0vwi(u) be the successor sequence of i at p. Let H, s be a coset of
H, in G and j an edge in A. Then [i,H, | = [j,H,+| if and only if v = p, j = ip, and

Hyp = Hy ow(in, i) for some 1 <r <val(u) and 0 < 6 < ord(u).

Proof. Suppose first that [i, H, 5| = [j, H,+]. By the definition of the equivalence relation, p = v,
so that j is incident with pin A. Hence j = i, for some 1 < r < val(u). Now (i1, H, ) is equivalent
to (i2, Hyu,sW(i1,12)), so inductively (i1, H, s) is equivalent to (i, Hy sW (i1,42) - W(ipr—1,4r)) =
(ir, Hy sw(i1,4,)). However H, = (w,) so H, s = mswz for all 0 < 6 < ord(y). Thus Hy,; =
Hy\ sw(in, iy )wf for some 0 < 6 < ord(u).

Conversely, suppose that j = ¢, and H,; = Huysw(il,ir)wz for some 1 < r < val(u),0 <0 <
ord(u). A similar argument to that given above shows that (i, H, ) is equivalent to (i,, H,+) and

» HEHS
hence [i1, Hy ] = [ir, H,, 6] -

Definition 3.3. We define Ay to be the graph with vertex set {uq | u € Ao, d € D, } and edge
set {ig | g € G,i € A1}. If i is an edge in Ay with endpoints p and v in Ag then the edge i, in
(Aw )1 has endpoints p; g7, ) and v g7, ) where H, s (vespectively H, ;) is the unique coset of H,

in G (respectively H, in G) containing g.
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If i is a loop in A incident with vertex j, then consider i as two edges i and i. Let g € G. The
edge i, has endpoints p; gz, ] and B, L) and the edge Eg has endpoints B H, ) and pp g, ),
where H, , is the unique coset of H, in G containing g.

Suppose that j is the successor of ¢ at the vertex p in A, let g € G, and let H, ; be the coset

of H, in G containing g. Then both i, and jyw s ;) are incident with vertex up; g, . in Aw.

Proposition 3.4. Let W: Zx — G be a successor weighting of (A,0,m). For each u € Ay and
d € D, we have val(pq) = ord(u) val(u).

Proof. Let p € Ag and d = [i, H,, 5] € D,,. Suppose that h € G and jj, is incident with pq in Ay,

Since one endpoint of jp, is pq it follows from Definition 3.3 that puj; g, | = wym,,) where h € Hy, ¢

oos)
Thus [i, H, s] = [, H,.¢] and, by Lemma 3.2, j is in the successor sequence i = iy, i2, ..., iyai(y) Of
i at vertex g in A. For ¢’ € G we have hg' € H,; if and only if ¢’ = wz for some 0 < 6 < ord().

Thus there are val(u) choices for j and ord(u) choices for h. Hence, val(ug) = ord(p) val(p). O

In order to comstruct a multiplicity function my for Ay, we need to place an additional

condition on our successor weightings.

Definition 3.5. (1) A successor weighting W: Za — G of the Brauer graph (A,0,m) is
called a Brauer weighting if ord(u) | m(u) for all p € Ay.
(2) f W: ZA — G is a Brauer weighting, we define the function my, by

mw: (Aw)o — N\ {0}, pq > m(u)/ ord(p).

(1)

We remark that ord(u) | m(u) if and only if w,"" = idg.

Proposition 3.6. Let W: ZA — G be a Brauer weighting of (A,0,m). Suppose that j is the
successor of i at the vertex p in A, let g € G, and let H, ; be the coset of H,, in G containing g.
Defining jgw ;) to be the successor of ig at verter pj; m, ) induces a cyclic ordering ow so that

(Aw,ow, mw) is a Brauer graph.

Proof. Let i = i1,j = i2,13,...,1vwi(y) De the successor sequence of i at the vertex p in A. From
Lemma 3.2 and Proposition 3.4, the successor sequence of i, at vertex uy; g, ] is
(il)ga (iQ)gw(i17i2)’ (i3)9w(i11i3)’ ] (ival(#))gw(ilvival(u))’
(Zl)gw,“ ('@)gw(il,ig)w“a ceey (’Lval(,u))gw(il,ivalw))wua XN

(1) ir-2202) g i 2+ () g

This explicitly describes the cyclic ordering oyy. 0
Lemma 3.7. There is a canonical group action of G on Aw given by
(i, )" = i m,,.n) and (i)™ = ign

forall h € G.

Proof. We prove first that the action of G on a vertex of Ay is well-defined. Suppose [i, H,, ;] =
[4, H,.¢) and that j is the successor of ¢ at the vertex p. By definition, H,, ;W (i,j) = H,,+ so that
H, W(,j)h = H,+h for all h € G. Since G is abelian it follows that H, sh - W (i,j) = H, +h
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and hence [i, H, sh] = [j, H, :h]. Thus the action of G respects the generators of the equivalence
relation and hence the action of G on (A ) is well-defined.

We leave it to the reader to show that if i, has endpoints pj; g, ,) and v|; g, ,) then (ig)" has

os]

endpoints (uf;, g, )" and (v 4, )", where h € G. O

Definition 3.8. A map ¢: (I',0,m) — (I, o', m’) is an isomorphism of Brauer graphsif ¢: T' — T
is a graph isomorphism such that
(1) if j is the successor of i at vertex p in T', then ¢(j) is the successor of (i) at vertex ¢(u)
in IV, and
(2) m() = m! () for all p € To.

In this case, we say that (I';0,m) and (I, o', m’) are isomorphic as Brauer graphs.

It is easy to see that if ¢: (I';o,m) — (I,0’,m') is an isomorphism of Brauer graphs, then
@ induces an isomorphism of the associated quivers Qr and Qrs, and hence induces a K-algebra

isomorphism of the path algebras K Qr and K Qr.

Theorem 3.9. Let (A,0,m) be a Brauer graph, G a finite abelian group, W: Zx — G a Brauer
weighting and (Aw, 0w, mw) the Brauer graph associated to W. Then the canonical action of G
on (Aw,ow,mw) is a free Brauer action. Moreover, if (Aw,ow,mw) is the Brauer orbit graph

under this action, then (A,0,m) and (Aw,ow,mw) are isomorphic as Brauer graphs.

Proof. We first show that the action is a free Brauer action on (Aw,ow,my ). Let i € Ay and
g,h € G. Since (ig)" = iy, the action of G on Ay is free on the edge set (Aw);. If j is
the successor of i at the vertex u in A and g € H s, then jgy(; ;) is the successor of i, at the
vertex p; p, ) in Aw and jgnw(s,j) is the successor of ig, at the vertex pp g, .n). Since G is

abelian, ghW (i,j) = gW (i,5)h, and we see that (jgu(:,;))" is the successor of (ig)".

Now we
show that mw (uq) = mw (uf) for all g € G, where pg € (Aw)o. By Definition 3.5, mw (1q) =
m(w)/ ord(p). However, u9 = pg for some d' € Z, since H, g = H,, for some 1 < t <
|G|/ ord(p). Hence my (1) = m(p)/ ord(p) and my (1a) = mw (pg). Thus the canonical action
of G on (Aw, 0w, mw) is a free Brauer action.

We form the Brauer orbit graph (Aw, oy, oy ) under this free Brauer action. The next step is
to show that Ay = A as graphs. Suppose s a vertexin A and d € Dy. If pg = ve for some v € Ag
and e € D, then, from Lemma 3.2, we have that u = v, so the orbit of the vertex ug € (Aw)o is

contained in the set {uq | d' € D,}. Now let d’ € D, and suppose d = [i,H,, s|,d" = [j, H, | for

some 7,j € Ay incident with pu. Let i = d1,12,..., %y, be the successor sequence of i at u. By

Lemma 3.2, j = i, and H,; = H%sw(il,z;)wz for some 1 < r < val(u), 0 < 6 < ord(p). Thus
P ) . 6 . .

(Md)w(u,w)wu = (M[il,H%SDw(hﬂr)wu = Wi, Hysoin,in) 8] = Hlip,Hy] = Hd'- Hence g is in the

orbit of 14, and so the orbit of pug is {ua | ' € D, }. Thus the vertices Tig in (Aw)o are in one-to
one correspondence with the vertices p in Ay.

Now, suppose that 7 is an edge in A and g € G. We show that the orbit of the edge i, in
(Aw )1 is the set {i, | h € G}. Let j be an edge in A and h € G such that j, is in the orbit
g 'h

of iy. Then there is some ¢’ € G with j, = (ig)9 = ige so that j = i. Since (i,) = ip, it
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follows that the orbit of i, is precisely the set {i, | h € G}. Hence the edges i, in (Aw); are in
one-to one correspondence with the edges ¢ in A;. It is now straightforward to show that there is
an isomorphism of graphs ¢: Ay, — A given by ¢(7ig) = p and ¢(iy) = i.

It is clear that the induced cyclic ordering oy is the cyclic ordering o under this iso-
morphism ¢. Finally, from Propositions 2.5(1) and 3.4, we have that mw (ig) val(g) =
mw (pa) val(pg) = mw (pa) ord(p) val(u). From Definition 3.5, mw (uqg) = m(p)/ord(p) so it
follows that mw (fig) val(fig) = m(u) val(). It remains to show that val(fig) = val(p), for then we
have that mw (fig) = m(u) and hence Ty = my as required. To see this, let p € Ay, d = [i, H, o
and g € G where i is incident with p, g € H, s and 1 < s < |G|/ ord p. If the element (i) is
in the orbit of (i,/)s/, for some h,h’ € G, then r = 1/, and so, from the successor sequence of i,
at pg given in the proof of Proposition 3.6, we see that val(fig) > val(u). However, noting that
(iT)gw(i.;,ir)we = ((iT)gw(iiyir))wZ is in the orbit of (ir)gu(s,,i,), We conclude that val(fig) < val(u)

5
and the proof is complete. O

Definition 3.10. Let W: ZA — G be a Brauer weighting of (A, 0, m) and let (Aw, ow, mw) be
the Brauer graph associated to W. We call (A, ow, mw ) the Brauer covering graph of (A, 0, m)

associated to W.

Example 3.11. Let G be the cyclic group G = Z3 = (g | g* = id) and let A be the graph
[ ]
7N
[} f [}

W(a,b) =id, W(b,a) = g, W (b,c¢) = id, W(e,b) = id, W(c,a) = id, W(a, c) = id.

with weighting W given by
Following the above construction, Ay is
Cg
o ————— o
\< V
bia g2
[ ] [ ] [ ]
NN
[ ] [ ]

Moreover Ay = A.

In the next section we investigate coverings of Brauer graph algebras associated to a Brauer

covering graph.

4. BRAUER GRAPH ALGEBRAS ARISING FROM WEIGHTINGS ON BRAUER GRAPHS

Let (A, 0,m) be a Brauer graph, (A, 0,m,q) a quantization of (A, 0,m), and G a finite abelian
group. Let W: ZA — G be a Brauer weighting and (Aw, oy, mw ) the Brauer graph associated to
W. The quantizing function ¢: XA — K\ {0} induces a quantizing function ¢w: Xa, — K\ {0}
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given by qw ((ig, fta)) = ¢i,u- It is clear that this map is well-defined since if (ig4, 1g) € Xa,, then
(i,1) € Xa. We call (Aw, 0w, mw,qw) the quantized Brauer covering graph (associated to W).

Let W: ZA — G be a Brauer weighting for (A, 0,m,q) and let (Aw,ow, mw,qw) be the
quantized Brauer covering graph associated to W. The weighting W induces a weight function
W*: (Qa)1 — G of the arrows of Qa as follows. If j is the successor of ¢ at the vertex p in A
and v; % v; is the associated arrow in (Qa)i, then we define W*(a) = W (i,j). For a path
p=ajaz---ay, in Qa, we define W*(p) = W*(a1)W*(az) - - - W*(ar). Furthermore, W* induces a
G-grading on KQa by p = ajas - - - a, being homogeneous of degree W*(p).

Recall that if i € Ay is incident with u € Ag with successor sequence i = i1, 12, .. ., yal(y) then
Cip=aras-- “Oyal(p) N Oa where the arrow a, corresponds to the edge 4,41 being the successor

of the edge i, and ivai(y41 = %1
Lemma 4.1. Ifi € Ay is incident with pn € Ay then W*(CZL(“)) =idg.

PTOOf. We have W*(Cz,,u> = W(ilai2)W(i27i3)"'W(ival(p)—laival(p))W(ival(u)ail) = Wy and
wir = idg. O

Corollary 4.2. The ideal In can be generated by elements of K Oa which are homogeneous in the
G-grading induced by W*.

Proof. The relations of type one in Ia are of the form qi,HCZL(”) - qi,l,CZL(V). By Lemma 4.1, these
are homogeneous of degree idg. The relations of types two and three are homogeneous since they

are paths. O

The weight function W* : (Qa)1 — G gives rise to a covering quiver Qu+ with vertex set
(Qa)o x G ={vy | v € (Qa)o,g € G} and arrow set (Qa)1 X G ={ay | a € (Qa)1,9 € G} such
that if v—=>w is an arrow in QA then ngng*(a) is an arrow in Q. Define the map
7w Qw+ — OQa by m(vy) = v and w(ay) = a. We extend 7 to paths ajas - - - a4, in K Quy+ by setting
m(aras - ay) = w(ar)m(az) - - 7(as). Hence we may linearly extend 7 to a map KQw~» — KQa
which we also denote by . Define Iy« = 7 1(Ian). Then K Q- /Iy~ is the covering algebra
of A = KQa/Ia and we have the following theorem, whose proof is obtained from a careful

analysis of the definitions and is left to the reader.

Theorem 4.3. Let (A,0,m,q) be a quantized Brauer graph, G a finite abelian group and
W: ZA = G a Brauer weighting. Let (Aw,ow, mw,qw) be the quantized Brauer covering graph
and W*: (Qa)1 — G the induced weight function. Then Aa,, = K Qw~/Iy-«.

The next result extends Theorem 3.9 and shows that the canonical action of G on (A, oy, mw)

is a free Brauer action on (Aw, 0w, mw, qw).

Proposition 4.4. Let (A, 0,m,q) be a quantized Brauer graph and W: Zx — G a Brauer weight-
ing. Then the canonical action of G on Aw is a free Brauer action on the quantized Brauer covering

graph (Aw , ow,mw, qw ).
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Proof. Suppose that ¢ € A; has endpoints ¢ and v, g € G, and the cosets H,, ; and H,; both
contain g. Then the endpoints of i, are g and v. where d = [i,H, | and e = [i,H,;]. By

Theorem 3.9 there is a free Brauer action of G on (Aw, 0w, my ). It remains to show that
aw ((ig, pa)) _ aw ((ig, p1a)")
qw ((ig,ve))  qw((ig,ve)")

for all h € G. Let h € G. Then (ig, ua)® = ((ig)", (na)") = (ign, prar) where d’ = [iy, H, sh] and
(ig, ve) = ((ig)", (ve)") = (ign, ver) where €' = [i,, H, ¢h]. Tt follows from the definition of gy that

aw ((ig, a)) _ @i _ qw((ig, 1a)")

qw ((ig, ve)) Qi,v aw ((ig, ve)")
This completes the proof. U

Definition 4.5. A map ¢: (T',0,m,q) — (I",0’,m’,¢’) is an isomorphism of quantized Brauer
graphs if ¢: (T;0,m) — (IV,0’,m’) is an isomorphism of Brauer graphs, and the isomorphism from
K Or to KQr/ induced by ¢, restricts to an isomorphism from the ideal of relations It to Irs. In

this case, we say that (I, 0,m, ¢) and (IV,0’,m’, ¢’) are isomorphic as quantized Brauer graphs.
We are now in a position to prove the main result of this section.

Theorem 4.6. Let (A,0,m,q) be a quantized Brauer graph, G a finite abelian group and
W: ZA — G a Brauer weighting. Let (Aw,ow, mw,qw) be the quantized Brauer covering graph
with the canonical action of G and (M, ow, mw,qw) the associated quantized Brauer orbit graph.
Then (A, 0,m,q) and (Aw,ow,mw, Gw) are isomorphic as quantized Brauer graphs and there are

algebra isomorphisms

.AA gAmgAAW.

Proof. The second isomorphism holds by Theorem 2.12. By Theorem 3.9, (A,o0,m) and
(m, oW, My ) are isomorphic as Brauer graphs. We need to show that the induced isomorphism
from K Qm to K QA restricts to an isomorphism from Im to Ia. First we consider relations of
type one. Let i be an edge in A such that i is not truncated at either of its endpoints p and v,

and let g € G with g € H, s and g € H, ;. By Proposition 2.9 we have

q_W((Zga 7id)) _ QW((ig’ Md))
q_W((EaV_e)) QW((igaVe))

and, by definition of the quantizing function qw, we have qw ((ig, pa)) = @i, and qw ((ig,ve)) =

gi,n- Thus

aw ((ig, 1)) _ i

Tw((ig 7)) diw
Hence a relation of type one in Im restricts to a relation of type one in In. We leave it to the
reader to verify the corresponding statement for relations of types two and three. Hence (A, 0,m, q)

and (Aw, 0w, mw, qw) are isomorphic as quantized Brauer graphs and Ax & AE' O
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5. FROM ACTIONS TO ORBITS TO COVERINGS

Throughout this section, we assume that G is a finite abelian group with free Brauer action on
the quantized Brauer graph (I',0,m,¢q). We denote the quantized Brauer orbit graph associated
to the action of G by (T',9,7,q). We show that there is a Brauer weighting W : Zr — G such
that the quantized Brauer covering graph ((T')w, (0)w, (M)w, (@)w) is isomorphic to (I',0,m, q).
In particular, the Brauer graph algebras Ar and A(F)W are isomorphic algebras.

We begin with the construction of W: Zg — G. If i (respectively p) is an edge (resp. a vertex)
in T' then, as before, we denote the orbit of i (resp. p) under the action of G by i (resp. ji) and
view 7 (resp. ji) as both an edge (resp. a vertex) in I and as an orbit set in I'. For each edge 7 in
T, we fix an edge i, € I' in the orbit i. Next, suppose that fi and © are the endpoints of i in T.
Choose . (respectively v, ) in the orbit of i (resp. 7) so that 4, is incident with p. and v.. Note
that there is a unique choice for p, and v, unless i is a loop and i, is not a loop. Now let j be the
successor of 7 at vertex ji in I'. Then there is an unique edge [ € j such that [ is the successor of
i at vertex p. in I'. Hence | = (j.)9, for some g € G. We define W (i,5) = g. We note that W is
dependent on the choices of i, and u.. We call W the successor weighting associated to the action
of G on (T';0,m).

Lemma 5.1. Let W: Zy — G be the successor weighting associated to the free Brauer ac-
tion of G on (I';0,m). Suppose that i is an edge of T incident with the vertex p and that
T SR YU YA L SR S 14
(1) g =wp = W(H, E)W(E, E) te W(Eaik-‘rl); where ig41 = E

(2) The order of wy = ord(fi) = s+ 1.

(3) ord(7i) | (7).

(4) If h,W € G then p = " if and only if h(W)~! € Hpy, where Hy is the subgroup of G

generated by wy.

s
3

.. .,izs is the successor sequence of © at u, where g € G. Then

(5) The index of Hy in G equals the number of vertices in the orbit of p.

Proof. From our hypothesis, we see that iy,1s,. .., is the successor sequence of i at vertex fi.
From the definitions of the successor weight function W and the w(iy,4;), we conclude that the

successor sequence of 4, = (i1)x at pi is
(i)as ()8 )2 )3 @) ) )2

Since the action of G is free on the edges of I', and since the smallest positive integer | such that
((i1)«)! = (i1)« is wffl, we conclude that the order of wy is s + 1. Similarly, since ((i1))? =
((41)+)*“", we see that g = wp and we have shown (1) and (2) hold.

From Proposition 2.5, we have that m(i) = m(u) val(n)/ val(iz), and from Lemma 2.3, we have
that val(u) = val(f)(s + 1). So m(f) = m(u)(s + 1), and (3) now follows from (2).

Next, consider (u.)", for h € G. From the successor sequence of (i1). at ji., we have that
()" = s if and only if h = wg for some 0 < 0 < ord(f1). Hence, if h,h' € G, then p/ = pl" if
and only if h(h')~' € H; and (4) now follows after noting that p = (11.)"" for some h” € G.
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That the index of Hj equals the number of vertices in the orbit of x4 follows from (4), and the

proof is complete. O

As an immediate consequence of 5.1(3), we have the following result.

Corollary 5.2. The successor weighting associated to the free Brauer action of G on (I';0,m) is

a Brauer weighting.

We call the successor weighting associated to a free Brauer action of G on (T', 0,m), the Brauer

weighting associated to the action of G on (I';0,m).

Theorem 5.3. Suppose that G is a finite abelian group with a free Brauer action on the Brauer
graph (T';0,m). Let (I,9,7) be the Brauer orbit graph and (Tw,ow,mw) the Brauer covering
graph obtained from the Brauer weighting W associated to the action of G on (I';0,m). Then
(T,0,m) and (Tw,ow,Mw) are isomorphic as Brauer graphs. Moreover, if (T';0,m,q) is a quan-
tized Brauer graph with free Brauer action by G, then (T,0,m,q) and (Tw,ow,mw, Gy ) are
isomorphic as quantized Brauer graphs. In particular, the associated Brauer graph algebras Ar

and Ag_ are isomorphic.
w

Proof. We begin by defining an isomorphism ¢: Ty — I' of graphs with cyclic ordering on the
edges. If i, is an edge in Ty, we let p(iy) = (ix)9. The action of G is free on the edges of T' so
¢ is a bijection when restricted to the edge sets. For d = [i, H; 5] € Dj, we define ¢(jiq) = (us)",
where h is an element of the coset Hj ;. By Lemma 5.1(3) and (4), ¢(fiq) is independent of the
choice of h, and so ¢ is a bijection when restricted to the vertex sets.

Let ¢ be an edge in T incident with i and let ¢ = iy, 1s,...,i; be the successor sequence of
i at vertex fi. If i € I'y is in the orbit 4 and is incident with vertex y where 4 € fi, and i has

s
successor sequence i = iy,..., 0, 45,...,i5,...,4] ,..., i} at vertex p, then, since g = w; from

s
3

Lemma 5.1(1), if i), is in Ty then i), has successor sequence

W= (@) ()50, @) O @D ()t @)t L
YO

at vertex jigq, where d = [i, H; 5] and h € H s. Using Lemma 5.1(3), the action of G on the edges
of I, and the definition of ¢, we see that the successor sequence of ij, at vertex fig in L'y is sent,
under ¢, to the successor sequence of i" at vertex p” in I'. From this we see that ¢ is a graph
isomorphism that preserves the cyclic ordering on the edges at each vertex.

It remains to show, identifying I' and 'y via ¢, that m = Ty and that g and qy generate the
same ideal of relations in the associated Brauer graph algebras. From Definition 3.5, we see that

if 41 is a vertex in I and Jigq is a vertex in Ty, then iy (fiq) = m(ji)/ ord(ji). By Proposition 2.4,

val()  _ ¢

m(p) = val(pu)m(p)/ val(i). However, from Lemmas 2.3 and 5.1(2), we have that ) ord(7)

Hence mw (i2g) = m(p).

If p € Ty and i € I'y is incident with p, then 4 is truncated at p if and only if 4 is trun-
cated at [ if and only if i, is truncated at fiq, for all ¢ € G and d € Dj, since val(u)m(u) =
val()m(p) = val(fia)mw (fiq). Hence, (i,p) € Xp if and only if (i,71) € Xy if and only if
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(ig, fia) € X5, for all g € G and d € Dj. Recall from Section 2 that Y = {i € I'1 |
i is not truncated at either of its endpoints}, and by Lemma 2.8, we can choose a set function
E1: Y — Tg so that £1(i) is an endpoint of ¢ € 'y and (€1(4))? = £1(i9), for all g € G. Let i € T'y
be incident with vertex u € I'g, g € G, and d € Dj. From Section 4, Gy (ig, fia) = 4(4, 1) and from

Qi
49i,£q ()
type one in K Qr and relations of type one in K QFW' The reader may check the correspondences

Section 2, q(i, 1) = . It is now immediate that there is a correspondence between relations of
for relations of types two and three. Thus, the associated Brauer graph algebras Ar and Afw are

isomorphic. O

6. APPLICATIONS

In this section we provide a number of applications of the theory. These applications lead to
two of the theorems announced in the Introduction, namely the classification of the coverings of
Brauer graph algebras that are again Brauer graph algebras (Theorem 6.1), and the fact that any
Brauer graph can be covered by a tower of coverings, the topmost of which is a Brauer graph with
no loops, no multiple edges and whose multiplicity function is identically one, that is, there are no

exceptional vertices (Theorem 6.7).

6.1. Our first application classifies the coverings of Brauer graph algebras that are again Brauer
graph algebras.

Let (A, 0,m,q) be a quantized Brauer graph and W: ZA — G be a Brauer weighting for some
finite abelian group G. As in Section 4, we let W*: (Qa)1 — G be the weight function induced by
W. Theorem 4.3 shows that the covering algebra obtained from W* is a Brauer graph algebra. We
now show the converse, that is, if the covering algebra of Aa, obtained from a weight function on
the arrows of Qa, is a Brauer graph algebra, then it is isomorphic to a covering algebra obtained
from a Brauer weighting of (A, 0,m,q).

Let G be a finite abelian group and W*: (Qa)1 — G a weight function such that I is generated
by weight homogeneous elements. Let i be an edge in A which is not truncated at either of its

endpoints, ¢ and v. Let C;,, and C;, be the corresponding cycles associated to the edge ¢. Then

T = ql',uCZL(H) — Qi,vcx/(’/) is a relation of type one in Io. We note, by the nature of the generating
relations of Ia, that  must be homogeneous, that is, W*(C’ZL(”)) = W*(C’ZLV(V)). We also note

that W*(C; ) = wy,. If wﬂl(“) is not idg, then, in the covering algebra, the liftings of x to K Q-
induce relations which are differences of paths that are not cycles. These differences are minimal
relations for Iyy«. It follows that the covering algebra associated to W* has minimal generating
relations that are not of types one, two, or three, and hence the covering algebra associated to W*
is not a Brauer graph algebra.

On the other hand, if wT(” ) = idg, we define the successor weighting W: ZA — G as follows.
If (i,j) € Z,, that is, if j is the successor of i at vertex y, then we define W((7,7)) = W*(a), where

Ln(“) = idg, we see that ord(u) | m(u), and hence

a is the arrow in Qa associated to (i, 7). Since w
W is the desired Brauer weighting.

Summarizing, we have the following result.
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Theorem 6.1. Let (A 0,m,q) be a quantized Brauer graph with associated Brauer graph algebra
Aar = KQA/IA and let G be a finite abelian group.

(1) If W: Zx — G is a Brauer weighting of (A,0,m,q) then there is an associated weight
function W* : (Qa)1 — G such that Ia is generated by weight homogeneous elements and
the covering algebra (Aa)w~ s isomorphic to the Brauer covering algebra Ana,, associated
to W. Moreover, for each edge i in A, which is not truncated at either of its endpoints
and v, we have that W*(CZL(“)) =idg = W*(CZIV(V)).

(2) Suppose that W* : (Qa)1 — G is a weight function such that In is generated by weight
homogeneous elements, and, for each edge i in A which is not truncated at either of its
endpoints p and v, we have that W*(CZL(“)) =idg = W*(CZL(V)). Then there is a Brauer
weighting W of (A,0,m,q) such that the covering algebra (Aa)w~ is isomorphic to the
Brauer covering algebra Aa,, associated to W .

(8) If W* : (Qa)1 — G is a weight function such that Ia is generated by weight homogeneous
elements and there is an edge i in A which is not truncated at both endpoints u and v, such
that W*(CZL(“)) # idg, then the covering algebra (Aa)w+ is not isomorphic to a Brauer
graph algebra.

6.2. Our next application deals with module categories.

Suppose that (A, 0, m, q) is a quantized Brauer graph, Aa the associated Brauer graph algebra,
and W: Zx — G a Brauer weighting for some finite abelian group G. Let Aa,, be the covering
algebra associated to W and let W*: (Qa)1 — G be the weight function induced by W. By
covering theory, W* induces a G-grading on Aa. Then the following result holds; see Appendix,
Theorem 7.4.

Theorem 6.2. Keeping the above notation, the category of G-graded Aa-modules is equivalent to
the category of Aa,, -modules.

Furthermore, if S is a simple Aa-module then S is gradable. If S is a graded simple Ax-module
which forgets to S, then a minimal graded projective Aa-resolution of S forgets to a minimal pro-
jective Aa-resolution of S. By the above theorem, the minimal graded projective Aa-resolutions
are precisely the minimal projective Aa ,, -resolutions. Consequently, some cohomological questions
related to Aa-modules can be translated to cohomological questions concerning Aa ,,,-modules, for

example, see [7, Theorem 3.2].

6.3. In this section, we consider a “tower” of coverings. More precisely, suppose that (A, 0,m,q)
is a quantized Brauer graph and Ax is the associated Brauer graph algebra. Let Wi: ZA — Gy
be a Brauer weighting for some finite abelian group G; and set (A1, 01,m1, 1) to be the associated
quantized Brauer covering graph associated to Wj. Let n be some positive integer. We say that
(A,0,m,q), (A1,01,m1,q1), .., (Apn, 0n, My, qn) is a tower of quantized Brauer covering graphs if,

for 1 < ¢ < n, there are Brauer weightings W;: Za, , — G; for finite abelian groups G;, where

1

(A;,0;,m;,¢q;) is the quantized Brauer covering graph associated to W;. Applying Theorem 6.2 we

have the following result.
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Theorem 6.3. Let n be a positive integer and (Ag, 00, M0, qo), (A1,01,M1,G1), -, (Apy 0ny My, Gn)
be a tower of quantized Brauer covering graphs associated to Brauer weightings W;: Za, , = Gi,
for some finite abelian groups G;. Fori=0,...,n, let Aa, be the Brauer graph algebra associated
to (Ai,04,m4,q) and let Mod(Aa,) denote the category of Aa,-modules. For i = 1,...,n, let
Fi: Mod(Aa,) — Mod(Aa,;_,) be the forgetful functor and set G = F1Fo---Fn: Mod(Aa,) —
Mod(Aa,). Then the following properties hold.

(i) If S is a simple Aa,-module then there is a simple Aa,-module T such that G(T) = S.

Moreover, if

P:oo-s P2 PP 5T -0

is a minimal projective Aa, -resolution of T' then, applying the exact functor G to P, gives a
minimal projective Aa,-resolution of S.
(i) If S” is a simple Aa, -module, then G(S’) is a simple Aa,-module.

As an immediate consequence of Theorem 6.3, we have that if (Ag,0q,m0,q0),
(A1,01,m1,qG1), -, (Ap, 0n, My, gn) is a tower of quantized Brauer covering graphs associated to
Brauer weightings W;: Za, , — G, with associated quantized Brauer graph algebras Ax,, then
some homological questions related to Aa,-modules can be translated to homological questions
concerning Aa, -modules. In particular, this is applied in [8] to determine the Ext algebra of a

Brauer graph algebra.

6.4. The next three applications show how to construct coverings of Brauer graphs with specific
properties. We begin by considering multiplicities.

Suppose that (A, 0,m) is a Brauer graph for which at least one vertex p has m(u) > 1. Let
n = lem{m(p) | p € Ao} and Z,, = (g | g™ = id) be the cyclic group of order n. We define
W: ZA — Z, as follows. For each p € Ay, choose one edge, i, incident with p. Let (i,7) € Z,,
and define

o gmm  ifi=i
W((w))={ !

id otherwise.

We see that W is a Brauer weighting since w, = gﬁ, and hence ord(p) = m(p). If
(Aw, 0w, my) is the Brauer covering graph associated to W, then, for each vertex ug in Ay,
mw (pa) = m(p)/ ord(p) = 1. It follows that (Aw, 0w, my ) has the desired property.

Noting that if (A, 0,m,q) is a quantized Brauer graph, the above arguments can be extended

to the following result.

Proposition 6.4. Let (A,0,m,q) be a quantized Brauer graph. Then there is a finite abelian
group G and a Brauer weighting W: Za — G of (A, 0,m,q) so that the quantized Brauer covering

graph (Aw,ow,mw,qw) satisfies mw (1) = 1, for all vertices p in Ay .

6.5. Our next application is the removal of loops.
Let (A, 0,m) be a Brauer graph with n loops, labeled ¢, ..., ¢,. Let p be an integer greater than
1 and let G = [[,_; Zp, where Z, is the cyclic group of order p with generator g. For k =1,...,n,
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let z; = (id,...,id, g,id,...,id) € G, where g occurs in the k-th component. For each vertex p in
A, choose one edge, i, incident with p.

We now define a Brauer weighting W: Zax — G as follows. Suppose that (i,j) € Z,. If i is
not a loop, then set W((4,7)) = idg. If i is the loop ¢ and the edge i is the first occurrence of 4
in the successor sequence of i,, then set W((4,7)) = z,. If i is the second occurrence of ¢ in the
successor sequence of i, then set W((i,5)) = z; . It is immediate that w, = idg, for each vertex
w, and hence W is, in fact, a Brauer weighting.

Let (Aw, 0w, mw) be the Brauer covering graph with respect to W. For each vertex p, since
w, = idg and the order of G is p", there are p™ cosets of H,, in G, each of which contains a single
element. Thus, for each vertex p in A, we have p" vertices up; g, ;- - M0 H, e D Aw, where
1 is an edge incident with p. These vertices are independent of the choice of i, see Section 3. To
show there are no loops in Ay, consider the loop ¢; at the vertex v in A. For ease of notation we
set £ = /). Let h € G and consider ¢;, and Eh, where ¢ and ¢ are the first and second occurrences
of ¢ in the successor sequence of i,. We show that £} is not a loop in Ay,. A similar argument
shows that f), is also not a loop.

From the remark after Definition 3.3, the edge ¢ has endpoints v g, ) and Vi H, ) where

v,s]
H,., is the unique coset of H,, in G containing h. From Lemma 3.2, [¢, H,,,] = [{, H, ;] if and only
it H, s = H, sw(¥, é)wg, for some 0 < 0 < ord(v). But w, = idg, and, from the definition of W,
w(¢,?) is not idg. Since H,, , = {h}, we see that £}, is not a loop in Ay .

Note that we could have taken G to be any finite product of n non-trivial abelian groups in the
above construction and each zj to be an n-tuple with non-identity element in the k-th component
and identity elements in all other components.

Summarizing, we have the following result.

Proposition 6.5. Let (A 0,m,q) be a quantized Brauer graph. Then there is a finite abelian
group G and a Brauer weighting W: Zx — G of (A, 0,m,q) so that the quantized Brauer covering
graph (Aw,ow, mw,qw) has the property that Ay contains no loops.

6.6. Our final application is the removal of multiple edges. Let (Ag,00,m0,q0) be a quan-
tized Brauer graph. By Proposition 6.5 there is a finite abelian group G; and a Brauer
weighting Wy: Za, — G1 of (Ag,00,m0,q0) so that the quantized Brauer covering graph
(Aw,, ow,, mw,, qw, ) has the property that Ay, contains no loops.

For simplicity of notation, let (A, 0,m,q) = (Aw,, ow,, mw,, qw, ). Thus A contains no loops.
We say the pair of vertices {u,v} is a-marked if « > 2 and there are precisely a edges with
endpoints p and v. List the a-marked pairs {p1,11}, ..., {ttn, v}, where {pg, v1} is ap-marked.
Note that a vertex in A can occur in more than one a-marked pair. Let G be the product
G =11;_, Za,, where Z,, is the cyclic group of order ay, with generator g. For k =1,...,n, let
z = (id,...,id, gg,id,...,id), where gy occurs in the k-th component. For each vertex p in A,
choose one edge, i,, incident with p. For each a-marked pair {p, v} choose either p1 or v to be the

distinguished vertex of that pair.
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We now define a successor weighting W: Zx — G as follows. Suppose that (i,7) € Z,,. If the
endpoints of ¢ are the a-marked pair {p, v }, and p is the distinguished vertex of this pair, then set
W ((i,7)) = zi. In all other cases, set W((4, 7)) = idg. The reader may check that w, = z* = idg,
for each vertex p, and hence W is, in fact, a Brauer weighting.

Let (Aw, 0w, mw ) be the Brauer covering graph associated to W. An argument similar to the

one given in 6.5 shows that (Ay, 0w, my ) has the desired properties.

Proposition 6.6. Let (A,0,m,q) be a quantized Brauer graph such that A contains no loops.
Then there is a finite abelian group G and a Brauer weighting W: Zx — G of (A,0,m,q) so
that the quantized Brauer covering graph (Aw,ow,mw,qw) has the property that Ay does not

contain multiple edges between any two vertices.
6.7. We combine Propositions 6.4, 6.5 and 6.6 to obtain our final result.

Theorem 6.7. Let (A, 00, mo, qo) be a quantized Brauer graph. Then there is a tower of quantized
Brauer covering graphs (Ao, 00, m0,q0), (A1,01,m1,q1), (Az, 02,m2,q2), (As,03,m3,q3) such that
the quantized Brauer covering graph (As, 03, ms,qs) has the following properties:

(1) the multiplicity function ms is identically one,

(2) the graph As has no loops, and

(3) the graph Az has no multiple edges.

Proof. By Proposition 6.4, there is a finite abelian group G; and a Brauer weighting W;: Za, —
G such that the associated quantized Brauer covering graph ((Ao)w,, (00)wy, (mo)w,, (qo)w, ) has
(mo)w, identically 1. Set (A, 01,m1,q1) = ((Ao)wsy, (00)wr, (Mo)wr, (g0)wr )-

By Proposition 6.5, there is a finite abelian group G2 and a Brauer weighting Wa: Za, — G2
such that the associated quantized Brauer covering graph ((A1)w,, (01)w,, (m1)ws, (¢1)w, ) has the
property that (Aj)w, contains no loops. Set (Az, 02, ma,q2) = ((A1)ws, (01)ws, (M1)ws, (q1)w,)-
Note that ms is also identically 1, for if p4 is a vertex in Ag with u € Aq, then we have ord(u) =1
so that ma(ug) = mq1(u) = 1.

Finally, by Proposition 6.6, there is a finite abelian group G3 and a Brauer
weighting W3: Za, — G3 such that the associated quantized Brauer covering graph
((A2)ws, (02)wy, (M2)ws, (¢2)w,) has the property that (Az)w, contains no multiple edges. Set
(As, 03,m3,q3) = ((A2)ws, (02)ws, (M2)ws, (92)w,). We then note that Az has no loops since A,y
has no loops, and that mg is identically 1 for reasons similar to mo being identically 1. This

completes the proof. O

7. APPENDIX

In this appendix we review covering theory for path algebras and their quotients. For further
information and proofs see [6, 7, 3, 5]. We allow G to be any finite group whereas we assumed that
G is always a finite abelian group in the previous sections.

Let K be a field and Q a finite quiver. Let G be a finite, not necessarily abelian, group. We
begin by showing that if G acts freely on Q, then there is an orbit quiver Q associated to this
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action. Let G act freely on Q. If x is either a vertex or an arrow in Q, then we denote the action
of g € G on = by 9, and denote the orbit of z under the G-action by Z. We now construct Q.
The vertices of O are the orbits of vertices of Q and the arrows of Q are the orbits of arrows of Q,
that is, if a: v — w is an arrow in @1, then a: v — w is an arrow in 0;.

Consider the path algebras KQ and K Q. The action of G on Q extends to an action of G on
the paths of @ and hence to the path algebra K Q. Let I be an ideal in KQ and set A = KQ/I.
Assume that I satisfies r € I if and only if 9 € I, for all g € G. Let I denote the set of orbits of
elements of T under the action of G. It is immediate that T is an ideal in KO. Let A = K@/T
We call A the orbit algebra associated to the action of G on F.

We now show that A is G-graded. We start by constructing a set function W: Q; — G which
we call the weight function on Q induced by the action of G. For each vertex v in Qy, choose a
vertex v, in Qg such that v, € . Let @: ¥ — @ be an arrow in Q;. Then, by the freeness of the
action of G on Q, there is a unique g € G and b € @ such that b: v9¢ — w{ is an arrow in Q;.
We define W (a) = g and remark that W is dependent on the choices of the v,. We see that W
extends linearly to K Q by setting W (v) = idg, for v € Qq, and, if p = @1az - - - @, is a path in Q
with a; € Q1, then W(p) = W(ay,)--- W(az)W (a1). Note that in Section 4, the product for W (p)
is written in reverse order. However, the definitions coincide since G is assumed to be abelian in
that section. This choice of W induces a G-grading on K Q by setting (K@)g to be the K-span of
paths p such that W (p) = g. This G-grading on K Q induces a G-grading on A = KQ/T if and
only if I can be generated by weight homogeneous elements, that is, by elements each of which is
in (K @)g, for some g € G. It remains to show that I can be generated by weight homogeneous
elements.

For this, we recall that » € K Q is said to be uniform if there are vertices v and w in Qg such
that » = vrw. Since every non-zero element of KQ is uniquely a sum of uniform elements, the
ideal I can be generated by uniform elements. Let r € I and v,w € Qg so that r = vrw. Then,
since r9 € I, for all g € G, there exists h € G such that r* = (v,)4er" (w, )k, for some k € G.
Hence, if p is a path occurring in r, then W (p) = k. It follows that 7 € (K Q);, is a homogeneous
element, and hence, I can be generated by weight homogeneous elements.

We summarize the above discussion in the following result.

Proposition 7.1. Let K be a field and let G be a finite group which acts freely on a finite quiver
Q. Assume that I is an ideal in KQ such that r € I if and only if r9 € I, for all g € G. Let
A= KQ/I be the orbit algebra associated to the action of G ont. = KQ/I. Then there is a weight
function W: Q, — G induced by the action of G so that I can be generated by weight homogeneous

elements. This weight function induces a G-grading on A.

We now start with a weight function and construct an associated covering algebra. Let W: Q; —
G be a weight function on Q. We begin by defining the quiver Qu . Set (Qw)o = Qo x G and
(Qw)1 = Q1 x G. We denote the vertices of Quw by v, if v € Qp and g € G, and the arrows of
Ow by a4 if a € Q1 and g € G. The arrows in Qw are defined as follows: if a: v — w is an
arrow in Q1 and g € G, then ag: vy — Wy (4)g. There is a surjection m: KQw — KQ induced
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by m(vg) = v and 7(ay) = a, for all g € G,v € Qp and a € Qq. If I is generated by a set p of
weight homogeneous elements, then let Iy be the ideal in K Qs generated by 7= 1(p). We call
Lw = KQw /Iw the covering algebra associated to W.

The group G acts freely on Qw in a canonical way; namely, if x is either a vertex or an arrow
in @ and g,h € G, we set (acg)h = 4. This action can be extended to an action of G on K Q.
From the definition of Iy, it is clear that r» € Iy if and only r9 € Iy, for all g € G. It follows
that the action of G on KQy induces an action of G on Ly = KQuw /Iy .

The above discussion yields the following result.

Proposition 7.2. Let K be a field, G a finite group, Q a finite quiver, and W: Q1 — G a
weight function on Q. Suppose that I is an ideal in K Q which is generated by weight homogeneous
elements. Then G acts freely on Qw and there is an induced G-action on Ly = KQw /Iw, the
covering algebra of b = KQ/I associated to W.

The next result shows that the above constructions may be considered as inverse to one another.

Theorem 7.3. Let K be a field, G a finite group, Q a finite quiver, and I an ideal in KQ.
(1) Suppose G acts freely on Q and r € I if and only if r9 € I, for all g € G. Then, by

Propositions 7.1 and 7.2, G acts freely on Qw . There is an isomorphism of quivers from

Q to Ow which induces a K -algebra isomorphism from A = KQ/I to Ay = K@W/TW.
(2) Suppose t. = KQ/I and W: Q1 — G is a weight function on Q such that I can be

generated by weight homogeneous elements. Then, by Propositions 7.1 and 7.2, there is

an isomorphism of quivers from Q to Qw which induces a K-algebra isomorphism from
A=KQ/I toTw = KQw/Tw.

We also have the following theorem, which we apply in Theorem 6.2. A proof may be found in
[7, Theorem 2.5].

Theorem 7.4. Let K be a field, G a finite group, Q a finite quiver, and I an ideal in K Q. Suppose
L=KQ/I and W: Q1 — G is a weight function on Q such that I can be generated by weight
homogeneous elements. Give L. the G-grading induced from W. Then the category of G-graded
L-modules is equivalent to the category of Ly = K Qw /Iw -modules.

Finally, let . = KQ/I be a G-graded algebra and let P: KQ — L be the canonical surjection.
Suppose that the G-grading of L. is induced from a weight function. It follows that, if x is either
a vertex or an arrow of Q, then P(x) is in some (KQ),, for some g € G; that is, P(x) is a
homogeneous element of degree g. Our final proposition shows that the converse also holds. The

proof is left to the reader.

Proposition 7.5. Let L. = KQ/I be a G-graded algebra and let P: KQ — L be the canonical
surjection. Suppose, for all x € Qp U Qq, there exists g € G such that P(x) is a homogeneous
element of degree g. Then the G-grading of ¥, is induced by a weight function on Q.
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