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PREFACE.

Intermediste (prepesitienal) legies are,reughly speeking,
prepesitienal legies whiekh lie Wetwesen the intuitienist ana
ciassleal systems.,

Thelr Interest is threefeold:they previde an area of stuay
fer generaiising and systematising results previeusly
restrieted teo elassleai and intuitienist leglec,in an
infermative manner;secondly,many preblems,such as deeidadility,
which are elassieally simple,raise formal diffieulties in the
case of arvitrary intermeuiate systems;and lastly,prebslems
relating te intermediate legies ean eften be gliven an
elegant algebraic fermulatien and selutien.

Intermediate legiecs have been studiea wy,ameng ethers,
DUMMETT , JANKOV,TROELSTRA ane UMEZAWA.

In this thesls ,we present 3 main results en them ,

alressy anneunced in MeKAY [12] ,Eid] ane [14]:

l) every intermediate legie characterised »y a finite
pscudecemplemented lattlee,ls finitely axiematisable

2) every intermediate lesic ebtained »y augmenting the
intuitienist system with s finite set ef elassieally valid,
éisjunction-free werds,is decidable |

3) eertain intermediate legies pessess no axiematisatiens

-—



for whiek the Separatien Theerom ecan ®e preves.

In ssalitien,vwe present a nuuker ef ancillary results ef

varying impertance.

My thaenks are due te my superviser,Prefesser R.L.GOODSTEIN,
fer his censtant kindness and help threugheut my researeh
career. Alse I must thank wmy friend Dr.A.S.TROELSTRA fer a
stimuleting and fertile eorrespendence ever the past 2
years.,

Lastliy,I salute the memery ef STANISLAW JASKOWSKI,
whese werk en intuitienist 1ogie,first teek my faney.

C «GsMecEKAY.
Nerwiek,July,1968.
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1,

Threughout this thesis,"legie" wilil abbreviate
"prepesitienal legie" unless etherwise stated.

Let Cl be the alphabet—?—,&,v,q,(,),A,,AZ,... where
= (1),&(C),v(D) and o (N) are called the cenneetives. The
letters appearing in parentheses will preve useful at a later
stage,and may e considered as the initials ef the cennectives.

A,,Al,...are the atems.

Definitien. A string S is a wers iff there is a finite sequence
of strings §, ,S2 "'Sn:S such that fer i,1<i<n either S‘. is

n ate r S.1s ene ef the £ o> . .
en atem er S.is ene e ferus (% Sk)’(% &Sk)’(% 'Sh) or
1SJ"j’ka<io

Letters P,Q,R (with indices where neg¢essary) will dehote
arelitrary werds. Let H denete the set of words which are
theses of lntulitienist lezlie and let K denete the set eof
words whieh are theses eof classical logic. Beth H and K are
finitely sxiematisable . As axiems ef H we will take the

fellewing:

1) (A (a>8))
2) (4, 7(45A) )= (424, )7 (4,->4,)))



3) ((A'&:Ai)—éA,)
4) ((A,&Az)—vAz)
5) (A>(A—> (4 &4,)))

) (&,>(a,va,))
7) (A7 (A va,))
8) ((A;—>A, > (A=A )->((4 VA )-74))))

9) (A7 A)~7((A7794, )71 A))
10) (Ap> (Ar>A))

aleng with the usual twe rules eof inference ,medus penens andg
substitutien., A finlite sxiomatisatien ef K can be ebtalnea
frem this axliematisation ef H in a variety ef ways. We will
take as eur axiematisation ,that which results ®»y adjeining

PEERCE'S rule
11) (((A77A,)-74,)->A)

We wiii denete these axlematlsatiens eof H asne K hy‘llHand llK.

Definitien, Let X ®e a set of words such that

1) HCcXcK
2) X is elesed with respeet te (wrt.) medus
penens ans substitutien.

Then X is an intermediate legic.



We will denste arbltrary intermedliate legles ¥y the letters

X,Y,Z (with indiees where necessary).

Exsmples of intermediate legles.

1) The set of weras R which are realisable in the sense of
KLEENE-ROSE [20],1s an intermewiate legic distinct frem
Poth H and K.

2) DUMMETT'S [4] 1legie LC,ebtaincd By seding the new axiem
((Ar%?Az)v(Ai%7Al)) to llp*is en intermewiate legic distinet

frem H,K and R.

It wiil Be convenient te have a netatien to denete the
intermediate legic Y ebtained from a legic X By addingA
the verdes g Pz"" as ascditienal sxlems .We write Y as

X(P, B...) foliewing the notatlon ef TROELSTRA (217 .

The fellewing terminelegy wilil alse prove useful:

Definitien. A successer of an intermeaiste logic X 1s a legie

Y such that XCY.Cenversely X is a predecesser ef Y,

Definlitien. An lumediate suecesser ef an intermediate legile

X 1s a legie Y such that XCY and if for & leglc Z,XCZEY
iax holds ,then X=Z er Z=Y. Cenversely X is an immedlate

predecesser of Y,

The abeve definitiens are alse sdue te TROELSTRA.



Just as classieal legic can e given the structure of a
Boelean algebra,se arwitrary intermeaiate legies can ®e given
the structure ef a pseudecomplementes lattice (hencefeorth
abbreviated PL) alternatively known as a pseudo-Beelean
algedra,®y passing te censideration ef their Linsenkaum
algekres. Elementary preperties of PLs are presented in
RASIOWA and SIKORSKI [19].We new present seme notatien ana
definitions relating te these ,for the most part fellowing
TROELSTRA [21]. We nete that eventually we will require
mere general abstrect structurses than PLs. Hewever all the
structures that we will we cencerned with,can we taken te
®e partially erseres sets with a unit element. Any such
structure we will call an algebra. Seme of the folleowing
notatieon and definitiens are fermulated foer algebBras thus

defined,rather than just fer PLs.

Greek letters ﬁ,fy, S,(with indices where necessary) will
#e useda to denote arbkitrary algebras. The lettexnx,will | I:)
reserved for Linden®aum algebras. >\xwill denete the
Lindenkaum algebra of o legie X,andj)thhe subalgeora of >\X
containing enly elements cerrespending te woras with et mest
n distinct atems,which we may. ,witheut restrietlen,assume te

#e teken from the set A A ......A The letter ¢ will

n .
always denete the 2-element lattice. The unit element ef an

algebra ﬁ 1s denetea by 16 ,anad the zero element (shoule it

exist) 1s denotea ¥y O, . In general ,we take the elements

B



of the algebras E,’)/, to be bl,bz,.....ci,c secccce

The direct preduct of algebras ﬁ and y »Will be denetea
by ﬁxy,ana more generally if ZB(Z{Ef'S a set of algebras,
then wo denete the direct preduct of all these algebras by Xg

{“
If all theﬁare isomorphic teo ‘6 sthen we may write this as‘ IE.I

(
Oreered I-tuples will be denoted b b, etc,
P v < 6>¢EI
In adaition to the operation of direct preoduct,we intreeuce

a summ operation for certain algebras.

Definition. By ﬁ-{‘}/,We denote a type of algebra which is

obtainee as fellows, Let ﬁ and )/ ke algebras, >/with a zero
/

element,anda let E be iscmorphic te ‘g s ?/be isemorphic teo ’>//

ana let B?\')llz 15/ = 07,’. Then /Uy/ is an algebra of type ﬁ—})/.

Further we set }?ﬁﬁ:zp ;n ‘5-\- ﬁ:: (n-l-l)‘g) .

The definition abeve cah be extended toe the denumerable case
in a natural manner. w-ﬁwill denote 8(1)\1 ﬁ(z) | ...Uglf
where B is an algebra with a zero element ang

i nﬁ 141) = 1, =0Q, Fi isomorphic te }% for all i
Parnpaty e P :
and b(‘(j)<1 for all i,].

Example » Let fp be the PL of Figl. ana7/ the PL of Fig.2. Then
B-t?/ is the PL of Fig. 3. |



Plg.l Fig.2 Fig.3

Remark. The sum ef algebras thus defined,is a speclalisation
of the netien of the oreinal sum ef pesets. The "abserptien”
of elements ,which eccurs in eur definitien of sum ,1is
teehnically cenvenient,singe it allews us te dispense with
algebras centalning only one element,which would net

characterise,in a sense te ®e defines,any intermeesiate lezic.

The netlens ef isomorphism,homowmerphism,subalgedra ete.

will ®e used in their accustemed way. The 1etters<}),1P,G,Tf,g,h

enip
will we used fer meppings. Tz If 'Q}P')/—-?

of ﬁ ,then ﬂJ-tB:F {c:’\t(c)é B&CE')/}

The letter @ will we usea for cengruence relatiens., Cengruence

ﬁ and B is a subset

¢lesses (or cesets) wmed ¢ wiil e deneted by ]hle etac. Where
There is ne ambigulity,we write simply Ib] .
In the next definitien,we treat a PL F:as an erderee system
([ﬁ,u, f\,?,*> where ? is a set and Y, f'\,:?, end ¥ are well

siefined eperatiens en ? .

—

pefinitien. Let ﬁ:[ﬁ,l}, N,=,%7 %o a PL. Then a (PL-) valuatien




en F »is a mapping cb from the set ef weraus inte F such that

$ (Paq) = B(PIN Q)
& (pva)= rIud@)
$ (Br2)= d(EIFH@

b (<) = b(e)*

fer 211 wersas P,Q.

Definitlien, Let E 9e a PL, If fer every PL-valuatien <‘j en \B
<¥(P)= 1§,then we say that P 1s valld onlg .

Definitien. A PL ? is salde te eharaeterise an intermesdiate

legic X if P X iff P is valid onF .In this case we may write
X as X()B).

Definitien. An intermediate logic X 1s sale to Wwe finite iff

it ean Wwe characterised By a finite PL.

Remark. In connectien with the last definitien,it sheule be
notes that the intermesiate legie X () is finite although
the PL 0(“ is clearly net finite . This is the ease ,since
it can Wwe shewn that X(X°)= X(xX) = K.



A

In this seetien we preve an impertant representation
theerem fer PLs which allews us eften te replace an arkitrary
PL ®y an "equivalent " set of PLs ef a certain restricted
type.

The fellewing definitiens end lemmas are well knewn fer

PLs,( see e.g. RASIOWA% SIKORSKI[19] cep 1,13 ), Wut we

inelude them fer cenvenlience .

pefinitien. Let ﬁbe g PL,ensd F a subset of ﬁ such that

1) lsGF ane 2) if ‘n(.eF, b(-:?b\‘.EF then th F. Then we say
that P is a filter ofE . If F%ﬁ,then we say that F is
preper. A filter F is principal iff there is an element

b‘-EF such that fer all elements BEF we have that :,{: hJ-

Lemme. Let ﬁ e a PL,F a filter of ﬁ Define the reletien
0 on F »y sotting b; 0178 B EF and b B EF. Then O

is a congruence relatien en ]6.

Remark . Q 1s called the congruence relatien determined ®y F
ane we write ﬁ/F fer the quotient algewre ﬁ/@ te indicate

this.

o™
Definitien. Let F, ?Z e PLs and h: EJFZ ke a hemomerphism.
1
Then the subset ker(h)= {Beﬁ th (h‘.)-: lFE is called the kernel
of the homomerhhism h.



oo
74 Lemma. Let ? ’ ﬁ #e PLs and h:ﬁ—) ?be a hememerphisu.,
—_— 17 g { 7
Then the kernel ef h is a filter.

owho
J.3 Lerma. Let ﬁ R é ®e PLS and h: ﬁl v FZ ®e a homemerphism. Then
ek 1 |

h is an lsemerphlism 1iff ker(h) =§1$¥ .
i

o
J4 Lemme.. Let ﬁ ’ ﬁz be PLs and h: ﬁ-—? Pz ®e a homemerphism. Then
the quetient algedbra ﬁ/ker(h) is isemerphic te qunier' the
mapping Cl) swWhere Ct)(‘bc"): h(‘?), b‘-e ﬁ

We new pass te censleeratien eof sukdirect preducts. The

general method invelvee is due te BIRKHOFF[l].

Definitien. A PL ﬁ is sale to have a representation as a

subdirecet preduct eof a set ef PLs fﬁ-g(e]'iff there 1s an
embedding h: ?———) Xﬁ‘ such that the preduct hemomorphisms
g = hO'ITc. ,ho'ﬂ".: B-—\,(EI are ente where ‘H: denetes the prejection
homemerphism frem )%ﬁ-into E_.

11

Definitien. A PL ﬁ is subairectly readucible 1ff there exists

a representatien ef 5 as a subdirect preduct eof algebwras
{ﬁ'zéel such that each ef the hememerphisms g, is preper.
In this case we say that ﬁis subdirectly reaucikble te the
set of PLs ¢ .
iﬁiel
g is said te be subdirectly irreducible iff it 1is net

regqucidle.
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Examples. The PL ﬁi—o(H(zis subdirectly reducible te the set ef
PLs centaining just 2 ceepies ef the PL, 2« .Eaech cepy is a
preper hememerphic image of l.’) s and ﬁ is alse embessable in
the PL (,?o() under the displayed mapping( Fig. 4). On the ether
hend the PL o« is subdirectly irreaucible,since the enly
preper hememerphic image of 20( is & . But (Ze( cannet be
embedeacs in any direct pewer ef o« , O(K, since if'-*:? bé- =1

o('K
for all », and K , But this is false fer I« .

K+« (Lx)*

Fig. 4,

We nevw preve seme lemmas en subdirect preaucts.

25 Lemma. A PL P is subdirectly reducivle te PLs 3p; dle[1ff
there exist preper hememerphisms 1;1, E"? ﬁ' such that for
every element ‘Iéﬁ ,b=}=1b ,hc,(b)% 1& for at least ene i,
Preef. Suppese that F is subdirectly reduclikle te the set §E§céir

By definitien,there are preper hememerphisus g;,::hoTr; ﬁ——? g.where

h embeus Ein Xg and the Tr' are the prejectien homomorphisms.

Suppese that fer all i,there is an element ® & E such that

e(0)="T (h(s))= 1, -Then h(h)~(1F>i€I ane thus K(k)=h(lg).

But h is an isemerphism and hence By a previeus lemma



d.5.

b,

259 b""lﬁ .

Conversely suppose that there exist preper homemoerphisms
hc-: ﬁ i‘@ﬁc such that for every element heg ,such that b# 15
k%(h)s lgifer at least oene i, Consider the mapping h: E - ¢'>€<:€_(
given by h(b)=‘<hc.(b)>‘,€1. It is elear that h is a homomorphism
of E inte >< g(; o« Also by definition ef h,we have that
ker(h)wglﬁc.ejiience By lemma «.3 ,h is an embeduing ,which

cempletes the preef.

.Corollary. Let {F(:'ZC&‘I be a set of proper filters in a PIL E

swech that ﬂFL ={1$§ . Then g is subdirectly reducikle te
CeL
the set ef quetient algebras g P.C.
© d ¢ { /cgcéI

Preef. Each E/F‘- is a preper homemerphic image eof ﬁ Suppess

B and b 1) .Then for some F.,say I b#F .Hence h.(®#)F 1,/
E‘g: 4’ ? ¢ ’ v J ] J J( % ﬁ/%
where hJ»is the hemomerphlism frem g ento @/F, .Hence by the

J

previeus lemme,the corellary fellews.

Lemma. A PL is subdireetly reducible iff there exists a

set of preper filters i%g'eI in g,such that ﬂ F} = §1F§°
¢ (el

Precf. By the above corellary ,if there exists such a set,
h then ﬁ is subdirectly reducible. Conversely suppose that
IZ is subdirectly reducible te a set of PLs fﬁ-{({l. Then each
EL‘ is a preper homoemerphic image of ﬁ Hence fer each 1,
there 1s a preper filter Ft of g such that 7g/}.’;‘ is isomerphic

tn —
te gc' . Let & be the isemerphism g: ?2—}5/6 and hL- the
¢t i
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<&,

hememerphism t% ﬁ——a E.For each element beE , B :/:15 we have
that h,(b)rflg_fer' seme i. Hence gc(ht(b)).f: 15/}; and thus
¢ (

4
bé F; .Hence b¢ (QFC‘ ane thus QIF‘ = lﬁ sQED .«

Theerem. A PL E) ks subdirectly lrreaucikple iff ﬁcontains
oot
an elementcojllﬁ sugh that fer all elements b[ c ﬁ such that

bL:l-l‘%, Wb,

Proof. If 6 centaing an (y-element,then for every set of
proper filters gFg of B ’ ﬂF:/: 1§,anﬂ hence ®y the
C>€1 et ¢
foregeing lemma, E is subdirectly irreducible.
Conversely,suppose that 5:%1‘5 ,opgugb(%‘qwhere no B is
greater than all the others. Censider the set of cerresponding
principal filters ’Fb- . We have that m F .= 1§. For suppose
¢ ex ¢
not. Then there is an element ¢y such that wWE anc and hence
’ (¢

W e Fb_ror all i. Hence ié 4 fer all 1. Centradiction.

¢
Since ﬂF =1, , is suwdirectly reducikle. te the

er b~ TP

PLS {F /Fbjéel—.

on the ®aslis of this theeorem,ve intreduce the next definition,.

Definitien, A PL @ is strengly compact iff it 1s of type '>/+0(,

y arbitrary. Alternatively, ﬁis strengly compact 1ff it

containg an Q) -element in the sense of the theerem.
We new present our fundamental representation theerem :

Theorem. Every PL % is subdirectly reducible to a set of

12



strengly compact PLs.

Proof, It will suffice to show that every PL 513 subdirectly

reducibie te a set ef subdireetly irreauclible PLs.

Let B be an element eof ﬁ s B % 1'3) . Let ? #e the set of
filters ef #% which do net centaln b,partislly ersered by
inclusien, The unit filter {1& € § . Further the sup of
any ¢hain in Eé is a filter ef E) which dees not centain
®. Hence ®»y ZORN!'S lemma ,5? contains a wmaximal element
which we denete by Fb' Let gfagq@e the set of all such filters,
bﬁ{: 1(3 . QT Fb( == El{ég . Hence By lemma v?é. R ﬁ is
subdlrectly reduciBle te the set of quetlient algebras
gB/Fbg?CGI'

It remains to shew that each quotient algebra @/Tkjis
subdlrectly irreducible. Let h be the homemerphlsm v
h: B —> E/FLJ sand let f ®e & non-unit filter of the quetient
algekra Q/FN . Consider the subset of % s h"Tf] . h4[$]
is a filter whiech contains F%.. Further since f 1is net the
unit filter,there is en element h(B)E E/de. such that
h(hL.)Ef ane h(‘?)%h(lﬁ). Hence b€E h—\[f_] ,but b%FbJ‘ . Thus
h™([£]1DF, . But since ¥, is maxinal ,We have that bjg,h“[f]
and henc; h(%)ez f . We have shewn therefore that every
filter @£ £ in the quotient algebra F)/de, cantains
the element h (3) and thus the intersection of any set

of these filters must centain it as well . Hence by lemma

J.6 » g,ﬁl, is subdirectly irreducisble,and our theerem is
J



establlished.

Remark., The above representatioen theorem has been proved fer
PLs .In fact,it carries over te all the algabras we will

be concerned with ,in thils thesis . The definitien of
"strengly cempact " in terms ef a stvucture with an

L) -element ,remains unchanged.,



3e We new apply our funesamental representation theorem
to the stuay of intermesiate lesgics.
First of alli ,we preve a theerem which gives a syntactic

characterisation of finite logics.

3,1 Lemma., Every intermesiate logic X(?)) can be characterisee

by a set of strengly cempact PLs.

Proof. By the funsdamental representatien theerem , 5 is
subairectly rceucible to a set of strongly coempact PLs
%gcgéél' Suppose a wordg P 1s valid on B « Then since each

ﬁ, is a homomorphic image of g,P must be valie on each F‘
ene hence on their direct product. Conversely,if P is
valie on each @ ,then it is valid on the product algebra
XE( , ana thus en the subalgebra h(?) sWhere h is the
erﬁleadin: of F in (X P‘l .Hence P 1s valid on ‘3.

€

Definitien, If M is a set of streongly compact PLs which

characterise an intermeaiate logic X(?),We call M a

characteristic set of X({S).
Remark. In genorael M is not unique,feor a given X(ﬁ) .

37 Theerem. An intermeaiate logic X(P) is finite iff the wore

E & X(%) for seme n,n>2 ,where

B = (A28 )V(AA )V eeeen e (AcoA))

VAA IVeeieennea  (B504,)

LN 2 @ 0 00 %02 0 0988 000

v (A.5A))



33,

ane (A<4~)AJ-) abbreviates ((A(%%- )&(AU.—>AL. )).

Preof, It is well knewn that if x({g) is finite,then E“exq%)
for seme n)> 2. Suppese conversely that E&EX(B) for some ny2.
Let M be a charcteristic set fer X(F). E, 1s velie en each
member of M. But khen there can be no member of M with

k> n-1 elements. There are enly a finite number ef eistinct
strongly cempact PLs with k< n-1 elements,end so M has only
a finite number ef members ,each of which is finite., Let
7’be the direct proguct of all the members of M. We have
that X(y)= X(f),ana so X(B) is finite .QED.

The next theorem allews us teo give a useful characterisation
of the intultienist logic H,in terms of a sequence of

explicitly axiemeatisea ,finite legics.,

Theorem. The sequence eof finite legics H(En),n::5,4... is
characteristic for the intuitienist legie ,H.

PRg¢of. It 1s clear that if P& H,then Pc:H(Eh) for each n=3,4..

Suppose c¢enversely that P¢H. Then since H has the finite
model property (FMP) ( see HARROP[?],far & discussien of

this property,esns its relevance fer the study of prepesitional
logics),there exists & finite intermediate legic X(ﬁ) such
that R# X(F). Because X(E) is finite,we have that EnEEX(ﬁ)

for some n * 2, Hence H(E, ) C X(ﬁ). But khen Pﬁé H(En)‘

16
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Remark, Fer n>2,H(E“):X(y),whePe y ig the direct preeuct of

all strongly cempact PLs with less than n elements.

34 Theorem, Every finite legic X(ﬁ) has o finite number ef
pttaiaielidend

successers,

Proof,. Since X(t%) is finite,E & X(ﬁ) for some n>2. Cheose
the least n such that EEX (). Zhe Let M be the characteristic
set of X(@) which centains all Strongly compact PLs which
satisfy the aXxioms ef X(F),anﬂ which have k<n elements,

If X(ﬁ) is an arbitrary successor ef X(F),then every
strongly compact PL which satisfies the sxiems of X(ﬁ)

must alse satisfy the axioms ef X(F)). Hence if N 1s the
characteristic set of X(ﬁ) which coentains all strengly
compact PLs which satisfy the axiems @f_X(ﬁ),We have that

N < M. But there are at moest a finite number of distinct
subsets of M,and hence there can ®e at mest a finite number

of successors ef X(F>).

3.5 Theerem, Every finite intermediate legic x(ﬁ) is finitely

axlematisabkle.

-I-Proef. H(E“)EX(‘%) for seme n>2. If H(En)%x(ﬁ),then there

is seme word P such that P‘EX(]B) and g%H(En). consider the
intermeaiate logic H (E,,P). If H(En.Pl)%X(F) then there is
a verd Pj\such that PzEX(E%) and Plé,%H(En,P| ) But this appreximatioch



procegdure must terminate after a finite number of stages,
otherwise we determine a strictly increasing infinite sequence
of successors eof H(En) thus centrasicting the previous

theorem.

Remark, This theorem was first announced by D.H.de JONGH.
His proef has not yet appeared. However,DR.TROELSTRA
has informea me (persenal communicatien) that it is quite

different from the ahbove method.

(3
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4,
The main ebject of the present sectien is te preve a

generalisation ef a theorem of DIEGO [ 3| ,which wili allew

us subsequently to eatablish the decleability ef a wide class
of intermediate legics. Te this end,we intreduce mers
restricted classes of woras and certain restricted types of

intermeddate leglics basee upon then.

Definition, A word is en I (resp. IC,IN,ICN) wora iff it

contains enly the cennective(s) I(resp.I ana C,I ana N,I,C

and No)

Definitien, Let X be an intermediate legiec and XIthe set of

I words belenging te X. Then %Lis sald te be the I fragment
of X.

IN,IC and ICN fregments are defined and eenoted analegeusly.

Definitien., A set ef I words X 1s an intermedieste I logic iff

1) HIQXQKI

2) X is closed wrt., medus ponens ane substitutien,

Intermeaiate IC,IN ana ICN legics are definea analegously.
As indicates in sectioenl,we require mere general structures
than PLs te provide algebras which will characterise these
new restricted intermediate legics. These will be callea
I algebras,IC algebras ansd se on, This terminelegy 1is due

te ALFRED HORN [8] where en acceunt of the preperties of
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‘these algebras is set out, For the cenvenience ef the

reasger,we summarise seme of his de¢finitlens and results here,

Definitien., An I-algekra @ ls an erderea triple @::(E,lg ’ ';>>
where {%is a set,lg is an element ef ﬁ and :.> is a-binar'y
eperatzan defined on ﬁ such that fe;all elements

b, ,b of(ﬁ -
IR IR} I

1) if 1?1312:‘—1 ,then b1: 15

b
2) 1f ®, S8 =b b =1g,then b= >
3) (826,55 )= 1g

4) (0, (5,%9)) 2 ((075,)F (2:30,))) = 1¢

z

Remark. An I alge®bra g can be given the structure ef a

- partially erdercd set by defining blé_bJ— ire bc:)ébJ:l
for all elements b, ,bJ efﬁ . However in general the structure

of ‘5 as & posel does net setermine the eperatien :')uniquely.

Example. Consider the peset 0(2—&-0(. We may take :> as the

eperatien of relative pseude-cemplementatien en Ky jer
we take it as the operation defined by the conditions

b, > b =1 if b £1b,end is equal to b etherwise. On beth
these interpretations,conditiens 1-4 in the definition of
an I algebra are satisfied, put the resulting I algebras

are net equivalent,

Definitien. An IN algebra(3=([?>,1g,%,'¥>is an I algebra




2y

with an ssditiconal unary eperation '* such that

X
((bH0,)> (5 bF)3 8))=1g ann (35 Fb.))=1p ,for
all b:.’ bj of F o IC,ICN algebras are defined in an analegeus

manner.

4| Theerem. An IN algebra ?:(ﬁ,lﬁ,i?ﬁ@is an I algebra with a

smallest element O_,and an eperation defined:by bj‘:bL '-‘?OF .

B

Cenversely any such I algebra is an IN algebra,

Definltion. A semi-lattice 1s a poset such that any 2 elements

b",bj have an inf, bl./\bc-). A semi-lattice is relatively pseude-

couplemented 1ff for any 2 elements B, ,b -,there 1s an element

J
= < b. < ).
( bt_ybj ) such that b Nb, < B iff g,_(bﬁn{,)

4] Theerem, An IC algebra is a relatively pseudo-complemented

seml-lattice ane cenversely.

Remark. It fellews frem the above theerems that an ICN algebraF

1s a relatively pseude-complemented semi-lattice with a least

element OF ,and a unary operatien ¥ defined by bj( =bL%O.

?

Before preving eur principal theerem ef thls sectien ,
we intreduce a useful definition,ana some lemmas stemming

from 1tc

Definitien. Let %:(g,:?,ﬂ,*)be an ICN algebra. Then we denote

by &’:{P’t -f,—n"',**}he strengly cempact ICN algebra obtaines

from ﬁ—,by interpolating a new @W-element Between 1, and the

b
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ether elements of .

Similarly if $:<E”:>’ f\,%)is & strengly compact ICN algebra,
We denete by K-_—(g?;?", (\',>F> the ICN algebra get by deleting
the W- element, We remark that ﬁﬁis a sub- ICN algebra ofﬁ.

The fellewling leumas are obvieous,

4.3 Lemma., (B+)"= E
4.4 Lemma, (B’)+= p where ﬁ is a strengly compact ICN algebra.

In aseitlien we have

4SLemma. If 5 is a strongly compact ICN algebra,and Gn(ﬁ) is

a set of generaters fer % ,then cdgé Gn(ﬁ).

PRoef . Suppose contrary te the lemma,wpqé Gn(‘é). We then have
that Gn(ﬁ)S B—?&;E.But ‘HQFN'S a preper subalgebra of ﬁ sunder
the eperatiens = ,/\, ans ¥ of F . Hence Gn({?,) does not

generate ﬁ . Contrasiction.

We are now in a pesitien te preve our generalisation of DIEGO'S

theerem,which he proved for I algebras in [3] .

4,, Theorem. Every ICN algebra ﬁwith a finite number of generators
is finite.

Preof. By inductien en the number of generaters ef ﬁ

Suppese that Ehas one generater B . The the free ICN algebra 7/
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with one generater,has é elements,namely b, ,bl’“,bﬁ‘*,

BH¥Sb, BN, b, .

ﬁis a hememerphic image of7/ sans hence centains k< 6 elements.,
Suppeose then that every ICN algebra with n generaters is finite,
and consider the ICN algebra f) with (n+1) generaters

b, ’bz"'”bn’bmr Analegously te our fundamgntal representation
theorem fer PLs ,we can show that g is subdirectly regucibkble
to a set of strengly compact ICN algebrasgﬁ.ziq. Since By definitien
of subeirect rewucibility 6 éan be embedecd in E(_- s,in erder
to show that g is finite ,it will suffice te shc;we that 1) esach
ﬁ.is finite and 2) that I can be taken te be finite,

As te 1) if %G{ﬁ. (¢ T then .g 1s a hememerphic image of ﬁ
and hence 1s generated by the set Gn(p)~ {h(b) h (b)....h (b}}
where hJ is the homemorphism frem B ontoﬁ Further' Since%
is strongly compact,we have by lemma 4.5 that a)‘;e:(}n(ﬁ
consider the algebra 5_‘. Since a)g ¢ g— g‘; is generates by
e set of n generaters ,anel hence by the inductien hypethesis,
is finite. Obviously (B) is finite if B is. But by lenmma 4‘}
( ‘Z, )T ﬁ ,which cempletes the preos ot 1).

We ebserve that thedabeve proof provides us with a simple
primitive recursive beund on the size ef the quetient algebras
{6‘,2&.1 ,in the representatien ef g as a subeirect preauct
€f the {@«Lgiq,_where {3 is an ICN algebra with n generators.

Let f(n) be the numker of elements in the free ICN algebra with

n free generators. Then each ?)\)-E;‘ig}{egas at mest £(n)+ 1 elements.
L
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From this ebservatien it fellews that I can be taken te be
finite,since there can be at mest a fimite number eof distinct
(1.6, nen-isomorphic) ICN algebras with k< £f(n)+ 1 elements.
In fact,as we shall preve later,every finite ICN algebra is
e distributive lattice. It can be shoewn that there are at
most 2‘2‘n non-isemerphic distributive lattices with at most
n elements and a fertiori there can be at most 29‘“ non-
isomerphic ICN algebras with at mest n elements, This gives
us a primitive recursive beuna for the size of an ICN algebra g
with n generateors. E will have k £Zg(n) elements,where g(nj
is defined primitively recursively by the cenditiens g(l) =4

(n)+t

g
g(nt1) =pf® e (m)+1), expab)= b*

4{.| corollary. Every I,IC and IN algebra with a finite number of

generators is finite ,with primitive recursive bound.



We new apply these results to the study of intermediate legics.

5.0 Theerem. If X is an intermediate ICN legic,then X has the FNP

and hence if X is finitely axiomatisable ,it is decisable.

Proof, Suppese that a vers P#ax. Then if P contains at mest
n distinct atems, lP]%:%A“.By ourgeneralisatien of DIEGO'S
result, ){;13 finite,since 1t 1s generated by n elements.,
Hence X has the FMP,ana hence by the result in HARROP [6_]|
if X is finitely axiomatisable ,1t is decldable. Indeed X is
primitively recursively decldable,for we need test P enly
on all those ICN algebras with k & g(n) elements,which setisfy
the axioms of X,where g(n) is the primitive recursive functien

defined in the theerem.

S.{.[ Corellary. If X is an intermediate I,Ic or IN legic,then X
hes the FMP and hence if X is finitely axiematisable then it

is decieable,

Remark. The abeve theerem and corellary generalise and complete

£inally the work of BULL[2] .

Rem&erk 2. The sbove method ef proving the decidability ef

finitely axiomatised intermediate I,IC,IN and ICN legics cannet
be extensed in general te the case of intermediate ID logics
(where we define these in an ebvious way) or therefore teo

intermediate logics in the unrestricted sense. Let P‘(Al,AL)==A‘
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Bp (Ayahy) =A1,P1n+|(A| B 1= GV By e JV] (f‘ A= "ixlr
forn 1l,2....These words ere all nen equlvalent,as is seen
from NISHIMURA'S peper (18] ,if we substitute 44, for A, because
we obtain in this way all words with one atem minus 4(A>4,).
Hence jf;lpis infinite., I owe this reference te NISHIMURA'S

work te DR.TROELSTRA.

Remark 3. In [1] McKINSEY and TARSKI intreduced the cencept

df the reducibility ef a prepesitienal legic. It fellews from
theorem 4.6 ,that an intermediate ICN(also I,IC and IN) logile

is reducibleiff it is finite. This contrasts with the situatioen
for unrestricted intermeasiate legics,e.g. X(}t} is net finite

but it is l-reducible,and thus reducible.

In order to prove the maln theorem of this seetion we require

the fallowling preliminary lemua:

Lemua. Let g be a PL with operations U,N, 3 *,and let‘ybe
a finite sub-ICN algebra ofﬁ . Then 1) ?/ is aPL with operatiens

/ -
U, N, 2, %, and 2) if b ,b,, BYBEY ,then {Ub, = bUb

Proof. 7’ contains a least slement ,namely (bﬁnb'). It remains

to show that any 2 elements b ;% of 7’have a sup with respect
to the partial erdering 1n.y . Let B be the set of upper bounds
of b‘,bzwrt this ordering. Since B contains the unit element

of p »B 1s nen-empty and ebvieously it is finite.Hence {\B exists
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ane 1s the required sup. )/ will not nermally e a sub-PL
of ﬁ ,but frem the definitioen ef unien in )’,2) will be

satisfied.

Theorem, Let X(f)= H(§,R.....} ) be an intermeaiste logic
wvhere all the F’l are ICN woerds.Then X(g) has the FMP and hence

is decldable,

PRoeof . Suppose that a word Q?&X(ﬁ). Then 'Qk% 1AKw?nﬂeP the
natural mapping 4) from the set of words ento ‘Axw). Let
Q|,Q1,.....Qn= Q be the subwords of Q and let F(n) be the
sub-ICN algebra of AX(&) generated by ’Q‘l lel...... lQn' .

By theerem 4Ué F(n) is finite,and by the previeus lemma ,it
is a PL. All the exioms ef H are valid on F(n). In asddition
all the P; are valid on F(n) since F(n) is a sub-ICN algebra
of D\X(e,) . But '[Q\#' 1Fm)by the lemma end the feet that all
the subwords of Q are representeda in F(n). Hence the mapping
C# induces a refuting veluation of § en the finite PL,F(n).
x(g) therefore has the FMP,and since it is finitely

axiomatisable,it must be decideable.

53] corellary. Let x(g)=-H(P sP ,...P, ) be an intermeuiate logic

where all the P, are of the form
(Qc..v Qc-lv. I Q"h?‘ A (Rt-lv IEY“ N 4 R:.',Z
and where the Q[ ’Ri are ICN wordas .Then X(ﬁ) has the FMP

enst hence it is decidable,

27



Proof. Each %fis interoseducible in H with the ICN word Pf
where P [Q > (((R:74, )&...&(R*?A))—?Aﬂ&...
Y. [Q-a(((R—»A)&....&(R —>A ))—=>A )]

whe re %i is an atom new te Pk

Remark. Theorem 5,3 ana its corellary allew us to establish
the decleablility of many of the Intermediate legics treatea
in the literature,in an integratea fashion.We mention sowme
of thesecsthe intermediate loglcs of JANKOV [10], JC ana 11] ;
the intermediate logic LC of DUMMETT [4]; the logics K and
H (in the case of the latter we ada zero extra ICN axiomsl! ).
0f course ,we already know that X and H are decidable ,but
it is perhaps more interesting to sve this as part of a
more general theory.

A naturel question which arises ,is te ask whether every
intermediate logic can be axiomatised with ICN woras,thereby
giving declidability for all finitely aXiematisable ones.

We shall see presently that the answer te this ,is "no".

We conclude this section with a variety of results en
intermediate ICN logics. Similar results hold for intermediate

I,IC and IN 10&108.

54 Theorem. Let C, be the IC wore

"
[ (AR )7 A)&u o & ((AEPA, S Thpy)
E((ASIA)2A &, . & (A0, )4, )
(&..& (Ag—rh )54 ) ]-—> Ant)

RE
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Then an ICN logic X() ie finite iff cﬂex(ﬁ) for some n,nd 2.

Proof. It need enly be observed that Ch is interaeducible in

H with the worga Eh' The proof of Theorem 3.2 then carries over,

Remark, Following from this theerem,we have the analogues of

theorems 33, 34, ane 3.5 for intermesiate ICN logics.

Theoerem. The immealate predecessors of a finite intermediate
ICN logic X(&): H (P, ’Pz""Pk) are finite ,and there are at

most finitely many eof them.

Proef. Let P= (P, &P &...&PK) .Then X(g )= H(P) .Suppose that x(g)

is an immediate preasecessor of X(‘) Then P#X(#). Suppose

that P has n atoms ApsA,eeccdd yand let bl ,bl,....bnbe the

elements of @' sassignea to thz A(- in a valuation which makes
P false on @‘ . Let ')l be the ICN algebra generatea by the bL' .
Then 7/ is a homomorphic image ef )HI(N. Hence the characteristic
algebre of any lumediate preaecessor of X(ﬂ) must contain a
homomorphic image of AH for which P fails. But sincse AHT.LM
is finite sthere are at most a finite number ef edistinct
homomorphic images of XLHN,and hence only finitely many for
which P 1s refutable,call them ')/l Yz . ')lF JAny immediate
predecesser of X(@) must Be one of the logics x(@xy),X(gxy) .o
X(ex’)/) For as we have noted,for any imuediate pre@ecessor
X(ﬁ) of X(F) ,,B must contain s hemomerphic image of >\H Nfor
which P fails,say ')/( ,14i £ p. Hence X(F') (= X(yi)° Further
X(F\) & X(&) end thus by the properties eof direct proauct



X(&)C‘ X(ﬁX)/) .But X(ﬂ)()/ )CX(F) .Since X(F is an immediate
preuecessor of X(ﬁ) we must have that X(f)-—X(ﬁX’)’).

30
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6.

The purpese of this sectien is te intreduce the
new concept of streng undefinability ef connectives, and
to investigate the scope ef the Separation theerem in the

domaln ef intermediate legics,

Definitien, Let X be an intermediate legic and {Ot-z(-{la set of

connectives defined for X. Then a cennective O‘~ is saia to

?J-El'jy‘,iff for

every wora P& X which contains the connective oc sthere

be weakly definable in X with respect te {OJ

exists a finlte se¢t ef wordas P, , P,,....Py, in which the
coennective 0': does not eccur ,and such that ‘—P iff ‘-P,’
X X

for all i,14ién.

A connsctive oc is said to be strongly undefinaeble in X ‘"‘tf"jzj’er,g
1ff it is not weakly definable. J#

Remark, The above definition is a modificatien of one formulated

by TROELSTRA end mentionea in McKAY [14] .

Remark 2., It will be observed that in the abeve definitien
we are interested in the interaeducibility ef P with a set

of wores. One might esk if one might make do with single

word ,rather than sets of worus. However this is not possible.

Ccounterexample: consider the wora (A & A?.)‘ It is net(in H )
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interdecucible with a single wora P which does not centain the
connective & . Howover it 1is Interdeaucible with the set of

atoms fA,,Alz.

One may ask what the relatlien 1s between the above concept
of strong undefinability and the notion ef undefinability
due to McKINSEY [15] . The following remarks clsrify this.

If a connective q;is strongly undefinable in X wrt. %(E?je]
then it 1s elso undefinable in the sense of McKINSEY. AL
The converse is not true. Thus the connective & 1s weakly
aefinable Xm¥X 1in H wrt < ,v and q . We can show this by
making use of the equivalences (A,—7(AL&A3)k@?((AraAg&(A{9Ag)),
((a, &A,J-%A})(—?(A‘ﬁ(Az")A:‘)), -\(Al&Az)@(Ap-;Az) and
(8, V(A & ))ev( (A, vA, )&(A vA;)), and finally the fact that
}-(P,& P, ...&P ) iff }P' for all 1,1<i¢n ., However & is not
H ] ) n
MeKINSEY definable in H,

As a further example,we note that the cennective g is
McKINSEY undefinable wrt -»,8& and v ,in K. However it is
weakly definable wrt+-Y,& snd v in K. Fer let P be avorda

/
with the atoms Al’Az""An' Replace each subwore %-of P
of the form -4Q by (Q-?AM),ana let P° be the resulting expressien.
[}
Then the words P and ((Pﬁ94*9—7A“2 are interdeducikle in K.
(+]
Suppese that*;((P-aAHRfaA“%. Replace Aﬁ{by (A\&1A') ahd we
have \— 1P and thus\—P . Conversely, suppose that* ((P"—)A.#"?A ) .
4 K s TR M

In the refuting assigment ef truth values to ((P—vg“%—aAw&,

A 1s assignea the value F,and hence under the same assignment
W



6.1

33

we have a refutatien of 4P and hence of P, It may be noted
that P°and P are not in general interseaucible in K,as one

might be tempted te think. Ceunterexample: take P= (71A'—-> A' ).

As we have seen then,the connective & is weakly definable in

H wrt —7,v, and 4 . What about the ether 3 cennectives?

Theorems The connective = 1s strengly undefinable in H wrt

"?’&anﬂv.

Preof, It will suffice to show that the intermediste legic

H(qA veqA) has the same ICD fragment as H.

Let R be the PL ebtalined By adding e zere-slement to
the RPL, )m . The word (1A vyqA ) 1s valid en)\_‘ ,and thus
H(4A vyqA) & X(X“) But 1f P is an ICD word such that P#H,
then P%X(/\ )e Herﬁ:oe H(qA vy4A ) has the same ICD fragment
as H . The woga (4AveqA ) is therefore not interseducible

with a set of ICD woras in H .

{71 Theerem, The connective -» is strengly undefineble in H

wrt. &,v and q .

Proof. It wlll suffice te show that the intermedlate legic

H( 14> (4,v A;)—ﬁ(-;A,-—»Az)v(nAlﬁAs)) has the same CDN fragment
as H,
It 1s shewn in KREISEL and PUTNAM [ll],that the above intermediate

legic 1is prime,i.e. it has the Udisjunctien preperty"
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f—Pv Q iff f? or F-Q « Now it can be shown by a simple
inductive proof that any CDN word P is equivalent teo a
disjunctien of CN words,Pl,Ia,.....Pﬂ. Hence P 1s provable
in the KREISEL-PUTNAM logic KPC,iff mﬁ-for some 1 ,141i4n,
and thus by the theorem of GODEL-GLIVENKO (5] ifflaP[ for some
i. But bhis 1s the case iff }P since H also is prime,

Hence KPC and H have the sam;lCDN fragments. Our theorem

then fellows as before,

The enly remalining case te consider is the connective v .

We shall shew that it 1s also strongly undefinable in H,
but in order to de this ,we require te make an interesting

detour,

Definition. Let X(g) be an intermediate logic. An exicmatisation

H(P.Pz...Pu)='X(g) 1s seid te be normal iff each P.contains

only occurrences of —? and at most one other connective.

Definitien. An intermediate legic X(g) is normaligable iff it

possesses a normal axlomatisation.

Definitien, X(g) is sald to be separasble iff it pessesses an

axbomatisation for which the Separation theorem (see [8] )

can be proved.

_.Remark. The significance eof normallsability lies in the fact

that an intermediate logic is separable only if it is

normalisable.,
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The fellewing questien naturally arises: is every intermediate
logic normallsable? We shew that the answer is negative.
This contrasts with the fact that the intermediate logics
H,K,X(wX) and the finite limitatiens of the latter X(n¥)

n=<1,2,3.... are all known te be separable ( HOSOI [9]).

£3 Lemma. Let x(@) be an intermeaiste logic such that
(114 v(-nA-?A))?ZX(g). Then 6 contains a sub-ICN algebra

isomorphic to (o()( Qa()-\-o(. (Fig. S )
¥ ¥
Proof. ﬁ contains an element b such that (bu (b —:73)):0(1*;.

It may be checkeda that (O ,b,b* , Yk s (b#=7b),c,1f) is isomorphic

to the ICN algebra (Kx&|H.

Fig. 5.

Remark. It neca not ke the case thsat contains a sub=-FL

isemorphic to (Q(X,-?o()h(. For examplle, (q7Av(71A->A)) 1s net
valid on the PL '>l of Fig. b ,bUtyl does not contain a sub-PL
isomerphic te [o(\(?&)‘h(.
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Fig. b.

Let X(B ) be SCOTT!'S intermediate logic ebtained By sading to
A J g

,thhe new axiom 'ps = (((17A-> A)> (1AvA))-> (T14vA4)) . (See [11] )
Theerem., X(es) is not normalisable,

Proef., X(@S) C H(qAvyaA),and hence by theorem 6. | ,X(Fs)

has the same ICD fragment as H. X( es) 1s therefore nermalisable
iff 1t can te obtained by adding a finite set of IN woras to
2,....) where the P( are
IN words. Since PS is valid eon the PL of Fig. ’

'Q\‘{ .Suppose then that X(@S)z H(P, ,P

(+1A v(-nA—aA))¢ X(Es)‘ Hence és centains a sub-ICN algebra
isemerphic te (u(xﬂ,()'l»g(. But PS is not valie en the PL (0(& Qo()“’e(
Thus seme PL ,say 5 ,is net valid en the PL (o(x&)fo(,otherwise

we have that H(Ps )%H(Pl Pz"')° Since PJ' is an IN word ’Pj

mugt fail on (g()(?u(){-g(,consiaered as an ICN algebra. Hence Py
falls en FS. But khen H(P‘ Pz“'):z. X( 65). Contradiction. Thus

X(@ ) is not normalisable.
S

64| corollary. The intermeaiate logis X(g) is not separable.
' —_— fs

642coerellery, The cennective v is strengly ungefinable in H

wrt > ,& and -+



Remark. A similar methed can be used to show that KPC
is alseo not separable., It follews that the method of
proving decidability set forth in theorem 5,2 ,is not applicable

te these legics.,

Remark 2., The above results can be eBtained in a tetally
~-_—
different manner frem the werk ef MEDVEDEV Cli]en recursive
realigabllity end a related notion. In fact MEDVEDEV has
established the strenger result that the logics X(g )

S

and KPC have both the same ICN fregment as H,

We cenclude this sectien with a theorem which establishes

the separability of a large number ef intermediate logics.

{.5 Theerem. Let X(G) be a finite normalisable intermediate logic.
Then x(@) is finitely separable.

Proof. Let l‘x&)be 8 noermal axiomatisatlien of X(G). Then by

theorem 3.5 ,we can takeoux$)to be finite. Let therefore
lhqﬁ)be the set of axlioms which results frem adding the
words P, ,P .... B to(uH . As in the paper of HOSOI [9] we
wlll define an axiematlisation le of an intermediate legic X
te be I complete 1ff every I wore which is a thesis of X is
@erivable from the I asxioms 0f'¥&° IC,IN etec completeness
may be defined snalegously. *’

First of all ,vwe extend 11X$)t° a finite set ef axioms zlxw)

which 1is I,IN and ID complete,as follows. Since the fragments
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X(g)l’X(g )INand X()B)Ipcan be viewed respectively as finite
intermediate I,IN and ID logics,they are finitely axiematisable.
Let the respective sets of axiems be JJ )‘Az and .213 « Then

the set of axiems 2-(,(“; JIK( )u.U vl Uus satisfles our
stipulatien. In aﬁditien,ax is IC,ICN end ICD cemplete.

Here we make uUse of the fact that the connective & is weakly
definable wrt the ether 3 cennectives., It remains to show

+
that ‘,U is IDN complete, For this we require the lemma

Xp)

Lemma.Let ')/ be a finite IDN algebra. Then ’)/ is a finite PL.

This lemma may be proveg in a manner similar te that of lemma 5.2
Suppose now that an IDN word § is not derivable froum the
+
I,ID and IN ax:boms,@foax&. Let X(S) be the finite IDN logic
defined by these axioms., Such a finite logic can be found

since C/
0N

+ /
is derivable from the I axpoms of [;{ sWhere C“is
the I word ebtalned from the word (}h sin a nﬁ:ural manner.
Q falls on g « By the lemma , 9 is a PL.Further all the
axioms eof )\1:(-“ satisfy a_ . This 1s ebviously the case fer
the I,ID and IN axioms. Once more using the fact that & is
weakly definable in H, we have that all the remaining axXieoms

of o(lx(s\)are valid on X as well Hence Q% X(g) and so the

X(6)

éﬁ.lcorellary. The sequence of logics H(C':) n 3,4... are all

axiomatisation }1 is IDN complete.

.finitely separable.



Remark. In connectien with a conjecture ih HOSOI [9] we

A —————————

/
note that for the legics H(Ch ) ,n L,the connective v

~1s not McKINSEY definable in terms ef the ether cennectives.

39
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On the basis of the present work,the follewing epen problems

arise.

1) Do all intermediate logics have the FMP ¢

2) Are all finitely axiomatissble intermediate logles
decidable? If the answer te 1P is yes ,then of ceurse
the answer te the present question is positive. As teo
the cenverse, there exist logics which are decldable but
which de not possess the FMP.

3) Are all intermediate logics finitdly sxiomatisable?
AJA.MARKOV Informea me that his student JANKOV has
answered this question in the negative,but ne prooefs
have as yet appeared.

4) Does every prime intermeaiate logic have the same ICN
and ICD fragments as H ? 1Is the cenverse true ?

Both are true of the prime intermeaiate legics knewn.



4]

Referenaes.

1. BIRKHOFF,G.,Subdirect uniens in universal algewras,Bull.
Awver.Math,See.,50,764-7(£8, (1944) .
2. BULL,R.A.,Some results fer implicatienal ealculi,Jjsr,29,
(1964) ,33-39.
3. DIEGO,A.,Sur les algebres de Hilwert,Cellectien de legique
natematique,Serie A,No 21,Paris,1946.
4, DUMMETT,M.,A prepoesitienal ecaleculus with denumerable
matrix,JSL,24, (1959),1-13.
5+ GLIVENKO,V.,Sur quelque peints de la legique de M.
Breuwer,Acad .ROoy.Belg.,Bull.class.seien.,
ser 5,15(1929),183-188.
6. HARROP,R.,0n the existence ef finite medels and deeisien
pregedures,Prec.Camd.Phil .See.,54, (1958),1-13.
7¢ == == , Seme strueture results fer prepesitienal
caleull,JSL, 30, (1965) ,271-292,.
8e HORN,A.,The separatien theorem of intuitienist
prepesitienal legie,JSL.,27(1942),391-399.
9. HOSOI,T.,The separatien theorem fer intermediate
prepesitional legies,Prec.Jap.Aced.,XLII, (196()
10.JANKOV,V.,Seme supercenstructive prepesitienal ealeuli,
Sev . Math.Dekl.,4, (1943),1103-1105.



42

1l1. KREISEL,G. & Elne Unableitsbarkeitsbeveismethede fur
PUTNAM,H., den intuitienistischen Aussagenkalkul,Arch.f.
math.Leg.,3(1957),74-78.

12. McKAY,C+Gs,0n finite legies,Indag.Math.,170(1967),363-365.

13, == == , The decidablility ef certain interumediate
prbpositienal legies,JSL,Fertheeming 19(8.

14, == =- ,The nen=-separabllity ef a certain finite
eXtension of Heyting's prepesitienal leglc,Insag.
Math.,Ferthceming July 1948.

15. McKINSEY,J.,Proof of the independence of the primltive
symbels in Heyting's ealeulus ef prepesitiens,
JSL,4,(1939),155-158.

l . == =~ & Seme thkeerems about the sententisl calcull ef

TARSKI,A.,Lewis end Heyting,JSL.,13(1948),1~-15.

17. MEDVEDEV,J.,The interpretatien ef legical fermulas by
means ef finite prewlems,Sev.Math.Dekl.,7(1946)
857-860.,

18. NISHIMURA,I.,On fermulas ef ene varieble in intuitienistis

prepositienal calculus,JSL.,25,(19,0),327=-331.

19. RASIOWA,H.& The mathematics ef metamathematics,Menegrafie

SIKORSKI,R., Matematyeune,Warszawa,l9L3.

20+ ROSE,G.F.,Prepesitienal calculus and realisebility,Trans.

Amer.Math.Sec.,75, (1953),1-19, |

21. TROELSTRA,A.S., On intermediate prepesitienal leogics,Indeg.
Math.,27,(1965),141-152.



L.’
’ 31
A’

43



Abstract

The main object of the thesis is to investigate a variety of
questions relating to the set of intermediate propositional logics.,
Let H denote the set of words which are intuitionist theses and let K
denote the set of words which are classical theses., Then a set of
words X is an intermediate (propositional) logic iff 1) HcXSK and 2)

X is closed wrt modus ponens and substitution,

Of special interest among intermediate logics, are those which are
characterised by a finite pseudocomplemented lattice. We prove the
important result that every such finite logic is finitely axiomatisable.
This result is one of the many consequences of the fundamental representa-
tion theorem for pseudocomplemented lattices (PLs) whereby every PL is
subdirectly reducible to a set of so-called strongly compact PLs, In
addition we provide a neat syntactic characterisation of finite logics,
and show that H is the 1limit of a certain sequence of explicitly

axiomatised finite logics.

In addition we consider more restricted types of intermediate logics,
in particular intermediate ICN logics, By generalising a result of
DIEGO, to show that every ICN algebra with a finite number of generators,
is finite, we manage to prove that every finitely axiomatised intermediate

ICN logic is decidable with primitive recursive bound. This generalises



O

and completes earlier work of BULL, The same methods are then applied
to obtain a proof of the decidability of all those intermediate logics,
obtained by adding a_finite set of disjunction-free words, as edditional
axioms to H., Xany older results in the literature are then seen to be

special cases of this general result,

We introduce the new concept of strong undefinability of a
propositional connective, and examine its relation to McKINSEY'S related
notion, It is shown that the connectives of implication, disjunction
and negation, are all strongly undefinable in H, whereas conjunction is

weakly definably.

Lastly we investigate the scope of the so-called Separation theorem
in the field of intermediate logics. It is shown that certain inter-
mediate logics treated in the literature do not possess any axiomatisation

for which the Separation theorem can be proved.



