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la te rm em i& te  ( p r * p # 8 l t l e n a l )  l e g l e e  a r e , r o u g h l y  s p e a k i n g ,  

p r e p o s i t i o n a l  l o g i o s  e k i e h  l i e  b e tw ee n  t h e  i n t u i t i o n i s t  an* 

o l a s s i o a i  s y s t e m s .

T h e i r  i n t e r e s t  i s  t k r e e f o l * ; t h e y  p r o r i o e  an  a r e a  o f  s t n * y  

f o r  g e n e r a l i s i n g  an* s y s t e m a t i s i n g  r e s u l t s  p r e v i o u s l y  

r e s t r i c t e *  t o  e l a s s i t a l  an* i n t u i t i o n i s t  l o g i c , i n  an  

i n f o r m a t i v e  m a n n e r ; s e eon* ly ,m any  p r o b l e m s , s u c h  a s  i e e i i a b i l i t y ,  

which  a r e  c l a s s i c a l l y  s i m p l e , r a i s e  f o r m a l  d i f f i c u l t i e s  i n  t h e  

c ase  o f  a r b i t r a r y  i n t e r m e d i a t e  s y s t e m s ;a n *  l a s t l y , p r o b l e m s  

r e l a t i n g  t o  i n t e r m e d i a t e  l o g i c s  can  o f t e n  be g i v e n  an  

e l e g a n t  a l g e b r a i c  f o r m u l a t i o n  an* s o l u t i o n .

I n t e r m e d i a t e  l o g i c s  have  b e e n  s t u d i e d  by,among o t h e r s ,  

DUMMETT,JANKOV,TROELSTRA and UMEZAWA.

I n  t h i s  t h e s i s  ,we p r e s e n t  3 main  r e s u l t s  on them , 

a l r e a d y  announced i n  McKAY [ i s ]  , [ i s ]  an* [ l 4 ] s

1) e v e r y  i n t e r m e d i a t e  l o g i c  c h a r a c t e r i s e d  by  a f i n i t e  

pseUdocomplemented l a t t i c e , i s  f i n i t e l y  a x i o m a t i s a b l e

2)  e v e r y  i n t e r m e d i a t e  l o g i c  o b t a i n e d  by augm en ting  t h e  

i n t u i t i o n i s t  sy s tem  w i t h  a  f i n i t e  s e t  o f  c l a s s i c a l l y  v a l i d ,  

d i s j u n c t i o n - f r e e  w o r d s , i s  d e e i d a b l e

3) c e r t a i n  i n t e r m e d i a t e  l o g i c s  p o s s e s s  no a x i o m a t i s a t i o n s
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f o r  which t h e  S e p a r a t i o n  Theorem can  he p r o v e d •

I n  a d d i t i o n , w e  p r e s e n t  a number o f  a n c i l l a r y  r e s u l t s  o f  

v a r y i n g  i m p o r t a n c e .

My t h a n k s  a r e  due t o  my s u p e r v i s o r , P r o f e s s o r  R.L.GOODSTEIN, 

f o r  h i s  c o n s t a n t  k i n d n e s s  and h e l p  t h r o u g h o u t  my r e s e a r c h  

c a r e e r .  A lso  I  must  th a n k  my f r i e n d  Dr.A.S.TROELSTRA f o r  a 

s t i m u l a t i n g  and f e r t i l e  c o r r e s p o n d e n c e  o v e r  t h e  p a s t  2 

y e a r s .

L a s t l y , I  s a l u t e  t h e  memory o f  STANISLAW JASKOWSKI, 

whose work on i n t u i t i o n i s t  l o g i c , f i r s t  to o k  my f a n c y .

C.G.McKAY.

N o r w i c h , J u l y , 1968 .
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1.

Tkrcufikout  t h i s  t h e s i s , " l e g i c "  w i l l  a b b r e v i a t e  

M p r e p e s i t i e n a l  l e g i e "  u n l e s s  e t k e r w i s e  s t a t e s •

L e t  (X be t h e  a l p h a b e t , & , v , n , ( , ) , A , , A ^ , . . .  where 

( I )  ,&(C) ,v  (D) and (N) a r e  c a l l e d  t h e  c e n n e e t i v e s .  The 

l e t t e r s  a p p e a r i n g  i n  p a r e n t h e s e s  w i l l  p r a v e  u s e f u l  a t  a  l a t e r  

s t a g e , a n d  may be c o n s i d e r e d  a s  t h e  i n i t i a l s  o f  t h e  c o n n e c t i v e s .  

A, , A ^ , . . . a r e  t h e  a to m s .

D e f i n i t i o n . A s t r i n g  S i s  a word i f f  th e r e  i s  a f i n i t e  sequence  

o f  s t r i n g s  S j , S ^ . . . S ^ = S  such t h a t  f o r  i ,  1 ^ 1 6  n  e i t h e r  ^  i s

an  atom o r  8, i s  one o f  t h e  fo rm s  ( 8 ' -> 8 ,  ) ,  (S-&S, ) ,  ( 8 - vS ) o r
j  k j  h  J h

L e t t e r s  P,Q,R (w i th  i n d i c e s  where n e c e s s a r y )  w i l l  d e b a t e  

a r b i t r a r y  w o rd s .  L e t  H d e n o te  t h e  s e t  o f  words which a r e  

t h e s e s  o f  i n t u i t i o n i s t  l o g i c  and l e t  K d e n o te  t h e  s e t  o f  

words which a r e  t h e s e s  o f  c l a s s i c a l  l o g i c .  Both  H and K a re  

f i n i t e l y  a x i o m a t i s a b l e  . As axioms o f  H we w i l l  t a k e  t h e  

f o l l o w i n g :

1 ) (A,->(A^->Aj) )

2)  ((A,-^(A^->A^))-^((A^->A^)->(A^*->A^)))
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3) ((A|&A^)^A, )

4) ( (A,&Ag ) ^ A ^  )

5) ( A , ^ ( A ^  (A, &Ag)))

) (Aj-^CA,  v A ^ )  )

7) (A ^ (A , vA^))

8 ) ( (A ^-^A ^)-^ ( (A ^“ > A ^) -^ ( (A ,  vA ^)->A ^)))

9) ( (A|-^ ( (Aj^-jA^ )-^  n  A) )

1 0 ) (-tA^->(A,-^A^))

a l c n g  w i t h  t h e  u s u a l  two r u l e s  o f  i n f e r e n c e  , modus ponens  and 

s u b s t i t u t i o n .  A f i n i t e  a x i o m a t i s a t i o n  o f  K can  be o b t a i n e d  

f rom  t h i s  a x i o m a t i s a t i o n  o f  H i n  a v a r i e t y  o f  w ay s .  We w i l l  

t a k e  a s  o u r  a x i o m a t i s a t i o n  , t h a t  which r e s u l t s  by a d j o i n i n g  

PEIRCE*S r u l e

1 1 ) ( ( (Aj-^A^ )-^A^ )

We w i l l  d e n o te  t h e s e  a x i o m a t i s a t i o n s  o f  H and K by 11^ and .

D e f i n i t i o n . L e t  X be a s e t  o f  words such t h a t

1 ) HCXCK

2) X i s  c lo s e d  w i t h  r e s p e c t  t o  ( w r t . )  modus 

ponens  and s u b s t i t u t i o n .

Then X i s  an  i n t e r m e d i a t e  l o g i c .



We w i l l  d e n o te  a r b i t r a r y  i n t e r m e d i a t e  l o g i c s  by t h e  l e t t e r s  

X,Y,Z (w i th  i n d i c e s  where n e c e s s a r y ) .

Examples o f  i n t e r m e d i a t e  l o g i c s .

1) The s e t  e f  worms R which a r e  r e a l i s a b l e  i n  t h e  s e n s e  o f  

KLEENE-ROSE ( j 2 0 j , i s  an  i n t e r m e d i a t e  l o g i c  d i s t i n c t  f rom 

b o t h  H and K.

2)  DÜMMETT*S [ 4 ]  l o g i c  L C ,o b ta i n e d  by a d d in g  t h e  new axiom

( (Aj-^ ) t (â£-^A|  ))  t o  i s  an  i n t e r m e d i a t e  l o g i c  d i s t i n c t  

f rom H,K and R.

I t  w i l l  be c o n v e n i e n t  t o  have  a n o t a t i o n  t o  d e n o te  th e  

i n t e r m e d i a t e  l o g i c  Y o b t a i n e d  f rom  a l o g i c  X by a d d in g  

t h e  words  Pj • . . .  a s  a d d i t i o n a l  axioms .We w r i t e  Y as  

X f P ^ P . . . )  f o l l o w i n g  th e  n o t a t i o n  o f  TROELSTRA [ 2 l ]  .

The f o l l o w i n g  t e r m in o l o g y  w i l l  a l s o  p rove  u s e f u l ;

D e f i n i t i o n . A s u c c e s s o r  o f  an  i n t e m e o i a t e  l o g i c  X i s  a l o g i c  

Y such t h a t  X C Y .C o n v e r s e l y  X i s  a p r e d e c e s s o r  o f  Y.

D e f i n i t i o n .  An. im m edia te  s u c c e s s o r  o f  an  i n t e r m e d i a t e  l o g i c  

X i s  a l o g i c  Y such  t h a t  X Ç Y  and i f  f o r  a  l o g i c  Z , X i ^ Z ^ Y  

Wldx h o l d s  , t h e n  X=Z o r  Z-Y. C o n v e r s e ly  X i s  an  im m edia te  

p r e d e c e s s o r  o f  Y.

The above d e f i n i t i o n s  a r e  a l s o  dUe t o  TROELSTRA.
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j u s t  a s  c l a s s i c a l  l o g i c  can  be g i v e n  t h e  s t r u c t u r e  o f  a 

B o o le a n  a l g e b r a , s o  a r b i t r a r y  i n t e r m e d i a t e  l o g i c s  can  be g i v e n  

t h e  s t r u c t u r e  o f  a pseUdocomplemented l a t t i c e  ( h e n c e f o r t h  

a b b r e v i a t e d  PL) a l t e r n a t i v e l y  known as  a  pseU do-B oo lean  

a l g e b r a , b y  p a s s i n g  t o  c o n s i d e r a t i o n  o f  t h e i r  Lindenbaum 

a l g e b r a s .  E le m e n ta r y  p r o p e r t i e s  o f  PLs a r e  p r e s e n t e d  i n  

RASIOY/A and SIKORSKI [ l 9 ]  .We new p r e s e n t  some n o t a t i o n  and 

d e f i n i t i o n s  r e l a t i n g  t o  t h e s e  , f o r  t h e  most  p a r t  f o l l o w i n g  

TROELSTRA [ S l ] .  We n o t e  t h a t  e v e n t u a l l y  we w i l l  r e q u i r e  

more g e n e r a l  a b s t r a c t  s t r u c t u r e s  t h a n  P L s .  However a l l  t h e  

s t r u c t u r e s  t h a t  we w i l l  be co nce rned  w i t h , c a n  be t a k e n  t o  

be p a r t i a l l y  o r d e r e d  s e t s  w i t h  a u n i t  e l e m e n t .  Any such  

s t r u c t u r e  we w i l l  c a l l  an  a l g e b r a .  Some of  t h e  f o l l o w i n g  

n o t a t i o n  and d e f i n i t i o n s  a r e  f o r m u la te d  f o r  a l g e b r a s  t h u s  

d e f i n e d , r a t h e r  t h a n  j u s t  f o r  P L s .

Greek l e t t e r s  ^ , y , (w i th  i n d i c e s  where n e c e s s a r y )  w i l l

be used t o  d e n o te  a r b i t r a r y  a l g e b r a s .  The l e t t e r A , w i l l  be

r e s e r v e d  f o r  Lindenbaum a l g e b r a s .  A ^ ^ w i l l  d e n o te  t h e

Lindenbaum a l g e b r a  o f  a l o g i c  X,and t h e  s u b a l g e b r a  o f

c o n t a i n i n g  o n l y  e l e m e n t s  c o r r e s p o n d i n g  t o  woros w i t h  a t  most

n  d i s t i n c t  a to m s ,w h ic h  we m a y , , w i t h o u t  r e s t r i c t i o n , a s s u m e  t o

be t a k e n  from th e  s e t  A^A^.............A^ . The l e t t e r  0( w i l l

a lw ay s  d e n o te  t h e  2 - e l e m e n t  l a t t i c e .  The u n i t  e le m e n t  o f  an

a l g e b r a  ^  i s  d eno ted  by ,ang  t h e  z e r o  e le m e n t  ( sh o u ld  i t

e x i s t )  i s  d e n o te d  by 0^ . I n  g e n e r a l  ,we t a k e  t h e  e l e m e n t s
P



®f th e  a l g e b r a s  p , y  , t© be .......... ............................

The d i r e c t  p r o d u c t  o f  a l g e b r a s  ^  and y  , w i l l  be d eno ted  

by ^  X y , ana more g e n e r a l l y  i f  f  a s e t  ©f a l g e b r a s ,

t h e n  We d e n o te  t h e  d i r e c t  p r o d u c t  e f  a l l  t h e s e  a l g e b r a s  ^7 

I f  a l l  t h e ^ a r e  i s o m o r p h ic  t o  p  , t h e n  we may w r i t e  t h i s  as  

O rdered  I - t u p l e s  w i l l  be denote© by €  I

I n  a d d i t i o n  t o  t h e  o p e r a t i o n  o f  d i r e c t  p r o d u c t ,w e  i n t r o d u c e  

a  summ o p e r a t i o n  f o r  c e r t a i n  a l g e b r a s .

D e f i n i t i o n .  By y ,we d e n o te  a ty p e  o f  a l g e b r a  which  i s

o b t a i n e d  as  f o l l o w s .  L e t  p  and y  be a l g e b r a s ,  y ' w i t h  a z e ro  

e l e m e n t , a n d  l e t  p  be i s o m o r p h ic  t o  ^ , y  be i so m o r p h ic  t o  y ^  

ana l e t  L  1^/ ^  o y .  Then p u y ^ i s  an  a l g e b r a  o f  ty p e  

F u r t h e r  we s e t  ^  = 2 ^  >n |B =: ( n f l ) ^  .

The d e f i n i t i o n  above cab. be e x te n d e d  t® t h e  d enum erab le  case  

i n  a n a t u r a l  m anner .  w i l l  d e n o te  |^(1) u ^ (2 )  . . . u ^ i j

where  p i s  an  a l g e b r a  w i t h  a  z e r o  e le m e n t  ana 

^  ( i )  A ^ ( i + 1 )  =  i s o m o r p h ic  t o  p  f o r  a l l  i ,

and b y j X ^ l  f o r  a l l  i , j .

Example • L e t  ^  be t h e  PL o f  P i g l .  ana y  t h e  PL ©f P i g . 2 .  Then 

-|rY i s  t h e  PL o f  P i g .  3 .



(3
<1

P l S . l P i g . 2 P i g . 3

Remark. The sum # f  a l g e b r a s  t h u s  d e f i n e d , i s  a s p e c i a l i s a t i o n  

• f  th e  n o t i o n  o f  t h e  o r d i n a l  sum e f  p o s e t s .  The ” a b s o r p t i o n ” 

e f  e l e m e n t s  , which o c c u r s  i n  o u r  d e f i n i t i o n  of  sum , i s  

t e c h n i c a l l y  c o n v e n i e n t , s i n c e  i t  a l l o w s  us  t o  d i s p e n s e  w i th  

a l g e b r a s  c o n t a i n i n g  o n ly  one e l e m e n t ,w h ic h  would n o t  

c h a r a c t e r i s e , i n  a s e n s e  t o  be d e f i n e d , a n y  i n t e r m e d i a t e  l o g i c .

The n o t i o n s  o f  i so m o rp h ism ,h o m o m o rp h ism ,su b a lg e b ra  e t c .  

w i l l  be use© i n  t h e i r  accustomed way.  The l e t t e r s  (j), l | j,(T,'Tr,g,h 

w i l l  be used  f o r  m ap p in g s .  Zka I f  y  —̂  ^  and B i s  a s u b s e t  

®f B , t h e n [ oî ' \ j i ( o) e  B 4  CE J

The l e t t e r  w i l l  be used  f o r  c o ng ru en ce  r e l a t i o n s .  Congruence 

C l a s s e s  (o r  c o s e t s )  mod g w i l l  be d e n o te d  by | b | ^  e t c .  Where 

T here  i s  no a m b ig u i ty ,w e  w r i t e  s im p ly  |b )  .

I n  t h e  n e x t  d e f i n i t i o n , w e  t r e a t  a  PL ^ a s  an  o r d e r e d  sys tem  

^  P , V , r \ , ^  where  ^  i s  a  s e t  and V ,  C\ and ^  a r e  w e l l

d e f i n e d  o p e r a t i o n s  on .

D e f i n i t i o n . L e t  be a  PL. Then a (PL-) v a l u a t i o n
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• n  p  , 1 s  * mapping from t h e  s e t  o f  woros i n t o  % sueh  t h a t

(P&Q) = <|)(P)r\(^(Q)

(P t Q ) =  <|>(P)0<j>(Q)

( )  (P :X )=  C^(P)^(^(Q)

( t  (-IP) < ^ (P )*

f o r  a l l  words P,Q,.

D e f i n i t i o n .  L e t  ^  be a  PL. I f  f o r  e v e r y  P L - v a l u a t i o n  on  ^

<^(p)rr l ^ , t h e n  we sa y  t h a t  P i s  v a l i d  o n ^  .

D e f i n i t i o n .  A PL p  i s  s a i d  t o  c h a r a c t e r i s e  an  i n t e r m e d i a t e

l o g i c  X i f  Pg"X i f f  P i s  v a l i d  on ^ . I n  t h i s  c a se  we may w r i t e

X as  X ( p .

D e f i n i t i o n . An i n t e r m e d i a t e  l o g i c  X i s  s a i d  t o  be f i n i t e  i f f  

i t  c a n  be c h a r a c t e r i s e d  by a f i n i t e  PL.

Rem ark . I n  c o n n e c t i o n  w i t h  th e  l a s t  d e f i n i t i o n , i t  shou ld  be 

n o t e d  t h a t  t h e  i n t e r m e d i a t e  l o g i c  X(X^ i s  f i n i t e  a l t h o u g h  

t h e  PL i s  c l e a r l y  n o t  f i n i t e  . T h i s  i s  t h e  e a s e  , s i n c e

i t  c a n  be shown t h a t  x ) = x(o() -  K.



g.

2.

I n  t h i s  s e c t i o n  we p rove  an  i m p o r t a n t  r e p r e s e n t a t i o n  

th e o re m  f o r  PLs which  a l l o w s  u s  o f t e n  t o  r e p l a c e  an a r b i t r a r y  

PL by an  " e q u i v a l e n t  ” s e t  of  PLs o f  a  c e r t a i n  r e s t r i c t e d  

ty p e  •

The f o l l o w i n g  d e f i n i t i o n s  and lemmas a r e  w e l l  known f o r  

P L s , (  see  e . g .  RASIOWA& SIKORSKI[l9 ]  Cap 1 ,1 3  ) ,  b u t  we 

i n c l u d e  them f o r  c o n v e n ie n c e  .

D e f i n i t i o n . L e t  ^  be a  PL,and F a s u b s e t  o f  ^  such  t h a t

1) I G F  and 2) i f  b . ^ F ,  b ^ b . ÇF t h e n  F .  Then we sa y  
p c I j J

t h a t  F i s  a f i l t e r  o f  ^  . I f  F : ^  ^  , t h e n  we say  t h a t  F i s

p r o p e r .  A f i l t e r  F i s  p r i n c i p a l  i f f  t h e r e  i s  an  e le m e n t

b. G F such  t h a t  f o r  a l l  e l e m e n t s  b ;£ P  we have t h a t  b. ^  b ;
I b  J

c^A Lemma. L e t  p  be a  PL ,F a f i l t e r  o f  p  . D e f in e  t h e  r e l a t i o n  

Ç on p  by s e t t i n g  ^ b- i f f  b b 6 F and b r^ b ^ G F .  Then ç  

i s  a  c o n g ru ence  r e l a t i o n  on p .

Remark. Ç i s  c a l l e d  t h e  congruence  r e l a t i o n  d e te r m in e d  by  F 

and we w r i t e  p / F  f o r  t h e  q u o t i e n t  a l g e b r a  t o  i n d i c a t e

t h i s .

D e f i n i t i o n . L e t  p , be PLs and h : ^  ^ ^  be a homomorphism. 

Then t h e  s u b s e t  k e r  (h)= :h (b) 1 ? i s  c a l l e d  t h e  k e r n e l

o f  t h e  homomorphism h .



Lemma. L e t  ^  be PLs and h :  ^ be a homomorphism.

Then t h e  k e r n e l  o f  h i s  a f i l t e r .

j ,3  Lemma. L e t  ^ ^  be PLs and a homomorphism. Then

h i s  a n  i som orph ism  i f f  k e r ( h )  = ^l^^ .

Lemma. L e t  ^  be PLs and h ;  ^  be a homomorphism. Then 

t h e  q u o t i e n t  a l g e b r a  ^  / k e r ( h )  i s  i s o m o r p h ic  t o  ^  u n d e r  t h e  

mapping c|) ,where  <^( [b  j )= h ( b ) ,  b̂  e

We now p a s s  t o  c o n s i d e r a t i o n  o f  s u b d i r e c t  p r o d u c t s .  The 

g e n e r a l  method in v o lv e d  i s  due t o  BIRKHOFF[i J .

D e f i n i t i o n . A PL ^  i s  s a id  t o  have a r e p r e s e n t a t i o n  a s  a 

s u b d i r e c t  p r o d u c t  o f  a  s e t  o f  PLs t h e r e  i s  an

embedding h :  B —̂  such t h a t  t h e  p r o d u c t  homomorphisms

g. holT. fholT' : e r e  o n to  where Tf- d e n o t e s  t h e  p r o j e c t i o n
L  C C V  Ù

homomorphism from V  ?-int© p .
c e V  ‘

D e f i n i t i o n .  A PL ^  i s  s u b d i r e c t l y  r e d u c i b l e  i f f  t h e r e  e x i s t s  

a r e p r e s e n t a t i o n  o f  ^  as  a  s u b d i r e c t  p r o d u c t  o f  a l g e b r a s  

^ s u c h  t h a t  e ach  o f  t h e  homomorphisms ĝ - i s  p r o p e r .  

I n  t h i s  c a se  we say  t h a t  ^ i s  s u b d i r e c t l y  r e d u c i b l e  t o  t h e  

s e t  o f  PLs ?. .

p  i s  s a i d  t o  be s u b d i r e c t l y  i r r e d u c i b l e  i f f  i t  i s  n o t  

r e d u c i b l e .
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E x a m p le s , The PL s u l i g i r e c t l y  r e a u o l t i e  t e  t h e  s e t  o f

PLs o e n t a i n i n g  j u s t  2 c o p i e s  o f  t h e  PL, 2 ^  .Each copy i s  a

p r o p e r  homomorphic image o f  p  ,ano  p  i s  a l s o  emkeooable  i n

t h e  PL ( & ( u n o e r  t h e  d i s p l a y e d  mapping(  P i g .  4 ) .  On t h e  o t h e r

hand t h e  PL o?t< i s  s u b d i r e c t l y  i r r e d u c i b l e , s i n c e  t h e  o n ly

p r o p e r  homomorphic image o f  ^o( i s  o( , But c a n n o t  be
V\

embedaea i n  any d i r e c t  p o o e r  o f  o( , , s i n c e  b̂ - ^  V  = 1 ^  fc

f o r  a l l  b^ cKv\d < , b u t  t h i s  i s  f a l s e  f o r  ^ K  •

P i g .  4

We non p ro ve  some lemmas on s u b d i r e c t  p r o d u c t s .

Lemma. A PL p i s  s u b d i r e c t l y  r e d u c i b l e  t o  PLs f ^ ^ ' ^ f € f i f f  

t h e r e  e x i s t  p r f p e r  homomorphisms h ;  ^  ^ such  t h a t  f o r

e v e r y  e le m e n t  b ^  ^ , h ( b ) ^ l ^  f o r  a t  l e a s t  one i .

P r o o f . Suppose t h a t  ^ i s  s u b d i r e c t l y  r e d u c i b l e  t o  t h e  s e t  ^

By d e f i n i t i o n , t h e r e  a r e  p r o p e r  homomorphisms ĝ ,= hoTT; p ^  n h e re

h embeos R i n  Y  R and t h e  IT- a r e  t h e  p r o j e c t i o n  homomorphisms.  
i'eV ‘

suppose  t h a t  f o r  a l l  i , t h e r e  i s  an  e le m e n t  b G  p  such  t h a t  

g . ( b ) ^  ■Tl (̂h (b) )= 1^ .Then  h (b) — i  €" I , a n d  t h u s  H ( b ) = h ( l ^ ) .  

But  h i s  an  i som orp h ism  and hence  by a p r e v i o u s  lemma



^  b = i g  .

C o n v e r s e l y  suppose  t h a t  t h e r e  e x i s t  p r o p e r  homomorphisms

h ’̂ : ^  such  t h a t  f o r  e v e r y  e le m e n t  b G  ^  , such  t h a t  b^^ 1 ^

h (b)=r 1^ f o r  a t  l e a s t  one i .  C o n s i d e r  t h e  mapping h :  R —̂  X p /
 ̂ U . CCx

g i v e n  by h ( b ) —̂ h . ( b ) \  . I t  i s  c l e a r  t h a t  h i s  a homomorphism

o f  p  i n t o  ^  pô • A lso  by d e f i n i t i o n  o f  h , n e  have  t h a t

k e r ( h )  ^ e n c e  by lemma e?.3 , h  i s  an  embedding , n h i c h

c o m p le te s  t h e  p r o o f .

. c o r o l l a r y .  L e t  be a s e t  o f  p r o p e r  f i l t e r s  i n  a PL p

sibch t h a t  A  P %1,Z . Then B i s  s u b d i r e c t l y  r e d u c i b l e  t o
6^1 '  ^ r o  1

t h e  s e t  o f  q u o t i e n t  a l g e b r a s  { p

P r o o f . Each ^ / P ^  i s  a p r o p e r  homomorphic image o f  ^ . suppose  

b-G p  ,and  h 1^ .Then f o r  some P- , say  , b ^ P  .Hence ^ ( b ) ^  

n h e r e  h j i s  t h e  homomorphism from  ^ o n to  ^  /P .  .Hence by th e  

p r e v i o u s  lem m a, the  c o r o l l a r y  f o l l o w s .

Lemma. A PL i s  s u b d i r e c t l y  r e d u c i b l e  i f f  t h e r e  e x i s t s  a 

s e t  o f  p r o p e r  f i l t e r s  ^ P ^  . ^ ^ i n  ^  , s u c h  t h a t  f \  — ^ 1 ^ ^ .

P r # o f . By t h e  above c o r o l l a r y  , i f  t h e r e  e x i s t s  such  a s e t ,  

h  t h e n  ^  i s  s u b d i r e c t l y  r e d u c i b l e .  C o n v e r s e l y  suppose  t h a t  

^  i s  s u b d i r e c t l y  r e d u c i b l e  t o  a  s e t  e f  PLs ^ T h e n  each  

i s  a p r o p e r  homomorphic image o f  ^ . Hence f o r  each  i ,  

t h e r e  i s  a  p r o p e r  f i l t e r  P, o f  ^  such  t h a t  -p /P .  i s  i so m o rp h ic  

t o  . L e t  g , be t h e  i som orph ism  g:  find h th e



la

homomorphism h,: ^  .F o r  each  e le m e n t  bG ^ , b =j^"l  ̂ ne have

t h a t  h . ( b ) ^ l ^ , f © r  some i .  Hence g (h  (b) l^^jr, and t h u s

b ^ F  .Hence b ^ / H f . and t h u s  =  1^ ,QED.
 ̂ ^ cel  ̂ <rél   ̂ r

^,7> Theorem. A PL ^ t s  s u b d i r e c t l y  i r r e d u c i b l e  i f f  ^  c o n t a i n s  

an  e l e m e n t co^l^ such  t h a t  f o r  a l l  e l e m e n t s  b̂  G ^  such t h a t  

b ^ l p  b ^ .

P r o o f . I f  p  c o n t a i n s  an  6^-e l e m e n t ,  t h e n  f o r  e v e r y  s e t  o f

p r o p e r  f i l t e r s  ^F ? o f  i  , C \F  4^ ,and hence  by t h e
 ̂ c€t  ̂ r

f o r e g o i n g  lemma, ^  i s  s u b d i r e c t l y  i r r e d u c i b l e .

c o n v e r s e l y ,  suppose  t h a t  ^=r ^1^ ,0^*  ̂W ^b^^^^jWhere no V i s

g r e a t e r  t h a n  a l l  t h e  o t h e r s .  C o n s i d e r  t h e  s e t  o f  c o r r e s p o n d i n g

p r i n c i p a l  f i l t e r s  ,F, . We have  t h a t  O  P, — 1^ . F o r  suppose

n o t .  Then t h e r e  i s  a n  e le m e n t  o  such  t h a t  CoÇ and hence

AJ G  P, f o r  a l l  i .  Hence b/  =: 4) f o r  a l l  i . C o n t r a d i c t i o n .

S in c e  P. =  1^ , B i s  s u b d i r e c t l y  r e d u c i b l e ,  t o  t h e
r I

PLS

On t h e  b a s i s  o f  t h i s  theorem ,w e  i n t r o d u c e  t h e  n e x t  d e f i n i t i o n .

D e f i n i t i o n .  A PL ^  i s  s t r o n g l y  compact  i f f  i t  i s  o f  ty p e  

y  a r b i t r a r y .  A l t e r n a t i v e l y ,  ^ i s  s t r o n g l y  compact  i f f  i t  

c o n t a i n s  an  4)- e l e m e n t  i n  t h e  se n se  o f  t h e  t h e o re m .

We now p r e s e n t  o u r  f u n d a m e n ta l  r e p r e s e n t a t i o n  th e o re m  :

Theorem. E very  PL ^ i s  s u b d i r e c t l y  r e d u c i b l e  t o  a  s e t  o f
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s t r o n g l y  compact  P L s .

P r o o f . I t  w i l l  s u f f i c e  t o  show t h a t  e v e r y  PL ^  i s  s u b d i r e c t l y  

r e d u c i b l e  t o  a  s e t  o f  s u b d i r e c t l y  i r r e d u c i b l e  PL s .

L e t  b be an  e l e m e n t  o f  ^  ,b  ^  1̂  ̂ . L e t  ^  be t h e  s e t  o f  

f i l t e r s  o f  P wh ich  do n o t  c o n t a i n  b , p a r t i a l l y  o r d e r e d  by 

i n c l u s i o n .  The u n i t  f i l t e r  ^1^^ G ^  . F u r t h e r  t h e  sup o f  

any c h a i n  i n  ^  i s  a  f i l t e r  o f  p  which d o es  n o t  c o n t a i n  

b . Hence by  ZORN*S lemma , J ' c o n t a i n s  a maximal e le m e n t  

which we d e n o te  by . L e t  ^Pj^^^^^be t h e  s e t  o f  a l l  such  f i l t e r s ,  

v 4  I p  • 0  Pbi “  • Hence by  lemma ^  i s

s u b d i r e c t l y  r e d u c i b l e  t o  t h e  s e t  o f  q u o t i e n t  a l g e b r a s

I t  r e m a in s  t o  show t h a t  e ac h  q u o t i e n t  a l g e b r a  y  /P^j

s u b d i r e c t l y  i r r e d u c i b l e .  L e t  h be th e  homomorphism

h ;  p  — ^  ^  / l y  , and l e t  f  be a n o n - u n i t  f i l t e r  o f  t h e  q u o t i e n t

a l g e b r a  ^/P^^ . C o n s i d e r  t h e  s u b s e t  o f  ^ , h '”'[f]] • bT^[f]

i s  a  f i l t e r  which  c o n t a i n s  P, . F u r t h e r  s i n c e  f  i s  n o t  t h e
cu n i t  f i l t e r , t h e r e  i s  an  e le m e n t  h ( b ) 6  p/P^, such  t h a t

h ( b . ) G f  and h ( b . ) ^ h ( l ^ ) .  Hence b e  h ~ ' [ f j  , b u t  i s ^ F y  . Thus

H * But  s i n c e  i s  maximal ,we have  t h a t  b j G  hT^[f]

and hence  h (b . )0 i  f  • We have  shown t h e r e f o r e  t h a t  e v e r y

f i l t e r  mf f  i n  t h e  q u o t i e n t  a l g e b r a  P /P ^ ,  c m n ta in s
’ \j

t h e  e le m e n t  h  (b) and t h u s  t h e  i n t e r s e c t i o n  of  any s e t  

o f  t h o s e  f i l t e r s  must  c o n t a i n  i t  as  w e l l  . Hence by lemma 

, l^/P^/ i s  s u b d i r e c t l y  i r r e d u c i b l e , a n d  o u r  th eo re m  i s



I f

e s t a b l i s h e d •

Remark♦ The above r e p r e s e n t a t i o n  theo rem  h a s  b e e n  p roved  f o r  

PLs . I n  f a c t , i t  c a r r i e s  o v e r  t o  a l l  t h e  a l g e b r a s  we w i l l  

be c o n ce rned  w i t h  , i n  t h i s  t h e s i s  • The d e f i n i t i o n  o f  

" s t r o n g l y  compact  " i n  t e rm s  o f  a s t r u c t u r e  w i t h  an 

4) - e l e m e n t  , r e m a in s  u nc h an g e d .
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3 .  We now a p p l y  o u r  f u n d a m e n ta l  r e p r e s e n t a t i o n  th eo re m  

t o  t h e  s t u d y  o f  i n t e r m e d i a t e  l o g i c s .

F i r s t  o f  a l l l  ,we p rove  a  th eo rem  which g i v e s  a s y n t a c t i c  

c h a r a c t e r i s a t i o n  o f  f i n i t e  l o g i c s .

3 , 1 Lemma. E very  i n t e r m e d i a t e  l o g i c  X(|>) can  he c h a r a c t e r i s e d  

hy a  S e t  o f  s t r o n g l y  compact  P L s .

P r o o f . By t h e  fu n d a m e n ta l  r e p r e s e n t a t i o n  theo re m  , ^  i s

s u b d i r e c t l y  r e d u c i b l e  t o  a s e t  o f  s t r o n g l y  compact PLs 

^ ^  ^T * Suppose a  worn P i s  v a l i d  ©n ^  . Then s i n c e  e ach  

i s  a homomorphic image o f  |§ ,P must he v a l i d  on e a c h  ^  

and h e nce  on t h e i r  d i r e c t  p r o d u c t .  C o n v e r s e l y , i f  P i s  

v a l i d  on e ach  , t h e n  i t  i s  v a l i d  on t h e  p r o d u c t  a l g e b r a  

, and t h u s  ©n th e  s u b a l g e b r a  h ( p )  , where  h  i s  t h e

embedding e f  ^  i n  % .Hence P i s  v a l i d  on ,

D e f i n i t i o n .  I f  M i s  a s e t  e f  s t r o n g l y  compact PLs which

c h a r a c t e r i s e  an  i n t e r m e d i a t e  l o g i c  X(|^),we c a l l  M a

c h a r a c t e r i s t i c  s e t  ©f X ( ^ J .

Remark. I n  g e n e r a l  M i s  n o t  u n i q u e , f o r  a g i v e n  X(|?>).

Theorem. An i n t e r m e d i a t e  l o g i c  X(^)  i s  f i n i t e  i f f  t h e  word 

E^C X(^) f o r  some n , n > 2  , where

E^ -  ( A | ^ A J v ( A i ' ^ A ^ ) v ........................ (A,-G5>Â )

V (A^A^ ) V........................ (A2^>Av, )

V (A^fr^Ar,)
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and ) a b b r e v i a t e s  ( (Â -^A )&(A-->A^. )) .

P r o o f . I t  i s  w e l l  knewn t h a t  i f  X ( p  i s  f i n i t e , t h e n  E e X ( ^ )

f o r  seme n y 2 .  Suppose c o n v e r s e l y  t h a t  EGX(j^) f o r  some n>2.  

L e t  M be a c h a r c t e r i s t i c  s e t  f e r  X ( ^ ) .  E^ i s  v a l i d  on each  

member o f  M. But  fchen t h e r e  can  be no member o f  M w i t h

k ^ n - 1  e l e m e n t s .  T here  a re  o n l y  a f i n i t e  number o f  d i s t i n c t

s t r o n g l y  compact  PLs w i t h  n - 1  e l e m e n t s , a n d  so M h a s  o n ly  

a  f i n i t e  number o f  members , e a c h  o f  which  i s  f i n i t e .  L e t  

y  be t h e  d i r e c t  p r o d u c t  o f  a l l  t h e  members o f  M. We have 

t h a t  X (y ) = X( ^ ) , and so X(^)  i s  f i n i t e  .QED*

The n e x t  th eo rem  a l l o w s  u s  t o  g iv e  a  u s e f u l  c h a r a c t e r i s a t i o n  

o f  t h e  i n t u i t i o n i s t  l o g i c  H , i n  t e r m s  o f  a seq uence  o f  

e x p l i c i t l y  a x io m a t i s e d  , f i n i t e  l o g i c s .

3.3 Theorem . The sequence  o f  f i n i t e  l o g i c s  H ( E ^ ) , n = 3 , 4 . . .  i s  

c h a r a c t e r i s t i c  f o r  t h e  i n t u i t i o n i s t  l o g i c  ,H .

PR©of. I t  i s  c l e a r  t h a t  i f  P G H , t h e n  P G H (E ^)  f o r  e a c h  n - 3 , 4 . .  

suppose  c o n v e r s e l y  t h a t  P ^ H .  Then s i n c e  H h a s  th e  f i n i t e  

model  p r o p e r t y  (PMP) ( see  HA RR0P[7] , fo r  a  d i s c u s s i o n  o f  

t h i s  p r o p e r t y , a n d  i t s  r e l e v a n c e  f o r  t h e  s tu d y  e f  p r e p o s i t i o n a l  

l o g i c s ) , t h e r e  e x i s t s  a f i n i t e  i n t e r m e d i a t e  l o g i c  X(^) such 

t h a t  P ^ X ( j ^ ) .  Because  X(^)  i s  f i n i t e , w e  have  t h a t  E^^X (j^ )  

f o r  some n > 2 .  Hence H(E^) Q  X ( ^ ) .  But t h e n  P ^  H (E^) .
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Remark . F o r  n >  2,H (E ^ )=  X (y) ,w here  V i s  t h e  d i r e c t  p r e e u e t  ©f 

a l l  s t r o n g l y  compact PLs w i t h  l e s s  t h a n  n  e l e m e n t s .

3,4.Theorem. E v e ry  f i n i t e  l o g i c  X(^)  h a s  a f i n i t e  number o f  

s u c c e s s o r s •

P r o o f .  S in ce  X(^)  i s  f i n i t e , E ^ e  X(^) f o r  some n > 2 .  Choose 

t h e  l e a s t  n  such  t h a t  E ^ 6 X (^ ) . S k s  L e t  M be t h e  c h a r a c t e r i s t i c  

s e t  o f  X(j^) which  c o n t a i n s  a l l  s t r o n g l y  compact PLs which 

s a t i s f y  th e  axioms o f  X ( ^ ) , and which  have k < n  e l e m e n t s .

I f  X(^^) i s  an  a r b i t r a r y  s u c c e s s o r  ©f X ( j§ ) , th e n  e v e r y  

s t r o n g l y  compact PL which  s a t i s f i e s  t h e  axioms o f  X ( p  

must  a l s o  s a t i s f y  t h e  axioms ©f X ( ^ ) .  Hence i f  N i s  t h e  

c h a r a c t e r i s t i c  s e t  o f  X(^|) which c o n t a i n s  a l l  s t r o n g l y  

compact PLs which s a t i s f y  t h e  axioms ©f X (^ ) ,w e  have t h a t  

N G M. But t h e r e  a r e  a t  most  a f i n i t e  number o f  d i s t i n c t  

s u b s e t s  o f  M,and hence  t h e r e  can  be a t  most  a f i n i t e  number 

o f  s u c c e s s o r s  ©f X ( p ) .

3.S Theorem, E v ery  f i n i t e  i n t e r m e d i a t e  l o g i c  X(^)  i s  f i n i t e l y  

a x i e m a t i s a b l e .

P r o o f . H ( E ^ ) e X ( ^ )  f o r  some n > 2 .  I f  H (E X ( ^ ) , t h e n  t h e r e

i s  some word P̂  such t h a t  GX (^)  and C o n s i d e r  th e

i n t e r m e d i a t e  l o g i c  H ( E ^ , P ) .  I f  H(E^P^) ^ X ( ^ )  t h e n  t h e r e  i s

a word P̂  such  t h a t  P€TX(R) and PÆH(E ,P. ) .  But t h i s  a p p r o x i m a t i o n  1, z r  21 n I
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p r o c e d u r e  must  t e r m i n a t e  a f t e r  a  f i n i t e  number e f  s t a g e s ,  

o t h e r w i s e  we d e t e r m i n e  a s t r i c t l y  i n c r e a s i n g  i n f i n i t e  sequence  

o f  s u c c e s s o r s  o f  H(E^) t h u s  c o n t r a d i c t i n g  t h e  p r e v i o u s  

t h e o r e m .

Remark. T h i s  th eo re m  was f i r s t  announced hy D .E .d e  JONGH. 

H is  p r o o f  h a s  n o t  y e t  a p p e a r e d .  However,DR.TROELSTRA 

h a s  in fo rm ed  me ( p e r s o n a l  comm unica t ion)  t h a t  i t  i s  q u i t e  

d i f f e r e n t  f rom t h e  above m ethod .
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4.
The main e b j e c t  ®f t h e  p r e s e n t  s e c t i o n  i s  t o  p ro v e  a 

g e n e r a l i s a t i o n  ©f a th eo rem  o f  DIEGO [ 3]  ,w h ic h  w i l l  a l lo w  

u s  s u b s e q u e n t l y  t o  e s t a b l i s h  t h e  d e c i d a b i l i t y  o f  a wide c l a s s  

o f  i n t e r m e d i a t e  l o g i c s .  T® t h i s  end,we i n t r o d u c e  mere 

r e s t r i c t e d  c l a s s e s  e f  w oras  ana c e r t a i n  r e s t r i c t e d  t y p e s  ©f 

i n t e r m e d i a t e  l o g i c s  base© upon  them .

D e f i n i t i o n . A word i s  an  I  ( r e s p .  IC ,IN ,ICN) word i f f  i t  

c o n t a i n s  o n ly  t h e  c o n n e c t i v e ( s )  I ( r e s p . I  ana 0 , 1  ana N ,I ,C  

and N. )

D e f i n i t i o n .  L e t  X be an  i n t e r m e d i a t e  l o g i c  and X^the  s e t  o f

I  words b e l o n g i n g  t o  X. Then X i s  s a i d  t o  be t h e  I  f r a g m e n t
i

o f  X.

I N , 10 and ION f r a g m e n t s  a r e  d e f i n e d  and d e n o te d  a n a l o g o u s l y .

D e f i n i t i o n .  A s e t  ©f I  words X i s  an i n t e r m e d i a t e  I  l o g i c  i f f

1 ) H g X C E
1 ^

2)  X i s  c lo s e d  w r t .  modus ponens  and s u b s t i t u t i o n .

I n t e r m e d i a t e  1 0 , IN and ION l o g i c s  a r e  d e f i n e d  a n a l o g o u s l y .

As i n d i c a t e d  i n  s e c t i o n ! , w e  r e q u i r e  mere g e n e r a l  s t r u c t u r e s  

t h a n  PLs t o  p r o v i d e  a l g e b r a s  which w i l l  c h a r a c t e r i s e  t h e s e  

new r e s t r i c t e d  i n t e r m e d i a t e  l o g i c s .  These  w i l l  be c a l l e d  

I  a l g e b r a s , 10 a l g e b r a s  and s© o n .  T h i s  t e r m i n o l o g y  i s  due 

t o  ALFRED HORN where  a n  a c c o u n t  ©f t h e  p r o p e r t i e s  ©f
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t h e s e  a l g e b r a s  i s  s e t  o u t .  F o r  t h e  c en v e n ie n o e  # f  t h e  

r e a o e r / w e  summarise  some o f  h i s  d e f i n i t i o n s  and r e s u l t s  h e r e .

D e f i n i t i o n .  An I - a l g e b r a  ^ i s  a n  o r d e r e d  t r i p l e

where ^  i s  a  s e t , l ^  i s  an  e le m e n t  o f  ^  and i s  a b i n a r y

o p e r a t i o n  d e f i n e d  on ^  such  t h a t  f o r  a l l  e l e m e n t s

\  Of ^

1 ) i f  1 b ,  =  I g . t h e n  b, =r I p

2 ) i f  bj ^2̂ =̂  bj= l ^ , t h e n  b ^

3) ( b , ^ ( b ^ ^ b ^  ) )= I p

4) ( ( b , ̂  (b^ ty  ) ::> ( (b^^'b ̂  ) 4^ (b^z^b^ ) ) ) =  I p

Remark. An I a l g e b r a  ^  c an  be g i v e n  t h e  s t r u c t u r e  o f  a 

p a r t i a l l y  o r d e r e d  s e t  by d e f i n i n g  b̂  ^  b i f f  b ^ ^ b ^ ^ l  

f o r  a l l  e l e m e n t s  b^ ,bj o f  ^  . However i n  g e n e r a l  t h e  s t r u c t u r e  

o f  ^  as  a p o s e t  d oes  n o t  d e t e r m i n e  t h e  o p e r a t i o n  u n i q u e l y .

Example .  C o n s i d e r  t h e  p o s e t  . We may t a k e  a s  t h e

o p e r a t i o n  o f  r e l a t i v e  p se U d o -c o m p le m e n ta t io n  on ; o r

We t a k e  i t  a s  t h e  o p e r a t i o n  d e f i n e d  by t h e  c o n d i t i o n s

b, ^  b -  1 i f  b r ^ b . a n d  i s  e q u a l  t o  b « o t h e r w i s e .  On b o t h  
 ̂ J ‘ j  J

t h e s e  i n t e r p r e t a t i o n s , c o n d i t i o n s  1 -4  i n  t h e  d e f i n i t i o n  o f  

a n  I  a l g e b r a  a r e  s a t i s f i e d ,  b u t  t h e  r e s u l t i n g  I  a l g e b r a s  

a r e  n o t  e q u i v a l e n t .

D e f i n i t i o n .  An IN a l g e b r a  i s  an  I  a l g e b r a
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w i t h  an  a d d i t i o n a l  u n a r y  o p e r a t i o n  ^  such  t h a t  

( bj ) ^.) ) -  Ip  and (b 42(b^^z^b, ) )zz , f o r

a l l  b .̂b  ̂ o f  ^ , IG,ICN a l g e b r a s  a r e  d e f i n e d  i n  an a n a lo g o u s  

manne r •

4,1 T heorem . An IN a l g e b r a  ^ , % ^ , ^ ^ i s  a n  I  a l g e b r a  w i t h  a

s m a l l e s t  e le m e n t  0 , and an  o p e r a t i o n  d e f i n e d : b y  b =b ^  0. .
p  ̂  ̂ r

C o n v e r s e l y  any such I  a l g e b r a  i s  an  IN a l g e b r a .

D e f i n i t i o n . A s e m i - l a t t i c e  i s  a  p o s e t  such t h a t  any 2 e l e m e n t s

b ,b- have  an i n f ,  b . A b . .  A s e m i - l a t t i c e  i s  r e l a t i v e l y  p se u d o -
 ̂ J  ̂ <j

complemented i f f  f o r  any 2 e l e m e n t s  b̂ ' , b y , t h e r e  i s  a n  e le m e n t

( b ^ b  ) such t h a t  b n b  b. i f f  b , î l  (bj^^^b; ) .
t ' J  ' k J  i  K ' J

Theorem . An IC a l g e b r a  i s  a  r e l a t i v e l y  pseudo-com plem ented  

s e m i - l a t t i c e  and c o n v e r s e l y .

Remark.  I t  f o l l o w s  from t h e  above th e o re m s  t h a t  a n  ICN a l g e b r a  ^

i s  a  r e l a t i v e l y  pseudo-com plem ented  s e m i - l a t t i c e  w i t h  a l e a s t

e l e m e n t  0. , and a u n a ry  o p e r a t i o n  d e f i n e d  by b^ «^b ^ 0 *  
f  ̂ f

B e fo re  p r o v i n g  o u r  p r i n c i p a l  theo rem  o f  t h i s  s e c t i o n  ,

we i n t r o d u c e  a  u s e f u l  d e f i n i t i o n , a n d  some lemmas stemming

from i t .

D e f i n i t i o n .  L e t  ^ = ^ , n , ^ b e  an  ICN a l g e b r a .  Then we d e n o te  

by  n t ^ k ' - ^ h e  s t r o n g l y  compact ICN a l g e b r a  o b t a i n e d

from  ^  , b y  i n t e r p o l a t i n g  a new ^ - e l e m e n t  b e tw ee n  1^  and t h e
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e t h e r  e l e m e n t s  e f  ^ .

S i m i l a r l y  i f  0 ,  ^ ^ i s  a s t r o n g l y  compact ICN a l g e b r a .

We d e n o t e  by ^ t h e  ICN a l g e b r a  g o t  by  d e l e t i n g

t h e  6 0 -  e l e m e n t .  We remark t h a t  ^ i s  a  s u b -  ICN a l g e b r a  of j§ ,

The f o l l o w i n g  lemmas a r e  o b v i o u s .

4.3  Lemma. ^

4 .4 Lemma. (p*“)'!’=; p  where ^  i s  a  s t r o n g l y  compact ICN a l g e b r a .

I n  a d d i t i o n  we have

4 .5 Lemma. I f  ^  i s  a  s t r o n g l y  compact ICN a l g e b r a , a n d  Gn(^) i s  

a s e t  o f  g e n e r a t o r s  f  o r  ^  , t h e n  G n ( ^ ) .

P R o e f . suppose  c o n t r a r y  t o  t h e  l e m m a ,& ^ ^ G n ( ^ ) .  We t h e n  have  

t h a t  Gn(^) S  p—^cO|5*But ^-{^^]is a  p r o p e r  s u b a l g e b r a  o f  p , u n d e r  

t h e  o p e r a t i o n s  , f \ , and % o f  ^  . Hence Gn(^) d o es  n o t  

g e n e r a t e  ^  . C o n t r a d i c t i o n .

We a r e  now i n  a p o s i t i o n  t o  p rove  o u r  g e n e r a l i s a t i o n  o f  DIEGO'S 

th e o r e m ,w h ic h  he proved f o r  I  a l g e b r a s  i n  [^3^ .

4,6 T heorem . E very  ICN a l g e b r a  ^  w i t h  a  f i n i t e  number o f  g e n e r a t o r s  

i s  f i n i t e .

P r o o f . By i n d u c t i o n  on  t h e  number o f  g e n e r a t o r s  o f  p .

sup p ose  t h a t  p> h a s  one g e n e r a t o r  b  ̂ . The t h e  f r e e  ICN a l g e b r a  V
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W i t h  o n ©  g e n e r a t o r , h a s  C e l e m e n t s , n a m e l y  h ,

p>is a homomorphic image o f  y  , and hence  c o n t a i n s  e l e m e n t s ,  

su pp o se  t h e n  t h a t  e v e r y  ICN a l g e b r a  w i t h  n  g e n e r a t o r s  i s  f i n i t e ,  

and c o n s i d e r  t h e  ICN a l g e b r a  p w i t h  ( n 4 - l )  g e n e r a t o r s  

bi >b^ , .  • .  .b^ ,b^^^ A n a lo g o u s ly  t o  o u r  f u n d a m e n ta l  r e p r e s e n t a t i o n  

th eo re m  f o r  PLs ,we can  show t h a t  p  i s  s u b d i r e c t l y  r e d u c i b l e  

t o  a s e t  o f  s t r o n g l y  compact  ICN a l g e b r a s  S in c e  by d e f i n i t i o n

o f  s u b d i r e c t  r e d u c i b i l i t y  p  c an  be embedded i n  V  , i n  o r d e r
n ^éXt o  s h o w  t h a t  p  i s  f i n i t e  , i t  w i l l  s u f f i c e  t o  s h o w  t h a t  1 )  e a c h

p . i s  f i n i t e  and 2)  t h a t  I  can  be t a k e n  t o  be f i n i t e .

As t o  1) i f  G  1^^\^((.%then i s  a  homomorphic image of  

and hence  i s  g e n e r a t e d  by t h e  s e t  Gn(fi) -  <h.(b.) ,h- ( b ) . . . . h  (b) ,
ij L j  J 1 J

where  hj i s  t h e  homomorphism from ^ o n to  ^  . F u r t h e r  s i n c e

i s  s t r o n g l y  compact ,we have  by lemma t h a t  Gn( p, ) .

c o n s i d e r  t h e  a l g e b r a  p) . S ince  4)^ ^  ^ , i s  g e n e r a t e d  by

a s e t  o f  n  g e n e r a t o r s  , and hence  by t h e  i n d u c t i o n  h y p o t h e s i s ,

i s  f i n i t e .  O b v io u s ly  ( B . ) ^ i s  f i n i t e  i f  K - i s .  But  by  lemma 4,"^

( p ) zr p '  , Which c o m p le te s  t h e  p r o o f  o f  1 ) ,
J J
Y\Fe o b se rv e  t h a t  th e  above p r o o f  p r o v i d e s  us  w i t h  a s im ple  

p r i m i t i v e  r e c u r s i v e  bound on th e  s i z e  o f  t h e  q u o t i e n t  a l g e b r a s  

^ I  t h e  r e p r e s e n t a t i o n  o f  ^  a s  a s u b d i r e c t  p r o d u c t

€ f  t h e  0^?^^^where ^  i s  an  ICN a l g e b r a  w i t h  n  g e n e r a t o r s .

L e t  f ( n )  be t h e  number o f  e l e m e n t s  i n  t h e  f r e e  ICN a l g e b r a  w i t h  

n  f r e e  g e n e r a t o r s .  Then e ach  ^ E ^ ^ ^ ^ ^ ^ h a s  a t  most  f ( n ) « f  1 e l e m e n t s .



Prom t h i s  o b s e r v a t i o n  i t  f o l l o w s  t h a t  I  c an  be t a k e n  t o  be 

f i n i t e , s i n c e  t h e r e  can  be a t  m ost  a f i n i t e  number ©f d i s t i n c t  

( i . e .  n o n - i s o m o r p h ic )  ICN a l g e b r a s  w i t h  k : ^ f ( n ) - ( - l  e l e m e n t s .

I n  f a c t , a s  we s h a l l  p rove  l a t e r , e v e r y  f i n i t e  ICN a l g e b r a  i s  

a  d i s t r i b u t i v e  l a t t i c e .  I t  can  be shown t h a t  t h e r e  a r e  a t  

most  2'^ n o n - i s o m o r p h ic  d i s t r i b u t i v e  l a t t i c e s  w i t h  a t  most  

n  e l e m e n t s  and a f © r t i o r i  t h e r e  c an  be a t  most  2 non

i s o m o r p h ic  ICN a l g e b r a s  w i t h  a t  most n  e l e m e n t s .  T h is  g i v e s  

u s  a p r i m i t i v e  r e c u r s i v e  bound f o r  t h e  s i z e  o f  an  ICN a l g e b r a  p 

wi&h n  g e n e r a t o r s ,  p w i l l  have  k 4 g ( n )  e l e m e n t s , w h e r e  g (n^  

i s  d e f i n e d  p r i m i t i v e l y  r e c u r s i v e l y  by  t h e  c o n d i t i o n s  g ( l )  =  ^  

g ( n + l ) = e | ^  , g ( n ) + i j ,  eiclp(a>)= b

4 j , l  C o r o l l a r y . E very  I , I C  and IN a l g e b r a  w i t h  a  f i n i t e  number of  

g e n e r a t o r s  i s  f i n i t e  , w i t h  p r i m i t i v e  r e c u r s i v e  bo un d .
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We now a p p ly  t h e s e  r e s u l t s  t® th e  s t u d y  o f  i n t e r m e d i a t e  l o g i c s .

5,1 g;he©rem. I f  X i s  a n  i n t e r m e d i a t e  ICN l o g i c , t h e n  X h a s  t h e  PMP 

and hence  i f  X i s  f i n i t e l y  a x i o m a t i s a b l e  , i t  i s  d e c i d a b l e .

P r o o f . Suppose t h a t  a word P ^ X .  Then i f  P c o n t a i n s  a t  most

n  d i s t i n c t  a tom s ,  I p l i l ^ ^ ^ . B y  © u r g e n e r a l i s a t i o n  o f  DIEGO'S 
\ ( \  * ^r e s u l t ,  i s  f i n i t e , s i n c e  i t  i s  g e n e r a t e d  by n  e l e m e n t s .

Hence X h a s  t h e  PMP,ana hence  by th e  r e s u l t  i n  HARROP

i f  X i s  f i n i t e l y  a x i o m a t i s a b l e  , i t  i s  d e c i d a b l e .  Indeed X i s  

p r i m i t i v e l ÿ  r e c u r s i v e l y  d e c i d a b l e , f o r  we need t e s t  P o n ly  

on a l l  t h o s e  ICN a l g e b r a s  w i t h  k ^  g (n )  e l e m e n t s ,w h i c h  s a t i s f y  

t h e  axioms of  X,where g (n )  i s  t h e  p r i m i t i v e  r e c u r s i v e  f u n c t i o n  

d e f i n e d  i n  th e  t h e o r e m .

5,l.( C o r o l l a r y . I f  X i s  an  i n t e r m e d i a t e  I , I c  o r  IN l o g i c , t h e n  X 

hdJS t h e  PMP and h e n ce  i f  X i s  f i n i t e l y  a x i o m a t i s a b l e  t h e n  i t  

i s  d e c i d a b l e .

Remark. The above th e o re m  and c o r o l l a r y  g e n e r a l i s e  and com ple te

f i n a l l y  t h e  work o f  BULLjg] •

Remark 2 .  The above method ®f p r o v i n g  t h e  d e c i d a b i l i t y  o f  

f i n i t e l y  a x i o m a t i s e d  i n t e r m e d i a t e  I , I C , I N  and ICN l o g i c s  c an n o t  

be e x te n d ed  i n  g e n e r a l  t@ t h e  c ase  ©f i n t e r m e d i a t e  ID l o g i c s  

(where we d e f i n e  t h e s e  i n  an  o b v io u s  way) o r  t h e r e f o r e  t o  

i n t e r m e d i a t e  l o g i c s  i n  t h e  u n r e s t r i c t e d  s e n s e .  L e t  P̂  (A j ,A ^)=A ^
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p ,  ( A ,  . A ,  ) . A , . y A ,  , A ,  I -  ( J ^ , v  P j J  . n .  J _ ^ A ,  A ,  ) >  

f o r  n  1 , 2 . . . .T h e s e  words a r e  a l l  non e q u i v a l e n t , a s  i s  s e e n  

f rom NISHIÈIURA'S p a p e r  IjLSj , i f  we s u b s t i t u t e  vAj f o r  A^because 

We o b t a i n  i n  t h i s  way a l l  words w i t h  one a tem minus -i(A,->Aj ) .

Hence Jl ,, i s  i n f i n i t e .  I  owe t h i s  r e f e r e n c e  t o  NI8HIMURA*8 
' I P

work t o  DR.TROELSTRA.

Remark 3 . I n  McKIN8EY and TAR8KI i n t r o d u c e d  t h e  c o n c e p t

tff t h e  r e d u c i b i l i t y  ©f a p r e p o s i t i o n a l  l o g i c .  I t  f o l l o w s  from

th e o re m  4 .(7, t h a t  an  i n t e r m e d i a t e  IC N (a lso  I , I C  and IN) l o g i c

i s  r e d u c i b l e i f f  i t  i s  f i n i t e .  T h i s  c o n t r a s t s  w i t h  th e  s i t u a t i o n

f o r  u n r e s t r i c t e d  i n t e r m e d i a t e  l o g i c s , e . g .  X (% ) i s  n o t  f i n i t e
H

b u t  i t  i s  1 - r e d u c i b l e , a n d  t h u s  r e d u c i b l e .

I n  o r d e r  t o  p ro ve  t h e  main  th eo re m  o f  t h i s  s e c t i o n  we r e q u i r e  

t h e  fA l lo w in g  p r e l i m i n a r y  lemma;

Lemma. L e t  ^  be a PL w i t h  o p e r a t i o n s  , and l e t  y  be

a f i n i t e  sub-ICN a l g e b r a  o f ^  . Then 1) y  i s  aPL w i th  o p e r a t i o n s  

u ' ,  and 8) i f  b, , b ^ ,  b . V b e /  . t h a n  b^Vb^- b^V b^ .

P r o o f .  y  c o n t a i n s  a l e a s t  e le m e n t  .nam e ly  ( b J ^ b j ^ .  I t  r em a in s  

t o  show t h a t  any 2 e l e m e n t s  b̂  ,b  o f  y  have  a  sup w i th  r e s p e c t  

t o  t h e  p a r t i a l  o r d e r i n g  i n  y  . L e t  B be t h e  s e t  o f  u p p e r  bounds 

©f b j , b ^ w r t  t h i s  o r d e r i n g .  8 i n c e  6  c o n t a i n s  t h e  u n i t  e le m e n t  

©f ^  ,B i s  non-em pty  and o b v i o u s l y  i t  i s  f i n i t e . H e n c e  [ \ b e x i s t s
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an« i s  th e  r e q u i r e d  s u p ,  y  w i l l  n o t  n o r m a l ly  be a sub-PL 

of  ^  , b u t  f rom t h e  d e f i n i t i o n  ®f u n i o n  i n  y , 2 )  w i l l  be 

s a t i s f i e d .

5,5 Theorem. L e t  X ( ^ ) e  H (Ij,P^.. . .  .P|^ ) be an  i n t e r m e d i a t e  l o g i c

where a l l  th e  P, a r e  ICN w ord s .T h e n  X(^) h a s  t h e  FMP and hence  

i s  d e c i d a b l e .

PR oof.  suppose  t h a t  a word Q ^ X ( j^ ) .  Then | q] ^  l ^ ^ ^ u n d e r  th e  

n a t u r a l  mapping (j> from t h e  s e t  o f  words o n to  . L e t

  Q =  Q be t h e  subwerds o f  Q and l e t  F (n )  be th e

sub-ICN a l g e b r a  o f  g e n e r a t e d  by |q l  I q |  / Q^i .

By th eo re m  4 ^ 4  P (n )  i s  f i n i t e , a n d  by t h e  p r e v i o u s  lemma , i t  

i s  a  PL. A l l  t h e  axioms o f  H a r e  v a l i d  on P ( n ) .  I n  a d d i t i o n  

a l l  t h e  P̂  a r e  v a l i d  on P ( n )  s i n c e  P (n) i s  a sub-ICN a l g e b r a  

of  . But I q | ^  Ip  ̂ ^by th e  lemma and t h e  f a c t  t h a t  a l l

t h e  subwords o f  Q a r e  r e p r e s e n t e d  i n  P (n) . Hence t h e  mapping 

^  i n d u c e s  a r e f u t i n g  v a l u a t i o n  o f  Q ©n t h e  f i n i t e  P L , P ( n ) .  

X(^) t h e r e f o r e  h a s  th e  PMP,and s i n c e  i t  i s  f i n i t e l y  

a x i o m a t i s a b l e , i t  must be d e c i d a b l e .

5.Î.1 c o r o l l a r y .  L e t  X( |^ )-  H(P, , P ^ , . . . P ^ )  be an  i n t e r m e d i a t e  l o g i c

where a l l  t h e  P̂ - a re  o f  t h e  form

(Q, V Q* V. . .  .V Q; ) — >  (R- V R v  V Ry )

and where t h e  ,R^- a r e  ICN words .Then X(^) h a s  t h e  PMP 

and hence  i t  i s  d e c i d a b l e .



P r o o f .  Each I s  i n t e r a e a u c i b l ©  i n  H w i t h  t h e  ICN word P^ 

where  p /=  Tq .- -X  ( (R,*^A; ) & . . . & (Rf^A) . .t L t| ‘i J J
. . . &  r O -^ ( ( ( R '^ A) & . . . .& (R  -^A. ) ) -^A .) I 

L W  1̂ J ^  J J J
where  A- i s  an  atom new t o  P- .

J  ^

Remark. Theorem 5*.3 and i t s  c o r o l l a r y  a l lo w  u s  t o  e s t a b l i s h  

t h e  d e c i d a b i l i t y  o f  many of  t h e  i n t e r m e d i a t e  l o g i c s  t r e a t e a  

i n  t h e  l i t e r a t u r e , i n  an  i n t e g r a t e d  fash ion .Y /e  m e n t io n  some 

©f t h e s e  i t h e  i n t e r m e d i a t e  l o g i c s  o f  JANKOY [ l o ] ,  ^  and *IJ) ; 

t h e  i n t e r m e d i a t e  l o g i c  LC o f  DUMMETT( 4 ] ;  t h e  l o g i c s  K and 

H ( i n  t h e  case  o f  t h e  l a t t e r  we ado z e r o  e x t r a  ICN axioms I ) .  

Of c o u r s e  ,we a l r e a d y  know t h a t  K and H a r e  d e c i d a b l e  , b u t  

i t  i s  p e r h a p s  more i n t e r e s t i n g  t o  see  t h i s  a s  p a r t  o f  a  

more g e n e r a l  t h e o r y .

A n a t u r a l  q u e s t i o n  which a r i s e s  , i s  t© ask w h e t h e r  e v e r y  

i n t e r m e d i a t e  l o g i c  can  be a x io m a t i s e d  w i t h  ICN w o r a s , t h e r e b y  

g i v i n g  d e c i d a b i l i t y  f o r  a l l  f i n i t e l y  a x i o m a t i s a b l e  o n e s .

We s h a l l  see  p r e s e n t l y  t h a t  t h e  answ er  t© t h i s  , i s  " n o " .

We c o n c lu d e  t h i s  s e c t i o n  w i t h  a v a r i e t y  o f  r e s u l t s  on 

i n t e r m e d i a t e  ICN l o g i c s .  S i m i l a r  r e s u l t s  h o ld  f o r  i n t e r m e d i a t e  

I , I C  and IN l o g i c s .

5 .4  Theorem. L e t  C^ be t h e  IC wore

[( V+f • •



Then an ICN logic X(^) lA finite iff C ^ X ( ^ ) for some n,n^2.

P r o o f . I t  need ©nly be o b se rv ed  t h a t  C^ i s  i n t e r a e d u c i b l e  i n

H w i t h  th e  word E. . The p r o o f  o f  Theorem 3.2 t h e n  c a r r i e s  o v e r .
n

R em ark . F o l l o w i n g  from t h i s  theorem ,w e  have  t h e  a n a l o g u e s  o f  

t h e o r e m s  3,^, 3*4, ana & S f o r  i n t e r m e d i a t e  ICN l o g i c s .

5,5 T heorem . The imm edia te  p r e d e c e s s o r s  o f  a f i n i t e  i n t e r m e d i a t e  

ICN l o g i c  X ( p = r  H (P, ,P ^ , . . .P | j ^ )  a r e  f i n i t e  , and t h e r e  a r e  a t

most  f i n i t e l y  many o f  them .

P r o o f . L e t  P = (Pj &P^&.. .& P^) .Then X(^ M  H(P) .Suppose  t h a t  X(^) 

i s  a n  imm edia te  p r e d e c e s s o r  o f  X ( ^ ) .  Then P ^ X  ( ^ ) . Suppose 

t h a t  P h a s  n  atoms A , , A , ...........A . ,a n d  l e t  b, ,bi , . . . . b . b e  t h e* I f) I % n
e l e m e n t s  o f  , a s s i g n e d  t o  t h e  Â * i n  a  v a l u a t i o n  which makes

P f a l s e  ©n p . L e t  y  be t h e  ICN a l g e b r a  g e n e r a t e d  by th e  b ' .

Then ' V i s a  homomorphic image &Î A  • Hence t h e  c h a r a c t e r i s t i c  
/

a l g e b r a  o f  any immediate  p r e d e c e s s o r  o f  X ( | )  must  c o n t a i n  a 

homomorphic image o f  f o r  which P f a i l s .  But s i n c e  •/ 'Htcki

i s  f i n i t e  , t h e r e  a r e  a t  most a f i n i t e  number ©f d i s t i n c t  

homomorphic images  ©f hen ce  o n ly  f i n i t e l y  many f o r

w hich  P i s  r e f u t a b l e , c a l l  them Yj .Any im m edia te

p r e d e c e s s o r  o f  X(^) must  be one o f  t h e  l o g i c s  X(|xy) ,X (^X '^  . .  

X (J )^^ ) .  F o r  a s  we have n o t e d , f o r  any im m edia te  p r e d e c e s s o r  

X(^)  o f  X(^)  , must  c o n t a i n  a  homomorphic image o f  

which  P f a i l s , s a y  , l ^ i  6 p .  Hence X(^^ Ç  X ( y ) .  F u r t h e r  

X(|^)<5!X(^) and t h u s  by t h e  p r o p e r t i e s  o f  d i r e c t  p r o d u c t



30

X ( ^ ) Ç  X ( ^ X y . ) .B u t  X ( ^ X ^ ) ç r x ( p . S i n c e  X(^) i s  an  im m edia te  

p r e d e c e s s o r  o f  X (^ ) ,m e  must  have  t h a t  X ( ^ ) =  X (bX^ ) .
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C .
The p u rp o se  o f  t h i s  s e c t i o n  i s  t© i n t r o d u c e  th e  

new c o n c e p t  o f  s t r o n g  u n d e f i n a b i l i t y  o f  c o n n e c t i v e s ,  and 

t o  i n v e s t i g a t e  t h e  scope o f  t h e  S e p a r a t i o n  theo rem  i n  t h e  

domain  o f  i n t e r m e d i a t e  l o g i c s .

D e f i n i t i o n .  L e t  X be an  i n t e r m e d i a t e  l o g i c  and s e t  o f

c o n n e c t i v e s  def ine©  f o r  X. Then a  c o n n e c t i v e  0̂* i s  s a i d  t©

be Weakly d e f i n a b l e  i n  X w i th  r e s p e c t  t o  , i f f  f o r

e v e r y  wore P ^  X which c o n t a i n s  t h e  c o n n e c t i v e  , t h e r e

e x i s t s  a f i n i t e  s e t  o f  words P, , P % , . . . . P ^  i n  which t h e

c o n n e c t i v e  0. d oes  n o t  o c c u r  ,and  such  t h a t  I-P i f f  (-P.*
‘ *x 1\ '

f o r  a l l  i , l ^ i  é n .

A c o n n e c t i v e  0 . i s  s a i d  t® be s t r o n g l y  u n d e f i n a b l e  i n  X wrt  

i f f  i t  i s  n o t  w eak ly  d e f i n a b l e .

Remark, The above d e f i n i t i o n  i s  a  m o d i f i c a t i o n  o f  one f o r m u la te d  

by TROELSTRA and m en t ioned  i n  McKAY f l 4 ^  .

Remark 2 . I t  w i l l  be o b se rv e d  t h a t  i n  t h e  above d e f i n i t i o n  

We a r e  i n t e r e s t e d  i n  t h e  i n t e r s e d u c i b i l i t y  o f  P w i t h  a  s e t  

o f  w o r d s .  One m ight  ask  i f  one m ig h t  make do w i t h  s i n g l e  

word , r a t h e r  t h a n  s e t s  o f  wore s .  However t h i s  i s  n o t  p o s s i b l e .  

C o u n te re x a m p le ;  c o n s i d e r  t h e  word (A, & A ^ ) . I t  i s  n e t ( i n  H )
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In te rdeQ U cife le  w i t h  a s i n g l e  wora P which d o es  n o t  c o n t a i n  t h e  

c o n n e c t i v e  & . However i t  i s  i n t e r a e a u c i h l e  w i t h  t h e  s e t  o f  

atoms ,A^^ •

One may ask  what th e  r e l a t i o n  i s  b e tw e e n  t h e  above c o n c e p t  

o f  s t r o n g  u n d e f i n a b i l i t y  and t h e  n o t i o n  o f  u n d e f i n a b i l i t y  

dUe t o  McKINSEY (^ is ]  . The f o l l o w i n g  rem a rk s  c l a r i f y  t h i s .

I f  a  c o n n e c t i v e  0 - i s  s t r o n g l y  u n d e f i n a b l e  i n  X w r t .  2  0 ?
L L J ̂  ^

t h e n  i t  i s  a l s o  u n d e f i n a b l e  i n  t h e  s e n se  o f  McKINSEY. ^

The c o n v e r s e  i s  n o t  t r u e .  Thus t h e  c o n n e c t i v e  & i s  w eak ly

d e f i n a b l e  i n  H w r t  , v  and q . We can  show t h i s  by

making u se  o f  th e  e q u i v a l e n c e s  ( A , ( A ^ & A ^  ) ) ^ (  (Aj-^A^)&(Aj-^A^ ) ) ,

((A, & A ^ ) A ^ ^ ( A , - 5 (Aj-^A3 ) ) ,  i (A ,& A^)^(A ,*> iA ^)  and 

(Â  V (A^&A^ ) )<-^( (Â  vA^)&(A, vAj ) ) ,  and f i n a l l y  t h e  f a c t  t h a t  

|j^(P, & Pj . . .& P ^ )  i f f  f o r  a l l  i , l ^ i  ^  n  . However & i s  n o t  

McKINSEY d e f i n a b l e  i n  H.

As a f u r t h e r  example ,we n o t e  t h a t  t h e  c o n n e c t i v e  i s

McKINSEY u n d e f i n a b l e  w r t  and v , i n  K. However i t  i s

w eak ly  d e f i n a b l e  w r t* ^ ,&  and v i n  K. F o r  l e t  P be aw ora  

w i t h  t h e  a toms A j , A ^ . . . . A ^ .  R ep lace  e ac h  subword P ^ o f  P 

of th e  form -iQ by (Q-^A ) ,  and l e t  P® be t h e  r e s u l t i n g  e x p r e s s i o n .  

Then t h e  words  P and ( (P%A, ) - > A..) a r e  i n t e r d e d u c i b l e  i n  K. 

suppose  t h a t  ( (P°-^A^)'^A^^|. R ep la ce  Â _̂ b̂y (Â  &fAj ) and we

h ave  n P  and t h u s  ^  . C o n v e r s e l y ,  suppose  t h a t  ^  ( (P%>A^^-^A^). 

I n  t h e  r e f u t i n g  a s s ig m e n t  o f  t r u t h  v a l u e s  t o  ( ( P ^ A  )-^A ) ,*U’ ( 4̂ f
A i s  a s s i g n e d  th e  v a l u e  F ,a n d  hence  u n d e r  t h e  same a s s ig n m e n t
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We have  a r e f u t a t i o n  o f  -yjP and h e nce  ©f P .  I t  may be n e te a  

t h a t  P^and P a r e  n o t  i n  g e n e r a l  i n t e r a e o u o i b l e  i n  K ,a s  ©ne 

m igh t  be tem pted  t o  t h i n k . C o u n te re x a m p le :  t a k e  P=r Aj ) •

As we have s e e n  t h e n , t h e  c o n n e c t i v e  & i s  w eak ly  d e f i n a b l e  i n  

H w r t - ^ , v ,  and -j . What a b o u t  t h e  e t h e r  3 c o n n e c t i v e s ?

I Theorem# The c o n n e c t i v e  -j i s  s t r o n g l y  u n d e f i n a b l e  i n  H w r t  

,& and V .

P r o o f . I t  w i l l  s u f f i c e  t o  show t h a t  th e  i n t e r m e d i a t e  l o g i c  

H(iA v t i A) h a s  t h e  same ICD f r a g m e n t  a s  H.

L e t  be t h e  PL o b t a i n e d  by a d d in g  a z e r e - e l e m e n t  t©

t h e  RPL, A.i • The word (vA v^nA ) i s  v a l i d  on ,and  t h u s
,  ''«ICO

H(nA vt-|A) C X(J( ) .  But i f  P i s  an  ICD word such  t h a t  Pff H,
I ^«0

t h e n  P^X(y\  ) .  Hence H(iA v^qA ) h a s  t h e  same ICD f r a g m e n t  
' ^KO

a s  H • The word (lAviqA ) i s  t h e r e f o r e  n o t  i n t e r a e d u c i b l e

w i t h  a  s e t  o f  ICD words i n  H .

Theorem. The c o n n e c t i v e  i s  s t r o n g l y  u n d e f i n a b l e  i n  H

w r t .  &,v and -y

P r o o f . I t  w i l l  s u f f i c e  t o  show t h a t  t h e  i n t e r m e d i a t e  l o g i c  

H( 7Aj->(A^v A3 )-^(iA^*^A^ )v(nAj->A^ ) h a s  t h e  same CDN f r a g m e n t  

a s  H.

I t  i s  shoan  i n  KREISEL and PUTNAM [ l ] ]  , t h a t  t h e  above i n t e r m e d i a t e

l o g i c  i s  p r i m e , i . e .  i t  h a s  t h e  " d i s j u n c t i o n  p r o p e r t y "



p P v  Q i f f  j-P o r  [- Q • Now i t  c an  be shown by a s im p le

i n d u c t i v e  p r o o f  t h a t  any CDN word P i s  e q u i v a l e n t  t o  a

d i s j u n c t i o n  o f  CN words ,P,  ,P.  ...........P,̂  • Hence P i s  p r o v a b l eI 2
i n  t h e  KREISEL-PÜTNAM l o g i c  K P C , i f f  k P / f o r  some i  , U i ^ n ,  

and t h u s  by  th e  theo re m  o f  GODEL-GLIVENKOjjsJ i f f  |^P^ f o r  some

i . But  Ibhis i s  t h e  c a se  i f f  j-P  s i n c e  H a l s o  i s  p r i m e .

Hence KPC and H have t h e  same CDN f r a g m e n t s .  Our theo rem  

t h e n  f o l l o w s  as  b e f o r e .

The o n l y  r e m a in in g  c a se  t o  c o n s i d e r  i s  t h e  c o n n e c t i v e  v •

We s h a l l  show t h a t  i t  i s  a l s o  s t r o n g l y  u n d e f i n a b l e  i n  H,

b u t  i n  o r d e r  t o  do t h i s  ,we r e q u i r e  t o  make an  i n t e r e s t i n g

d e t o u r .

D e f i n i t i o n .  L e t  X(^)  be an  i n t e r m e d i a t e  l o g i c .  An a x i o m a t i s a t i o n  

H (P, P̂  ̂ • .  .P,.,) =* X ( ^) i s  s a i d  t o  be norm al  i f f  e ac h  P - c o n t a i n s  

o n l y  o c c u r r e n c e s  o f  —̂  and a t  most  one o t h e r  c o n n e c t i v e .

D e f i n i t i o n .  An i n t e r m e d i a t e  l o g i c  X ( | )  i s  n o rm a l iB a b l e  i f f  i t  

p o s s e s s e s  a norm al  a x i o m a t i s a t i o n .

D e f i n i t i o n .  X(^)  i s  s a i d  t o  be s e p a r a b l e  i f f  i t  p o s s e s s e s  an 

a x j j o m a t i s a t i o n  f o r  which t h e  S e p a r a t i o n  th eo re m  (see  )

can  be p roved  .

. Remark . The s i g n i f i c a n c e  ©fi n o r m a l i s a b i l i t y  l i e s  i n  t h e  f a c t  

t h a t  an  i n t e r m e d i a t e  l o g i c  i s  s e p a r a b l e  o n l y  i f  i t  i s  

n o r m a l i s a b l e .
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The f o l l o w i n g  q u e s t i o n  n a t u r a l l y  a r i s e s :  i s  e v e r y  i n t e r m e d i a t e  

l o g i c  n o r m a l i s a h l e ? We show t h a t  t h e  answ er  i s  n e g a t i v e .

T h i s  c o n t r a s t s  w i t h  t h e  f a c t  t h a t  t h e  i n t e r m e d i a t e  l o g i c s  

H,K,X(A/K) and t h e  f i n i t e  l i m i t a t i o n s  o f  t h e  l a t t e r  X(n^) 

n - 1 , 2 , 3 . . . .  a r e  a l l  known t o  be s e p a r a b l e  ( HOSOI [ 9 ]  ) .

Lemma. L e t  X(^)  be an  i n t e r m e a i a t e  l o g i c  such t h a t  

(776 V (77A-^A) ) ^ X ( | ^ ) . Then ^  c o n t a i n s  a sub-ICN a l g e b r a  

i s o m o r p h ic  t o  (o( X j  + oC • (Pig* 5  )

I) yP r o o f . p  c o n t a i n s  an e le m e n t  b such  t h a t  (b u  (b — c s l » .

I t  may be checked t h a t  ( 0 ^ , b , b  ,Tr , (b^=^b) , c , l ^  ) i s  i s o m o rp h ic

t o  t h e  ICN a l g e b r a

P i g .  5.

Remark . I t  nee© n o t  be t h e  case  t h a t  ^  c o n t a i n s  a sub-PL 

i s o m o r p h ic  t o  ^K?o(|foC. F o r  exam^Lle, (77AV ( t 7A-^A) ) i s  n o t  

v a l i d  on t h e  PL y  o f  P i g .  4 , b u t  y  d oes  n o t  c o n t a i n  a  sub-PL 

i s o m o r p h ic  t o
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P i g .  4.

L e t  X ( ^  ) be SCOTT'S i n t e r m e d i a t e  l o g i c  o b t a i n e d  by  a a d i n g  t o  

A ( ^ t h e  new axiom zr ( ( ( m A - ^ A ) - ^  (lAvA) )-> (t tAvhA) ) . (See [ l ^  )

6.4 Theorem. X( i s  n o t  n o r m a l i s a h l e .

P r o o f .  X( ^  ) C  H (^Av^iA) ,and  hen ce  by  th e o re m  , X ( ^  )

h a s  t h e  same ICD f r a g m e n t  a s  H. X( i s  t h e r e f o r e  n o r m a l i s a b l e

i f f  i t  c a n  be o b t a i n e d  by a d d in g  a  f i n i t e  s e t  o f  IN words t o

' / i y  . su p p o s e  t h e n  t h a t  x ( ^ ^ ) ^  H(P; , P ^ , . . . . )  where t h e  P̂ - a r e

IN w o r d s .  S in c e  F i s  v a l i d  on t h e  PL o f  P i g .  ,

(77A V (niA-^A) X( ^ ^ ) .  Hence c o n t a i n s  a  sub-ICN a l g e b r a

i s o m o r p h ic  t o  But P^ i s  n o t  v a l i d  on  t h e  PL (o<X 2o(j-f*

Thus some P- , s a y  , i s  n o t  v a l i d  on  t h e  PL (o6( & j f X ;o t h e r w i s e

We have  t h a t  H(P. ) ^ H (P ,  P . , . ) .  S in c e  P;  i s  a n  IN word ,P ;
I  ̂ Z J J

mu&t f a i l  on c o n s i d e r e d  as  an  ICN a l g e b r a .  Hence

f a i l s  on ^ . But Ibhen H (Pj P^.. .  )=f X( . C o n t r a d i c t i o n .  Thus

X ( p  ) i s  n o t  n o r m a l i s a b l e .

4.4.1 C o r o l l a r y . The i n t e r m e d i a t e  l o g i a  X ( ^ ) i s  n o t  s e p a r a b l e .

4 4 ? C o r o l l a r y . The c o n n e c t i v e  v i s  s t r o n g l y  u n d e f i n a b l e  i n  H 

w r t  ,& and
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Remark . A s i m i l a r  method can  be used  t o  show t h a t  KPC 

i s  a l s o  n o t  s e p a r a b l e .  I t  f o l l o w s  t h a t  t h e  method o f  

p r o v i n g  d e c i d a b i l i t y  s e t  f o r t h  i n  theo re m  5^3 , i s  n o t  a p p l i c a b l e  

t o  t h e s e  l o g i c s .

Remark 2 . The above r e s u l t s  can  be o b t a i n e d  i n  a  t o t a l l y  

d i f f e r e n t  manner from t h e  work ®f MEDVEDEV [ l * ^  on r e c u r s i v e  

r e a l i a a b i l i t y  and a r e l a t e d  n o t i o n ,  i n  f a c t  MEDVEDEV h a s  

e s t a b l i s h e d  th e  s t r o n g e r  r e s u l t  t h a t  t h e  l o g i c s  X ( ^  ) 

and KPC have  b o th  t h e  same ICN f r a g m e n t  a s  H,

We c o n c lu d e  t h i s  s e c t i o n  w i t h  a th eo re m  which e s t a b l i s h e s  

t h e  s e p a r a b i l i t y  o f  a l a r g e  number o f  i n t e r m e d i a t e  l o g i c s .

^ 5 Theorem. L e t  X(^)  be a f i n i t e  n o r m a l i s a b l e  i n t e r m e d i a t e  l o g i c .  

Then X(^)  i s  f i n i t e l y  s e p a r a b l e .

P r o o f .  L e t  be a norm al  a x i o m a t i s a t i o n  o f  X ( ^ ) .  Then by

th eo re m  Z Ç  ,we can  t a k e  t o  be f i n i t e .  L e t  t h e r e f o r e

t h e  s e t  o f  axioms which r e s u l t s  from a d d in g  th e

words  P, ,P^ . . . .  P^ t o  . As i n  t h e  p a p e r  o f  HOSOI [^9j we

w i l l  d e f i n e  an  a x i o m a t i s a t i o n  o f  an  i n t e r m e d i a t e  l o g i c  X

t o  be I  com ple te  i f f  e v e r y  I  word which i s  a t h e s i s  o f  X i s

d e r i v a b l e  from t h e  I  axioms o f  J/ .  IC , IN  e t c  c o m p le te n e s s
A

may be d e f i n e d  a n a l o g o u s l y .  ^

F i r s t  ®f a l l  ,we e x te n d  t o  a f i n i t e  s e t  o f  axioms

w hich  i s  I , I N  and ID c o m p l e t e , a s  f o l l o w s .  S in c e  t h e  f r a g m e n t s
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X( p) , X( f t )  and X(K) can  be viewed r e s p e c t i v e l y  a s  f i n i t e  
^ 1 '  IVi I ip

i n t e r m e d i a t e  I , I N  and ID l o g i c s , t h e y  a r e  f i n i t e l y  a x i o m a t i s a b l e .  

L e t  t h e  r e s p e c t i v e  s e t s  ©f axioms be i ] j  and 21^ • Then

t h e  s e t  o f  axioms s a t i s f i e s  o u r

s t i p u l a t i o n .  I n  a d d i t i o n  i s  IC,ICN and ICD c o m p le t e .

Here  we make use  o f  t h e  f a c t  t h a t  t h e  c o n n e c t i v e  & i s  w eak ly  

d e f i n a b l e  w r t  t h e  o t h e r  3 c o n n e c t i v e s .  I t  r e m a in s  t o  show 

t h a t  I s  IDN c o m p le t e .  F o r  t h i s  we r e q u i r e  t h e  lemma

Lemma.L e t  y  be a  f i n i t e  IDN a l g e b r a .  Then y  i s  a f i n i t e  PL.

T h i s  lemma may be proved i n  a manner s i m i l a r  t o  t h a t  o f  lemma 5,7

Suppose now t h a t  an  IDN word % i s  n o t  d e r i v a b l e  f rom  t h e  

I , I D  and IN axlx)ms,0f ^  . L e t  X(^)  be t h e  f i n i t e  IDN l o g i c

d e f i n e d  by t h e s e  ax io m s .  Such a f i n i t e  l o g i c  can  be found

s i n c e  Ĉ  i s  d e r i v a b l e  f rom  th e  I  ax toms o f  j j  , where C  i s

t h e  I  word o b t a i n e d  from t h e  word Ĉ  , i n  a n a t u r a l  m anner .

Q f a i l s  on ^  . By t h e  lemma , ^  i s  a  P L . F u r t h e r  a l l  t h e

axioms o f  s a t i s f y  ^  . T h i s  i s  o b v i o u s l y  t h e  c a s e  f o r

t h e  I , I D  and IN ax iom s .  Once more u s i n g  t h e  f a c t  t h a t  & i s

Weakly d e f i n a b l e  i n  H, we have  t h a t  a l l  t h e  r e m a in in g  axioms

o f  </ly,flvare v a l i d  on j" a s  w e l l .  Hence X(&) and so t h e
)1 +a x i o m a t i s a t i o n  ^  . i s  IDN c o m p le t e .

X(p)

c o r o l l a r y . The sequence  o f  l o g i c s  H (c/ ) n  3 , 4 . . .  a r e  a l l  

^ f i n i t e l y  s e p a r a b l e .
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Remark.  I n  c o n n e c t i o n  w i t h  a  c o n j e c t u r e  16 HOSOI [ 9 j  we 

n o te  t h a t  f o r  t h e  l o g i c s  H (Ĉ  ) , n  4 , t h e  c o n n e c t i v e  v 

i s  n o t  McKINSEY d e f i n a b l e  i n  t e rm s  ©f t h e  o t h e r  c o n n e c t i v e s .
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On t h e  b a s i s  o f  t h e  p r e s e n t  w o r k , t h e  f o l l o w i n g  open p rob lem s

a r i s e .

1) Do a l l  i n t e r m e d i a t e  l o g i c s  have  t h e  PMP ?

2)  Are a l l  f i n i t e l y  a x i o m a t i s a b l e  i n t e r m e d i a t e  l o g i c s  

d e c i d a b l e ?  I f  t h e  answ er  t o  ij^ i s  y e s  , t h e n  o f  c o u r s e  

t h e  answ er  t o  t h e  p r e s e n t  q u e s t i o n  i s  p o s i t i v e .  As t o  

t h e  c o n v e r s e ,  t h e r e  e x i s t  l o g i c s  which  a r e  d e c i d a b l e  b u t  

which do n o t  p o s s e s s  t h e  PMP.

3) Are a l l  i n t e r m e d i a t e  l o g i c s  f i n i t d l y  a x i o m a t i s a b l e ?

A.A.MARKOV in fo rm ed  me t h a t  h i s  s t u d e n t  JANKOV h a s  

answered t h i s  q u e s t i o n  i n  t h e  n e g a t i v e , b u t  no p r o o f s  

have a s  y e t  a p p e a r e d .

4) Does e v e r y  pr ime i n t e r m e d i a t e  l o g i c  have  t h e  same ION 

and ICD f r a g m e n t s  a s  H ? I s  t h e  c o n v e r s e  t r u e  ?

Both a r e  t r u e  o f  t h e  pr ime i n t e r m e d i a t e  l o g i c s  known.



41

R e f e r e n c e s .

1 .  B I R K H O P P , G . , S u l i e i i r e o t  u n i o n s  i n  u n i v e r s a l  a l g e b r a s , B u l l ,

Amer. M a t h , S # c . , 5 0 , 7 6 4 - 7 ^ 8 , ( 1 9 4 4 ) .

2 .  BULL,R.A#,Some r e s u l t s  f o r  i m p l i c a t i o n a l  e a l e u l i , J S L , 2 9 ,

( 1 9 6 4 ) , 3 3 - 3 9 .

3 .  D I E G O , A . , s u r  l e s  a l g e b r e s  d e  H i l b e r t , C o l l e o t i a n  d e  l o g i q u e

m a t e m a t i q u e , S e r i e  A,No 2 1 , P a r i s , 1966 .

4 .  DUMMETT,M.,A p r e p o s i t i o n a l  c a l c u l u s  w i t h  ©enumerable

m a t r i x , J S L , 2 4 , ( 1 9 5 9 ) , 1 - 1 3 .

5 .  GLIVENKO,V.,Sur q u e lq u e  p o i n t s  de l a  l o g i q u e  de M.

B r o u w e r , A c a d .R oy . B e l g . , B u l l . c l a s s . s c i e n . ,  

s e r  5 , 1 5 ( 1 9 2 9 ) , 1 8 3 - 1 8 8 .

6 .  H A R R O P , R . , O n  t h e  e x i s t e n c e  o f  f i n i t e  m o d e l s  a n d  d e c i s i o n

p r o c e d u r e s , P r o c . C a m b . P h i l . S o e . , 5 4 , ( 1 9 5 8 ) , 1 - 1 3 .

7 .  — — , Some s t r u c t u r e  r e s u l t s  f o r  p r e p o s i t i o n a l

c a l c u l i , J S L , 3 0 , ( 1 9 6 5 ) , 2 7 1 - 2 9 2 .

8 . HORN,A.,The s e p a r a t i o n  theo rem  o f  i n t u i t i o n i s t

p r o p o s i t i o n a l  l o g i c , J S L . , 2 7 ( 1 9 6 2 ) , 3 9 1 - 3 9 9 .

9 .  HOSOI,T . , The s e p a r a t i o n  theo rem  f o r  i n t e r m e d i a t e

p r e p o s i t i o n a l  l o g i c s , P r o e . J a p . A c a d . , X L I I ,  (1966)

1 0 .JANKOV,V., Some s u p e r c o n s t r u c t i v e  p r o p o s i t i o n a l  c a l c u l i ,  

S o v . M a t h . D o k l . , 4 ,  (196,3) , 1 1 0 3 - 1 1 0 5 .



42

1 1 .  KREISEL,G. & E lne  G i i a l i l e i t s b a r k e i t s l i e w e i s m e t k e i e  f u r  

PUTNAM,H., d e n  i n t u i t i o n i s t i s c h e n  A u s s a g e n k a l k u l , A r c h . f .

m a t h .L e g . , 3 ( 1 9 6 7 ) , 7 4 - 7 8 .

1 2 .  McKAY,C.G.,On f i n i t e  l o g i c s , I n d a g . M a t h . , 1 7 0 ( 1 9 6 7 ) , 3 6 3 - 3 6 5 .

1 3 .  - -  - -  , The d e c i d a b i l i t y  o f  c e r t a i n  i n t e r m e d i a t e

p r o p o s i t i o n a l  l o g i c s , J S L , F o r t h c o m i n g  1968 .

1 4 .  — — ,The n o n - s e p a r a b i l i t y  o f  a  c e r t a i n  f i n i t e

e x t e n s i o n  o f  H e y t i n g ' s  p r e p o s i t i o n a l  l o g i c , I n d a g .  

M a th . ,F o r th c o m in g  J u l y  196 8 .

1 5 .  McKINSEY,J. ,Proof o f  t h e  i n d e p e n d e n c e  o f  t h e  p r i m i t i v e

symbols  i n  H e y t i n g ' s  c a l c u l u s  o f  p r o p o s i t i o n s ,

J S L ,4 , ( 1 9 3 9 ) , 1 5 5 - 1 5 8 .

1 . — — & Some th eo re m s  a b o u t  t h e  s e n t e n t i a l  c a l c u l i  o f

TARSKI,A.,Lewis and H e y t i n g , J S L . , 1 3 ( 1 9 4 8 ) , 1 - 1 5 .

1 7 .  MEDVEDEV,J., The i n t e r p r e t a t i o n  o f  l o g i c a l  f o r m u la s  by

means o f  f i n i t e  p r o b l e m s , 8 o v .M a t h .D o k l . , 7 ( 1 9 6 6 )  

8 5 7 -8 6 0 .

1 8 .  NISHIMURA,I.,On f o r m u la s  o f  one v a r i a b l e  i n  i n t u i t i o n i s t i c

p r o p o s i t i o n a l  c a l c u l u s , J S L . , 2 5 , ( I 9 6 0 ) , 3 2 7 - 3 3 1 .

1 9 .  RA8I0WA,H.& The m a th e m a t ic s  o f  m e ta m a th e m a t ic s ,M o n o g r a f i e  

SIKORSKI,R., M atem atyczne , W arszaw a ,1963 .

2 0 .  R O S E , G . P . , P r o p o s i t i o n a l  c a l c u l u s  and r e a l i s a b i l i t y , T r a n s .

Amer.M a t h . S o c . , 7 5 , ( 1 9 5 3 ) , 1 - 1 9 .

2 1 .  TROELSTRA,A.S., On i n t e r m e d i a t e  p r o p o s i t i o n a l  l o g i c s , I n d a g .

. , 2 7 , ( 1 9 6 5 ) , 1 4 1 - 1 5 2 .



43

2 2 .  UMEZAWA,T.,Oa I n t e r m e d i a t e  p r a p e s i t i e n a l  l e g i e 3 , J 8L . ,  

2 4 , ( 1 9 5 9 ) , 2 0 - 3 6 .



Abstract

The main object of the thesis is to investigate a variety of 

questions relating to the set of intermediate propositional logics.

Let H denote the set of words which are intuitionist theses and let K 

denote the set of words which are classical theses. Then a set of 

words X is an intermediate (propositional) logic iff l) HCXSK and 2)

X is closed wrt modus ponens and substitution.

Of special interest among intermediate logics, are those which are 

characterised by a finite pseudocomplemented lattice. We prove the 

important result that every such finite logic is finitely axiomatisable. 

This result is one of the many consequences of the fundamental representa

tion theorem for pseudocomplemented lattices (PLs) whereby every PL is 

subdirectly reducible to a set of so-called strongly compact PLs, In 

addition v/e provide a neat syntactic characterisation of finite logics, 

and show that H is the limit of a certain sequence of explicitly 

axiomatised finite logics.

In addition we consider more restricted types of intermediate logics, 

in particular intermediate ICN logics. By generalising a result of 

DIEGO, to show that every ICN algebra with a finite number of generators, 

is finite, we manage to prove that every finitely axiomatised intermediate 

ICN logic is decidable with primitive recursive bound. This generalises
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and completes earlier work of BULL, The same methods are then applied 

to obtain a proof of the decidability of all those intermediate logics, 

obtained by adding a finite set of dis junction-free words, as additional 

axioms to H. Many older results in the literature are then seen to be 

special cases of this general result,

V/e introduce the new concept of strong undefinability of a 

propositional connective, and examine its relation to McKINSEY’S related 

notion. It is shown that the connectives of implication, disjunction 

and negation, are all strongly undefinable in H, whereas conjunction is 

weakly definably.

Lastly we investigate the scope of the so-called Separation theorem 

in the field of intermediate logics. It is shown that certain inter

mediate logics treated in the literature do not possess any axiomatisation 

for which the Separation theorem can be proved.


