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SUMMARY

Energy theorems and kindred inequalities have long been a basis for
the analysis of redundant structures and the material continuum. In the
first section of this thesis we trace the development of the principal
results of elasticity, time-independent inelasticity and creep, from the
principle of virtual work and the well-known theorems of linear elasticity
to recent results which describe the deformation of general inelastic
materials.under time-varying loads. In certain instances where incomplete-
ness is apparent in the theory an attempt is made to remedy this; in particu-
lar we present a new view of the upper bound shakedown theorem - an area which
remains relatively unexplored in comparison with the lower bound theorem and
thé limit theorems. A discussion of the fundamental material requirements
which permit the establishment of many of the inequalities is included.

In the following section we obtain new bounding results for a class of
constitutive relations using a thermodynamic formalism as the basis of the
discussion. The bounds turn out to be both simple in form and insensitive
to the detailed aspects of the material behaviour. Cyclic work bounds are
derived in which the cyclic stress history known as the "rapid cycle
solution" gives a simple physical meaning to the bounding results. Examples
are given for linear viscoelastic models, the non-linear viscous model and
the Bailey-Orowan recovery model. A displacement bound is derived which is
expressed in terms of two plasticity solutions and the result of a simple
creep test. Examples are given and the results we obtain for the Bree
problem are compared with O'Donnell's solutions which are in use in current
design.

In th; third section, new results are obtained for the behaviour of
a general viscoelastic material subjected to cyciic loading. The existence

and uniqueness of a stationary cyclic state of stress is proved and a lower
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work bound for the general non-linear material is derived. An upper
work bound is obtained for the general linear material in terms of the
rapid cycle solution and we describe a simple method for obtaining this
solution without the need for a full analysis. The role of the constitu-
tive equation in the bounding theory is investigated when the method based
on a state variable description is compared with the results obtained from
the use of a history-dependent constitutive relation. We go on to show
how a knowledge of the_response of a viscoelastic body to constant loading
is sufficient to determine its general long-term cyclic strain behaviour.

In the final section we bring together the existing theorems con-
cerning small deformations of time-dependent materials and large deformations
of time-independent materials. The problem posed has dual complexity as a
result of the dependence of the deformation on the stress history and the
dependence of the stress on the changing geometry. We obtain a general
displacement bound in terms of suitably defined conjugate variables referred
to the undeformed configuration. In an example which follows it is shown
that the employment of such variables may in some c&ses reduce the diffi-
culty of bounding non-linear deformations to a level that is comparable with

the linear case.



CONTENTS

SUMMARY
SECTION 1 : A REVIEW OF DEVELOPMENTS IN THE BOUNDING METHODS
OF CONTINUUM MECHANICS
Introduction
Chapter 1 : Virtual work
2 : Time independent material behaviour
3 : Time dependent material behaviour
4 : Extremal paths
5 : Creep and plasticity
6 : Bounds for general materials
7 : Fundamental postulates
Appendix : Notation
SECTION 2 : BOUNDS BASED ON A THERMODYNAMICAL APPROACH TO AN INTERNAL
STATE DESCRIPTION OF MATERIAL BEHAVIOUR
Chapter 1 : Introduction
2 : A thermodynamic approach to constitutive relations
involving internal variables
3 : An energy inequality
4 : General work and displacement bounds
5 ¢ Work bounds for a body in the stationary cyclic condition
6 : Displacement bounds for a body in the stationary cyclic
condition
Appendices

SECTION 3 :
Chapter 1 :
2 :

3:

CYCLICALLY LOADED VISCOELASTIC BODIES
Introduction
Description of the body

General models

: Convergence of stress histories. The stationary

cyclic state

Page

(i)

19
25
29
36
40

47

50

51

54
64
67

70

82

97

108
109
111

114

116



5 : A lower cyclic work bound
6 : An upper cyclic work bound for the general linear model
7 ¢ The cyclic increment of strain
8 : The rapid cycle solution. An example: a viscoelastic beam
9 : An extended work inequality
10 : Further inequalities. An example: total inelastic
strain bound
11 : Stress redistribution. A geometrical analogy
Appendices
SECTION 4 :’A DISPLACEMENT BOUND FOR TIME DEPENDENT MATERIALS
UNDERGOING NON-LINEAR DEFORMATIONS
Introduction
Chapter 1 : Extremal properties of time-dependent materials
2 : The boundary value problem
3 : A point displacement bound
4 : An example
Appendix
References

120

123

128

130

137

139

148

152

160

161

162

168

171

172

182

183



SECTION 1

A REVIEW OF DEVELOPMENTS IN THE

BOUNDING METHODS OF CONTINUUM MECHANICS

Page

Introduction 2
CHAPTER 1 : VIRTUAL WORK 4
~ 2 : TIME INDEPENDENT MATERIAL BEHAVIOUR 6
Elasticity 7
Imposed strains 9
Minimum principles for increments 9
Plasticity | 10

The limit theorems 12

The shakedown theorems 13

3 : TIME DEPENDENT MATERIAL BEHAVIOUR 19
The elastic analogue 20
Skeletal points and reference stresses 23

4 : EXTREMAL PATHS 25
Time dependent case ‘ 28

5 : CREEP AND PLASTICITY - : 29
Variable loading » 32
Physical interpretations 34
Loading above shakedown 35

6 : BOUNDS FOR GENERAL MATERIALS | 36
Relation to extremal paths 38

7 : FUNDAMENTAL POSTULATES 40



INTRODUCTION

In this first section we draw together the work of many authors in
an attempt to describe a continuous history of the development of the methods
of bounding eXact material and structural behaviour in terms of displacement,
deformation and energy ekpressions. The motivation to generate such bounds
lies in the inherent intractability of many structural problems with regard
to analytical solution, even when apparently simple material models are
employed. It might be argued further, that exact solutions of realistic
design problems are impossible to obtain, and that the finite element method
of analysis comes closest to providing acceptably accurate solutions. We
hopé to demonstrate that bounding methods exist with the capacity to generate
acceptably accurate solutions to a wide variety of continuum and structural
problems, and that these methods may offer both a simpler and a cheaper
approach to the designer.

In pursuit of completeness, the well-known theorems of linear elas-
ticity are included; it may be seen that their format is a basis for many of
the bounding methods applicable to inelastic materials. There follows a
description of the inequalities that apply primarily to incremental plasti-
city;mention is also made of some resﬁlts of the deformation theory that
appear to belong to the same class. The limit theorems are discussed, and
in view of continuing interest, the shakedown theorems are considered in
some detail, including the presentation of a new proof of the upper bound
theorem.

Mention is made of the skeletal point and reference stress methods
of structural analysis; selection of an appropriate reference stress permits
the simplification of the dissipation terms appearing in some upper bound
expressions.

Purely creeping and creeping elastic bodies are discussed in terms

of properties of appropriate convex functions, and the extension, due to



Ponter and Leckie, to include plastic behaviour up to specific factors of
the collapse or shakedown loads is included, together with Ainsworth's
development of the bounding theorems for cases above the shakedown limit.

A separate approach lay open as a result of Martin's intuitive
notion of the eiistence of paths in stress space which maximise the comple-
mentary work between two prescribed states of stress. Consequent results
are given, along with Ponter's extensions into strain space, and strain-
time and stress-time spaces. These extremum quantities may be utilised to
define an associated elastic problem under conditions related to the given
problem for an inelastic body; this gives rise to extended bounds and to
results which give added meaning to deformation theories of plasticity. In
a later section we demonstrate a further use of the extremum-path quantities
in bounding the time-dependent non-linear deformation of a body.

Ponter has defined a functional which may be exploited in cases
where it can be shown to possess an upper bound; we discuss how this enables
more general energy theorems to be derived, and in a subsequent section we
employ the functional to obtain new bounds for cyclically loaded viscoelast-
ic bodies. It is shown that under certain circumstances this functional
is related to Martin's maximum complementary work expression.

Finally, mention is made of some work on the fundamental precepts
that give rise to the various bounding methods. Foremost in the early
development were the contributions of Hill, Drucker and Iliushin, and an
attempt is made to provide the basis for a general framework, encompassing
some of the work of these authors.

In view of its central role in the majority of the theorems dis-
cussed in this section, we begin with a statement of the principle of virtual

work. -



1. The Principle of Virtual Work

In its broadest form, known as d'Alembert's principle, the principle
of virtual work is one of the most general summarising statements in the
mechanics of material systems. All related statements of principle, inclu-
ding Hamilton's, are derivable from it?

In the main, we will confine discussion to quasi-static changes,
and inertia terms may be ignored. Two distinct versions of the principle

appear in the literature:

a) the increment of work is zero for a virtual displacement, com-

patible with any constraints, from a position of equilibrium;

b) the increment of complementary work is zero for an infinitesi-

mal virtual change in force from a geometrically compatible state.

Finite displacements are permitted in a) if the form of the equilibrium
equations is undistﬁrbed, or if they are defined in the deformed state
(Malvern 1969).

Writing the equilibrium equations in the form:

(1)

for external loads Xi per unit volume and Pi per unit surface area with

unit outward normal nj , and the compatibility conditions:

*
See, e.g., Washizu- (1975), or Leech (1958); full references are given in an

appendix to this section.

LI ; . . . . . . .
A 1ist of the notation used in this section is contained in an appendix.



* (2)

. . o
for prescribed displacement u; on part of the surface Su , we may state

the two principles as follows:

Jc..ée..dv - J X.8u.dv - J P.su.ds = 0 (3)
ij = Tij i74 i i
\Y \Y - Sp
je-.éo..dv - J u. 80, .n.ds = 0 (4
1) 1) 1 133
\' Su
Sp 1is the part of the surface upon which Pi is applied. It may be

observed in (4) that Goij is a''residual stress field", in equilibrium with
zero applied forces.

If both the static variables (cij,xi,Pi) and the kinematic
variables (Eij,ui,u£3) are continuous, we may incorporate (3) and (4) into

one statement:

where the starred quantities are an equilibrium set and the superscript 'c'

indicates a compatible set.

Equation (5) is a corner-stone in much of the subsequent theory described

in this section.



2. Time independent material behaviour

Summary

Here we include energy theorems for elastic materials, plastic
materials and for bodies subjected to constant imposed displacements. In
view of the continuing interest in the phenomenon of shakedown, the upper
bound shakedown theorem is discussed in some detail.

An overall view of the behaviour of an elastic, perfectly-plastic
body (subjected to boundary conditions described in Chapter 1) emerges
from the theorems of elasticity and shakedown - the latter including the
limit theorems as special cases. It is summarised in the following
statement.

If, after the application of finite deforming agencies, an equili-
brium stress field arises and yield has not been reached, the body deforms
only elastically and dqes not collapse, and the actual static and kinematic
variables minimise the total potential energy and total complementary energy
functions. If yield is reached, but the body deforms so as to be capable
of storing and dissipating energy internally at a rate not lower than that
with which the external agencies do work, then some steady state (possibly
cyclic) is eventually reached, in which the static and kinematic variables
are determined by equality of internal and external energy quantities. In
such circumstances there are three possibilities: shakedown, incremental
collapse and reverse plasticity, the first being distinct in that the rate
of energy dissipation is zero, and the second in that there is a non-zero
accumulation of deformation between points in time at which the deforming
agencies have identical values. On the other hand, if work is done exter-
nally at a greater rate than can be stored ana dissipated internally, then

the body acquires kinetic energy and collapses.



Small-displacement elasticity

The elastic strain tensor is related to stress by

5 = Cisxe ke (6)

where, by virtue of the symmetry of eij and sz,

Cisre = C5ixe = Gk 7
An increment of strain energy density is defined as
6E = o.. Se,. (8)

ij ij

_ 1 -1
and so E(eij) =5 Cijkl ekz eij (9)

The existence of E(eij) such that E(o) = 0 is sufficient to ensure that

*

Creij

Cijkg = (10)

The principle of virtual work now yields the theorem of minimum potential

energy:
c -.c
where Up(eij,ui) = JE(eij)dV - inuidv - J Piuids <0 (12)
) Vv Sp

and (eij;ui] represent: actual quantities, while (ei;:,u;:) represents any
compatible set. The proof of (11) requires E(eij) to be positive-definite;
this may be established by accepting the proposition of Gibbs concerning
stable thermodynamic equilibrium on the basis of the second law of thermody-
namics: -for an isolated system in equilibrium, the internal energy is a
minimum amongst states with equal entropy. The unstrained state is such a
state and a variation from it thus gives a positive increment of internal

energy,

*Hill (1956), Jeffreys (1931)



SE >0 (124)

Noting (10) it follows that E is positive definite (Malvern 1969). The
complementary energy theorem follows in a similar way; the complementary

energy demnsity is defined through

§ = So..
EC eiJ 013 (13)

and E (0..) = %

c 13" (14)

C5%0%2% 3

and (10) and (12A) ensure that

UC(Cfij)~ s U, (Oij ) (15)
o
-) = . - . o..n.d 16
where Uc(cij) J Ec(oiJ)dv J us oljnJ S (16)
\' Su

*
and Oij represents the actual stress, while Gij represents any statically

admissible stress.

Finite displacements

Equality (12) implies the minimum potential energy theorem only if
the second variation, GzUp(eijc) , 1is positive for all kinematically
admissible displacements, The state is then said to be stable.

A dual result for complementary energy is complicated by the coupling
of stress and displacement terms but some progress has been made by Koiter
(1973), by redefining the total complementary energy in terms of the two
Piola stress tensors, referred to the undeformed configuration. Although
uncoupling of stresses and displacements is then achieved, Koiter admits to
the difficulty of application of the resulting stationary principle.

(Examples are given for the special case of semi-linear isotropic materials.)



Imposed strains

A generalisation of the minimum complementary energy theorem (15),

to include constant imposed strains pij (for example, plastic strains) is

*

due to Colonetti and independently, Reissner. Uc(oij ) 1s redefined as
* * * d f 1) * d
Uc(oij ) = Ec(cij )dv + Oij pij v - J u, Oij'nj s (17)
\ v Su

and UC is minimised by the actual stress field.

The generalisation of the minimum potential energy theorem was given

by Greenberg in 1949. Up(sijc) is redefined as
U (e.°) = Ee; ; “yd [ X.uCav piu.’ds (18)
ij /= v J ity &V 7)Yy
\Y Y Sp
where €, = P.. * e, s compatible. U is minimised by the actual
ij ij ij P

strain field.

Both theorems are discussed in Koiter's general review (1960).

Increments

Analogous minimum principles for stress and strain increments were
derived substantially by Prager and Hodge, Greenberg and Bauer. The energy

and complementary energy terms are respectively defined to be

U (de. &) = Jdo de. “a de duSdv - J dp.du. ds (19)
P 1) J i 1 1
V') \Y Sp
do. ) = L4 do. . n.duld 20
UC( oij ) = > c - Oij nj u, " ds (20)
A% Su

and each is minimised by the actual values in the body.

Proofs of the theorems may be found in Koiter (1960) and Hill (1950).
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Plastic materials

The historical development of minimum and staﬁionary principles in
incremental plasticity are comprehensively described in Koiter's summarising
paper (1960). An outline of the early results which led to the limit
theorems Is given here, followed by results for the deformation theory of
plasticity. The 1imit and shakedown theorems conclude this chapter on

‘time-independent material behaviour.

Hill's ﬁrinciple'of-maximum plastic ‘work

Hill (1947) proved that the rate of working of the external forces
is a maximum for the actual stress field amongst all admissible stresses.

That is

*

i du.° 2
U (o.. = - Oij nj uy ds (21)
Su

—t
1N

is a minimum for the actual stress field. For the proof, Hill assumed
the Mises yield criterion, and took the whole body to be deforming plastically.
Equation (21) is a special case of the upper bouﬁd limit theorem.

In 1950, he proved that the principle was equivalent to the following
material inequality, which has subsequently become known as the maximum work
principle:

*

(oij - oij)dpij <0 (22)

which applies to general convex yield surfaces, and remains valid when not
all of the body is at yield. It may be remarked that (22) is distinct
from other extremum principles in the discussion above, in that the maximum
is non-analytic.

Hill's principle plays a central role in the derivations of the limit

and shakedown theorems.



Markov's principle

This is expressed in terms of admissible increments.

entire body is yielding,

P f
U (dp. .~ ,du.) = 2k (/ dp, Sdp. Sdv - J P.du.Cds
P o ij i j ij By ii
\' Sp

is a minimum for the actual kinematic quantities, (dpij,dui)

yield criterion is again assumed:

S..S.. ¢ 2k?
1] 1]

where Siﬁ is the stress deviator,

S.. =o0.. - %—0

. .6, .
ij ij ii"ij

11

Assuming the

(23)

The Mises

(24)

(25)

In the case where not all of the body is at yield; the principle holds, but

the minimum is non-analytic. (Hill 1950).

Deformation theory plasticity

The minimum principles of deformation theory are closely related to

those of small displacement elasticity. Provided the stress-strain rela-

tions do not alter during loading - that is, unloading from the yield surface

is forbidden - extremum principles follow in an analogous way to (11) and

(15).
A strain-hardening material may be described. by
= 1
where yu = u(pijl and p!. 1is the plastic strain deviator.
- ij

Kachanov, in 1942, derived minimum principles based on (26).

(26)

A perfectly

pastic (Mises) material is known as a Hencky material and the complementary

energy minimum principle
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* 1 * * o * 0
Uc(oij) < Uc(gij ) = 5 Cijkkqij g dv - Jcij njui ds (27)
\Y Su
is known as the Haar-Karman principle (1909). A proof was given by

Greenberg in 1949.
In the case of the rigid-plastic Hencky material, results exist of
an analogous nature to those of Hill and Markov:
* o}
U = - o.. n.u. ds (28)
c ij Ji
Su
is a minimum for the actual stress field; this was known as Sadowsky's
principle of maximum plastic resistance (1943); and
U =72k J . Sp. v - J P.u, ds (29)
P ij *ij i'i
v Sp

is a minimum-for the actual kinematic quantities.

It is generally agreed that the deformation theory is an unsatis-
factory description of plastic behaviour except in the case of proportional
loading, and the above results are included for completeness and historical

interest.

The 1imit theorems of incremental plasticity

It is proved in Koiter's review- (1960) that during the collapse of
an elastic, perfectly-plastic body, the elastic strain rates and the stress
rates are zero and the body behaves in a rigid-plastic fashion, with the
collapse mechanism being a purely plastic kinematically admissible strain
increment, dpij . This observation enables Hill's principle to be invoked
in the proof of the limit theorems.

The lower bound collapse theorem states that if there exists any
admissible stress distribution in the body for which collapse would not
occur, then collapse does not occur. A simple proof using Hili‘s principle

is given in Washizu (1975), and another, using Drucker's postulates (which
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are discussed in a later section herein) is given by Koiter (1960). As the
name suggests, the theorem may be used to generate a lower bound on the
safety factor for a given problem.

The upper bound collapse theorem concerns increments of work -

externally, dW = J X.du:dv + J P.du.C ds
e 171 i

V' Sp
. { c
and internally, dw. = J o..dp.. dv
i ij T ij
\
which result from an admissible collapse mechanism. The theorem states

that collapse will occur if there exists any admissible kinematic set

(du;:,dpijc) for which dWe > dWi , but if the inequality is reversed for
all admissible mechanisms, the body will not collapse. Once again, the
proof may be accomplished through virtual work and Hill's principle
(Washizu) or Drucker's postulates (Koiter). An upper bound to the safety
factor may be determined on application of this theorem.

The design technique of achieving close bounds on either side of
the safety factor is illustrated through examples by Neal (1964).

It may be noted that the limit theorems do not provide information
about the magnitude of displacements before collapse occurs; nevertheless
Koiter demonstrated that for a safety factor exceeding unity throughout a
loading programme, the total plastic work in the structure ﬁay be bounded

from above. This, of course, does not rule out severe local deformation

but it may be regarded as a bound on the mean degree of plastic deformation.

The shakedown theorems

It is well known that a body may collapse through the application of
loads whose maximum values, if kept constant, would have been safe on the
basis of the limit theorems. ~ A simple example of a portal. frame is cited

by Neal (1964). Collapse occurs by accumulated increments of plastic

deformation. On the other hand, the body is said toshake down if, after an
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initial period of plastic straining, it develops constant residual stresses
that allow it to respond entirely elastically to subsequent load variations.
The theorems describing shakedown are generalisations of the preceding
collapse theorems.

The lower bound thearem was first given ina restricted form by Bleich
in 1932 and then, more generally, by Melan in 1936. Following Koiter's
account, it is assumed for simplicity that the body has rigid supports:

u. =0 on Su. The following quantities are required in the dis-

1

cussion of the theorems:

>

oij is the stress occurring if the body were purely elastic
€. corresponds to gd..
1] 1]
pij(t) is the residual stress in the body if, at time t , the loads
were (slowly) removed without causing additional plastic
strain
T
e.. corresponds to p. .
1] 1]
Ap'jo is defined to be a kinematically admissible cyclic accumula-
i
i i in: .= p.. dt
tion of purely plastic strain APlJO J leo
. cycle .
pijo is the unique residual stress rate corresponding to pijo
;. . corresponds to 5..
ijo ijo
Bij is an arbitrary constant residual stress field.

The lower bound shakedown theorem states that if any Eij exists such that

(Gij + Bij) does not exceed yield in the body during a loading programme
between prescribed limits, then the body will shake ‘down. The proof given
in Koiter is a simplified version of Melan's, due to Symonds (1950). It is

shown that as Apijo is taken to be adm1551b1e, then pijo(o) = pijo(T),

where 0 <t £ T denotes a cycle of loading. Consequently
T
J eijodt =0 . (30)
o

*
We now assume the existence of an admissible stress Uij which does not
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exceed yield throughout the loading, and define the positive-definite

quantity
| [ ; ’ T )d 31
E = | 7Cijk2 (pij - 95 )(9y 4 = Oy, 1AV (31)
\
) 2
As Oij Oij + pij (32)
and we may set
* : P 33
013 = 01_') + 1] , ( )
then on differentiating (31) we obtain
X 30
aE _ * kg[
\
f - aeij
=) Ciy 7 %5 ) e @ (34)
\

and so the total strain is

A

T
e..=e.+e.+p

1j ij ij (35)

ij

Substituting (35) into (34) and applying virtual work to the self-equilibra-
oc. . deE., .

. * <. . ij ij
ting stress (Gij qij ) and the admissible strain rates 5t and 5T
we obtain

Ip. -
JE _ _ ¥ Tij
T J (055 - 955) ¢ & (36)
v
and from Hill's maximum work principle it follows that g%-< 0 unless
* . ) .

either cij = Gij , in which case pij = 0 by hypothesis, or
0.. =0.. +p.. where p.. 1s time-constant, in which case the body has
ij ij ij ij

*
shaken down to a state distinct from Sy

As E 1is positive definite, E cannot decrease indefinitely and so
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the body shakes down.

Note that an alternative form of (36) is

op. .
3 _ _ oz ij
A

and the maximum work principle requires that additional plastic straining

dv

changes the residual stress pij(ﬁ) in such a way as to approach a shakedown
state.

Once again, no deformation limits result, but Koiter has shown that
for a shakedown safety factor above unity, the total plastic work may be
bounded above.

‘The first shakedcwn theorem was subsequently demonstrated to be a
special case of the theorem due to Frederick and Armstrong (1966), in which
it 1s proved that two bodies differing only in their initial patterns of in-
ternal stress will develop identical patterns of internal stresses in regions
of creep and plasticity if they are subjected to the same variations of tem-

perature and loading.

The upper bound shakedown theorem

The upper bound theorem was first given by Koiter in 1956, It
states that if there exists any ﬁijo (defined above) for which the accumula-
tion of external work exceeds the accumulated internal dissipation, then
shakedown will not occur. On the other hand, if the inequality is reversed
for all ﬁijo’ then the body will shake down.

The accumulations of energy are, respectively,

[ ([ i

cycle Sp

J [ g, dvdt
1Jo ijo
cycle V

where J u. dt is compatible with Ap.. , and o,. is the stress on the
io ijo ijo
cycle

yield surface corresponding to ﬁijo
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The proof is given by Koiter, but as he observed, difficulties lie
in the application of the theorem. They appear to centre on the fact that
while Ap.. may be defined to be admissible, in general é.. is not

ijo ijo
admissible, and during a cycle the loads do not remain on the yield surface,
so - distinct from the circumstance of the upper bound 1limit theorem -
energy rates cannot be equated through virtual work.

An alternative statement of both shakedown theorems has been given

by D.A. Gokhfeld (1977); for the second theorem he still uses the quantity

éijo as defined here, but he re-expresses the theorem in terms of the
constant set (oi;D, X;), P;)) as follows: shakedown will occur if for any
Pljo >
0 - 0. 0
J {J Xi'uiodv + [ Pi uiods} dt < J J Oij pideV'dt . (37)
cycle V Sp cycleV

o} e .
In terms of the constant component of stress, oij , a "fictitious yield

surface'" is defined by

0 o)
Oij < Oijx (38)

and the second shakedown theorem then takes this form: shakedown 1is
impossible if there exists a ﬁijo such that

J x° Au, dv + J PPau, ds > J o, 2ap.. dv . (39)

i io i io ijx " 1ijo
v Sp v
A new view of the second theorem is now given. We suppose for

simplicity that the body is subjected only to surface traction variations
between prescribed limits. The cycle is imagined as a sequence of stages

in which subsets of the complete set of loads are first applied and then

removed. During a typical stage it follows that
( P.u’ ds = E + J J o, ﬁ.. dt dv (40)
joii ij Tij

and J - Pi u- ds = - E (41)
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where the superscripts a and b refer to the application and removal of
the loading subset; E 1is a quantity of recoverable elastic energy and
oi?r is the stress on the yield surface corresponding to éij

Combining (40) and (41) and noting that oi;, is constant during this

stage we obtain

- y
J Pi us ds = J Oij pij dv (42)
for the completed stage. We now choose a set of such stages so that the

assumed accumulations of deformation u, constitute a collapse mechanism.
Substitution of each such ui into (42), together with a compatible strain
pij and corresponding yield stress Oig gives a value for the load Pi .
Together, in any sequence, the set of loads so obtained is sufficient to
cause incremental collapse. That they are an upper bound in this sense is
evident from Hill's principle: in (42), oi;’ corresponds to the assumed

pij 5 suppose the actual stress is Oij ; then by Hill's principle,

1
(oi;’ - cij') pij 2 0 , and on application of virtual work,

1
1
where Pi is the calculated value of load and Pi is the actual value.

In effect, the theorem provides an upper bound to the energy

required to bring about incremental collapse.
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3. Time dependent behaviour

Summary

We begin this chapter with inequalities that fall within the class
of theorems known as the elastic analogue. We see that the property of
convexity of certain functionals is central to the derivation of energy
principles for time dependent materials,* There follows a brief dis-
cussion of the skeletal point and reference stress methods of structural
analysis and then we diverge from the '"classical' energy methods with the
notion of extremal paths, due initially to Martin (1965), whereby a comparison
quasi-elastic body may be used to bound the actual material behaviour. The
notion was first disgussed in the time-independent cases and was extended by
Ponter; the methods recover earlier results due to Leckie and Martin and also
enable the formulation of a generalisation of the Haar Karman principle of
deformation theory plasticity.

Energy and displacement bounds for creeping plastic materials were
obtained by Ponter and Leckie as extensions of the Leckie-Martin results,
and Ponter extended the bounds to cases of variable loading. The bounds
apply to loading below a certain factor of the shakedown limit; Ainsworth's
discussion of loading above this factor is also included. These bounding
theorems are strongly dependent on the material constitutiverelations;Pontef
made further progress by devising displacement and work bounds in terms of
a functional whose determination constitutes a separate problem from the
energy theorems themselves; this is discussed in relation to perfectly-plastic
and non-linear viscous materials, and in a separate section, viscoelastic

materials are included.

* o
The more general significance of convexity is discussed in a later chapter.
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The elastic analogue

The inclusion of time-dependent behaviour in the family to which
potential and complementary energy theorems may be applied was noted by Hoff
(1954). At about this time, Odqvist, Hoff and others had used the name
"elastic analogue" in describing certain time-dependent problems (Odqvist,
1974). Hill (1956) developed the notion along the lines of general varia-

tional principles: if there exists a one-one relation between .. and €..

1]
such that
90. . 90
e A S (43)
9
Ekl 851]
then the existence of a state function
E = J Gijdeij (44)

is assured, and furthermore E 1is convex, in the sense that

*

E(éijzg - E(éijl) s (6.2 - ¢ 1y 2E (45)

i] i3 7 58 .
ij

A minimum principle follows, similar in format to the potential energy
theoreﬁ of elasticity, (11), with strain rates and velocities taking the
places of strains and displacements.

| Similarly, Hill quotes a minimum complementary principle analogous

to (15), involving the function
EC = J Eij doij . . (46)

With various substitutions for E and Ec , Hill recovered principles

for rigid-perfect-plasticity, Newtonian viscosity, viscoplasticity, work-

*
Mention is made in a subsequent section of the connection between equation
(43) and Onsager's reciprocal relations
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hardening elastic-plasticity and non-linear elasticity and he obtained new
results for a viscoelastic Maxwell solid, [Hill ohserved that the minima
were non-analytic for perfectly plastic materials.]

Martin (1965) defined the functionals EC(Oij) and E(éij) for a

material obeying Norton's law:

L (o
= [ @

€, . 0..\ .
SN e ) (48)
(-.: [e} J (0. )
0 o' s[4
Yo
in general. Assuming ¢n+1 is convex, it follows that EC and E are

also convex and Martin derived the following inequality for a problem in

*
which Pi is the load on Sp :

-1 ¥ * n c* C *eC

= J‘oij €3 dv + — J Oij €3 dv 2 [ P, u; ds (49)
Vv \' Sp

. * *

where gij is associated with Uij and may not be admissible, likewise
c . . ¥oc

.. , associated with «e.. .

1) 1)

Martin went on to use (49) to produce a point displacement-rate
bound for the creeping body.
An extension to the elastic analogue was made by Hult (1962) who
demonstrated that a constitutive equation of the form
n-1

o)}
. 3 e
EithJ = §-k(t)

S.. , (50)
m Cij
{ee(r)} |

which includes primary creep, results in a stress distribution which is
constant and identical to the '"'steady-state'" case, (48), though the strain
rates now vary in time,

[Here, O and e, are effective stress and strain %-Sijsij

and %—e respectively.]

. E. .
1] 1)
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The solution to this problem is known as the "stationary state' solution.
For proportioﬁal loading the stress variation 1s also proportional and
follows the time variation of the loading.

Leckie and Martin (1967) pointed out that a range of laws describing
primary and secondary creep may be incorporated into the general form of (50);
moreover they all predict the same stationary stress distribution. The

following results for elastic-creeping bodies were obtained:

1) The stress following step loading eventually becomes equal to the
statioﬁary solution, Gijs’ which is identical to the stress in a purely

creeping body.

2) Upper and lower bounds on the total energy dissipated by external

loads at large times:

T
( + [ {

S 0 s+ S T S o+
J(E(eij) - E(eij Jdv + J J?ij Eij dtdv ¢ D ¢ (n+2) J {E(eij) -E(sij)}dv
\Y% Vo* \'

T
S+ S
+ J Joij Eij dtdv (51)
Vot

T _ _ + S s .
where D = J Pigui(T) ui(o ))}ds and Eij corresponds to Gij in (50).
Sp
3) A general intermediate-time upper bound is formed by adding the

* )
term %—J E(ﬁij )dv  to the large-time upper bound in (51) and replacing

Vv *
S . . sien e
Oij with an arbitrary equilibrium stress, oij

4) Point displacement bounds, extending Martin's earlier result

(1965), to intermediate and large times for the elastic-creeping material.

5) Improved upper and lower bounds on external energy dissipation at

large times, based on the assumption that the stress redistribution is small:
T
: s o* S« s T s o*
2 [ {E(ﬁij ) - E(sij)}dv + J Joij eij dtdv ¢ D < (n+l) J {E(eij )-E(eij)}dv
Vot T
s* s
+ J Joij €53 dtdv (52)

Vot
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The significance of stress redistribution may be estimated from the

quantity

N T i
E = - - . (53)
O+
JE(eij)dv

*
Leckie and Martin showed that in several practical structures, E < 25%

indicating that the effects of redistribution might be neglected, in which
case sufficient accuracy is obtained from addition of elastic and stationary
terms. They confirmed this by considering a two-bar structure in which

* ‘«

redistribution is severe: E = 50% - and they obtained bounds from which a

reasonably close estimate of displacement could be made.

Skeletal point and reference stress methods

A method of calculating the deformation of certain bodies made of
elastic-creeping materials was given by Marriott and Leckie (1964). They
observed that in such bodies as beam sections, thick tubes and transversely
loaded flat circular plates, there exist locations where the elastic and
stationary stress values are identical. It was argued that at such
points, the stress during redistribution cannot deviate significantly from
this "skeletal value'" and so the total creep strain at such '"skeletal points"
is accurately estimated by the stationary solution. This, in turn, may be
obtained by testing the material at an arbitrary stress, resulting in a creep

a . . .

rate :Vij » and solving the non-linear elastic analogue problem at the same
**a - .

stress to obtain a steady-state creep rate Vij . Then the actual displace-

ment rate in the body, di is given in terms of the elastic analogue solu-

. *
tion, ui for the actual stress, as follows:

. U.i vi. :
u. = —'_—*——L . (54)
v

In essence, the skeletal point observation is used to justify the omission
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of the effects of redistribution in deformation calculations.
Anderson et al (1965), and later MacKenzie (1968), obtained deforma-
tion rate estimates by testing the material at a specific stress, called the
"reference stress', chosen in such a way as to minimise the effect on the

The displacement rate was expressed

solution of unknown material parameters.

in the form
ﬁi = ¢ F(geometry). G(t).J(xn,n) (55)
where the uniaxial stationary creep law is assumed to have the form
£ s "
T = 5_) (56)
0 0
is the ratio of applied traction to o,
For choices of

and x
is the only one explicitly containing n

The function J
on either side of the anticipated value, the two corresponding values of
becomes a known function,

n

u, are equated, making x determinate, andso o
The quantity or is known as the ''reference
3

Op of the applied loads.
stress',and assuming’ J is a fairly smooth function of n in the chosen range

fairly insensitive to the actual value of n
is'!obtained.

the choice o = OR makes ui
and hence ui

A material test at stress 9, = % gives ¢
It transpires that the stresses at the skeletal points of Leckie and

Marriott are identical to the reference stresses for those structures.

Marriott (1970) pointed out that this is not a general result.

Sim (1968) provided a simple method for selecting the reference
corresponding to the rigid

stress Op using the solution for n =+ «

perfectly-plastic solution:
P
(57)

is the actual load, PL the limit load and Oy the yield stress

‘where P,
i
¢ OY
L P is a function of geometry only)
L
The stationary solution, (54), may be calculated in a simple way by
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. . . ! .
using the reference stress in (57) to obtain Vij , and taking n = 1 as the

- X « *
. . * *a .
lower range for n , in which case u, and Vij correspond to a linear

elastic analogue solution:

-
. ui VlJ
U o E (58)

~
.

where ui is the linear elastic solution for load Pi s vijI2 is determined
from testing at oR and E 1is Young's modulus. (Goodall, Leckie, Ponter
and Townley 1979).

Despite the elegance of these displacement methods, it may be observed
that for the purpose of describing the overall response of structures to

general loading, it is also desirable to obtain bounds on the total energy

dissipation. .

4. Extremal paths

Many of the bounds for elastic, creeping materials were based on the
convexity equation in the form of (49). Martin derived this from the

more general inequality

c. Syd E " yd P 5.C4d 59
>
Vv V S
in which E = J o..dé;. and E = J é,.do.. . Martin (1966) generalised
1] 1) c iJ 1]

(59) to a class of the time independent materials by adding to the assumed
stability postulates the statement that there exist paths between specified
points in stress space for which the net complementary.work has a maximum
value. Such paths are called "extremal paths".

In order to apply the resulting bounds, these paths must be obtained
for the materials in question; this was investigated by Martin, Ponter (1968,

1949 a and b) and Ponter and Martin (1972):
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1. if an entirely elastic path exists, this is extremal and the

maximum complementary work, ® , is zero;

2. for an elastic, work-hardening body with only one non-zero principal

stress, a monotonic change in stress is an extremal path;

3. for a rigid, perfectly-plastic material with a convex yield surface
and associated flow rule, any path within the yield surface (but

not touching it) is extremal, and w = 0 ;

4. for an isotropically strain-hardening material, initially unstressed,
extremal paths are radial stress paths. For such paths, a deforma-

tion theory is an appropriate material description;

5. for a linear kinematic hardening material with a Mises yield criter-
ion, extremal paths are radial and a deformation theory is again

appropriate.

Martin's extremal paths led to a fertile source of energy theorems.
Ponter (1968) pointed out the physically more identifiable notion of minimum
work paths in strain space and he also showed that in the absence of rigid
behaviour, an extremal strain path defines a unique terminal stress - a sit-
uation more reminiscent of elasticity than plasticity. Indeed, Ponter
defined an associated elastic material in terms of the minimum work function,

w, as follows:

1 _ adw
ij = 3e, . 2 (60)
ijle.. e.%
ij="1j
Wl el _ 24 3w
and w(0,1) w(0,2) (Eij eij) aei"g .2 20 (61)
MRS IS

]
where 0, 1 and 2 refer respectively to the initial point and two terminal

points in stress and strain space. Clearly w may be interpreted as a

convex elastic strain energy density.
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Dual results follow for , the maximum complementary energy, and

in terms of  Martin's generalised version of (59) takes the form

- 2 1 o o]
w(0,2) + W(0,1) ~ (pij Eij Oij ;ij )

WV
(o]

(62)

where W(0,1) 1is the actual work done in the body.
From (62), Ponter and Martin (1972) obtained the following inequal-

ities:

~ A~

2 . 1
Uc(oij) P Uc(oij) 2 Uc(cij) (63)

in which Uc(cig) is the total complementary energy in the body, Uc(oié)
is the total complementary energy associated with the arbitrary admissible

~

2 in the associated elastic material, and o, is the elastic solution.

0.4

i
Since equation (60) and its dual define a state of strain corresponding to
a given stress and vice versa, it may be interpreted as the constitutive
equation of a deformation theory material, and (63) is a generalisation of
the Haar Karman principle.

A complete dual of (63), in terms of U? , 1s not obtainable because

of the lack of duality in the directions of the inequalities:
U (e.. Yy >2U(e.. ) 22U (e..) (64)

where eijc may be taken to be the actual strain

As Ponter and Martin point out, (63) bounds the material in terms of
a less stiff elastic body with an arbitrary admissible stress; (64) provides
a bound only in terms of an elastic solution.

Both theorems are based on the hypothesis thét w exists. Ogden
(1976) extended the theory by assuming that w exists simultaneously with w
and he permitted non-linear deformations by defining a non-linear associated

elastic problem. He obtained the extended result:

~

1 = _ 1 ' 1 (e 1:_’\ . - 2.
Up(ﬁij) = Uc(gij) > Up(eij) > Up(eij) = Uc(aij) 2 Uc(gij) (65)

Martin and Ponter used (64) to formulate bounds for impulsively
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loaded plastic structures. Martin had previously bounded the response of an
impulsively loaded elastic{%ody and Wierzbicki used a similar method with
rigid, perfectly-plastic structures, justifying the use of the virtual work
equation with changing geometry in a "large-small" problem by showing that a
correction term takes the sign that cannot weaken the inequality. The result
(64) was used to show that an elastic analysis could be rigorously applied to
a rigid, perfectly-plastic body. The deformation theory problem thus defin-
ed was solved for a fixed-end beam subjected to a transverse impulse. The
bounds obtained from the deformation theory and an incremental theory analy-
sis were close, differences arising from the non-optimality of paths in the

latter case in the early stages of deformation.

Extremal paths for time-dependent materials

Ponter (1968) broadened the results above by redefining the comple-

mentary energy density and work density as follows:

Ftl
w(0,1) 3 W(0,1) = (66)
ko 1371]
(0]
2
w(0,2) < W(0,2) = ol .E.. (67)
ke ij713

The associated elastic material may now be regarded as possessing a time-

varying strain-energy density. Particular extremal paths were obtained:
1. linear viscoelasticity, characterised by the constitutive relation
t

o(t) = J G(t—T)é(T)dT : the extremal path is given by

T o
J Glt-t|e(t)dt =o(T) , giving w(= &) = %—o(T)e(T) ;
0
2. non-linear viscosity and strain-hardening creep:
- * * 1 ¢ n *
w(O,oij (T)) = Ec(oij ) + £(n) . B—D (n ) Gij )

where f(n) = 1 for non-linear viscosity, and 1 £ f(n) € 1.36 for

0 <n g« , for strain-hardening.
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Particular results were obtained for the non-linear Maxwell model:

) 5 ¢(0ij)
¢33 = Cike®ii T 30 n+ 17 °
ij
The extremal path is a radial path:
3 = n

Ponter derived a displacement bound for this material; it reproduced an
earlier result of Leckie and Martin (1967), derived from convex functionals,
since these authors had adopted the optimal stress history ((68)) as their
choice of arbitrary admissible stress.

Despite this link between the two distinct bounding methods, much of
the energy subsequently expended by workers in this field was directed

towards developing the '"classical" convexity-type theorems.

5. Creep and plasticity

Summary

Leckie and Ponter (1969) extended the theorems of Leckie and Martin
(1967) for the elastic analogue to include plastic strains in an elastic,
creeping material. They defined a "stationary plastic creep solution"

and obtained bounds for the body in this state, and they went on to show

that provided the external load did not exceed a factor of times

n
+ 1

the limit load, the plastic strain was insignificant. Ponter (1970a)

extended this to variable loading, the limit being times the shake-

n
+ 1
down load. He considered cyclic loading in particular, and generated upper
and lower work bounds, the optimum choices of which were shown to have a
physically-meaningful identity. Ponter provided examples of several
structures to support his results.

Ainsworth (1977) extended the range of variable loading above E—%—T

times the .shakedown load by expressing general bounds in terms of a "cyclic

plasticity solution'; he also lent support to the theorems with structural

examples.
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Constant loading

_ . . S .. . .
Just as the stationary solution cij is important in bounding
elastic, creeping materials, the '"stationary plastic creep solution''is useful

here: following step loading the stress approaches this solution, denoted by

*
oij , and the total strain rate becomes the sum of creep and plastic compon-

ents only. Leckie and Ponter (1969) showed that:oi§ is history indeperndent and

*

that the creep dissipation rate is minimised by Oij = Oij , subject to the
yield condition, f(oij) 0. (The absolute minimum is given by the unres-
tricted 'oijs.) The authors drew analogy with the minimum complementary

energy theorem of elasticity, and the Haar Karman principle.
The convexity-based results, (49) and (59) again provide the founda-

tion for bounding statements.

1. Upper and lower bounds on the eXternal work in the stationary state:
D(o. 5)dv < | P.0. ds < |D(o, B)av (69)
“ij o o i'i ° ij
v Sp v

. * g

where uy is the stationary plastic-creep displacement rate, Uij is an

arbitrary admissible stress subject to the restricted yield criterion

Rl 8) < o (70)

and 5(Uij) is the creep dissipation rate.

2. Point displacement bound:
n+l
+ R 1 +n . D
Riu” <5 (57 JD('Oij 1dv
v N
where Ri is a dummy load and ci;J is in equilibrium with Pi + Ri , and
D
f(oij ) <0, )
3. An intermediate-time work bound was given, with additional elastic

energy terms in the upper bound in (69).
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An interpretation of the bounds can be obtained by imagining the
body to he loaded proportionally: Pi;A_PiL where P;J is the limit load,

independent of creep strains. When A = 1 there exists a unique equili-

L L . .. . )
brium set (Pi ’Oij ), the plastic limit solution; thus when A =

no L
1) is in equilibrium with load n P}J and is the
n+l +1 1

PN

n
n+1"’

the stress o.. =
1]

only distribution satisfying the restricted yield condition, (70). For

this reason, (69) is not applicable for loading above T 1 P;’ and so it

may appear less surprising that the bounds in (.69) contain no plastic term -

the confribution of plastic straining below this level of loading is small.
The effect of stress concentrations may also be considered: suppose

we take the maximum effective stress, am , to have just reached yield

when A = 5 2 T - Calladine (1963) has shown that a linear interpolation
of maximum effective stress as a function of n between n =1 and n= <
provides a reasonable approximation for a range of common structures. His
o _(n)
. n+1 m -
formula is F. = where F_ = — . We have o (n) = o = the
n Zn n ﬁm(n=l)' : o m y
2n : i

yield stress, so Gm(n=1) = this is the instantaneous response

n+1 0y ;
of the body in the absence of plasticity; we may infer that plastic deforma-
tion occurs only during redistribution. [Calladine's maximum concentra-
tion factor is 2 ; if there are higher levels than this in the body, Ponter
(1970) considers them to be "severe but local'.]

The upper bound in (69) may be simplified by an appropriate choice of

reference stress. Writing the creep dissipation function in the form

« g _ . n+1 g -
D(-Gij ) = oV ¢ (‘Oij /co)_ (71)

g

where ¢(0ij) = ¢ = effective stress, and noting that as Gij is in equili-

brium with Pi , we may set

g g = 0..L _"]; > (72)
1] ij p L
g Ly
o.. P. g..
then ¢[%1 == o2 ] : (73)
o’ P L 9% )
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L L Oig \ P.
Now ¢(¢.. ) =0 <0, so (73) becomes ¢[ JJ s = X . The choice
1] Yy o} L o
o] Pi o
P.o
of % is open: setting o, = 0p = = g. the bound, (69), takes the simple
Py
form
n+1
[ . % . Pi v )
J P.u. ds s o v 4 dv =0 Vv V (74)
11 00 p LO 0o
Sp vV i

[In a minimum-weight design structure, ¢(oi.L) = Oy and ﬁ(oij) is
constant throughout V so equality holds in (74) for A < 1.]
Ponter and Leckie (1969) used examples of a beam in flexure, a thick

cylinder under internal pressure and a transversely loaded flat circular

n

plate to demonstrate that for loading below T 1

P;“, the effect of plastic

deformations was indeed small.

Variable loading

The role of the shakedown theorems in elastic-plastic design has been
mentioned in an eariier'chapter. In many design situations, however,
operating temperatures may result in the occurrence of non-negligible creep
straining and any residual stress tending to build up in the material will
relax away in time. In such circumstances the deformations may become
excessive for loading below the shakedown limit.

An extension to the constant-load bounds above was achieved by

Ponter (1970), who derived an upper bound on the total inelastic work:

n+1
J Iclj 1Jdtdv S 7 [A(e)-A(T)] + n(p =YD n+1 J Jcb(o Jg(t)dtdv (75)
© Vo

where Eij is the inelastic strain rate, u 1s a positive constant, A(t)

is the positive definite elastic energy term:

ACt) = Jl (ke (035 (8 - 045 () (o, (1) —oy () (76)

and Oij is an arbitrary admissible stress, subject to the constraint that
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uPi(t) is within the plastic shakedown limit,

With p = o+l the bound becomes
T T
.y *
J Joijsijdtdv < (m+1)[A(0)-A(T)] + j j¢(oij Jg(t)dtdv (77
Vo Vo

and for cyclic loading the average work per cycle at large times is bounded

also: T
1 f *
N(ave) < ﬁ)l J¢(cij Yg(t)dtdv - (78)
Vo

where N 1is the number of cycles.

The bounds are dominated by creep terms: it is concluded that for

loading below 3 L

T3 of the shakedown limit, plastic straining may be regar-

ded as insignificant.
Interest concentrated on the particular case of cyclic loading.
Ponter showed that the stress approaches a cyclic stationary state, irres-
pective of its initial value. For a body in the cyclic stationary state,
T

with 0 £t £ T defining a cycle, the total work done on the body, W0 s

may be bounded from above and below by creep terms:

J Jo..s v, Sdtdv < W < J fa..g\}..gdtdv (79)
- ij ij ) ij ij
V cycle V cycle
where Oijs is the purely viscous stationary solution, and Gijg is arbitrary,
subject to the restricted yield condition f(gil-ciﬁ) £ 0.

An example of step-cycles of loading applied to a two-bar body, in
which the bounds might be expected to be fairly severely tested, resulted in
a maximum difference between them of 4.5%. [Ponter 1572] It may be noted
that bounds on the total inelastic work from the commencement of loading
would differ by a greater amount, due to the additional work corresponding to
the redistribution of stress to the cyclic stationary state.

A very general displacement bound, encompassing those of Leckie and

Martin (1967), and Leckie and Ponter (1969), was derived by Ponter (1972):
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T
J T, (u, (T)-u, (0))ds < J T, (u (T)-u; (0))ds + A(0)-A(T) + ”%cp(ﬁ Gi;)g(t)dtdv
S S Vo

T T (80)

~

in which Ti is a constant dummy load acting on S Uy is the elastic solu-

T)
* *
tion due to the real load Pi » Oij is arbitrary, subject to f(oij ) £0

and {¢(0ij)g(t)} is the creep dissipation rate. Displacement or deformation
bounds may be obtained with a suitable choice for T .

The cyclic work and displacement bounds were tested for beam sections
and portal frames [Leckie and Ponfer (1972)] using shakedown solutions. It
was confirmed that the effects of plasticity may be regarded as insignificant
for loads lower than —— times the shakedown limit.

n+1

Physical interpretations of the bounds

The work bounds in (79) refer to the cyclic stationary state; Ponter

g in this state and succeeded

(1973a) sought the optimum choice of stress Gij
in showing that the two bounds represent extreme modes of the body's cyclic

behaviour. As might be expected, the lower bound corresponds to very slow
cycling (compared with a characteristic material time). The upper bound can

be written in terms .of stress

0.8 =g, +5.. (81)

~

where Oij is the elastic solution and Bij is an arbitrary constant resi-
dual stress, and Ponter showed that the optimum upper bound is provided by the
value of 5ij that gives a unique, compatible accumulation of creep strain,
Avijg over a cycle. Furthermore, this choice makes Gijg identical to the
actual stress in the body when the cycling is fast.

An example of a two-bar structure indicated £hat for cycles in
which the applied load did not reverse in sign, the bounds were very close,

in which case a knowledge of the stationary solution may well be acceptable.

On the other hand, characteristic times for common structural materials




indicated that for practical cases of cyclic loading, the body's response may,
in general,be nearer to the upper bound, Similar close bounds were found
using optimum stress histories for a beam under variable bending moment and a
thick tube under variable internal pressure.

The same interpretation of the optimum stress was made in the case of
the displacement bound, (80). Once again, provided the applied load does
not change sign during the cycle, the upper and lower displacement bounds are

approximately equal; this was confirmed for a laterally-loaded cantilever.

Loading above_nn ..of .the shakedown limit

+1

The results of the previous section require the load variations to be

within 21 of the shakedown load. Ainsworth, (1977), noted the necessity
to examine structural behaviour beyond this 1limit in circumstances of severe
thermal straining, as opposed to purely mechanical loading which may be
accommodated by suitable design.

By definition, it is now impossible to find an admissible stress of

~ the form oi.g =0, + 5ij which does not violate yield during a cycle, and

] 1]
so Ainsworth defined and discussed a ''cyclic plasticity solution', by virtue
of which he was able to extend Ponter's bounds. The cyclic plasticity solu-
tion is defined for a body without creep; two models were considered -
perfect plasticitffand linear kinematic strain-hardening plasticity. In the
perfectly plastic model, the plastic strain rates are periodic and so either
reverse plasticity or ratchetting occurs; for a hardening body the plastic
strains are periodic and ratchetting is excluded. Stress rates in both

materials are periodic, and in view of these properties, Ainsworth formulated

. the following bound:

T T o T o
. - * 1 n - (i
J J R.u.dsdt < J fRiui dsdt + = (- 1-53 J J D (=) dvdt (82)
o
oS oS oV

in which Ri(t) is a cyclic dummy load, and starred terms refer to the cyclic
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plasticity solution for loading Pi(t) + Ri(t) . [Pi(t) is the real load on
the actual creeping body.]

For loading bBelow the restricted limit, (82) reduces to (80).

Result (82) yields a displacement bound, a work bound or a creep
dissipation bound depending on the choice of Ri. In the latter, the unique,
optimum solution again provides an admissible accumulation of inelastic strain
over a cycle, and the bound again becomes exact for rapid cycling.

More recently, Ainsworth has included-the transient response leading
to the cyclic stationary state, by adding the elastic term [A(o) - A(T)],
where A(t) = J

\
The theorems were applied to three structures: a beam, a tube and a

*
E (0.. - 0..)dv , to the bound in (82).
cij ij

two-bar body, and all were considered to be subjected to constant mechanical
loads and cyclic thHermal strains. Good estimates were obtained for the

actual behaviour for realistic cycle times and Ainsworth deduced that the
optimum stress in the upper bound is approximated in many practical situations,

as Ponter observed for cases of loading below the shakedown limit.

6. Bounding theorems for general materials

Thus far, the most general bounding theorems have covered cases of
constant and variable loading with imposed strains, in which the total mecha-

nical strain has been expressed as

eij = eij + pij + vij . (83)

Specific properties of elasticity, plasticity and creep, such as positive
definite strain energy, maximum work and convexity of the dissipation function
have been employed in formulating the bounds, of which (75), (80) and (82) are
primary examples.

Ponter (1974) put forward a more general approach in which the material
description remains unspecified in the bounds. Earlier results were obtained

as special cases, and in a later section herein, new results are given for a



w
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general linear viscoelastic material.

The total strain is rewritten as

€..==e.. +e.. + 6., (84)
1] 1] 1] 1]
in which eij are stress-history dependent inelastic strains and Sij are
externally induced. In formulating the theorems, Ponter required that

there exists an energy-type functional which possesses an upper bound
amongst all possible stress histories Oij(t)i
T
ol
W(Sij(t),Oij(t)) = J (535(8) - 045(8)) Eij(t)dt S W(Sij(t),T) (85)
o

where sij(t) is a prescribed history of stress.
A work bound and a displacement bound were obtained; it may be noted that

no specific constitutive relations are assumed:

a) an upper bound on the total inelastic work: setting

*

4 . ) )
sij(t) = uoij (t) where u > o and Oij = Oij(t) + pij(xi) ,

it was shown that

T
o1 u. - 1 *
J Joijeijdtdv < T {A(0) - A(T)} + 1 J m(uoij (t),T)dv (86)
Vo \Y
b) an upper displacement bound: setting
B * %k ~ ~ Tl -
SlJ (t) - 013 (t) - Gij (t) B Oi] + pij (xl) >

T.
where Oij 1 is the elastic solution for constant dummy load Ti , it

follows that

~ ~ * %
J Ti(ui(T) -ui(o))ds < A(o) —A(T)-ff Ti(ui(T)‘;ui(o))ds-+J “(Gij (t),T)dv
Sp- Sp Sp (87)
It may be observed that (86) and (87) provide generalisations of (75) and

(80) respectively.
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In the application of these theorems to particular materials, W

must be evaluated, Ponter (1975) discussed the perfectly plastic model
with an associated flow rule: provided f(sij) < 0, w 1is zero, otherwise
W is unbounded. The bounds recover previous results established by
Koiter (1960) and Ponter (1972). Ponter went on to use w in the

description of the dynamic loading of an elastic, perfectly-plastic body
and he recovered the results of Martin where the static elastic solution to
an associated problem had been employed.  The method applied to dynamic
loading also permitted the formulation of general bounds in terms of
dynamic elastic solutions; in particular, an example of an impulsively
loaded elastic, perfectly-plastic beam was given, for which bounds were

calculated for the maximum and time-averaged deflections.

The nature of the functional w(sij(t),T)

It was observed previously that the maximum complementary work,
&(sij) is also zero for a perfectly-plastic material, provided f&;ij) < 0.
Ponter (1975) examined the connection between the two functionals, w and w.
It transpires that for materials that are stable in the Drucker

sense, that is:

do..de,. 2.0 s (88)

then

w(s..,T) = w(s..) (89)

provided sij is constant in time and if oij(o) =0, Gij(T) = S43 and
eij(o) =0 .

On the other hand, if W is defined in (85) in terms of elastic
strains, W 1is in general unbounded, despite (88) being satisfied, and so

a distinction exists in Ponter's formulation between elastic and inelastic

stable materials.
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For a perfectly-plastic material with a non-associated flow rule,
W 1is bounded provided Sij(t) lies within an effective yield surface
formed by the envelope of hyperplanes passing through the actual yield
surface which are orthogonal to the plastic strain increments at points of
contact - thus W exists for a material which may be unstable in the
Drucker sense.

For isotropic hardening plasticity, .w takes the value of the
maximum complementary work to the stress at which the yield surface
f(Sij(t)) achieves its maximum value.

In the case of linear kinematic hardening plasticity, the result is

1 *  *

that W 1is bounded above: W < i-cijkzsij €y DProvided that

*

there exists a strain Ekz such that

£(s .. (t)

1]
i3 - Cijkzekzj <0, 0ct, <T .

The condition requires sij to satisfy the yield condition corresponding

* *
to g by suitable definition of ¢ it again becomes possible to

ke
identify w with a particular value of the maximum complementary work
functional.

Stationary state creep, described by the flow rule

=, Glo..) ,
ij (Bcij 1]
where
"
G=6(8) =kiry
results in w taking the form
T X n n+l n+l
o)
which is again identical to the maximum complementary work if s.. is

1)
constant.



40

For viscoplasticity described by the constitutive relation

Y 1
_ . | @) - a T
I 2 , 0> 0
1] ij n+1
= 0 s ¢ < 9
then W 1is given by
T n+1
k n ; n+1
W = J ; [1’1'*'1) {95(513) -0} dt , ¢(Slj) > GO
o}
= 0 s ¢(51]) < OO

The nature and application of w(sij(t),T) in the case of linear

viscoelasticity is discussed in detail in a separate section.

7. Fundamental material inequalities

All of the bounding theorems discussed in this section have depended
implicitly upon some postulate concerning fundamental material behaviour.
Principal amongst such postulates have been the contributions of Hill (1950)
and Drucker (1951), and these and others are discussed in a general way in
terms of properties of functions of stress and strain or strain-rate.

Several variational principles and bounding theorems have been pre-
sented for a variety of boundary value problems and material types. It is
of interest to extract from the derivations of these results what appear to
be the common fundamental properties that are necessary for the generation
of such results, and examine them in search of an underlying theoretical
core. Existing attempts include the work of Hill (1956, 1968 a and b),
Drucker (1967) and Iliushin (1961), but no clear agreement has been reached

on the nature or identity of such a core.
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There appear to be four distinct bases for the derivations

discussed in this section; these are

i)  the convexity of a function
ii) the existence of a positive definite function
iii) a geometrical property of a surface, distinct from convexity

iv) the Schwartz inequality.

The efforts of the authors mentioned above have been to provide
physically reasonable and mathematically consistent grounds for these
bases. Drucker's work (1951) concerns the existence of a non-negative work
quantity arising from a cycle of loading. This may be shown to lead to
an associated flow rule and to a convex yield function as necessary
consequences.

Iliushin's postulate (1961) concerns cycles of deformations and, unlike
Drucker's, distinguishes between elastic and perfectly-plastic behaviour.
Normality and convexity also follow as consequences, although the latter
holds only for isotropic media.

Hill (1968) defines conjugate stress and strain increment variables
in terms of their product, which represents an increment of work done in
The material. In terms of these variables he discusses the postulates of
Drucker and Iliushin, and Martin's notion (1966)of maximum.éomplementatywork.
Hill points out that the validity of a postulate hinges on how such var-
iables are measured; that is, with respect to what configurations their
values are determined. He concludes, however, that normality is assured
independently of the chosen postulate, and in most practical circumstances
convexity also holds. He also demonstrates that logarithmic strain is
generally-the most suitable measure.

More recently, in a paper by Ponter, Kestin and Bataille (1979), the
postulates of Drucker and Iliushin are shown to be essentially non-

thermodynamic in nature; in particular, the property of normality of the
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plastic strain increment is shown to arise from particular properties of
dislocations which produce an average, macroscopic hehaviour, whereas the
nature of the yield surface is determined by local (small-scale) material
properties.
For linear viscous and viscoelastic materials, Kestin (1966) and
Biot (1958) have considered the consequences of Onsager's reciprocal
*

relations concerning irreversible thermodynamic processes. The

following points emerge:

a) Onsager's relations are applicable to these materials but not to

plastic materials;

b) the coefficients in the stress-strain, or stress-strain-rate

relations are symmetric in the sense that if e then

i = G5k ke

_ . , .
Cklij by virtue of Onsager's relations.

Ci5xe
Ziegler (1966) shows that a further consequence of Onsager's

relations is that the strain-rate, Eij , in a purely dissipative material,

is normal to the dissipation surface in stress space: ﬁ(oij) = oij éij
The distinction between plasticity and viscosity appears as a difference in
character between plastic yield surfaces and surfaces of constant dissi-
pation rate for viscous materials: Onsager's relations require the dissi-
pation rate surface to be definable both in terms of Oij and éij : this
is not possible in plasticity.

Stability of an elastic material is demonstrated thermodynamically
(Washizu, 1975) by consideration of the state function A, where
dA = Oijdeij . ”Stability”'is used in the sense that in straining, energy

is absorbed by the material and is not extractable simultaneously from the

straining agency and the material.
*

Onsager's relations are not defined in the non-linear case, although
Ziegler (1966) shows that certain consequences of the relations which
may be derived in the linear case also have physical meaning in the
general case.
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Another view of material stability, following from the properties
of scalar functions of stress and strain or strain-rate is now discussed,
We suppose that there eiist functions f = f(ci) and g = g(ei)
of nine-component stress and strain or strain-rate tensors respectively,
*

which are differentiable with continuous third partial derivatives.

The Taylor series for f(oi) may be written as follows:

2 3
2 1 2 1. 5f 1.2 1. 9t 2 1 2 1
f(o.) = £(0,) + (0, - 0.) — + 5 (0, - 0.) —1— (0, - 0.) + Ao, - 0.)
i i i 17 5 2 1 L - j . i i
i ij
- (90)
where —ET denotes the value of the partial derivative at o, = oi s
tle}
. 3 3
and where® A(ci - 0;) approaches zero at least as fast as (oi - o;)
when 0% > o}
i i 2
The symmetric matrix —éTi—f is called the Hessian matrix of
1 90. 90 .
f(o.) at 0. = o, ; the term J
i i i
2
2 1 °f 2 1
o, - 0.) ———— (0, - O.
(oF - 03) CHEE

2.1
90, 90 .
1]
is the quadratic form associated with this Hessian matrix.

. 2
The function f(oi) is said to be convex if, for any pair s

1
and o. ,
i

£(05) - £(0}) > (oF - o}) 2 (91)

0.
i

Assuming f(ai) to be sufficiently smooth, it is evident from (90) that a
necessary and sufficient condition for convexity is that the quadratic form

2
associated with —~f  is positive semi-definite. [Hill (1956)]. If
1 2

30 . 90.
11

*
For notational brevity we write € to represent both strain and
strain-rate; the selection is made clear in context.
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the quadratic form is positive definite, strict inequality holds in (91)
2 . . )
for all o # 0; and fGJil is strictly convex.
We now choose various forms for the functions f(gi) and

g[ei) and eXamine the consequences of the ekpressions (90) and (91).

i)  Suppose f@vil is a convex potential function, in the sense

that

of
'a?i = Ei . (92)_

2 1
If we choose o, =0, ¥ SUi , we obtain from (90} and (92)

o .
2 1 2 1, f 1 i 3
f(O’i) - f(Ol] = ('Oi - O’l) —&j—l + —2-501? (SO'j + A(Gol) (93)

1 J

and the convexity expression, (91), implies that

k.

1 -—
Soi ggg-écj = Goiéei >0 (94)

ii) If g(ei) is a convex potential function in the sense that

°8 - g

e 5 , (95)
i
the same result follows. This may be expressed as
5 sc. + Lo, 8e, + 0(8) 96
gle;) = 0.8, + 580, 8e, () . (96)
A critical point is defined by %%— = 0 , that is o, = 0. If _g(si)
i

is regarded as the total-potential function, and the set e is taken to
represent both the internal and external kinematic variables, this condition
is identical to the equations of equilibrium. Furthermore, from (96), the

equilibrium is stable if

§o.8e. 2 0 ; (97)

that is, if g(ei) is convex.
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iii) Similarly, if f(Gi) is regarded as the total complementary

energy, and.lggl = 0 , the compatibility equations are obtained.
i

iv) The notion of a stable matefial may be obtained from (96):

if ¢ (ei) is a convex potential function, then &g > oidei , and taking
e, to represent quantities of strain, &g represents the actual increment

of absorbed energy, which exceeds the increment that would occur if the
stress remained constant during the incremental strain. It is thus
possiblg to write dg = oi éei s Where G£ Tepresents a mean stress during
the change in strain, and so' o{ﬁsi > oiési . Stability is assured
in this sense; that is, when an increment of energy is absorbed there is an
overall increase in the magnitudes of the components of current stress in
the directions of the strain increments, and the material may be said to

resist the change.*

2 1 . 2 1.1
v) The case f(ai) < f(oi) results in (Oi - oi)si <0,
on application of (93). When f(oi) represents a convex yield function
in deformation theory plasticity with an associated flow rule, the result is

a generalisation of that given by Sadowsky, (29).
vi) We may include incremental plasticity if we suppose that
f(oi) is a convex potential-type function in the sense that
fe. = SN = , (98)
where 68X > 0 for Gei # 0

From (90),we obtain,

*
We may equivalently express this in terms of effective stress and

effective strain increment.
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2 1 @ - ) 1 .2 1, % 2 1 2 13
£(9;) = £00;) + —=y—=88; + 7 (95 = 93) —5~y oy ~ 0] + Alo; = 9;).
90.90,
1)
(99)
If we choose
1
o =9 +60l s (100)

2 1
which represents loading into the yield surface when f(ci) 2 f(oi) s

then on noting the convexity expression, (91), we obtain
Goiéei >0 (101)

which is discussed in the context of material stability by Drucker.

On the other hand, we may choose oi and oi such that
1 2
f(oi) > f(oi) . (102)

On noting (91), equation (99) gives

1 2 (Oi - Ui) 2 13
f(oi) - f(ci) = Sei -a - A(oi - oi)

where o 1s a positive definite quadratic form, and from (102) we obtain

1 2
(oi - ci) Gei >0 (103)

Expressions of this type, due to Hill and Drucker, were used
extensively in formulating bounds for plastic materials.
In summary, we have included descriptions of elasticity, deformation
theory plasticity and, by analogy, stationary creep by defining f(oi)
through equation (92). Incremental plasticity is described by equation (98).
It is evident that a range of material inequalities, appertaining
to the notion of material stability, may be derived for those materials for

which an appropriate smooth convex potential function may be defined.



APPENDIX 1.1

Notation in general use in Section 1

A(t) =

:complementary energy density function, defined as Jsijdd..

: elastic strain rate corresponding to residual stress rate éijo

J %-Cijkg(cij(t) - cijs(t))(okg(t) - les(t))dv = elastic

complementary energy expression.

. constant

fourth-order elastic-constants tensor

creep energy dissipation at time t

! positive definite strain-energy density function, defined as

Ja..de..
13 1]

1]

: elastic energy redistribution factor

elastic strain tensor

elastic strain corresponding to residual stress, 5ij

: yiéld function
: flow potential
: relaxation function

: hardening coefficient

Heaviside function

: yield stress in pure shear
: time-weighting function in creep law
: creep index

: unit outward normal to a surface

externally applied surface traction

limit load -

: plastic strain tensor

: plastic strain deviator

47



ot:

: kinematically admissihle accumulation of plastic strain over a

cycle of deformation

strain rates corresponding to Apijo

: dummy load

safety factor

surface with prescribed displacements, ug

: surface with prescribed tractions, Pi

: prescribed stress field, unless defined in context as the stress

deviator, o.. - %—o

.. 6.
ij ii’ij

: generic time

: prescribed final time

completion of elastic response to step loading

: unit dummy load

: dummy load

: displacement vector

: total potential energy

: total complementary energy

: displacement rate compatible with strain rate (ﬁi. +e..)

jo ijo

: total potential energy in associated elastic body
: total complementary energy in associated elastic body

: creep strain tensor

) *
functional of stresses oij and Sij (or Oij )} , unless defined

in the context as Joijqeij

: inelastic work quantity

complementary energy density Jeijdoij

: maximum value of the functional W
: total work done by external forces
: total work done by internal forces
: position coordinate

: externally applied body force (per unit volume)

-8



ijo

Kronecker delta tensor

total strain tensor

: compatible set

*
strain corresponding to Oij

strain corresponding to aij
material constant
stationary state strain
strain value on an extremal path
inelastic strain rate
proportionality factor
residual stress field
residual stress rate correéponding to éijo
constant residual stress
stress tensor
equilibrium set. oij* is also used for the stationary
plastic creep solution
stress correspoﬁding to eijc
yield stress in pure tension
equal to l-0..
3 11
stress in a purely elastic body
stress corresponding to ﬁijo
material constant
effective stress, defined as /'gpsijsij
stationary state solution

stress value on an extremal path

general equilibrium stress
homogeneous function

potential functions for external forces

: maximum complementary energy density

minimum work density
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CHAPTER 1

INTRODUCTION

A considerable amount of work is being carried out in industry
to develop creep constitutive equations for use in numerical solutions
for structural problems at high temperatures, particularly in the
context of nuclear and gas turbine design. Much of the work is not
found in the open literature as the cost of generating material data
discourages publication. There are, however, three major groups that

we know to be working in related fields:

1. Oak Ridge Laboratories of the United States Atomic Energy
Authority are developing constitutive equations based upon Rice (1970)

and Ponter and Leckie (1976).

2. Constitutive equations for gas turbine design are being developed
by Chaboche and others at O.N.E.R.A. in Paris, based upon the déctorate

work of Chaboche (e.g. Chaboche 1977).

*
3. Some development of a constitutive equation due to Besselling is

taking place in the Nuclear Research Laboratories of T.N.O. in Belgium.

A summary of recent developments and an attempt to understand
their similarities and dissimilarities has been given by Chaboche and
Rousselier (1982a and b). The details of these models are complex
because of the need to model material data as precisely as possible. The
approach taken by all three groups involves the use of internal state
variables which are close to the models discussed in this section of the

thesis.

A description of Beselling's equation in the context of the work
in this thesis is given by Ponter (J.de Mec., 1976).
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The purpose of this section is to attempt to give some insight
into the behaviour of a class of constitutive equations by using a
thermodynamic formalism as the basis of discussion. We find that a
number of properties are required for the existence of bounding results,
but the bounds themselves appear very insensitive to the details of the
constitutive relationship - in other words the same or very similar
results exist for a range of relationships, provided they all yield
identical results for a class of simple material tests, namely creep
tests conducted at constant stress and temperature.

The bounds do not provide particularly detailed information
about the creep deformation of a structure. At most, they yield the
displacement of a particular point and the best results are usually for
the average deflection rate of the applied load. The bounds are,
however, very simple in form and they indicate that the overall deformation
of the structure may not depend strongly on the details of the material
behaviour. This suggests that the considerable expenditure on the devel-
opment of constitutive equations for industry, which produces super-

- ficially dissimilar equations derived from considerable material data
bases in different laboratories will produce solutions to structural
problems which may well differ only in detail.

In Chapter 2 we give the thermodynamic formalism used as the basis
for the theory, in which two scalar functions, the free energy function
and the rate potential describe the capacity of the material to inter-
nally store and dissipateenergy. If the rate potential is convex, this
is shown to be sufficient for the stress and internal state histories to
converge to values which are independent of their initial values. This
is followed in Chapters 3 and 4 by the derivation of general bodﬁds for
a class of rate potentials, using the structure of the thermodynamic

formalism.
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In Chapter 5, properties of the stationary cyclic condition are
used to obtain bounds on the cyclic work done on the body. The impor-
tance of the rapid cycle solution emerges naturally and gives a simple
physical meaning to the bounding results. This is supported by the
results of bounds calculated for linear viscoelastic models. Work bounds
are also obtained for the Bailey-Orowan material and the non-linear
viscous model.

A displacement bound is derived in Chapter 6. This bound has a
particuiarly simple form, being very insensitive to detailed material
properties and requiring for its determination two plasticity solutions
and the result of a single creep test at constant stress. Examples are
given to illustrate the use of the bound and we conclude by comparing
our results for the Bree problem with those of 0'Donnell which are in

current use in industrial design.
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CHAPTER 2
A THERMODYNAMIC APPROACH TO CONSTITUTIVE RELATIONS

INVOLVING INTERNAL VARIABLES

In this section we construct the description of the current
mechanical behaviour of an inelastic material by supposing that we may
determine the current values of a sufficient number of internal variables
so that a knowledge of the previous history of stress and deformation is
not required. The chosen internal variables are deformation - like in
characﬁer and they are related to corresponding force-like variables or
"affinities" through the free energy function ¢ . The evolution of the
internal variables is determined by the nature of an assumed rate poten-
tial, Q . Properties of this potential result in the second law being
satisfied and also permit the formulation of general work and displacement
bounds. A circumstance is discussed in which the potential may be
expressed in a simplified form in terms of a single characteristic inter-

nal variable.

2.1 Initial Assumptions

We suppose that the total strain, e , consists of an instantaneously

recoverable component, e , a thermal expansion component Ee and a compon-

1
ent € such that

£=g+£e+£' (2.1)

The stress in the material is linearly related to the strain com-

ponent e through the equations

|a
il

c e ,
T } (2.2)

- g

where c¢ 1is a fourth-order elastic constants tensor and c-l is its

~ ~

multiplicative inverse.
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The thermal strain is given by

¥ =

W

Y (e_eo)é- (2.3)

where Y 1is the cubic expansivity, © is the current temperature and eo
is the initial temperature.

We assume that there exists a stress—free state known as the
"ground state'" in which the inelastic strain rate éf vanishes. The
following argument concerns deviations from this state.

In order to describe the current material behaviour without a know-
ledge of its previous history, we suppose that in addition to the strain
components we can evaluate a set of internal variables By (i=1,2,...).

The strain components, the internal variables and the temperature 6 are

assumed to be sufficient to determine the current free energy per unit

volume, v , which is defined as follows:

<
1}
<
~~
jo
-
|
-
=
}_l.
-
@
N/

=2 cle - - gv8(e-0 ))(e - €'~ 3 v 5(6-0 )
+ £f(8,) + g(o) (2.4)
where

f=%B..8 B (2.5)

and Bij are constants.* Specifically the Bi terms may represent
quantities associated with the displacement discontinuities in the material
such as dislocations, and if linear elastic behaviour is assumed then
f(Bi) takes the form of egn.(2.5).

A sufficient condition for the transformation of f into canonical

form with real non-negative coefficients is f > 0 , equivalent to

*
In this context B, are conceived as thermodynamical variables so that

i . . . ;
we assume that there exists a conceptual, if not realisable reversible
path from the ground state to the current state. See, e.g., Ponter,

Bataille and Kestin 1979,
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requiring the ground state to be a state of minimum free energy. We may

then write f in the form

2

1
f = f(al) =5 cyoy (2.6)

where c, are the positive eigenvalues of the matrix Bij (Courant and

Hilbert 1953). From Egns.(2.4) and (2.6) the rate of change of ¢ 1is

given by
PR L SR | RS L I
v I v A T T T
- - i "
. o af . X
=0 f-o & + Ly a - g (2.7)
i i
where & is the entropy per unit volume.”
If we define %; as follows:
i
af
A = 34,
i
then from Eqn.(2.6)
Ai=Ci°.i (2-8)
and from Eqn.(2.7)
= 3%
Ai T 2a, (2.9)
i
and also
6= - (2.10)
— e

The force quantities A, and o thus defined are the "affinities"
associated with the deformation quantities e, and €' through the free
energy function.

Egn.(2.4) may be written in the form

— _ v _ .8
b= (e -e' - e") + vy (a;) + g(e) (2.11)
* i i )
The entropy is given by § = - Ty and thus from Eqn.(2.4),
g =-g'(8) + l—g§y . This coincides with the treatment by Ponter

3
(1979) given in terms of the Gibbs potential rather than the free
energy.
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where we is the component of ¢ that is instantaneously recoverable by
. *

removal of the.applied forces and v, 1is the "latent energy'" , an accumu-

lation of elastic strain energy that is locked into the material during

inelastic straining but which is recoverable, at least in principle.

The rate of energy dissipation per unit volume in the body is given
by the following:

3

D=o g' - vy (2.12)
If D is non-negative then the second law is satisfied: the proof
is given in Appendix 2.1, together with a derivation of Egn.(2.12).
If we regard the components of ¢' and the set &i as components
of a single flux vector, 17 = [é;&i] , and similarly ¢ and Ai as com-
ponents of a single affinity vector 3 = [Eﬁ_Ai] , then the dissipation

rate takes the form of the scalar product

D=3 4 (2.13)

2.2. The Rate Potential, @

To complete the basic material description we require a statement

on the evolution of the fluxes ¢ . To this end we adopt the following

hypothesis: the flux vector 1§ 1is the gradient of a potential a(Z) :

. a0
=5z (2.14)
Eqn.(2.14) may be expressed as
i = 28 _ (2.15)
and
. 30 ’
o.i = = ﬁ (2.16)
i
*

A term used by Taylor and Quinney in their experimental work, (1934 and
1937), in which they showed that from 5 to 15% of the input work remained
in the body while the rest appeared as heat.
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the latter of which becomes, on account of Egn.(2.8),

L1

. 1
& %7 E, (217
1

i

where Q is regarded as a function of ¢ and oy

Eqn.(2.15) was obtained by Rice [1970] for the inelastic deforma-
tion resulting from dislocation motion in polycrystalline materials.
Egn.(2.16) is consistent with Schmid's law” if we take the rates &i to
represent the velocities of dislocation motion, and the affinities Ai to
represent the conjugate shear stresses.

The set a, which is defined through the free energy function is
exceedingly large. A simplification is achieved by assuming that the
potential may be represented by a smaller number of state variables than
this complete set. In the simplest case suppose that the chosen potential

can be expressed as follows:

Q = (o,s) (2.18)

where s 1is a single state variable. The component of free energy known

as the latent energy, wl , 1s given by

1 2
wl = . 7 %3% (2.19)

i

o 8

where m is the number of variables in the set a . We assume that the
following relationship holds:

_v 1 L2
wl =7 7 Ci% = zks ‘ (2.20)

where A 1is a constant. This assumption implies that the state variable
s 1is always sufficient to determine the latent energy, while a large

number of differing sets of a; can correspond to the same value of s

Consider an element of a slip plane in the material, with normal pressure
p and shear stress T acting. Schmid's law states that the velocity of
dislocation motion depends only on T and not on p . See, e.g., Van
Vlack, 1970.
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From Eqn.(2.20),

v = _Zci“i“i =2As § (2.21)
i
and from Eqns.(2.17) and (2.21) we obtaln
= _ = _ a 38
- ; i 2a, Z i 3a, (2.22)
i i

as Q@ 1is a function of ¢ and s .

Differentiating Eqn.(2.20) with respect to oy yields

s
C.a, = AS —
iti a,
i
and substituting into Eqn.(2.22):
jo_Loeag o2
1 = as as 1%
or, on account of Egn.(2.20)
. aQ
wl =-s8 35 (2.23)

g - - L238 (2.24)

As a result, it is not necessary to know the nature of the individual ay
to define the gross properties of the material. Egns.(2.15) and (2.24)
provide a simplified model of metallic behaviour which, on the micro-

scale, involves the motion of very large numbers of dislocations.

2.3 Convexity of @

We next consider what functional properties are required of Q.
In the process of describing the inelastic behaviour of solids and fluids,
Hill, as long ago as 1956, commented on the 'unifying concept' of a convex

function. In the general case @=Q(Z) , we suppose that & is convex*,

A sufficient condition for convexity of @ is dZdn > O, as shown in
Ponter (1976b). That paper .discussed Egn.(2.24) not from a thermodynami-
cal viewpoint but with the intention of bringing together several types
of constitutive relationship.
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and thus

an
2, 2 9, + (%) - z,) P (2.25)
&)
Setting -El =% and 52 = 0 and noting that we are free to assign

Q(0) = 0 we obtain

2> 0 (2.26)

If we now set I, = Q and

21 2, =L

z, in equality (2.25) we obtain

aQ
Combining Egns.(2.13) and (2.14) we obtain

D=1z

w'w
RS

(2.28)
and so from (2.27) and (2.28)

(2.29)

It is evident from inequalities (2.26) and (2.29) that the convexity of

Q@ 1is a sufficient condition to satisfy the second law.

A related result is obtained if we adopt the initial assumption

that the dissipation rate D rather than the potential

Q 1is convex.
In this case,

3D
Dl > D2 + (E_1 - I.,) =

Setting -El = 0 and Z, = z it follows that

and on substitution from Egn.(2.28):
2 -
0,328 ;[m, ;2%
# =%z " =lezr = azaz)
or
3 % Z>0

(2.30)
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*
and inequality (2.30) assures the convexity of Q .

We thus have a choice of starting points in formulating Q. In
principle if we can make observations which lead to an understanding of
the force-flux behaviour that produces dissipation in a material then we
might hope to be able to deduce the form of a suitable potential, Q.

In practice it appears more fruitful tomake intuitive assumptions about

the form @ may take after specifying the possible nature of the state

variable or variables. At the very least, such assumptions must permit
the second law to be satisfied. As observed above, a sufficient

k%
condition is that @& 1is convex . We will adopt this as a hypothesis

in Chapter 3.

2.4 Convergence of the stress and internal state histories to a

stationary cyclic condition

In a later chapter we will place some emphasis on the conditions
in a body that is subjected to repeated cycles of loading. As a prelim-
inary we first show.that under such loading the stress and state in the
body approach a stationary cyclic condition.

Two identical bodies are imagined, differing in initial stress and
internal state but subjected to identical histories of loading and

temperature from time t =0 . From the principle of virtual work,
T
[ [ 5 &dtdv = 0 (2.31)
OJV
where o = gl(t) - gz(t) represents the difference in stresses between

the two bodies and & =_él(t) - éQ(t) represents the difference in strain-

rates. Considering for simplicity the case in which the potential may be

* Hill 1956. On the other hand it does not appear possible to prove the

convexity of D from the convexity of Q.
*%

It is not clear what are the necessary conditions on @ so as to satisy
the second law as well as to provide the basis for the derivation of the
bounds that follow.
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expressed in the form @ = Q(o,s) , the convexity condition has the

following form:

39| 29|
820, + () - 9) 55 * (5, 75)%
% 52
Reversing the subscripts and adding we obtain
. r ]
| ag| a0 | 38 !
02 1lgy-09,] L@ BT J* [s) - syl %] 3 J
| % 14 L s, °1
or
* 1 L . .
lo) = oy 18] - &) 2 2ls) = 5,1 [8) - 5,]
or
5 i 3as s (2.32)
where s = Sy = 8, - From Eqns.(2.1),(2.2) and (2.31)
T
A(t) + -{ G &' dtdv = A(0) > O (2.33)
JVJO

~

where A(t) = %-l E—l G(t)a(t)dv. From Eqns.(2.32) and (2.33),

A(T) + B(T) < AC0) + B(0) (2.34)
where

B(t) = ) J s, (t) - sz(t)]zdv
v

The time origin t = 0 may be assigned arbitrarily and in consequence the
quantity A(t) + %(t) can never increase. If @ is stricth,convex then
equality can only occur in (2.32) when both sides vanish. As both

Z(t) and E(t) are positive, strict inequality in (2.34) then requires
both (gl - 92) and (s1 - sz) to converge to zgro. As a result the stress
and state histories approach a condition that is independent of their
initial values and dependent only on the histories of mechanical and

thermal loading. When these histories take the form of repeated cycles



of period At then the stress and state approach a condition in which
their values also repeat in a cycle of period At , provided such a
condition exists. This condition is known as the stationary cyclic

. *
condition .

*

A slightly stronger proof of this result may be obtained when the
constitutive relation between o and ¢' has a linear form. This
is discussed in Appendix 2.2.

63



64

CHAPTER 3

AN ENERGY INEQUALITY

We now show that the constitutive relations discussed in Chapter
2 permit the derivation of an energy inequality. This inequality leads
to the formulation of general work and displacement bounds which are
given in Chapter 4.

A simple form of the rate potential @ which involves a single

state variable s is the following:
Q@ = F[p (o) - s] + G(s) (3.1)

where (i) ¢ 1is a homogeneous function of degree one in the

components of ¢ ;

(i1) F is convex in (o,s) space and is homogeneous of degree

p+1lin ¢ and s ;
(iii) G is convex and homogeneous of degree q + 1 in s .

This particular form of the potential has been chosen because it includes
some known material models such as the Bailey Orowan recovery model
[Ponter and Leckie 1973] and linear viscoeléstic models (Ponter 1976b)
and in addition it may provide the basis of a more general result.*

Following from Chapter 2 the rate equations are assumed to take
the following form:

g =22 (9,9) ' (3.2)

. __loaa
3 =-332 (5,8) (3.3)

The convexity condition for F is expressed as follows:

*
Egn.(3.1) also resembles aspects of the Chaboche model. This is
discussed in Appendix 2.3.
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aF aF

Fl > F2 + (g_l - 22) 3o + (Sl - SZ) 35 (3.4)
% 52
As a result of the homogeneity of F and ¢ we obtain
(p+l)F=o§E+s£ (3.5)
— 30 as
. _ P k% _ D _*x _ _
Setting 9, = v 9,8 ] s » 9, =0 and s, =8, and

combining (3.4) and (3.5) we obtain

P { Kk, **} p x% F x% 3F 3F B_E_']
F'I7p+l JCAN) S JZ p+l{:E 3_0_+s 3s 232 S 7s (3.6)

Following a similar procedure for G we obtain

q k% | q *x 3G
Gl:-——q+l s | > FTS) [s s] (3.7)

Adding inequalities (3.6) and (3.7):

p+l [ p k% * g+l qs**
FloeT foe™ -s ﬂ*—‘c[a— 2

- o] oF + [s** - 8] —+ (s** - 8) g (3.8)

On account of equations (3.2) and (3.3) the last inequality takes the form

- - %%
*x 21 o bl oi"p> { kY _ **} g+l .las
ls ol &' ¢ D- F|:p+1‘ 1 0™ - s *°g Clort

+28[s™* - 5] (3.9)

Integrating (3.9) from t =0 to t =T results in an upper bound on the

functional T
W - J [o** ~ o]’ dt (3.10)
0
as follows T , .
W w(e™ ¥ 1y = p+l- | P { (o**) _ s**}.] , arl . i_s_*_*
DERACAEEL S J l: p l:p+l ¢lo ! q I:q+1 :I
0

+A8{s™* - s}‘l dt (3.11)
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If @ has the more general form:

Q = ;- Fi{¢(g) - s} +

G, (s)
i=1 j=1 3

il o~ =

1

with each Fi and Gj convex and homogeneous of degree pr and qj+l
respectively  (i=1,2,... k and j=1,2,... 1) then the above argument

may be followed through to the result:

([, ,

p;+ P

w(g**,s**,T) = J L ; F 11 {¢(2f*) - s**}
i=l i Py
6]
1 *% '
q.+1 qss L k%
+ ¥ & Gj[ ?+l + xs{s —s} dt (3.12)
=1 75 4
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CHAPTER 4

GENERAL WORK AND DISPLACEMENT BOUNDS

Inequality (3.1) is now used to obtain bounds on the work and
displacement in the body. We first specify that the arbitrary state
s** is constant in the interval O <t <T. The problem is now
described as follows: for t ¢ O a body of volume V remains in a
stress-free condition. At t =0 a history of loading P and tempera-
ture 6(x,t) commences, resulting in a history of stress ¢ , inelastic
strain.rate £' and internal state s . We assume that the elastic
material constants are independent of temperature. The elastic solu-
tions corresponding to the loading history P and the temperature his-
tory 6 are denoted by §P and _@e respectively.

A further elastic solution is defined for a constant dummy load

T acting on part of the surface of the body, ST . This solution is

denoted by

|a>

T -
The bounds obtained in this section are expressed in terms of

§P , §6’ §T and a number of time independent quantities defined as

follows:

E(x) is a time-constant residual stress field

* . .
S is a constant state variable

u>1 is a constant number

In terms of the above quantities we define the equilibrium

. . . A A A * ~ - .
distributions of stress o = g, + g, and ¢ =0 + p , and the time-

* % *
constant state s = us
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4.1 Total inelastic work bound

The following upper bound on the inelastic work done in the body

in time T was obtained by Ponter (1974):

T
I J o i'dedv ¢ 5 {a0) - am} + E}_l J w(nd® ,THdv (4.1)
where Vo v
AGt) = 3 J ¢ Mo(t) - pllp(t) - pldv
v
and

p(t) = o(t) - 3(t) .

* *
Setting o * po  and substituting from inequality (3.11) we obtain

the following:

T T
. B 1 p+tl _fup * *
Vo viol
g+l uqs* A * 2 X x 2
+ —a—-G {E:TI} dt + 2 [us™ - s(0)] - > [us s(T)] dv (4.2)

Clearly the positive time-dependent quantities A(T) and [us* - s(T)]2
may be omitted from (4.2) to leave a bound expressed only in terms of

initial and prescribed quantities.

4.2 Total displacement bound

) Xk
Here we define o as follows:

k% *
g =9+

|a>

T

The following displacement bound was obtained by Ponter (1974):

J T au ds < A(0) - A(T) + [ T &l ds + [\, w(o™*,s*)dv  (4.3)

Sp S,

where Au 1is the displacement of surface Sp in the interval 0 ¢t ¢ T

and Aﬁ. is the elastic solution in the same interval.
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Combining inequalities (4.3) and (3.11) and omitting the positive

terms A(T) and [s%* - s(T)]2 we obtain

T
T Au ds < A(0) + { T ol ds + J J Egl F {_BT (¢(2**) _ s**)}
P+
ST ST
+ﬁlc{qs**}1dt+l[ - s(0)]7 | d (4.4)
q q+1 r 2 S S v .

In the following chapters the general bounds (4.2) and (4.4) are

interpreted and expressed in simplified form.
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CHAPTER 5

WORK BOUNDS FOR A BODY IN THE STATIONARY CYCLIC CONDITION

In this chapter it is assumed that the stress and internal state
in the body have reached the stationary cyclic conditionf Certain pro-
perties of this condition will be exploited in deriving a bound on the
cyclic work done on the body. These properties are listed in part one.
In part two the work bound is expressed in simplified form in two parti-
cular cases. The first, applying to materials possessing a homogeneous
form ofvthe rate potential, is expressed in terms of the '"rapid cycle
solution". We illustrate this in part three with numerical examples for
linear viscoelastic materials, and we also show that by employing a
specific characteristic material time we may state the conditions under

~which the body's behaviour is accurately described by the upper bound.
The second case applies to circumstances in which it is possible to find
a surface in stress space which encloses the rapid cycle stress history.
This is illustrated in part four with the derivation of an existing work
bound for an example of the Bailey-Orowan recovery model. Another mater-
ial which may be described using a rate potential is thé non-linear
viscous model. For completeness, the work bound obtained by Ponter (1974)
for this model is derived in Appendix 2.9.
The notation of the previous chapter is retained except for the

definition of the cycle time:

t=20 corresponds to the start of the cycle

t =T =At corresponds to the end of the cycle.

5.1 Properties of the stationary cyclic condition

Three properties are quoted below. These will be used to

simplify the general work inequality (4.2).

*
Implying that the thermal and mechanical loading histories are cyclic.
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5.1A
The internal state s(t) in the body is assumed to be cyclic,

from which it follows that

In consequence, from Egn.(3.3) we have
At

2Q
J —a'gdt =0 (5.1)

0
5.1B

As the cycle time approaches zero the stationary cyclic state
T
converges to a value s  which is constant within a cycle. The proof

is given in Appendix 2.4,

5.1C
At The rapid cycle solution (g?,sr) makes the quantity
J J Q(Qf,s*)dtdv a minimum amongst the set (gf,s*):
Vo At At
J Jin(gr,sr)dtdv < J J (o”,s¥)dtdv (5.2)
Vo V O

The proof is given in Appendix 2.5.

5.2. . Cyclic work bounds

The three properties listed above are now combined with inequality
(4.2) to obtain two simplified cyclic work bounds. In the stationary

cyclic condition the general work bound (4.2) reduceé to the following

inequality:
At At .
' : 1 &ILP{*;*}sﬁ_l&
J J o g dtdv ¢ ) [ J S F o+l 6(a”) - s + 3 G vy dtdv
Vo v O

(5.3)
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If we choose a value of u such that

up+1 p+l uq+l q +1
= =7 5.4
Gi-D)p  |p+1 Gi-1)q  |a+1 (p,a) (5.4)
then on noting the homogeneity of F , G and ¢ , inequality (5.3)
takes the form At At
J Jgé dtdv < Z J J D(o*,s*)dtdv (5.5)
Vo Vo

Details of the derivation of (5.5) and values of Z(p,q) are given in
Appendices 2.6 and 2.7 respectively. It may be seen that Z exceeds
unity by a small amount.

Two particular cases in which the bound (5.5) may be further

simplified are as follows:

Case 1

When F and G are homogeneous of the same degree (n+l) or
when either is identically zero, then D(g,s) = (n+1)Q(s,s) and Z =1 .

From(5.5) we then obtain
At At
. T T
J J o £ dtdv } J D(o ,s )dtdv (5.6)

Vo Vo

on account of property 5.10*. Combining Egns.(5.6) and (2.29) and

noting property 5.1A we obtain the following bound:
At At
. r.r
J J o € dtdv < J J o & dtdv. (5.7)

-~

VO Vo
Thus the cyclic work done on the body has an attainable upper bound in

the energy dissipated by the rapid cycle stress distribution.

*
£f p # @ then there remains the possibility that the optimum histories

(g_,s*) in (5.5) are not the rapid cycle solution (oF,sT) .
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Case 2
When the stress g* is known to be confined within a certain region
of stress space ¢O given by ¢(gf) < ¢O then it follows that

D(¢(gf)) < D(¢O) and so, from (5.5), we obtain the bound:

At At
J [ o &dtdv g 2V | D(s )dt (5.8)

Vo 0
where D(¢O) is the dissipation rate at the surface of the confined

region in stress space.

5.3. Linear viscoelastic materials

The linear viscoelastic model has a rate potential that is homo-
geneous of degree two. As such, it represents an example of‘a material
to which the work bound (5.6) applies. We calculate and compare the
upper bound, the lower bound and the actual increment of work for two
simple'models, one a solid and one a fluid.

The dissipation rate in an element of the general (non-linear)

viscoelastic material shown in Figure 2.1 is given by

ni+l no+1
rn+1 sll 822
D(r,si) =t % i IR (5.8)
1 2
where 0 =T + S, + S, + S, + v.u.. and k., and n., are material
0 1 2 i i
constants.
[0}
- - _ - - - - t::j r

0 sl 52 L_j




From the definition of @ it follows that

nj+l no+1
rn+l s 1 s 2

2
Q= + + + ...
(n+Dk (nl+l)kl (n2+l)k2

In the linear case n = Ny =0, ..... = 1 and from Eqn.(5.8):
r2 m sf
D=gm+ Lo
i=1l i

Bound (5.6) applies:
AL AT

J J o € dtdv < J J D(or,sr)dtdv
Vo Vo

Two particular material models are discussed below. A uniaxial

74

(5.9)

(5.10)

(5.6)

description is given: generalisation to the multiaxial case has been

discussed by Bland (1960).

1. Three parameter solid, Figure 2.2

Equation (5.10) yields

and

2
_ 1y (o=8)
n-ZD- o (5.12)

. r . .
The rapid cycle state s~ 1s obtained from

properties 5.1A and 5.1B as follows:

From Eqns.(6.18) and(5.1):
At 5 <
J(o-s)dt,= 0
0
and from property 5.1B:
At
R I o dt (5.13)

(5.11)

Fig.2.2



For an applied stress in the form of a sequence of simple steps given

by
1
0 =0 0 <t <7 At
o] < 2
=0 l—At < t <At
2 ~
it follows that
r_1
s =350,

On substituting Eqn.(5.15) into (5.11) we obtain

N ———

D(s",s") =

Integrating Eqn.(5.16) with respect to time and substituting into

inequality (5.6) we obtain the following work bound:

At
5.2
¢ dtdv < At | -2 dv
o€ 2 AR
Vo \
2. Four parameter fluid, Figure 2.3
Eqgn.(5.10) yields
r? s2 '(c~s)2 o :
D=+ =+ o (5.18)
1 1
and from Eqn.(5.9):
r2 s ( s)2 82
_r _ (o~
ST T T (5.19)

As above, sr is obtained from properties 5.1A

and 5.1B:
At
T T T
(O -s) , s _
f - m + X dt =0
1
0 B
and therefore . st
IS S
s = 8t (k+ky)

0

75

(5.14)

(5.15)

(5.16)

(5.

17)

Fig.2.3
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kl o]

=-—o
2(k+kl)

substituting for s" in Egn.(5.18) and integrating with respect to time

For the step-stressing of Eqn.(5.14) we obtain s" and on

we obtain the bound At

0§(Zk+kl)
] J o € dtdv < At J'—[;k(Tkl)dV (5.20)

Vo W

The cyclic work per unit volume,

At
W = J o ¢ dt
0
was calculated exactly for both models. The upper bound, wu was

obtained from Egns.(5.17) and (5.20) respectively and the lower work

bound, WL was determined from the expression
At
ss
WL = J D(o " )dt
0
s
where o s is the steady state solution (i.e. the asymptotic solution

for very slow cycling). A non-dimensionalised form of the cycle time

was defined as

E . .
where T = X for both models. The parameter <t determines the transient

Ccreep response, given by
o -
' 921 - -t
e’ =5 (I -exp(-3))

as shown in Figure 2.4.
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o(t) A
%
N St
\V 7

e(t)/

transient response

Jany
—

Fig. 2.4

A comparison of the work quantities was obtained by computing

the expression .
W-W.

X_.:_L_
W -W
u L
for a range of values of a . Details of the calculations are given
in Appendix 2.8. The results for the two models are shown in Figure 2.5

in which we see that when the cycle time is smaller than the "transient
time" t , there is little redistribution of the residual stress field
during a cycle and the material closely follows upper bound behaviour.
A further point is that as a result of compafing the cycle time
with the appropriate material response time T, the results for the two

models, one a solid and one a fluid, coincide.



und; :

Figure 2.5

Relation between the work done per cycle and the cycle time
for two viscoelastic models
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5.4. The Bailey-Orowan recovery model

In this material the deformation is governed by variations of
the value of the yield stress which occur on account of strain hardening
and thermal softening. The state variable s 1is a measure of the
yield stress. An example of the possible dependence of the strain-

rate on s 1is given by the expression

$ o= F' [e(e) - s] 22 (5.21)
in which
F'> 0 when¢ > s
(5.22)
F' = 0 when¢ ¢ s
When ¢ < s no creep occurs and s decreases in time. When ¢ dincreases
" rapidly the deformation resembles plastic behaviour. When ¢ =s and o

is constant, then G(s) = G[¢(0)] . In this case, steady state creep

occurs, given bythe following:

g = 260 (5.23)

Consider the following convex function:

_ p+l
_ ko {¢_S}
Fl¢(o) - s8] = orl U7 ,  0(0) > s
(5.24)
=0 ’ ¢(2) <s
where k and ¢ are constants. The derivative of F with respect to
its argument is thus
D
Foex {25 @ s
o (5.25)
=0 ’ ¢(g) <s

We now suppose that o decreases in size and that ¢(o) approaches s
from above in such a way that F' remains finite and positive. In

such circumstances F' tends towards the form given by (5.22).
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Suppose that we define a state variable s; as follows:

s; = maximum [¢(g*)]

0. <t <t (5.26)
which we denote as
* i
s, = ¢(go) (5.27)
It follows from (5.25) that
Flo(s™),s.) = 0 ©(5.28)
and also that
* *
G(so) = G(¢(go)) | (5.29)
With s* = s: = ¢(gz) in inequality (5.3) we obtain the following, in

view of Egns.(5.28) and (5.29):

At At r *
ugé (o)
o & dtdv < —— g+l O grdv
- = S -1 q g+l

Vo Vo
The optimum value of p is p =
J J o & dtdv < J (a+1) Gl4§(s))]dtdv (5.30)
Vo Vo
As F[¢(gf),s:] vanishes, the integral on the right of inequality (5.30)

. X %
is ale(o )950] . Consequently from property 5.1C we obtain

At At

J [ o & dtdv gﬂ(qu) Glo(o )]dtdv (5.31)
ot | a,

vV O Vo

where %, is the point in the rapid cycle stress history that maximises
¢(a).

The steady state creep rate corresponding to 9y is given by




Further, as G is homogeneous,

.88 3G
%E T%%%| T (a+l) Glo(g )}

ag
-0

Combining (5.31) and (5.32) we obtain
At
[Jgfz_dtdngAt
VO

.Ss
g €
—0 —0

81

(5.32)

This bound is an example of the type described in case 2, Chapter 5.2*.

*

This recovers an earlier result [Ponter, Univ. of Leic., 1973] from

a more general basis.
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CHAPTER 6

DISPLACEMENT BOUNDS FOR A BODY IN THE STATIONARY CYCLIC CONDITION

We assume in this chapter that the stress and internal state in
the body have reached the stationary cyclic condition. The general dis-
placement bound (4.4) is simplified in part one, initially by omitting
the terms that repeat cyclically and by using the homogeneity of the
potentials F and G . The resulting inequalify is expressed in terms
of the admissible stress gf* and the arbitrary state g** , and with
a suitable choice of these quantities an upper bound on the displacement
increment can then be obtained. We simplify further by assuming that

gf* satisfies certain inequalities that relate to properties of an
associated elastic, perfectly plastic body, and a form of the displacement
bound is obtained which requires the knowledge of two plasticity solutions
together with the result of a single uniaxial creep test under constant
reference stress.

In part two we give an example of the displacement bound for a body
that is subjected to proportional loading under isothermal conditions.

Thermal loading is included in an example in part three in which
we apply the bound in the case of an axially loaded tube with a through-
thickness temperature gradient. The upper bound answers are compared

with those obtained from the O'Donnell-Porowski diagram.

6.1. A cyclic displacement bound

In the stationary cyclic condition the general displacement bound
(4.4) takes the form

o p+l P ;* *% 1 g+l [qs**

ST VO

On account of the homogeneity of the functions F and G we express

this as follows:
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At Ky (pel) ‘ _prl Ko (qe 1) x q+l
1\p+ p * % kx| 2\a+ qs }
JTAE_ds < J ‘ { 5 [p+l (¢(a )-s )J A [qfl dtdv
ST vo (6.2)
where kl and k2 are material constants. This expression could be used

to obtain a displacement bound, given any equilibrium distribution of

* % . *%
stress o and any state variable s

We will simplify inequality (6.2) by placing certain restrictions
on the stress gf* . First we assume that the function ¢(g) , being

linear and homogzneous in the components of o satisfies the following

form of the Schwartz inequality:
0(o; + 9,5 6(op) + oloy)

s k% k% ~
Writing o in the form o gp *

+ E we thus obtain

ja>

k%

oo ) < ¢(§TB + 0(3 + p) (6.3)

We now consider an identical probleminwhich the body is composed of an

elastic, perfectly plastic material. The following assumptions are

adopted:
1. We suppose that TL is the plastic limit load for a yield condition
¢(0) < oy , and that
: T GY

Yo, = T (6.4)
where vy and o, are constants. Then

¢(gT)§Yoo | (6.5)
2. We assume that for the actual loading there exists some value of
effective stress o for which the following inequality holds:

8(s”) <o (6.6)

— o}

for some stress gf given by g* =.§ + E . The quantity o, may be

3 ] ]
fThis is satisfied, e.g., by ¢ = / E-g_ g
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regarded as the lowest yield stress for which the actual loading remains

safe. In the examples that follow we illustrate the circumstances in

which it is possible to find a value of o, satisfying inequality (6.6).
In addition to these assumptions we define the time constant state

variable s as follows:

*%
S

s = 1+y

(6.7)

On substituting inequalities (6.3),(6.5) and (6.6) and Eqn.(6.7)

into inequality (6.2) we obtain

At K (pe )T p+l prl oy l)r Wq+l
1P+ I p(y+1) = 28t )i g(y+1) —q+1
J T Au ds < J J { p | pl } (co—s) + a1 ol s } dtdv

ST Vo (6.8)

If we set pu=v+1 and choose v as in Egqn.(5.4) we obtain the following

from (6.8):
At
—\p+1 —q+1
j Tauds < Zy (p+l)kl(co—s) + (q+l)kzs % dtdv
Sy Vo
) 3Q - 3R
or, since (p+1)F + (gq+1)G = 955 ¥ S35 " D(g,s) ,
- At
J; i ds < ZY J lD(oo,g)dtdv (6.9)"
St VO

If T is a dummy point load we obtain from (6.9):
ALt
AU < Zy D(o_,s)dtd
$ T Oys v

- VO
or At

. Zyog .S8
bu < 5 J J € dtdv ‘ (6.10)

Vo
vhere éis is the steady state creep rate resulting from the constant

stress 9 and the actual temperature field 6(x,t) . From Eqn.(6.4),

%
Details of the derivation of (6.9) are similar to those which are
given in Appendix 2.6 for inequality (5.5).
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(6.10) becomes At

Zo
Mg L 5% dedv (6.11)
s 1k o}

Inequality (6.11) is a point displazegent bound expressed in terms of two

plasticity solutions. It is not strongly sensitive to the values of the

material constants p and q since, as shown in Appendix 2.7, for a

practical range of values of p and q , Z 1lies in the range 1 ¢ Z ¢ 1.1.
For some variable-temperature problems it may be possible to

determine a reference temperature history eR(t) such that

.Ss .S8’
J €5 dv = V € (eR) (6.12)
v
In such cases the displacement bound takes the form
ZVoY At ss
s g — [ SERCREE (6.13)
0

In the remaining two parts of this chapter we give examples of the
use of the displacement bound, first for cycles of proportional loading

under isothermal conditions and then for the Bree-type problem.

6.2 Proportional loading under isothermal conditions

The type of problem we consider here involves loading of the form

P(t) = A(t) P"

where A(t) has a period At and O < A(t) ¢ 1, and 2? is the maximum

value of P .

k(t)/

1

N-
t

Fig. 2.6
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Problems of this type include a pressure vessel under internal pressure
and a circular plate under central load.

We suppose initially that the body is composed of an elastic
perfectly plastic material with a yield stress Oy and a collapse load

L
P . At P = g} the stress in the body is given by ¢ = g} , Where

¢ (gL)S oy
L . . s . L .
and ¢ is in equilibrium with P . For the actual loading, when
P = P - the stress is given by ¢ = g?', where g? is in equilibrium
with E? . Suppose that
m
R
where n 1s a constant number. Then as the equilibrium equations are

linear in ¢ and P it follows that
g =70 (6.14)

and also, as ¢ 1is homogeneous of degree one,

¢(gm) = n¢(_c1L) < noy . (6.15)

We now define a reference stress o, as follows:

o, = noy (6.16)

and so, from (6.15) and (6.16),

#(a) < o (6.17)

Thus o  1is the least value of yield stress that would permit the elastic,
perfectly plastic body to remain safe under the actual loading.

For the displacement bound we now need to find an equilibrium stress

A

. . . . * - . . .
distribution with the form o" =3 + p . We ‘denote the elastic solution

for the actual loading by x(t)ﬁ? where §? is in equilibrium with E? ,

and we define a time-constant residual stress field as follows:



87

_—p_=g -0 (6.18)

*
and so o takes the form

R Ca (6.19)

* . . . .
The stress ¢ varies along a straight line in stress space between the

. * m * m A0
points ¢ =g¢ when A=l and ¢ =g - g when i =0.

¢(g)=0_

. *
For the bound, ¢ must satisfy

2(a™)g o (6.20)

Our definition of o, assures that this is satisfied when A =1 but we
must also ensure that it is satisfied at a=0. This is ascertained by
finding the limit load and the elastic solution for the actual problem.
We illustrate this with the example of a beam under simple bending,

shown under limit bending moment in Figure 2.8:



h ~
X=—-""=--
2 —
S oy \
2 M
&«—|
~o, \/
é__..
x=- Moo o
2
Fig. 2.8

The stress field at the limit load is given by the following:

M= ML
_ ol - 0<x« h
g9=0 =0y > N
[ (6.21)
h
=T 0y T3 <x<O0
The equilibrium condition gives
2
bh
ML = oy 4~ (6.22)
and, for the actual loading,
- ——M‘{m 0<xg h ]
Y ’ T2 -
(6.23)
= —l*in _h <x <0 I
~ ph? ©o2
The elastic solution is % = % from which we obtain
g = 12’3‘Mm (6.24)
bh
From (6.23) and (6.24) we have, for a=0 :
ot egnopma MU Lzl oh
bh?  bh3 :
‘ (6.25)
Mt 12x M h
= - - , - '2—5 x < 0
bh?  bb
. . _ M
The reference stress is defined as ¢ = no, = —= o,, and so from Eqn.(6.22),
o Y ML Y
, ool (6.26)
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The two extreme values of gf given by Eqgns.(6.23) and (6.25)
are shown in Figures 2.9 and 2.10 respectively, and it is evident that

the inequality ¢(gf) < g is satisfied.

"'00 O'O _O'O O'O
T : !
[ : \ {
] ] 1
| t {
1 1 {

t 1 !
[ { 1
| 1 |
! {

L] '
] ! \ [}

A=l : Egn.(6.23) =0 : Egn.(6.25)
Fig. 2.9 Fig. 2.10

For problems of this type we may express the bound in the form

Au VoY ss
'KE‘ < Z‘T—L' € (00,00) (6.27)

P o

_ Y
where co = T .

Determination of the bound requires the plasticity solutions
a

ag
Y
I and 5% and the steady state creep rate at stress o, and temperature
6 .
o}
6.3 Thermal and mechanical loading

We consider a class of problems in which there is mechanical load-
ing P(t) given by

P(t) = a(t) " (6.28)
and thermal loading due to an applied temperature field e(x,t) sgiven by

8(x,t) = g(x,t)a0" (6.29)
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The functions Xt) and g(xX,t) are periodic in time with period At,

and they satisfy

0<a(t) <1 ]
(6.30)
0 < glx,t) <1

EP is the maximum mechanical load and a6™ is the maximum temperature
difference occurring in the body during a cycle.
The stress field in equilibrium with P(t) is denoted by gp

and the thermal stress field is denoted by 9,

We suppose that the body is composed of an elastic, perfectly

plastic material and that for a given yield stress oy we know the
criterion for shakedown, expressed in the form
s S
h(gp 19, ) 5 oy (6.31)

where h is a homogeneous function of degree one in its argument and
s s
gp and g, are in equilibrium with the mechanical and thermal shake-
down limit loads. We now imagine the actual loading histories to be

proportionally increased at the start of each cycle as follows:

B(t) = ar()p"
o (6.32)
6(x,t) = ag(x,t)as
where a > 1. The mechanical and thermal stresses in equilibrium with

this loading are dgp and g, respectively. Eventually, at some value
@ =a and at some instant in the cycle at which the stresses are
o} .
a o and « oo we obtain
o o—8

o , 0 _
h(a o LG ) =0

o % (6.33)

Y

indicating that under the scaled-up loading the stress has reached some

point on the shakedown boundary, as shown in Figure 2.11,



shakedown boundary
S s
h(op,ce) =g

Y

Fig. 2.11

In consequence e is the largest value of a for which the body shakes

down, and so for the loading given by Eqns.(6.32) it is possible to find

some equilibrium stress distribution a o* of the form a o = a (G+p)
o— o— o}

~ such that

b (359™) < oy (6.34)

where _g* is in equilibrium with the actual loading. We now define a

reference stress 9 as follows:

g
o, = Ef T (6.35)
Combining (6.34) and (6.35) we obtain
(™) <o, (6.36)
as required for the displacement bound. Combining (6.33) and (6.35) we
have
h(gpo ,290) = o, (6.37)
for the point (QQD[QJJ) . For the stress field asia whole, from the
definition of the point (gif,geo) and Eqn.(6.37) we have
) h(gp,ge) $ o, ' (6.38)

It is apparent from (6.37) and (6.38) that the reference stress % is

the smallest value of yield stress for which the body will shake down under
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the actual loading. Inequality (6.38) defines a '"reduced shakedown

boundary" corresponding to yield stress o,

¢

reduced shakedown

boundary:h < o

Figure 2.12

[The hatched line is the contour followed by the
equilibrium stress histories op and Oy during a cycle]

As an illustration, consider the problem of an axially loaded
tube subjected to a temperature difference between its inner and outer
walls (e.g. a nuclear fuel can supporting its own weight). This may be

simplified to the case of the rectangular beam shown in Figure 2.14:



P(t)
- g y3

displacement

A d Au of the

o b free end
60+A6

Fig. 2.13 \\\\\\\\

L

v s s s

fixed end

Fig. 2.14

The beam is under axial stress op and thermal stress oy given by

AO
0, = Ea — .

6 2

This is a Bree-type problem, for which the shakedown boundary is

known to have the form

I
I
Q

h(op’oe) - 2 Y ’ Oe > 4 Y
(6.39)

I
Q
+

as shown in Figure 2.15:
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Fig. 2.15

From Egns.(6.37) and (6.39) the reference stress is given by

00
6 . (o} (6]
O’O = 7 if Ue > 4 ¢
5° I (6.40)
o 8 ° o
= ap + e if UG < 40

where (o;) ,cg) is the point in the stress history that lies on the
reduced shakedown boundary.
The body's volume is

V=dtb (6.41)

and the dummy limit load is given by
L

T = oy db (6.42)
and so
Vo
Loy (6.43)
T

and the displacement bound (6.13) becomes

At
AU .SS
g J £%° (o_,0)dt (6.44)

or 0

be < Z den (6.45)
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where Aezs is the creep strain in time At at constant stress o
and reference temperature history eR(t) , and Z is close to unity.

It is of interest to compare the results obtained from the method
described in this section with those used in current design that are
based on the 0'Donnell-Porowski diagram*. The latter are derived from
the rapid cycle solution for a specific material model in which the

total strain is given by

in which the creep strain ¢ 1is given by an n-power law and EP is

the plastic strain assuming perfect plasticity; there is no recovery

included in the model.

Fig. 2.16

The O'Donnell-Porowski results are shown as hatched lines

*
See, e.g. Ponter and Cocks 1982
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The conclusions we reach from the work of this section are that
we cannot justify the use of the O'Donnell-Porowski diagram in obtaining
displacement bounds, but the nature of our method makes it highly likely

that the answers which we obtain are safe.
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APPENDIX 2.1
We define é = ér + él as the rate of change of entropy per
unit volume, where ér = %» is the rate of entropy input corresponding to

thermal power input é into unit volume at temperature o , and éi = %
is the rate of internal entropy production resulting from dissipation rate
D per unit volume at temperature 6 . We have assumed that no internal
entropy production occurs as a result of the flow of energy within the
body due to internal temperature gradients.
" On account of the second law, éi >0 and hence D> 0 .

That the dissipation defined above corresponds to the function in

Egn.(2.12) may be seen as follows: the Gibbs relation is
U=W+gq
where U 1is the rate of change of internal energy per unit volume and W

is the rate of working of the external forces per unit volume. The free

energy is defined as follows:

vo=U - e

U - 6t - 8

and so $

W+q- 0f -6

_ o i-D-t (2.1.1)
as W = g_é;.
From Eqn.(2.7),

b=oi-oc +¥ -6 (2.1.2)

and a combination of Eqns. (2.1.1) and (2.1.2) yields:

D=oe' - €2.1.3)
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Stationary cyclic condition for materials with a linear relation-

ship between stress and inelastic strain rate.

For such materials

o=c¢c' ¢'

where c¢' is a fourth order tensor of constants.

Consequently,

g=9),-9,=¢" (g - &)

or

é '

| ar

=C'

From Eqns. (2.2.1) and (2.2.2) we see that the quantities

are related in the same way as ¢ and €' . In consequence the

(.2.2.1)

(2.2.2)

€ '

expression J { i_é dtdv represents the work done in the body by the

(2.2.3)

stress O . %&9 9 =0 it follows from Egns. - (2.2.2) and (2.2.3)
that
T _ T
H;._‘gdcdv=H [¥ + D] dtdv
Vo Vo
where

From Egns.(2.11) we obtain

~

b=y (e -e') + wl(&i)

Noting Eqns.(2.1) and (2.2) we rewrite &e in terms of o :

b = %e(3) .
Similarly, from Eqn. (2.8),
b GED =6 (A .

Egqn. (2.2.4) now becomes:

b= 0 (5) + é (A

b= SoulE, £.5,8] and D= DD

(2.2.4)

(2.2.5)



99

Substituting ~ (2.2.5) into. {(2.2.3) we obtain

T 7
| || pac v o @@ 4’1%“’”} av = [ |0 G0D) + o (0D | v (2.2.0)
VLO \ A

The right-hand side of (2.2.6) is positive and constant in time. Each
term on the left-hand side is positive and as T increases, the term

T
{ D(g)dtv increases without limit unless % » O .

0 As in Chapter 2.4 we have shown that the stress and state approach
a condition that depends only on the history of loading. If this
loading is cyclic the stress and state approach the stationary cyclic

condition. The proof above does not require the assumption that the poten-

tial Q@ 1is convex.

APPENDIX 2.3

A form of the "Chaboche model" [e.g. Chaboche 1977, Chaboche and

Rousselier 1982] may be expressed as follows:
Q= F[J(c -~ s) ~R] + G(s) " (2.3.1)

where the state variables s and R describe kinematic and isotropic

behaviour respectively, and J = /53; . The rate equations take the form
é=—%%;— (2.3.2)

where P =///%-éf €" , " being the deviator of €.
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APPENDIX 2.4

Proof of property 5.1B

We first show that the rate of change of state in the body

remains finite at all times. From Eqn.(2.24), if s is unbounded, so
also is %g—. If this is so when, say, s = S, then we contravene the

convexity inequality

30
30

: a2
92 2, + (g0, * (s1=8)) 59

g

—2

since by definition, %§-= éf is finite and Ql and e, are finite on
account of inequality ?2.29).

Property 5.1B follows if we denote the value of s(t) at the
start of the cycle by s(o) , and at some subsequent time t by

s(t) = s(o) + As , since
|AS| < tlél < Atlél
max ~ max

where |s] is greatest numerical value of s that occurs during the

max
cycle. The value of |é|max remains bounded and so it follows that as
At > o, s(t) » s(o) . The asymptotic value of s(o) as At - o is

the "rapid cycle state", s®

APPENDIX 2.5

Proof of property 5.1C

From the convexity of o we have the following:

- (s*-gT) 28

KRy | o(oT sy - (o*_ Ty 28
2(a’,87) - algh,s*) - (e'-a ) 5 7S

> 0

“
r
S

r
g

Integrating over a cycle and using properties 5.1A and 5.1B we obtain
At At At
} a(o™,s™dt > J (o’ ,s )dt - { (o*=o") = ac (2.5.1)
0 0 0 ot
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The last term in (2.5.1) may be written as (E}EF)AEfr . Integrating
(2.5.1) over the volume and applying the principle of virtual work
results in this term vanishing and the required result is obtained.
For completeness we remark that the admissible accumulation of

strain given by

At
pe'® = J 24 dt
— ag *
0 o
is unique. If the contrary were so, suppose that g; =3+ El and
g; = §_+ Eé both give rise to admissible accumulations. By the
principle of virtual work it
* & Tk, k _
J [(gl-—gz) (_e_l-e_z)dtdv =0 (2.5.2)
Vo
From convexity of s
% %, a0 * %, 9R ,
2,28, + (21_22) 20 + (sl—sz) 7S (2.5.3)
22 2
R . -k * * * .
with equality only for 9, =9 and §] =8, - Reversing the
subscripts in (2.5.3) and adding the two inequalities we obtain
R CL L1 g%y {29] e }
(9)-9)) {39_ ol ST (s)-52) 135 os| J ° 0
12 s | 51 2
Integrating over a cycle and recalling that s; and s; are time-
constants we obtain AL
x k., ',k * %
J (31-22)(31 ) )ydt > 0 (2.5.4)
0

Comparison of (2.5.2) - and (2.5.4) yields the result that AE'* is

unique.
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APPENDIX 2.6

Derivation of inequality (5.5)

On account of the homogeneity of F and G , Eqn.(5.3) becomes

At At ‘1
. p+l N N
[ Jggdtdv < J J {p‘éu_l) {%I}) (p+1)F(4(s™)-s™)
N Vo g
+
" q“(z—_l) [Eg_l (q+1)G(s*)} dtdv (2.6.1)

With u chosen as in Eqn.(5.4) we obtain
At At

J[ J o & dtdv ¢ Z { J {(p+l)F(¢(o*)—s*) + (q+1)G(s*)}dtdv (2.6.2)
ov V0

As F and G are homogeneous,

* * *x 3F x| aF 3G * 3Q * 3Q
(p+l)F{d>_(g )} + (q+1)G(s') = o E* +s l;—s* + Ez|‘— o 20* S Ta
(2.6.3)
and a combination of (2.6.2) ,. (2.6.3) and Egns.(2.13) and (2.14)

results in inequality (5.5).

APPENDIX 2.7

Values of Z{p,q)

P,a Z
equal 1
1,3 1.1
3,5 1.03
3.7 1.08
5,7 1.01
5,9 1.04

7,9 : 1.01
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APPENDIX 2.8

Evaluation and comparison of the terms in bounds (5.17) and (5.20)

Three-parameter model

In the first half of the j-th cycle the inelastic strain is given

by
G —
e'(t) = —Ecl [1 ~Re Et/k] (2.8.1)
where R = 1 - e + e2°c - ..+ ez(:‘_l)oc
EAt , _
=S (3-1) at 5 t < (3-%)at

The cyclic work per unit volume is given by
kit

2
ag — .
o (l-e ") {l . e~(23—l)a}
E -0
l+e

In the cyclic stationary condition, j + = and so

oo (le™)
MW= — 4 (2.8.3)
E "(l+e )
The upper bound in (5.17) is given by
. ) |
00 At
Awu = —4k- (2.8.4)

and the lower bound, AWL , vanishes for the 3-parameter model. The
relationship between AW and the upper and lower bounds is illustrated

by computing the expression
AW - AWL

X = ———
-4
AW AW

for various values of the non—dimensionalised'cycle time, a . From (2.8.3)

and (2.8.4), for the 3-parameter model X is given by

X = (2.8.5)

2e" -1
¢ e 4+ 1

)

The relation between X and o is shown in Fig.2.5.
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Four parameter model

The differential equation

describing the response of this

—AN—

model is as follows:

o k1 . . kkl
2 <€2E o) o+ 0= [k+k1]e t g€ (2.8.6)
k
An equivalent model is shown below.
== )
The differential equation for this
\L model is
k2+k3 . . k2k3 .
o+ % o = k3e - € (2.8.7)
2 2
The coefficients in {(2.8.6) and
/r I3 o (2.8.7) may be equated to give
€ E7 X t::i 4 )
2 2 2 k (kk,)
WV k2 = ___i:_'_—
A 1
o,
€1 \L ky = k +k, '
N
k+k1 2
E2 = E [ kl ] (2.8.8)

We now observe that the increment of work done in the Voight-part of the

equivalent model is identical to that in the 3-parameter model above,

given in Eqn.(228.3)1j The increment of work done in the remaining
o6 O
dashpot 1is 20k ~and so the total increment is given by
3
—-Q
AW = 02 [l—e_a l.+ ;ﬁl} : (2.8.9)
l+e 2 3
E2 At
where o = .
2k2 -

The upper bound in (5.20) is given by

2
At % (2k+kl)

AW = (2.8.10)
u 4k (k+k1)
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Substituting for k,, k, and E, in Eqn. (2.8.9) and combining the result

2’ 73 2
with Eqn..(2.8.10) we obtain
a
AW _2x e -l (2.8.11)
AW a ]
u e +1
kl
where )\=Ei+_k—l and OslSl.
We note that for rapid cycling o = 0 and f%i + 1 forallvalues of X .
u
The lower bound on the cyclic work is given by
At;z
AwL = Jk3 de
0
and so
g At ) 5
AWL = _0_2(k+k1) (2.8.12)
AW—AWi
As in the case of the 3-parameter model the expression X = W oW was
u L

computed.
From (2.8.9) , (2.8.10) and (2.8.12) it may be shown that

[

-1

a
e +1

]

X = - (2.8.13)

2
a

Eqn. '(2.8.13) _is identical to (2.8.5) for the 3-parameter model and
consequently Fig.2.5 also represents the variation of X with a for

the 4-parameter model.
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APPENDIX 2.9.

Cyclic work bound for the non-linear viscous model

For this model we have
E'
= - ke 20 (2.9.1)
v ag
o 45
Uo
. ag
Do) =0 &' =— 0w k¢n 30
= - = 6o 0O o
=)
i.e
Tee n+l( 2
D(g) = oovok¢ [EZJ (2.9.2)
From Eqn.(2.28) we thus obtain o+l
covok o
a(g) = 22— |
0t 1 (2.9.3)

This coincides with the form of Eqn.(3.1) if we set s ==

G =z0 and
37
F{¢(o**)} _ a7 ok ¢n+l(0**)
- n+l -
In this case we obtain from (3.11)
AL K rx n+l
JIHIOJ% {HME.)\
W= dt
n n+l n+ 1
0
and the bound (4.2) becomes
At t
] °ovok n¢(uo*) n+l
J [ o £ dtdv < J J { = } dtdv (2.9.4)
- = u-1 n n+1
Vo Vo
As ¢ is homogeneous of degree one we may use the fact that
Q(gg*) = u¢(gf) to obtain the optimum value of pn , viz ”opt = Eil.
On substitution into inequality (2.9.4)
At At At
J J_o_ e dtdv g I J oovok¢n+l(g_*)dtdv - J J D(c*)dtdv
Vo

Vo Vo
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Finally, using result 5.1C we obtain
At AT

J Jgédtdv < J , D(o" )dtdv

Vo Vo
This is the optimum upper cyclic work bound for the non-linear viscous

material.
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CHAPTER 1

INTRODUCTION

A general method for bounding the deformation of an inelastic
body was devised by Ponter (1974, 1976a). The bounds are expressed
in terms of a functional of a prescribed stress history and the deter-
mination of this functional for the material in question is central to
the application of Ponter's method. Among the material models for
which results have been previously obtained are perfect plasticity, non-
linear viscosity and the Bailey-Orowan recovery model (Ponter 1973b,1974).
In Section 2 of this thesis we derived an expression for the functional
by using an internal state variable description of material behaviour,
thereby including non-linear viscosity, the Bailey-Orowan model, a form
of the Chaboche model and the viscoelastic model. In Section 3 we
develop the bounding method specifically for the class of viscoelastic
materials. This class has the advantage of allowing a reasonably
accessible material description to be devised by using linear theory,
while still including several physically significant features, namely
transient creep, viscous flow and recovery.

The description of the problem is given in Chapter 2 and the
general material models are described in Chapter 3. An important class
of problems is that in which the applied loading varies cyclically in
time, and in Chapter 4 we give a general convergence proof for the
stresses, which for cyclic loading establishes the existence and
uniqueness of a stationary cyclic state of stress.

In Chapter 5 we derive a lower work bound for the general
material. In the follo&ing chapter the material model is confined to
the linear case and we use a state variable description to obtain an

upper bound on the cycle of work done in a general linear material.
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The bound is expressed in terms of the rapid cycle stress history and in
Chapters 7 and 8 we describe a simple method for obtaining this solution
without the need for a full cyclic analysis. The method is illustrated
with an example. In the course of this we prove that even when the
stress field within the body is very different from the steady state solu-
tion, a knowledge of the response to step-loading is sufficient to
determine the long-term cyclic strain behaviour.

In Chapter 10 we compare the bounding method based on the state
variable description of the material with that obtained usinga history-
dependent constitutive relation in the form of a hereditary integral for
the general linear model. A cyclic work bound and a total inelastic
strain bound are obtained using the latter approach and a numerical
example is given.

Finally in Chapter 1l two of the main results of the section

are presented in the form of a simple geometrical analogy.
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CHAPTER 2

A DESCRIPTION OF THE BODY

The body under consideration has a volume V and a surface S
of which a part ST is subjected to tractions P(x,t) while the
remainder Su is subjected to displacements u(x,t) . The current
stress in the body is denoted by o(x,t)

The strains are assumed to be sufficiently small to remain within
the realms of classical continuum mechanics. The total strain e(X,t)
is taken to consist of an elastic component e which is capable of under-

going instantaneous change, and an inelastic component 5' , the rate of

change of which is finite for finite stress:

e=-e+ g (2.1)

The elastic strain is given by

(2.2)

|a

1] 1]

2 0

Lo
la

—_——

. 1 . .
where ¢ 1is a fourth-order tensor of elastic constants and ¢ is its
miltiplicative inverse.

Following the description of three-dimensional viscoelasticity

given by Bland (1960) we adopt the following hypotheses:

A. The material is homogeneous and its volume is imagined to be
subdivided into infinitesimal close-packed rectangular

parallelpipeds, known as ''boxes'".

B. The behaviour of each box is mechanically equivalent to a

network of elastic and viscous elements.

C. The boxes represent the smallest portions of the material

which have the same properties as the material in bulk.
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Bland has shown that with this material classification the
general three-dimensional linear viscoelastic constitutive relations may
be simplified so that each deviatoric stress component is related only
to the corresponding strain component, and the dilatational stress is
related solely to the dilatational strain*, each through a uniaxial-type

relationship of the form
t
o(t) = Bé(t) + J G(t—T);(T)dT + G(t)s0 (2.3)
0

where e, = e(o) , B is a constant and G(t) is a positive function
with the following form:

G(t) = A+ ] < exp(—kit) (2.4)
i

in which A , <y and ki are constants.
For the purposes of this section we will require a relation
involving only the inelastic component of strain, e' , and so for the

material described above, Eqn.(2.3) is rewritten as
t
a(t) = Bé'(t) + J G'(t—T)é'(T)dT + G'(t)e' (2.5)

o
where G'(t) does not contain the modulus of the instantaneous element

in the model.

Two of the simplest models to which Eqn.(2.5) applies are the two-
parameter '"Maxwell element" and the three-parameter
model containing the "Voight element'.  For the
former we have G' = 0 and B =k , the : : E
viscosity of the dashpot, and from Eqn.(2.5)

o(t) = k £'(t) (2.6) k

Fig.3.1 Maxwell element

*
The dilatational response of a viscoelastic body is frequently

taken to be purely elastic.
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For the Voight element, G'= El and

B = k1 and thus from Eqn.(2.5)

<]

o(t) = kl;'(t) + Epe' (t) (2.7)

=3
b

The Maxwell and Voight elements are 1 1

the fundamental components of the general models

described in the following chapter.
Fig.3.2

Three-parameter model
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CHAPTER 3

THE GENERAL LINEAR VISCOELASTIC MATERIAL

The behaviour of a real linear viscoelastic material may be
modelled to any required accuracy by combining sufficient numbers of
Maxwell or Voight elements. Two equivalent general models® are shown

in Figures 3.3 and 3.4.

> — o0 —>

9

Fig.3.3 The Generalised Maxwell model

T Elm

s eAN—T] - S
E k

AN

c—e—Hv— & e

Fig.3.4 The Generalised Voight model

* See, for example, Flugge, "Viscoelasticity" (1967), Chapter 2.
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The strain in the generalised Maxwell model is adequately
described by Egn.(2.1) but in the case of the generalised Voight model

it is convenient to subdivide the total strain into three components:

e=¢e+v + ¢ (3.1)

in which v is the purely viscous or 'steady state'" component and €'

is the total strain due to the individual Voight elements.
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CHAPTER 4

CONVERGENT STRESS HISTORIES

Throughout much of this section we will be concerned with the
properties of viscoelastic bodies which have been subjected to
repeated cycles of loading. At this point we prove the existence of a
corresponding stationary cyclic state of stress and we show that irres-
pective of its initial value the actual stress history eventually reaches
this state.*

Considering the generalised Voight model, Fig.3.4, to which
Eqn.(3.1) applies, the components of strain e and v are related to
the stress o as follows:

e(t) = E Yo(t) (4.1)

v(t) = k To(t) (4.2)

The dissipation rate in unit volume due to the purely viscous element
is given by the positive function
2
k%

The total strain ¢' from the m Voight elements is given by

' = ] e! (4.4)

and the behaviour of a single typical Voight element may be described

as follows:

o(t) = os(t) + oj(t) (4.5)

*
The stationary cyclic state of stress for a class of constitutive

relations which includes linear viscoelasticity has also been
discussed by Ponter (1976b). 2

o. . g,
*% . . _ ij) _ . ij .
In three dimensions, Uijvij D[Ef~] GOVO¢[ 00] where ¢ 1is convex

and homogeneous of degree one in its argument.
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o(t)
/N
e v
Ol N A Oi
E, &
i
k.
1
N” -
AV
Fig. 3.5
where
e —_ 1
o, = Ei €5 (4.6)
v .,
o, = ki e (4.7)

The dissipation rate in unit volume due to the single Voight element

is given by 2

D(GZ) = cz ;i = (4.8)

We now consider two identical bodies, differing in initial stress
distributibns, subjected to identical loading histories PB(t)
Denoting the stresses and strain rates in the bodies by ol(t),oz(t)
and ;l(t),éz(t) , it follows from the principle of Qirtual velocities

that for all time ¢t :
3
J OO ENOR: (t)}dv

&)
- “l’-(t)‘?—(t)}{“ (£)-,,(t)} ds

St
=0 (4.9)

assuming, for simplicity, rigid supports except where P acts.
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Thus:

J { {ol(r)—UZ(T)}{él(r)—éz(T)}dtdv =0
Vo
which we write as
[ lS(T)E(T>dev =0 (4.10)
Vo '

" o.n
~

where the symbol represents the difference between the two bodies.

Substituting from Egns.(3.1),(4.1) and (4.2) into (4.10) we obtain

e(t) t t
L{J 8dé+[85dc+[8’é‘dr}dv=o (4.11)
(o] (o] o]

The third term in Eqn.(4.11) is the work done by the stress o on the

Voight elements. From Eqns.(4.4) to (4.9):

t 0 ei(t) t

~ _ g I Rl | ~V
J oe'dr —-izl { T Eisidsi + J D(Ui)dT} (4.12)
o B o o

Substitution of Eqn.(4.12) into (4.11) and integration of the elastic

terms yields

t vio 2t ~
. 2 m (E.e!(t) A
J {"(ZtE) + J D(5(r))dt + 1 {—?—12———4 ' D(E\i’)dr‘l}dv

Vv o 0o =

(o)
}dv | (4.13)

_ J{a(o)z I;Eig
2E _

\

The right-hand side of Eqn.(4.13) is the sum of positive time-constant
terms; the left-hand side is the sum of positive time dependent terms.
As time t->« the left hand side becomes unbounded unless o(t) » o,
and consequently equality in (4.13) requires that ol(t) and oz(t)
converge in time.

Consider now the particular case of repeated cycles of loading
with a period of At . We imagine that we begin with two identical

bodies with identical initial stress fields, but that the loading history
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on one body starts at an interval At Dbefore that on the other

body and so the second body is one cycle behind the first. According
to the proof above, the stress histories in the bodies converge and
after sufficient time they are identical. This is the "stationary
cyclic state" of stress. Furthermore, if in the proof above the
history ol(t) is chosen to be the stationary cyclic state, it follows
that any other admissible history oz(t) in the body eventually

converges with this stationary state.
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CHAPTER 5

A LOWER BOUND ON THE CYCLIC WORK

In this chapter it is first shown that the stress distribution

following step loading eventually becomes os , the "steady state

. o s s ,
solution". From this it is shown that o provides a lower bound

on the increment of cyclic work done in the body. The proof is given

for a general non-linear viscoelastic material.

The material under consideration is the generalised three

dimensional non-linear Voight model of Figure 3.4, with the following

properties:
E=€e+V + Ef (5.1)
g=¢ce (5.2)
v
==k o 2 (5.3)
v

(a
ag
o]
g .
where ¢ 1is homogeneous of degree one in [gj , n is odd and VvV ,o

and k are constants. The stress in the i-th Voight element consists

, e v
of two components 9 and 9 where

95 * g =8 -(5.4)

The inelastic strain Ef is the sum of the strains in the m Voight

elements:
Ei (5.5)

Analogous to Eqns.(5.2) and (5.3) we have

9 =g € (5.6)

(5.7)
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If a step load P (t) = PH(t) is applied to the surface of the body,
we have for t > 0

[ggds=1v;;dv=o (5.8)
and thus S

-Jé(jJr é')dv=Jéédv

\Y W
and so, from Egn.(5.4):
e By T N
~ J {o v+ | o, ef}dv = J {o e + } oS ef;dv (5.9)
—— 42114 —= 41
\Y Vv

From Egns.(5.2) and (5.6), the right-hand side of (5.9) is positive as

long as ¢ >0 . Consequently
- . m - . .
J {g_z_+ ) gy Ef}dv <0 if ¢>0 (5.10)
T
\Y
On account of Egns.(5.3) and (5.7) we may rewrite (5.10) as
+1 v nj+1
d { 4 T % )
EE] kd):)— + Z kid)g—' }dV(O (5.11)
0 i=1 o}

\
The integral in (5.11) is positive as long as ¢ and o; are non-zero
and as a result of inequality (5.11) this integrand decreases in time

v .
until ¢ and 9 become constant. Their values are then denoted

. Vs .
respectively by g? and 9 the "steady state solution". Furthermore,

s vs es | vy
as o and o, are constant, then o is constant and so & = 0,

. . Vs . .
which results in the steady state stress [ vanishing.

The steady state solution is now used to obtain a lower work

bound. From inequality (5.11) and the definition of o° it follows

that n+l vhi+l
. { ol ? 9;
o vk ¢l + k. | =— }dv
J 0 o UOJ jop 1 %
v &S n+l
8 J 0, VK ] dv (5.12)
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Noting Egns.(5.3) and (5.7), (5.12) becomes
moy. s - ' s
I o, €l dv > [ oo v° dv = J D(g" )dv (5.13)

J { o Q +
- — . — -
i=1
\Y v Y

Integrating over a cycle and noting that the increment of elastic energy

over a stationary state cycle is zero we obtain

st At
J Jg_g_dtdv > ] [ D(s°)dv (5.14)
Vo " Vo

Inequality (5.14) provides a lower bound on the cyclic work done in the

general non-linear viscoelastic body.
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CHAPTER 6
AN UPPER BOUND ON THE CYCLIC WORK

IN A GENERAL LINEAR VISCOELASTIC MATERIAL

In Section 2 of this thesis a general work bound was obtained
for a class of constitutive equations which’included linear viscoelas-
ticity. Simple examples* were used to demonstrate that the body's
behaviour closely resembled the upper bound for cycle times which were
less than a material transient time. In this chapter we obtain the
upper bound expression for the general linear viscoelastic material.

The following relations from Section 2 are required here:

1. The upper bound on the cyclic work is given by

At At
. T r
[ Jo e dtdv < J I D(o" ,s )dtdv (6.1)
Vo Vo

T . . . .
where o is the rapid cycle stress history and s' is an internal

state variable.

2. The '"rate potential" for the material, § is related to the

dissipation rate D as follows:

@ =%D (6.2)
3. The internal state variable in the body, s is cyclic, from
which it follows that At
R -
J s dt =0 (6.3)
o
4, For rapid cycling, the state variable s=s’ 1is constant

within a cycle.

*
The three-parameter solid and the four parameter fluid.

|

} +From Bland's result we may express the bounds for the linear material
. in terms of the scalars of and sT . (See page 112).
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We begin by observing that the internal state of a generalised
linear viscoelastic model such as the Maxwell model contains m indepen-
dent variables. For example, if the stresses in the m Maxwell

elements in Figure 3.6 are known, then the behaviour of the model is a

known function of the current stress o(t) . We denote these internal
variables by 1585558 and the stress in the single dashpot by r ,
where

m

o(t) =7 + | s, (6.4)
. i
i=1
N

Fig. 3.6

The dissipation rate in the model is given by

(6.5)

Using Eqns.(6.2) and (6.5) we now have the rate potential  , which we
write in the form

m
@ = Flo,s) + [ G(s;) (6.6)

where 2

F = - (6.7)
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and 2
Sy
G(si) = % (6.8)
i
For the bound we require the rapid cycle states si . The condition

for the general state s; to be cyclic is given by Eqn.(6.3).

Combining Eqns.(6.3), (6.6), (6.7) and (6.8) we obtain
At

-qg + ):Si Si
l {—k_ * q} dt = 0 ’ 1=l,2s"°9m (6'9)
o

: T
For rapid cycling, s; =8; = constant during the cycle and so from

Egns.(6.9) we obtain

k s m 1 Atr

— + I s; = ZE'J o dt (6.10)
i i=1

o)
From Eqns.(6.10) it follows that
& st st
1 2 m

===, ., ., =T (6.11)
kl k2 km

and by combining (6.10) and (6.11) we obtain

At -
r {El + EZ + + EE + jg} - L T ae (6.12)
Si k. k, e v o e k, k., = AL a .
i i i i
o}
For simplicity we will suppose that the time-average of the stress cr
during a cycle is given by % o, where 9, is its maximum value.
Egns.(6.12) then take the form
k, ©
55 (6.13)

- 1. .0
i 2k + Zki)

Substituting Eqns.(6.13) into (6.5), the dissipation for rapid cycling

is then given by ) )

sk o
r r, 1 { ro % ™4 } o } .,
D(o,8;) = 10 2k + 3K;) * {2(k + Ik,) Zky (6.14)

The upper bound on the cyclic work per unit volume in the general linear

model is obtained by integrating Eqn.(6.14) over the cycle.
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We note that for cycles of loading in the form of on-off steps,

. . . r .
since the rapid cycle solution o is given by

or = 5(t) + p (6.15)

A . . . - . . r
where 0(t) is the elastic solution and p is time constant, then o

also has step form and the integral of Eqn.(6.14) may be simplified to the

following: At o . oi (2k+2ki)
J D(o ,s8 )dt = 7K (k+2ki) (6.16)
, o}
and thus the cyclic work bound for the general model is given by
At 6% (2k+1K,)
J J o edtdv <At J W dv (6.17)
e} v

In order for this bound to be useful we require simple methods for
~ determining both the material constants and the rapid cycle solution. A
material test to find the parameters k and zki is described in
Appendix 3.1. A method for determining o° is described in detail in
Chapter 8 using a property of the cyclic strain which is derived in
Chapter 7.

Bounds for specific material models derived from the general material
are discussed in Appendix 3.2 but we include an example below in which the

bound takes a particularly simple form.

The general linear viscoelastic .solid

When one of the ki is made
indefinitely large in the general model, °
the fluid response vanishes and we obtain
the general linear viscoelastic solid k
shown in Figure 3.7. The bound (6.17)
reduces to the following form for this

model:



At

JJ o;:dtdvsAtI

Vo
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dv (6.18)

Inequality (6.18) is identical to the bound obtained in Section 2 for

the three-parameter model, suggesting that the Maxwell elements are

redundant in this model when the body
undergoes rapid cycles. This may be
confirmed by inspecting Eqn.(6.13), in
which the only non-zero value of cH

is the stress in the elastic element
(denoted by Sq in Fig.3.8). We

may conclude therefore that the simple
three-parameter model is sufficient for
describing the rapid cycle behaviour of

“the general linear viscoelastic solid.

l

Fig. 3.8

Three parameter model
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CHAPTER 7

THE CYCLIC INCREMENT OF STRAIN

In this chapter we investigate the magnitude of the accumulation of
strain in the stationary cyclic state. A property of the strain increment
is established which permits the determination of the rapid cycle solution

cr in the following chapter.

We start by observing that in the stationary cyclic state the accumu-
lated cyclic strain, Ae is purely viscous, irrespective of the nature of

the stress history.  Thus At

=

{o(t)dt (7.1)

o}
In general there is a time-dependent stress redistribution which also

depends on the history of strain. Only in the extreme cases of slow and
-rapid cycling is the redistribution effectively equal to zero, permitting
direct integration in Eqn.(7.1). For the general cycle we begin by

defining the quantities o and ¢ as follows:

5(ty) = o(ty) - o°(t)) (7.2)

E(t,) = e(t,) - es(tz) (7.3)

where t1 and t2 are arbitrary instants within the cycle, s(tz)
corresponds to o(tz),es(tz) corresponds to the steady state stress cs(tz)
and all terms-in (7.2) and (7.3) are admissible. From the principle of
virtual work:
[ G (tl)E(tz)dv =0 (7.4)
y ,
Specifically from Eqn.(7.4)

J o(t)e(T)dv = O L
and \Y 7 J (7.5)
[ o(t)e(T+at)dv = O

Vv

from which we obtain

J o(t) e dv = 0O (7.6)
v
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As has been observed, the accumulations of strain in the stationary cyclic

state are purely viscous and so we may write Eqn.(7.6) as

J 5(t) 8% dv = 0 (7.7)
Y
In view of the fact that Egn.(7.7) holds for arbitrary time t , and that

Av is independent of the value of t , we obtain

At
J J g(t) AV dvdt = 0
VAo
or At
J AV J o(t)dtdv = 0O
'\'.7 fo)

and so from Egn.(7.1) it follows that

J k(m"z)z dv = 0 (7.8)

v

Equation (7.8) requires that AV

1

O , or in other words
s
AV = Av (7.9)

. L s .
where Av 1is the total cycle of strain in the actual body and Av is
the total cycle in the same location in the body, resulting from a stress
distribution o . Thus, in the stationary cyclic state, the strain

accumulates at a rate which is independent of the cycle time. This may be

expressed as follows:

Tr S
i e (7.10)

T s L .
where Ac and Av are the strain increments for rapid and slow cycles

of length Atr and at° respectively.
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CHAPTER 8

RAPID CYCLING

In obtaining the upper bound on the cyclic work, (6.17), we observed
that a simple method was required for determining the rapid cycle stress
solution or . In this chapter we describe such a method and illustrate

its use through the example of a cyclically loaded viscoelastic beam.

8.1 The upper bound stress history from the compatibility condition

We consider a cycle of loading O ¢ t < ot in which the following

load is applied:

t
() =P £(;D) (8.1)

where PO is the maximum load in the cycle. The corresponding stress

histories in the extreme cases are given by

Siey = 65 £ s (8.2)
o (t) =9, f(At) 0<t <At

IN

for slow cycles, and

o (t) =8(t) +p- O < At S (8.3)

IN
ct
A

for fast cycles. The elastic solution is given by

A A t
o(t) = o f(ZE) (8.4)

The cyclic behaviour of a non-linear Maxwell material was described by
Ponter (1972,1973a) in which he showed that ae” , the strain increment
corresponding to or , is uniquely admissible, and that the constant
residual stress Er is unique in generating Aar . A consequence of this

in the linear case is that we may choose an arbitrary constant residual

stress p and use the compatibility condition to determine pr . A
suitable form for p is this:

p = pulo -6 ) (8.5)
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where u is an arbitrary constant to be determined. Clearly p 1in
Egqn.(8.5) is in equilibrium with zeroapplied loads.

The compatibility condition requires that the strain increment gener-
ated by the stress field (G+p) is to be admissible, and so in view of

Eqn.(7.10) it follows that At

At
—3-[ (5+5)dt = —l—J o° dt (8.6)
At ]
At
o)
Setting t = f%- and substituting from Egns.(8.2) and (8.4) we obtain from
(8.6): 1 B
LA - B s
J (Oof(T) + p)dt = J S f(r)dr
o o
or
1
— S ~
o = (00—00) J f(1)dr (8.7)
0

1

Comparing Egns.(8.5) and (8.7) it follows that if p = J f(r)dt then »

o}
satisfies the compatibility condition, and since p=pT is unique in

this respect, we have .

—r_ (.S_a
p (co 00) J f(t)dr | (8.8)
o
Since the compatibility condition, Egn.(8.6) is in the form of a strain rate

integral over a cycle, the condition is applicable to any material for which

. . A R .
the mean rate of accumulation of strain over a cycle Z% is proportional to

At
1
the mean stress during the cycle e J og(t)dt. We have observed that
o

in tbe stationary cyclic state a viscoelastic material accumulates only
viscous strain. Consequently Eqn.(8.8) applies to the general linear
viscoelastic material. On account of this the rapid cycle stress history
required for the upper wdrk bound is given by
1 :
o =5 f(1) + (o°-5 ) J £(1)dt (8.9)
¢ 0 o

. o
where f(1) is prescribed, and we see that the problem of determining o

amounts to a determination of the elastic and steady state solutions for

step loading.
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8.2 An example

To illustrate the use of the compatibility condition in determining
the rapid cycle solution, consider the cyclically loaded viscoelastic beam

shown in Figure 3.9.

Load P(t) per unit length

\ J I 7 1

Fig. 3.9

We first imagine the beam to be uniformly step-loaded and we find the

~

central reaction R in the following circumstances:

s . .
R = Ro : the stationary solution

R = R.0 : the elastic solution

Using Eqn.(8.9) we are then able to determine the rapid cycle reaction R? .
Following this we consider the beam under step cycles of loading and we

determine the rapid cycle reaction from the full cyclic solution.

Step loading

The elastic solution for the vertical deflection y(x) is given by

P Saefx(322-x2) }

o) 3 2 3
y(x) = ST [ (827 -4ax +x )X —

8.10
2(6EI+xr23) ( )

On account of the "correspondence principle" (Flugge, 1967) the solution
for a linear viscoelastic beam may be obtained by replacing E in Eqn.

(8.10) by a function of the Laplace transforms of the differential generators
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for the viscoelastic material. For a Maxwell material, the central

deflection becomes

5P ¢ et
y(2,8) = 5= [1 - Be 17 (8.11)
where
B, - ———fﬁii—fg (8.12)
6EI + A2
3
and K, = AL E (8.13)

For a three—parameter Voight material

the central deflection is given by

5p [ 1-B,e 2]
0 2
y(&,t) = (8.14)
4[)‘9‘3 . 6IEE']
E+E'
' where
12
B, = OIE (8.15)
(6IE'+x2 ) (E+E')
6IEE' + A23(E+E')
and - k2 = (8.16)

3
k(6IE' + Ag7)

In both materials the central reaction is

given by
R(t) = ay(e,t) (8.17)
At t = 0 we obtain the elastic solutions:
R 5P %
R = —2 (1-B,) : Maxwell model (8.18)
0 4 1
4
SAPOZ (l—Bz) Three-
R = ! parameter (8.19)

0
3 6IEE' model
4[)1 -+ ?E:ET)]

K(6EI +12°)

Fig.3.11
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As t » o we obtain the stationary solutions:

s 5P02
RO == : Maxwell model (8.20)
s 5)\P024
R_o = 3 eIEE" : Three-parameter (8.21)
4{32 + ' } model
i (E+E')

As a result of Egns.(8.18) to (8.21) we may write

~ S .

R, =R [L-B1 , i=1,2 (8.22)
to describe both materials. Furthermore, from Eqns.(8.11) to (8.17)
we have

k.t
R(E) =R (1-B e *) , i=1,2 (8.23)

- for the reaction at time t in both materials.

steady state solution

1-8; 51\\\

elastic solution

\_ -
> time

Fig.3.12
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Suppose that the actual loading applied to the beam is as follows:

P(t) = PO during each first half cycle
P(t) =0 for the remainder
P(t)4\
P
o
N\ time
Vd
< At >
Fig.3.13
From the definition of f(f%) in Eqn.(8.1) it follows that
1
J f(r)dr = % (8.24)
o)
If we combine Eqns.(8.24) and (8.9) we obtain
RE = ﬁb + 5 (R - ﬁb) First half cycles
-1 (RS - R ) o Second half cycles
T2 o o : Yy
and from Eqn.(8.22) this becomes
T
R ) . .
—<=1-%B ¢ First half cycles
R * - (8.25)
= % Bi : Second half cycles

Eqns.(8.25) are the rapid cycle reaction for bqth materials, derived from

the compatibility condition.
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The cyclic solution

To obtain the same answer from the full cyclic solution we proceed
as follows: we first sum the series of terms obtained from Eqn.(8.23) in
which Rz is given in first half-cycles by Eqns.(8.20) and (8.21)
respectively for the two materials. After the necessary algebra this

yields the following:

B.
R(t) =1 - = : start of a cycle
Rz 1 + exp(- %‘ki At)
Bi
=1 - : end of first half cycle
1 + exp(} ki At)
B.
= = : start of second half
1 + exp(- % ki At) of cycle
B,
i

= end of cycle
1 + exp(} ky At)

The rapid cycle solution is now obtained by letting At approach zero,

from which we obtain

T
—Bg =1-% B, ¢ throughout first half cycles
R L (8.26)
=% Bi :  throughout the remainder [

Eqn.(8.26) is the rapid cycle solution in the two materials calculated
from the full cyclic solution, and it is identical to the result obtained

from the compatibility condition using only the elastic and steady state

solutions.
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CHAPTER 9

AN EXTENDED WORK INEQUALITY

The increment of work done in a stationary state cycle in a
linear viscoelastic body has been shown to be bounded above by the
dissipation due to the rapid cycle stress distribution and below by
that due to the steady state distribution. Combining the two bounds

(6.7) and (5.14) we have the following extended work inequality:
At

At At
J JD(os)dtdv < J J o(t)e(t)dtdv < J J D(o" )dtdv (9.1)
vV o V o Vo

At this point it might be emphasised that while we have shown the
strain to accumulate at equal rates in fast and slow cycling (Eqn.(7.10))

the corresponding work quantities generally differ. For example, for a

linear Maxwell material the work bounds are given by the following:

At At
Upper bound : D(cr)dtdv = & (8+6r)2 dtdv
v o v 0
At At
[ s 1 s. 2
Lower bound : D(o )dtdv = X (o7 ) dtdv
) ) )
vV é) v (o]

Non-dimensionalising the cycle times, the difference between these bounds

becomes
_ ) 9
I % J {(8+5r) - (os)_}dtdv_
v © - 2
- J %}- J{(Eof(1)+5r) - (cif(T>)2}dT
\ o
2
- [ L (62657 (a-8) (9.2)
v 1 1

“on noting Eqn.(8.8), where a = J Zdr and B = {deT} . The factor
; 1 o 1 2 (o]

(a-8) is non-negative, for J{f(T)"[f(T)dT}dT > 0 and so

1 1 o o]

l {fz - 2f J fdr + B}dr > 0. Moreover unless P(t) = PO for all t ,

0 o}
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the factor is non-zero. Also, Ponter (1972) has shown for a Maxwell
material that the dissipation corresponding to os is an absolute
minimum amongst admissible stress fields. Consequently the integral in
Egn.(9.2) is never negative, although it may be zero, as in plane stress
and plane strain problems where 80 = Oi . However, for any visco-
elastic material whose rheological model includes a tight element, the
upper bound contains additional positive terms and the two bounds can

never be equal.
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CHAPTER 10

FURTHER INEQUALITIES

The basis of the upper work bound obtained in Chapter 6 was the
determination of an appropriate form of the functional w(g**(t),T)
defined by Ponter (1974). | This functional was used in section two to
obtain general work and displacement bounds for a state variable descrip-
tion of material behaviour and the bound in Chapter 6 was a particular
example of such a description. In this chapter we investigate the
result 6f using a different description of material behaviour. An alter-
native form for w is obtained and specific examples are derived in which

w depends only upon the arbitrary stress history 0**(t) and not on
any internal variable. An existing work bound is recovered and a new

. strain bound is derived. The method is investigated through the calcula-
tion of an example for the latter bound.

We begin with the determination of w .

10.1 The functional w by calculus of variations

Following Ponter (1974), the functional W is defined as
follows: T
(o (£),0(t)) = J (0™ (t)-0(£)1Et)de (10.1)
0
where T is a prescribed time, the inelastic strain rate éf corresponds
to the stress history o(t) in the body and gf*(t), is an arbitrary
prescribed stress history. It is assumed that this functional is
bounded above and we denote the optimum upper bound (if it exists) by
w(o *(t),T)
From Eqn.(2.5) and on account of Bland's description of linear
viscoelasticity, the functional W in Egn.(10.l) consists of the sum of

nine deviatoric and one dilatational energy expressions of the form
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T t
{0 (t) - Bé'(t) - [ G'(t—r)é'(r)dr - G'(t)eé}é'(t)dt (10.2)
o} o]
which we may rewrite as follows: _
T TT
* % . . 1 . .
W = [ {o (t) - Be'(t) - G'(t)s'}e'(t)dt -E-J J G'It—Tls'(T)e'(t)drdt
]j O

O O 0 (10.3)*

where j =1,2,...,10. For brevity henceforth we shall write W. as W
and wj as w , understanding that each represents a single typical
member of the set of ten energy expressions.

The maximum functional w is now obtained. We consider a varia-

tion in e'(t) from the history that optimises W :

e'(t) = ;épt(t) +an(t) 3 O

IN
ot
IN
—

(10.4)

" where ﬁ(t) is an arbitrarily fixed function subject to ﬁ(O) = ﬁ(T) =0 .

From Egn.(10.3) we obtain

*
A proof of the equality of the right-hand sides of Eqns.(10.2)
and (10.3) is given in Appendix 3.3.
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W'+ af) = J{o (t) - Be (t) - aBa(t) - G' (t)e }{s (t) + an(t)}de

opt
o T T
1 ' ot . . ! .
- E—[ j G lt—T|{eOpt(T) + GH(T)}{eopt(t) + an(t)}drdt
T o o T
*% o ! ! L . *% . !
= o™ ) - Bl (6) - 6 (edelnel (e)t ¢ [ GCe) e)- 2BRCEDE(0)
o} T 0
- A6 () Mt - o2B | R2(e)de
TT o TT
1 ' W1 o ! ' ot .
- E-J { G It—T|eopt(T)eopt(t)drdt - §~J [ G |t—Ti{€Opt(t)n(T)
oo ) TT 0o
€ pt(T)ﬁ(t)}dtdr - %5-[ [ G |t-t|f(t)A(t)dtdr
T ToOoO

J{c - Bsopt(t) - G'(t)s; - %-[ G']t—r]éépt(r)dr}é;pt(t)dt

o - T o T
+ [ F o - 28 [ ie)E] (e ~ [ A6 (e)ede
O

o o)
- % J G' |t- Tl{e (t)n(r) + e (T)n(t)}drdtJ
° ST
) ) 1 . .
- a [B I né(t)dt + E—J J G ]t—rln(T)n(t)drdt} (10.5)
-0 0 o

Equation (10.5) has the form W(¢') = W(éc')pt) + oX - a?Y where Y is
positive. The condizions for a maximum.vélue of W with respect to

éf(t) is thus X = 0, or

T
. * .
o™ty = ZBé(;pt(t) + G (t)e, + J G'lt—rlé;pt(r)dT (10.6)
¢]
% T T T
For then Jo??t)ﬁ(t)dt - 2B J é;pt(t)ﬁ(t)dt+J A6 (e dt +
T T o (o} o

[ A(E)G |t r]e r)drdt and the last term is identical to

T T

)
] ﬁ(T)G'It—TIé;pt(t)dth by interchanging the variables t and T .
o)

QV— O+¥—F—

It thus follows that the coefficient of a wvanishes, and W attains a
maximum. (See, e.g. Elsgolc "Calculus of Variations" 1961).
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Equation (10.6) is a Fredholm equation of the second kind with a

symmetrical kernel (see, e.g. Tricomi "Integral Equations", 1967).

Although in the general case it does not appear possible to invert

Eqn.(10.6) there are simple cases where this can be done and we may

then obtain expressions for w in terms of o**(t).* The stress

history Gopt that corresponds to the optimising strain rate history
1

éopt is given by the constitutive equation:

t
copét) = B;:C')pt(t) + G'(t)s(; + J G'(t—r)eépt(r)dr (10.7)
e}

Substituting eqns.(10.6) and (10.7) into (10.1) we obtain the maximum

value of W :

S _1_ o o "
Beopt(t) + 5 fglt TlEOpéT)dT}%mm(t)dt

g
Il
(o] H

e}
or

T
W =% J ™ (t) - 6" (t)e! };:'opt(t)dt (10.8)
o]

In the following simple cases the functional w can be expressed entirely

*
in terms of o *(t):

The Maxwell material

For this model we have B =k <§:

and G' = 0 and so from Eqn.(10.6):

oy 1 o xx

§opt - ZRO (t) (10.9) k
and from Eqn.(10.8):

%k T *%k 2
w(o ,T) =-£EJ (o- (t)) dt (10.10) Fig.3.14
o

*
The general case is discussed in Appendix 3.4
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The three-parameter Voight solid

For this model, B = k and

G' = E. From Eqn.(10.6):

* % _ N f pe k
g (t) = 2keopt(t) + Esopt(T) (10.11)
Equation (10.11) can be inverted by {
integrating fromt =0 to t =T : Fig.3.15
[<§*dt =¢' (T) [2k+ET] - 2ke' (10.12)
J opt o :
0
Case 1 If eé = 0 we obtain
T
<y 1 ks E *%
opt®) =P (®) - gEox | 0 4t
o
and from Egn.(10.8)
T T 2
*k _ 1 *x% 2 E { *k }
w(o ,T) = K [J (¢ ) dt - TTeok J ¢ dt jl (10.13)
o} o
Case 2 If the interval from t =0 to t =T 4is a cycle of loading

in which the body is in a stationary cyclic state of stress we have

eopt(T) =€ and so from Eqns.(10.11) and (10.12):
1 1 T
, RRNE 1 *%k
eopt(t) = oK % (t) T J o dt} (10.14)
o)
and from Eqn.(10.8):

T T )
w(a™™,T) = le; U (**)%t - % {J o**dt} ] (10.15)
(o] (o]

In the remaining parts of this chapter we show how the functional
w can be used to formulate work and strain bounds. In the former
case we use Eqn.(10.15) to recover a work bound for the three parameter

model that was previously obtained using the state variable approach.
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In the latter case we calculate the exact accumulation of inelastic
strain for a three parameter model and using Eqn.(8.13) we calculate the

corresponding upper bound.

10.2 A total inelastic work bound

The stress gf* in Eqn.(10.8) is arbitrary. By setting

** ** A — A - . . — (3
o =us = u(0 +p), where 5 is the elastic solution, § 1is an

arbitrary residual stress field and p 1is an arbitrary constant, the

following bound on the total inelastic work was obtained by Ponter (1974):

T
[ J o &' dtdv ¢ 7 {A(0)-A(D)} + E%T Jw(uE ,T)dv (10.16)
Vo v

where the elastic terms A(0) and A(T) are defined from the equations

A(t)

L’E{g(t) - 0" (t)rdv

E(o) = Y0¢co

and where u > 1 .

10.3 The cyclic work bound

In the stationary cyclic state with 0 <t ¢ T denoting one
cycle, the elastic term (A(O) - A(T)) wvanishes. For a linear visco-
. . *%k . . X * %
elastic material, w(c ) is a quadratic function of o and so

inequality (10.16) becomes

T 2
- u *
J [cedtdvg ﬁ[ w(o )dv
Vo Y .
in which it is easily shown that uopt =2 Inequality (10.16) then
reduces to
_ T
J Jce dtdv < J w(26*)dv (10.17)

V o \Y
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We can further optimise inequality (10.17) with an appropriate choice of
the arbitrary stress o , by using the fact that a small variation in o

*
from its optimum value will result in the first variation of [v(Zo )dv

vanishing. It is first noted that a variation in o*(t) gives rise to
a corresponding variation in éépt(t) , obtained from Eqn.(10.6):
T
% .
= ' ' _ ' 1'
§(207) 2Bsel (€] + J G'|t T|6eopt(r)dr (10.18)
o
From EZgns.(10.6) and (10.8) we express w entirely in terms of Eépt
as follbws:
T T
W= J[ZBeopt(t) + J G'|t T]eopt(r)dr]eopt(t)dt (10.19)
0 0
and hence
T T
GI wdv = JJ LZBEopt(t)éeopt(t) + eopt(t) J G It-Tlﬁsopt(T)dT] dtdv
Y yvo o
= 0 (10.20)
Substituting Eqn.(10.18) into (10.20):
T
X, N
[ JG(ZG )Eopt dtdv = 0 (10.21)
Vo

~

* A . . .
Since ¢ =0 + p where o 1is the elastic solution for prescribed load,
*
it follows that é¢ = §p = constant and so Egqn.(10.21) becomes

J 5p A %pt dv = 0 (10.22)
A

Now 6p is in equilibrium with zero applied loads and so Eqn.(10.22) is

satisfied if p is such that Aeo is compatible. This condition is

pt

satisfied by the residual stress Br corresponding to the rapid cycle

stress o =5 + Er and so the optimum form of inequality (10.17) is
T

J Io e dtdv g.[w(Zor)dv (10.23)

vV o \
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This is the optimum upper cyclic work bound, obtained from the variational
method.
To illustrate, if we substitute from Eqn.(10.15) for the three-

parameter model we obtain

At At At

. , 2
JJ oedtdv < J [[ wr)dt-fé{ Joﬁk}ldv (10.24)

Vo v 0 o} -

L L

In the particular case of the step-cycles of stress described in Chapter 6
we would recover inequality (6.18), which we previously derived with the

state variable description of material behaviour.

10.4 Inelastic strain bound

The functional w 1is next used to obtain a bound on the total
inelastic strain. From Egn.(10.1) and the definition of w we have
T
J (6™ (t) - o(t)re'(t)dt < w(o™ ™, T) (10.25)

o}

. ** - . . .
We now substitute o (t) = o(t) + ¢ , where ¢ 1is constant in time, to

obtain

e (T) - &' ¢ w(oia)
o o

(10.26)

This bound on the total inelastic strain can be optimised with respect
to the arbitrary o once the particular nature of -w is specified for the
material model. To illustrate, we

consider a three-parameter model

subjected to step-stressing given

by

o(t) = [ (H(t-(j-1)at) - H(t-(3-%)at)} '
=]

J
Fig.3.16
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The expression for w for this model is given in Eqn.(10.13). Using
this we calculate the value of the right-hand side of inequality (10.26),

and we compare it with the left-hand side calculated using the full

solution.
o(t)q\
\ .
< AL 5 > time
Fig.3.17
Details of the computation are given in Appendix 3.5. The period At

and the total time T were varied and the percentage by which the bound
exceeded the inelastic strain was calculated. The result of the computa-
“tion indicated that for small total time the bound gave an excess of 21%
and that this increased as the total time increased.

This strain bound is an example of a non-attainable upper bound
and it therefore contrasts with the cyclic work bound derived from the same
basis which was shown by calculation in section two to produce good
answers whenever the cycle time was small.

We have shown that the bounding method based on the hereditary
integral constitutive equation gives work bound results that equal those
based on the state variable method. The result of the strain bound is,
on the other hand, less promising, and it appears that the versatility
of the state variable approach in encompassing several material descrip-
tions at once may offer more advantages than an approach based on the

detailed properties of a single material.
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CHAPTER 11

STRESS REDISTRIBUTION

In this final chapter of Section 3 a description is-given'
of the cyclic stress redistribution occurring in a body which is in the
stationary cyclic state. We conclude with a simple geometrical analogy
in terms of the redistribution for two of the results obtained in this
section, namely the extended work bounds, (9.1), and the fact that the
average strain rate is independent of the cycle time.

We imagine a generalised Voight model, Figure 3.4, subjected to
on—-off cycles of loading. The cycle length is given by 0 ¢ 1t ¢ 1

t . .
where 1 = — . We suppose further that some suitable transient

At

response time for the material, tm , can be defined from a uniaxial creep
test along similar lines to those described in Section 2. In terms
of to s material behaviour may be called "dominantly elastic'" if

At <<:tm and the behaviour approaches the steady state if . At >>tn1'
Comparison of the stresses in a single body which is subjected to sets of
loading of varying cycle times is equivalent to the comparison of a set of
bodies for which ty varies while at is fixed.”

In Figure 3.18 the following histories are shown: the rapid cycle

solution or =0 + ;r , the steady state solution os , the history for

some intermediate cycle time denoted by o(tr) and the corresponding strain
history e(x) . As may be seenin Figure 3.18, for the extreme histories
Or and oé there is no effective redistribution.

We have established in this section that for arbitrary cycle times

the stress history o(t) is such that the following two properties hold:

* Variation of t may be accomplished by fixing all the viscous
coefficients and varying all the elastic moduli proportionally through
the body; the distributions & and % are then unchanged.
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e(T)

D a(T)

Fig.3.18
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1. The mean rate of accumulation of strain %E— is independent

of cycle time.

2. The cyclic work is bounded as follows:
At At At
J JD(os)dtdv < J J D(o)dtdv ¢ J J D(c" )dtdv (11.1)
Vo Vo Vo
1 In terms of the stress o(r) , the first property implies that

JG(T)dT is constant which in geometrical terms requires the total areas
enclosed in Figure 3.18 by the stress histories or,os and o(t) to
be identical.

In the case of the simple Maxwell material, inequality (11.1)
can alsé be interpreted in geometrical terms, for we may then write

-the bounds as follows:
1 1 1
s2 2 r. 2
[ J(o ) dtdv < J Jo dtdv < J I (o7) drdv (11.2)
Vo Vo “‘Vo

If we denote the average value of 02 over the volume by o2 then

(11.2) takes the form

1 1 1
J(US)ZdT <J o2 dt < J(or)zd'r (11.3)
[¢] o (o]

which pléces in order of size the average volumes of revolution obtained
in the diagram above from the stress histories os, o and o
From further consideration of the stress redistribution it may

be possible to determine precisely the way in which the dissipation
rate, and hence the rate of internal entropy production vary with time.
[The increment of entropy production over a cycle under isothermal condi-
tions is proportional to the volume of revolution mentioned above.]

For example, it appears probable that the rate of internal entropy

production gl decreases monotonically as the stress redistributes towards



s
the steady state o

S
g =0

. T
"frozen", in the sense that the history o

S
g

amongst all admissible stress fields.

Certainly we know that él
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is a minimum when

Furthermore, in the rapid cycle state the residual stress is

does not approach the history

, and the mean rate of entropy production over a cycle is a maximum

i _ =
£ -
ta\’,e’-
sieadi s=
- Fig.3.19
> time
AZi maximum :
2 |l - ;
at Fig.3.20
steady state
> At

It is therefore tempting to suggest a general association between

the redistribution within a creeping body and the mean rate of internal

entropy production.

This is an area that remains open for further study.
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APPENDIX 3.1

A method for determining the material parameters required for the

upper work bound (6.17)

Consider a body consisting of the general viscoelastic material

. N . s .
shown in Fig.3.6, in which there is a uniaxial stress field ¢ resulting

from a constant load. The steady state of stress in the body satisfies
o =1+ 12 + g5
= §) TS, T ... +s
s .S
where r =kv
's 3
s; = ki v ; i=1,2,...,m

and so the steady state creep rate is given by

s OS
v =k—;zT (3.1.1)
i
Suppose now that the load is instantaneously removed. The internal
state of stress immediately after this instant is then given by
r(0) + SI(O) + 82(0) + .. 4+ sm(O) =0 (3.1.2)
, - .8
where e s (0 =k Y ; i=1,2,...,m (3.1.3)
and the removal of the load is assignedas t =0 ,
From (3.1.2) and (3.1.3) we have
K-
r(0) = -v § ki (3.1.4)
i .
and so the inelastic strain rate at t = 0 1is given by
.S
. v Elki
e'(0) = - " (3.1.5)

S
. . ] .
A simple creep-relaxation test conducted at known stress ¢ allows V

and ¢'(0) to be determined and then by combining Eqns.(3.1.1) and (3.1.5)
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the parameters k and iki can be found. It is easily shown that the
bound (6.17) would then reduce to the following form:
At s -,
J I oe dtdv < ‘2 v " E (O)]AE-I 02 dv (3.1.6)
b S 4 o
Vo \Y

APPENDIX 3.2

Particular cyclic work bounds are obtained from inequality (6.16)
by substitution of the appropriate material constants. Three simple cases

are shown below.

1. Two-parameter Maxwell element
=0
o2
0
Bound = [ —E (3.2.1)
o
2. Three-parameter Voight solid.

Inequality (6.17) applies:

2
g
- 9
Bound = AtJ 7K dv (3.2.2)
v
3. Four-parameter fluid

k.=0,i22

Bound = dv (3.2.3)

(2k+k )
J 4k (k+k )
\Y

Equations (3.2.2) and (3.2.3) recover the examples given in Section 2.
We also note that for any given material, the viscous coefficient
k can be determined from the initial inelastic strain rate é’(O) of a

previously unstressed body when a step stress ooH(t) is applied:
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Having obtained k , bounds (3.2.1) and (3.2.2) may then be evaluated for
given applied stress. It may be seen from inequality (6.16) that for the
given stress history these are respectively the greatest and least upper

work bounds for any possible linear viscoelastic model.

APPENDIX 3.3

T t TT

[ 1
Proof of the equality of J J f(t-1)x(t)x(t)dtdr and §~j flt-t|x(t)x(r)dtdr
o

0o 0 o

T t
Let I = J J f(t-t)x(t)x(T)dtdr

00

T T
and I' = J J flr-t)x(t)x(r)dtdr

ot

1t 2 T . . 2
Now I= - ¥ 'Z £f(ms-3j8)x (m8)x(j6)8

m=0 j=0

where j§ =71, m8 =t, n§ =T

Denoting the argument of I by g(m,j) we have

1t n m
=400 L gmj)
m=0 j=o
1t n n
Similarly, I' = YooY g(,m)

§»om=0 j=m

n

n m n
1t . .
Consequently I - I' = &+o{ Yoy gmid) - )} g(],m)}
m=0 j=o0 m=0 j=m
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Expanding the summations we obtain the following expression for the terms

within the parenthesis:

{ } = g(0,0)
+g(1,0) + g(1,1)
+
+g,0) + g(k,1) + e cevnee * g(kk)
4+
+g(M,0) + gM,1) 4 it ey, g(n,n)
- g(0,0) - g(1,0) - coiiviiiiiiiiiiiinigenne. = g(n,0)
- g(1,1) - g(2,1) o = g,
-g(k,k) - ..., - g(n,k)
- g(n,n)
n m
By inspection, the columns of Z » Z g(m,j) are identical to the rows
n o j=o
of z , z g(G,m) and so it follows that { } = 0 for arbitrary ¢ .
o j=m ‘
Consequently I = I! and as
T T
I+ 1I'=2I-= J J fIt—T]X(t)X(T)det
00

the result is proved.
APPENDIX 3.4

The problem of inverting Egn.(10.6) and hence finding an explicit
formulation for w in terms of arbitrary stress history 0**(t) may be
illustrated in a geometrical context as follows: Qe represent the
problem of maximising W as a volume-maximising task in three dimensional
Cartesian space, the axes representing stress, strain-rate and time as

shown in Fig.3.21:



N\ ¥ (strain rate)

N

xo(O) < x

_]ﬁ (stress)

the point x_(0)
represents Phe value
of o (£t) att =0

Fig.3.21

W takes the form T

W= J {xo(t) - x(t)}y(x,t)dt - | (3.4.1)

0o %%
where xo(t) represents the arbitrary prescribed function ¢ (t) and

x(t) and y(x,t) represent the actual stress and inelastic strain rate.

Pure viscosity

In this case y 1is a function of x only, as follows:

y = k x

and t does not appear explicitly in (3.4.1). W is maximised by first
maximising the area (XO—X)Y and then by integrating with respect to
to time. In the (X,y) plane this presents a simple problem of differ-

ential calculus in which it is straightforward to show that the value
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of x which gives the maximum area is

nxo(t)
x(t) = n+l
from which we obtain T
1 no o (t)
oot [ o2,
n n+l
0

y /N

y=y(x) for
pure viscosity

/0 U

Perfect plasticity

Again, t does not appear explicitly in Eqn.(3.4.1) and the

problem reduces to a two dimensional exercise which in this case is trivial:

If x < XY then y =0 and so W=20
If x=%x and x < X then W< O
¥ o)
If x=x and x =X then W=20
‘ Y o Y
and so max(W) = 0 .
Y/P
y=y(x) for
< perfect _
plasticity
}){

Xy

{yield stress3)
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Viscoelasticity

The additional problem arising in viscoelasticity is that the
strain rate is in general an explicit function of time as well as of
stress and so the maximising condition for the area also varies with time.
Consequently we lie outside the essentially two dimensional situations

described above.

APPENDIX 3.5

Galculations for the Strain Bound

Combining Eqn.(10.13) for the three parameter model with

inequality (10.26) we obtain

T

1 _ 2
e(T) < —= I (o+0) dt -
4ko

o}

‘which may be rearranged to the following:

2
E

T 3
4ko (2k+ET) {J (ovo)dt]
0

T

T kG + 1+)D) + ET) (3.5.1)
169k ( 2k+ET)

e(T)

IN

The optimum value of o is

- / ET + 4k
g = T (3.5-2)

To evaluate ¢€(T) we note that the strain during the two half cycles is

given by

IN

e'(t) = %-{1'— exp[— %f}} ; 0¢tg %;

: _l{ kAt } [ E_t] . At
E(t)—E exp[Zk}_leXp_k ’ 25 t < At

during the first cycle, and for the j-th cycle:
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e =p{1-rea[- ) 5 G re Gobae
e(t) = %{ R, exp[ Fl'f]} 3 (J-%)at <t < jat
where Rl =1 - exp{%ﬁf} + exp[ggﬁEJ .....
¢ exp [E5DE)
and R2 =1 - exp[%%f} + exp ZEAt] .....

_ exp [(23 l)EAt

A series evaluation of €(T) and a combination of Egns.(3.5.1) and (3.5.2)

gives the strain bound in the form:

ET
1 - exp [—-——] - 7
K ET /_ 8k { /n,’l‘+4k}_1
bty § Bk(2k+ET)/ ET+4K [ET‘” WAL B3

This expression was written in non-dimensional form in terms of the total

time [%}] and the cycle time [%%9 -in the form e ¢ €y and the quantity

€ — €

X = x 100
€

was evaluated for various values of total time and cycle time. The best

bound was obtained for small total time, for which X = 21%.
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INTRODUCTION

The principal difficulty involved in the solution of large-
deformation time-dependent problems arises from the fact that the deforma-
tion at the current time depends upon the entire previous history of
stress, which itself depends on the changing geometry of the structure.

To obtain explicit information about the deformation, it is necessary to
make statements about both the history dependence of the material and the
permissible histories of displacement. We achieve this through separate
bounding properties: the material behaviour is described through the
concepts of minimum work and maximum complementary work, and the displace-
ments are subject to a potential energy inequality.

A general displacement bound is obtained for a body whose consitu-
tive relation takes a general form, and an example follows in which the
bound is compared with the actual displacement of a simple structure
composed of a non-linear Maxwell material. In the example, it is shown
that the employment of appropriate conjugate variables reduces the com-
plexity of determining the bound to a level that is comparable with the
linear case, and in both cases the bound provides an accurate estimation

of displacement in the actual structure.
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CHAPTER 1

EXTREMAL PROPERTIES OF TIME-DEPENDENT MATERIALS

Summary

The small deformation behaviour of time-dependent materials has
been described by the energy principles of Ponter (1969a).

In the time-independent case, Ogden (1975) has extended the
theorems of Ponter and Martin (1971) to permit non-linear strain-deforma-
tion relations.

Here we combine these principles by deriving an energy theorem
which gives rise to an upper bound on the displacement of a general

inelastic body undergoing non-linear deformations.

Introduction

The notion of a path in stress-space which gives rise to an extreme
value of the complementary work associated with the end points of the path
was first postulated by Martin (1966):. The dual concept of a path in
strain-space giving rise to an extreme value of a work quantity was dis-
cussed by Ponter (1968). Together, these authors deri&ed energy
principles (1971) based on the extremal paths, which relate the small-strain
behaviour of time-independent inelastic materials to that of associated
elastic comparison materials.

Ogden (1975) extended these principles, firstly with the assumption
of the simultaneous existence of extremal paths in stress and strain space,
and secondly with the allowance of non-linear deforﬁations. The latter

was accomplished by incorporating non-linear elastic comparison bodies?

* -

In this context, Ogden replaces the variables ''stress and strain' with
the conjugate variables '"nominal stress and displacement gradient
-relative to the undeformed configuration',
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A description of time-dependent materials was given by Ponter
(1969). He defined an associated elastic material whose strain energy
density is a function of time. Here, we extend Ponter's results to

include non-linear deformations,

Material and structural stability

The complete class of "large deformation" problems contains many
members that are inherently unstable in a structural, or possibly material,
sense.. Here, we will show that it is possible to bound the large defor-
mation behaviour of stable inelastic structures by comparison with
associated elastic structures, As a preliminary to the formulation of
the associated elastic material, we define appropriate restrictions to
ensure the stability of the inelastic body.

We consider a body in equilibrium under quasi-statically applied
loads. The traction is currently F and the stress is o . Now the
traction is quasi-statically increased to F + 8F ; we ask - what effect
has this increase on the equilibrium configuration?

The result of additional 6F 1is to cause the material to accel-
erate in the direction of SF . This acceleration produces a deformation
that results in additional strain in the material. In general, as a
result of the changed strain, the previous stress value changes. If this
change occurs in such a way that the resultant of F + 46F and o
approaches zero, then the acceleration decreases and a new equilibrium state
is approached. On the other hand, if the resultaht of F+ 6F and o
does not approach zero, the body acquires kinetic energy and the state is
regarded as unstable.

Such instability, arising from a non-zero resultant of the internal

and external forces, may arise in two distinct ways.
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The material may have entered a region of strain space in which

the stress-strain relation is such that

dgde < 0 . Possible causes

of this include the formation of cracks and voids on grain boundaries

in a metal that is repeatedly loaded and unloaded, or is subjected to a

large neutron flux in a reactor. The instability in such cases is

inherently a material property.

Alternatively, the body may have entered a regime of deformation

where the applied load reduces for an increase in deformation: dFdx < 0.

An example of this situation occurs in the simple arch, in which the pin-

jointed bars are linear elastic.

The load-rotation relation
shows that as F increases, ¢ also
increases up to the point A ,

whereupon the changing geometry

F

F’/\
permits ¢ to increase while F B
decreases. In practice, if an
i in F just bef g —>
increase in occurs just before \\\\\\_///// Rohzhon,;é
A is reached, the structure snaps
through and oscillates about B , Fig.4.1
with appreciable kinetic energy. Here, the material has not behaved
in an unstable fashion; clearly dode 1is positive throughout. The

instability has occurred because the resultant force on the body has

diverged from zero once A has been reached.

This situation arises

because the deformation occurring in the particular geometry of the

structure gives rise to strains which in turn generate stresses that would

satisfy equilibrium with a reduced load,

The geometry, rather than the

material, prevents a new equilibrium stress distribution from arising when

F 1increases to F + 6F . This is an example of structural instability.

In such problems it is possible to find two configurations which are not
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accessible to each other via quasi-static variations of load through
intermediate states of stable equilibrium.T

In the large deformation problems under consideration in this
section, we exclude material instability by requiring that dode > 0
throughout. We further exclude structural instability by requiring all
possible configurations to be accessible from the unloaded state via quasi-
static variations of load through intermediate states of stable equili-
brium. The first requirement will permit us to formulate a convex
”comparison—élastic” strain energy density function, and the second allows
us tolemploy the divergence theorem in establishing a potential energy

inequality.

Energy and complementary energy inequalities

We first define conjugate stress and strain variables according to
Hill's formulation (1968, 1956). For a particular choice of strain

measure € , the conjugate stress ¢ is defined by the requirement that

the increment of work per unit reference volume, dW, corresponding to a

strain increment de , is given by

dW = ode @8]

This definition includes the interpretations of ¢ and € as true stress

and infinitesimal strain, generalised stress and strain - such as moment

*
and curvature of a beam, and nominal stress and displacement gradient.

-+

viz. A and B in the example

Hill (1968) considered two reference configurations: a spatially fixed
configuration, taken to be the initial state, and the currently deformed
configuration, He investigated the invariance of certain inequal-
“ities for various strain measurés and corresponding conjugate stresses.
Ogden's choice of variables in the non-linear case assures the validity of
certain energy inequalities (see also Hill 1956) that we extend here to
time-dependent materials. In this section, the terms "stress' and "'strain"
will be used in the general sense, to include all suitable conjugate
variables.
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We consider a history-dependent material undergoing a history of
strain specified only by € =0 at time t =0 and € = e(T) ,
prescribed, at t = T . From (1), the work per unit reference volume

corresponding to this history is given by
T

H(e(t),T) = J o(t)e(t)de (2)

0
which, in general depends upon the strain path as well as the end points.
Following Ogden, we now define a domain in strain space known as

the "primary domain', in which the following inequality holds:
s(t)e(t) > 0 : (3)

We are concerned with the part of the primary domain that includes the
origin; this is the domain of local material stability under dead loading,
- and the ensuing discussion presumes that all the strains mentioned are from
within this domain.

We now assume that there exists a strain history for which
W(e(t),T) has a minimum value; such a history is called a minimum work path

in strain-time space, and we define the minimum work w(e(T)) by
W(e(t),T) 2w (e(T)) (4)
The following results were proved by Ponter (1969a) for small strains:

i) the terminal strain and the minimum work function define a

unique terminal stress:

3w (e (T))
o(T) = —— (5)
B oc
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ii) the minimum work function is convex in e(T) :

. dw(e, (1))
w(e (M) - w(e, (M) - —=—— (g, (D -¢, (M) 20 (6)
These results define an "associated elastic material' whose strain energy
density at time T 1is w(e(T))
As Ogden observed, the basis for such a definition is an inequality
which is identical to our assumption (3), and consequently the results (5)
and (6) hold for finite strains that lie within the primary domain, although
the associated elastic problem is non-linear.
-Dual results exist for the extremal path in stress space from

g(0) = 0 to o(T) , although Ogden points out that the complementary work

T
W(o(t),T) = J e(t)o(t)dt (7)
)
is not invariant with respect to the choice of conjugate variables. The

maximum complementary work &(g(T)) is defined by
W(o(t),T) < w(a(T)) (8)
and the terminal strain is given by
30 (0 (T))

e(T) = ——— (9)
30 (T)

Furthermore, w 1is convex and

w(e(T)) + w(a(T)) = €(T)o(T) (10)



168
CHAPTER 2

THE BOUNDARY VALUE PROBLEM

1. A'potential energy inequality for the associated elastic body

We now investigate the extremal properties of the associated
elastic material. The material is assumed to occupy a volume V and
a surface S 1in its initial configuration; this is taken to be the
reference configuration for deformation measurement. On a part of the
surface, Sp , external forces %(t) act, and the remainder of the
surface is assumed to have rigid supports.

The potential energy functional for the body is defined as
follows:

6" e = [ w(E(M)dv - | Ba(T)ds (1)
\Y Sp

where é(T) is the strain in the comparison elastic body at time T .
Now, if (él(T),Ql(T)) is an arbitrary kinematically admissible
set, and if §1(t) is in the primary domain for 0 <t < T , it follows

from the convexity of w(g(T)) and the divergence theorem that
AP - AP
07 (6,(M) 2 0 (E(T) (12)

A form of this potential energy inequality was given for non-linear
elastic materials by Hill (1956).
Clearly we may select the strains and displacements that occur in

an otherwise identical inelastic body, denoted by (E(T)’E(T)) , as values

for the arbitrary admissible set. With this substitution we obtain the
inequality

Iw(g(T))dv - f Pu(Mds 2 u' (M) (13)

v Sp '

* ~
In the non-linear case, corresponding to the defined nominal stress o ,
thevector P is correctly defined as the nominal traction - not the
actual applied force (see also Hill, 1956). The nominal traction satis-
fies equilibrium with ¢ on Sp . "

In the example which follows, we show that P is identical to uF

where F 1is the actual applied force and u is a determinate scalar
constant.,

>
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On account of the definition of minimum work, (4), we now

obtain the result

[ R ” *
Jw(g(t),T)dv - | Pu(mds > 67 (Eem) (14)
Vv Sp

We observe that the choice of tractions on the inelastic body is

unspecified in (14).

2. The inelastic body

The tractions on the inelastic body are now assumed to act on Sp

and to take the form
rt

(15)
=P it 2 At

P(Y) A

Fig.4.2

N/
+

where f£(0) = 0, £(1) =1 and f£(x) 1is a monotonically increasing,

continuous function in 0 g x <1 ,

In the small deformation case, this corresponds with the result of Ponter
(1968, eqn,.(38)). In the time-independent non-linear case it corres-
ponds with Ogden's result (1975, eqn.(28)).

The degree of inequality in (14) may be seen as arising from inequali-
ties (4) and (12). 1In (4), the extent to which the terms differ depends
upon how far from an extremal path is the actual strain path in the body.
In (12) the inequality depends on the difference between the values at
time T of the quantities e and u in the inelastic body and the

comparison elastic body.
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The first term in (14) is defined as

T
rr .
J W(E(t),T)dv = J Jg(t)g(t)dtdv (16)
s Vo

where o¢(t) 1is the conjugate stressin the inelastic body, in equilibrium
with E(t) on Sp . We will now assume that At is large enough to
avoid inertia effects during the application of P , but that it is

sufficiently small compared with T that the dissipation of creep energy

in 0 £ t < At 1is negligible. Consequently, from eqn.(16) we obtain
e(At) T
J W(e(t),T)dv = J j odedv + J J o(t)e(t)dtdv (17)
V V o V At
where § and é are instantaneous elastic terms. During the time

t > At , the stress g(t) is in equilibrium with the constant traction

P and the strain rate ¢ is compatible with displacement rate é on

Sp and zero displacement rate on the remainder of the surface. On

*
application of the divergence theorem we obtain from eqn.(17):

e(At)
f W(e(t),T)dv = J J odedv + J P {u(T) - u(at)}ds
\ V o Sp
o(At)
= J EOE(T)ds - J J edodv (18)
Sp V o

*
From the divergence theorem,

(g..u.),.dv'=J 0..u.n.ds.
ij 37’1 ij ji
v S '

where V and S denote the reference configuration. Internal
equilibrium requires that oij ; < 0 , and thus

{ o..u. .
) 1] 7,1
\

dv = [ u.o,.n.ds , or [0,_5,,dv = ( u P.ds ,
Jiyi C) 1) 1) é 1]
v

N -

according to the above definitions of Eij and Pj
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A POINT DISPLACEMENT BOUND

The inequality (l4) may be combined with (18) as follows;

, 908t
[ P - Plu(Tyds - | f edodv > U (E(T)) (19)
Sp V o
Taking P .and gv to be point loads we obtain
| ; 9at)
(P - Pu(M s - ﬁp(g(T)) - J edadv
V o
and on noting (10) this becomes
o(At)
(P - P )u(T) s J {a(§(T))dv - J §d§} dv (20)
\) o

A~

If we now write P = UPO where p > 1 1is a constant, we obtain the

following displacement bound:

o(At)
U(T) < TE—%fijT;— J { &(é(T)) - j édé}.dY~ (21)
°y o o ‘

in which the displacement, u(T) , in the inelastic body is bounded by

terms which are elastic in nature.

"Large-small' problems

Examples where a body is subjected to significant changes in
geometry, but where the strain remains limited, include beams, shells,
plates and trusses under lateral loading, where membrane stiffness is of
interest. In the section that follows, the two sides of the displace-
ment bound (21) are calculated for an elastic creeping-truss in order to
assess the circumstances under which an accurate estimate of displacement

may be obtained from an elastic-type analysis.



172
CHAPTER 4

AN EXAMPLE: THE NON-LINEAR DEFLECTIONS OF AN ELASTIC CREEPING TRUSS

The body is composed of a non-linear Maxwell material whose total
strain rate consists of a linear elastic component, é , and a non-linear

viscous component, Vv :

™
1]
®
+

1<e

e=co9 (22)
. ; ¢n+1(g)
3 {22

Z n+1

where ‘E is a fourth-order tensor, k and n are numerical constants
and ¢ 1is a homogeneous function of degree one.
Ponter (1969a) has derived the extremal properties of the non-

linear Maxwell material. The maximum complementary work path to a stress

é(T) is given by

n
n+1

a(t) = o(T) , 0<t<T (23)

1}

with instantaneous changes at t =0 and t =T to satisfy

§(0) = 0 and §(t) = §(T) at t =T . The maximum complementary work

is then given by

G(8(M) = 3 a(Mea(M + o o™ |22

no (T)
kT n+1 [ - ] '(24)

N
From (9), the associated elastic strain, € (T) , is given by

n+1 o1 . o
€(T) = co(T) + %T-( L. ai {cbn l(g(T)]} (25)

n+1

*
which is not gemnerally invertible.

*
Consequently it is not possible to obtain a formulation for w(e(T))
that is explicit in €(T) in the general case.
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In the unixial case, the constitutive relations for the actual

material reduce to expressions of the form

g
e=§ 1
. (26)
€ = %—+ kon
and the associated elastic material is defined by
~ G no |
€=E+kT(}ﬁ (27)
The two-bar truss
L
This structure
is symmetrical, with
the bars initially at
an angle o Dbelow the
horizontal. Under Fig.4.3
v P

load P(t) "the bars
deflect to an angle ¢(t) , with a central displacement of u(t) and a
bar extension of x(t).

The strain-displacement relation for the body is obtained as

follows:

a2 = d% + 2% : initial configuration

(a+x)2 = [d+u)2 +.22 : at time t .

Thus 2ax + X = 2du + u2

o 3 /o B

oT %-= / c2cosec2y + 2ecosec?q + 1 - 1 (28)
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Consequently, though € 1is limited*, the strain-displacement

relation may be highly non-linear, as seen in Figure 4.4.

TS

0-3

04

R

Cﬁz 04 06 o3 I

N

Strain, € %

Fig.4.4. Effect of initial sag, o , on the linearity of the

strain-displacement relation for the two-bar truss.

* -1
For a strain of 1%, when o = 10 "rad, %

ale

= 0.7 , and when o = 10 *rad,
On the other hand, it may be shown that
u?  2u| . ,
€ = ag-+ T sin‘a + 1 - 1

and it is ewident that whenever (%] is small, € = %-sin@u is also small.

13.
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The loading is assumed to result in homogeneous uniaxial distri-
butions of stress and strain in each bar, so that an integral over the

initial volume may be replaced by a product of the integrand and the

term v = 2aA, where A is the initial cross-section of the bar.

Consequently the displacement bound (21) becomes

2d (29)

Conjugate variables

As we have observed, our choice of deformation measurement
referred to the original configuration of a body necessitates that either
the deformationé be small throughout, or that-we employ conjugate variables
when there is significant geometry change. After Hill (1956 , 1968)

and Ogden (1975) we adopt the following choice:

gi is the actual displacement inazhe i-direction;

sij is the displacement gradient 5;%-, where X; is the initial
position;

Oij is the j-component of force, divided by the component of area
upon which the force acts that was ofiginally perpendicular
to the i-direction (oij is known as the 'mominal stress');

Pi is the nominal traction in equilibrium with Oij on Sp.

With this choice of variables it follows from the divergence theorem that
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f c..€,.dv = J P.u.ds (30)
ij ij il
v Sp

In the two-dimensional truss we refer deformations to the vertical

(X;) and horizontal (X,) directions, so that u; =u and u, = 0 ,
, ou
d E——-—_]:-_—_—li
an 117 98X, d”
According to the definition of conjugate stress Oij , the work

with aij = 0 otherwise.

density corresponding to a change éeij is given by &W = Oij Gsij

Consequently SW = 011%¥-= g%%- where F 1is the actual force
(rather than the nominal force) acting on the structure. Thus
G = Fd _ Fsina
117 2Aa 2A

Finally, from the divergence theorem we may obtain the nominal
load, P

J g..€..dv = J P.u.ds
1) 1] J ]
\' S

) Fsina - Pu

u
2Aa oA . g
or P = F ; that is, the nominal force is identical to the actual applied
force in this problem.

For brevity we denote the terms % and €1 by o and € and

so our set of conjugate variables is u , the actual displacement, and

e = 4 \

|
5 = FS;K“ > ~ N
P = F"

*
The time dependence of F 1is thus given in (15).

In the small strain-finite displacement case where Eulerian strain and
Cauchy stress are used to fgrmulate the problem, the corresponding

. u , 1l usl . 9 F . .
equations a ={5 + 5 sin‘a 0 = 57y
q re e=17* 3 qz( si s SASing (1) and integrations
refer to the currently deformed volume and surface.
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The large-displacement bound

The non-linear problem is now posed in terms of the actual
material (26), the comparison elastic material (27), the conjugate
variables (31) and the bound (29). We next obtain the solutions to the
actual material problem and the comparison problem in order to assess the
accuracy of the displacement bound.

From (26) it follows that

o {At) ) )
245 = o(At)e(At)
2
)
and so from (31) ,
o (At) .
2Aa 245 = 2Aa Pysina u _ 1. (32)
P TP T 228 T d 2
0 o)
o
where U 1is the instantaneous elastic displacement.
From (27),
~y nG n+i
- A o kT -
6@EM) =55 + 7 G579
62, e6 &
= — + -
2E n+1 (n+1)E
- €62 (n -, €0
25m+1) "Y1
On substituting for &, €, 6 and & from (31), and noting that P = WP
we obtain
2ha - .~ p2im-1) [ pu
—ITU)(U(T)) = 2(]’1+1) + n+1l (33)
The bound, (29), now becomes
1 [p2i(n-1) . M0 1 -
Lt - —— - = 34
u(T) g u-1 [2(n-+1) i 12 ¢ (34)
From (31) and (26) we obtain
- P sin a
E: ._.(2_-——: p Si]’la (35)
d 2AE 1
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p
o _ . . .
where P, = 55 = non-dimensional applied load
M Posina}
and a‘ = k{——z—A‘—") for t 2 At (36)

Integrating (36) yields

(M =Y yrE™ (P sina)®
d 1
ot ———————U(T)d’ = = (P sina)” (37)
where 1T = kTEn = non-dimensional total time.

From (31) and (27),

n
u _ Psina nPsina
a- e KT [(n+1).2AJ
nuPlsina n
= UPISinG + T[—_n_"'—l—] (38)

Combining (35), (37) and (38) we eliminate T and P1 to obtain a

relation between the actual and comparison displacement terms:

%= E+u-u' (HU) (39)

We may now substitute (39) into the bound to obtain

u

n
) s um-2) s 3 21 (40)

u< (u-u) (n+1 “Tr1

The specification of the actual material parameters, together

with the value of the total time, is equivalent to the determination of

the values of n and E%TT" the latter being the proportion of the total

displacement made up by the instantaneous elastic displacement. Conse-
quently we may evaluate the displacement -bound -:and optimise it with

respect to y - directly from (40). Denoting the right-hand side of

(40) by u we define the quantity

B 4
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u, - u

- Up .
E = —g X 100% (41)

as a measure of the accuracy of the bound. On rearranging (40),

- - n -
E = 100{(1 -%)(nﬁl)[ﬁ“%f) - (p-1) +%(u2_1)] (42)

and an accurate bound is indicated by a small value of E

Results

Values of E are given in Appendix 4.1 for a range of specifi-
cations for the material and total time. Certain observations are

apparent from the results:

1. Provided the instantaneous elastic deformation contributes no more
than 10% of the total deformation, the optimum bound is not worse than 4%
in excess of the actual displacement. In a typical situation, such as
1% elastic deformation with a creep index of 3 , the bound is less than

0.1% in excess.

2. If w 1is taken to be (Ei%;}, then provided the instantaneous
elastic deformation contributes no more than 10% to the total, the non-

optimum bound is not worse than 5% in excess.

3. The optimum value of u rapidly approaches n;:l , and E
becomes small, both as n increases and as the proportional contribution

of instantaneous elastic deformation decreases.

It is evident that a highly accurate estimate of deformation is

obtainable in this time-dependent non-linear problem by conducting an

elastic-type analysis.
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The bounding method for the linéar problem

We include this simpler case as an indication that in this
problem at least, the use of conjugate variables in the non-linear situa-
tion reduces the degree of difficulty of analysis to a level that is
comparable with the linear situation.

The formulation of the bound is unchanged but the relations
between the variables differ from above since ¢ and & now denqte true

stress and infinitesimal strain:

p

? = ZAsina (43)
£ = g-sinu (44)
The terms in the bound are %?é—. %-EE and
0
= 2. " a
2Aa [EO (n-1) + =2 ] as in the non-linear problem. Upon substi-
P - n+l
o L20(n+1)

tution from (43) and (44) we obtain

U(T)"Sf—_l[huTul + 2—(;11+—_1)— {(1?2(n-1) - (n+1)}J (45)

which is identical to the non-linear expression, (34).

We next obtain the relation between u ,u and u(T) . From

(43), (44) and (26)

n
- at P1
u(M - u-= sina [sina] (46)
and P, = Y sinda (47)
d

(48)
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Combining (46), (47) and (48) we obtain

n

_)- (49)

n+1l

- - Fun
4= pu + (u-0) ( H

which is identical to (39) for the non-linear situation.

The bound resulting from (49) and (45) in the linear case is
therefore identical to the non-linear bound, (42). Moreover it is
apparent that once thé nature of the conjugate variables is determined,
the degree of complexity of the two problems is similar.

The use of conjugate variables in this problem effectively
uncouples the result of changing geometry ffom the strain-displacement
and equilibrium equations, reducing the situation to a quasi-linear one.
Given the restrictions that we have imposed to limit unstable behaviour,
it is evident that when formulated in terms of appropriate variables, the
existing energy theorems of Ponter, Martin and Ogden can be extended into

the regime of time-dependent non-linear problems.



RESULTS OF COMPUTATION OF THE BOUNDING INEQUALITY (42)

APPENDIX 4.1

u(T): u(0+) =10 : 1
n.y
E % 1 u __opt
opt n+1l
4.09 1 1.818 0.909
0.53 3 1.317 0.988
0.2 5 1.195 0.996
0.1 7 1.140 0.997
0.06 9 1.109 0.998 ]
Table 4.1
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u(T): u(0+) 100 : 1
n.y
o opt
E n Hopt n+1l
0.49 1 1.98 0.99
0.06 3 1.332 0.999
0.02 5 1.2 1.0
0.01 7 1.143 1.0
0.006 9 1.111 1.0
Table 4.2

Tables 4.1 and 4.2 show the magnitude of the excess, E , of the bound over

the actual solution. The bound has been optimised with respect to the

loading factor, u.

Table 4.3 shows values of the bound excess,

n+1

u, is fixed at u = =

increasing time. T.

Increasing

u(T) E %

u(0+) n=1 n=>5 n=9
10 5.0 0.2 0.06
20 2.5 0.1 0.03
40 1.25 0.05 0.015
60 0.83 0.03 0.01
80 0.62 0.025 0.008
100 0.5 0.02 0.006

Tableé.é

represents-

E , when the loading factor,
u(M)
u(0+)
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A REVIEW AND THE DEVELOPMENT OF
BOUNDING METHODS IN CONTINUUM MECHANICS

J.A. Scaife

ABSTRACT

Energy theorems and kindred inequalities have long been a basis for
the analysis of redundant structures and the material continuum. We trace
the development of the principal results of elasticity, time-independent
inelasticity and creep, from the principle of virtual work and the well-
known theorems of linear elasticity to recent results which describe the
deformation of general inelastic materials under time-varying loads. A
new view of the upper bound shakedown theorem is given and a discussion of
the fundamental material requirements which permit the establishment of
many of the inequalities is included.

In Section 2 we derive new bounding results for a general class of -
constitutive relations using a thermodynamic formalism as the basis of the
discussion. Simple work and displacement bounds are derived which are
insensitive to detailed aspects of the material behaviour. Several examples
are included and a comparison is offered between our solutions and those
which are in current design use.

In -the third section new results are obtained for the behaviour of a

general viscoelastic material subjected to cyclic loading. The existence
and uniqueness of a stationary cyclic state of stress is proved and a lower
work bound for the general non-linear material is derived. An upper bound

for the linear material is obtained and we describe methods for determining
this bound from the results of simple creep and relaxation tests. The
bounding theory based on an internal state material description is compared
with that using a history-dependent description. We show how a knowledge
of the response of a viscoelastic body to constant loading is sufficient to
determine the general long-term cyclic strain behaviour.

In the final section we unite the theorems concerning small deforma-
tions of time-dependent materials and large deformations of time-independent
materials. A general displacement bound is derived which is expressed in
terms of conjugate variables defined in the undeformed state. An example
is given in which it is shown that the use of such variables can reduce the
difficulty of bounding non-linear deformations to a level that is comparable
with the linear case.



