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Abstract
An energy balance equation for the three-dimensional Bödewadt and Ekman layers of the so called
“BEK family" of rotating boundary-layer flows is derived. A Chebyshev discretisation method is used
to solve the equations and investigate the effect of surface roughness on the physical mechanisms of
transition. All roughness types lead to a stabilization of the Type I (cross-flow) instability mode for both
flows, with the exception of azimuthally-anisotropic roughness (radial grooves) within the Bödewadt
layer which is destabilising. In the case of the viscous Type II instability mode, the results predict
a destabilisation effect of radially-anisotropic roughness (concentric grooves) on both flows, whereas
both azimuthally-anisotropic roughness and isotropic roughness have a stabilisation effect. The results
presented here confirm the results of our prior linear stability analyses.
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INTRODUCTION
Developing passive drag-reduction techniques has been a
priority for many years. It was a classical belief that smooth
surfaces are likely to generate less skin friction than rough
surfaces until the recent studies have shown the opposite for
some cases [1–3]. Indeed, the right sort of roughness on
surfaces could lead to drag-reducing effects [2–4].

A promising strategy for drag reduction is to delay the
transition of the laminar boundary-layer flow with the help
of surface roughness. A recent study by Cooper et al. [4]
suggests that this is possible in the case of the von Kármán
[5] boundary-layer flow established over a disk rotating in
otherwise still fluid. Our previous study [6] established the
same drag-reducing effects for the broader BEK class of flows
that includes the Bödewadt [7], Ekman [8] and von Kármán
[5] boundary-layer flows. In this current study we perform
an energy analysis of the Ekman and the Bödewadt flows to
verify those results.

The BEK class of flows occur in turbo-machinery and rotor-
stator devices, such as mixers, and their stability characteristics
are therefore of practical importance in engineering design
applications. Many studies have been performed to reveal
the similarities in the stability characteristics across the entire
BEK class (see, for example, the theoretical and experimental
studies discussed in papers [9–14] for the Bödewadt layer;
papers [15, 16] for the Ekman layer; and papers [17–20] for
the von Kármán flow). These studies have shown the existence

of two main flow instability mechanisms, commonly referred
to as the Type I and the Type II modes. The Type I mode is
inviscid in nature and results from an inflectional cross-flow
component of the steady flow; the Type II mode is viscous
in nature and results from streamwise curvature and Coriolis
effects. The instability nature of a particular flow in the BEK
system is determined by the dominant one of those instability
modes.

Two distinct theoretical models for the steady boundary-
layer flow over rough rotating disks have been established in
the literature. They were developed by Miklavčič & Wang
[21] and Yoon et al. [22], henceforth referred to as the
MW and YHP models, respectively. The MW model uses a
partial-slip condition on the disk surface and is capable of
modelling independent levels of roughness in both the radial
and azimuthal directions. The MWmodel can therefore model
all variations of anisotropic roughness (radial and azimuthal)
and also isotropic roughness. In contrast, however, the YHP
approach imposes a particular surface geometry on the lower
disk and can model only radial anisotropic roughness. The
limitations of the YHP model motivate the use of the MW
model alone in this study and our previous linear stability
analysis [6].

This paper proceeds as follows: The mean-flow equations
and calculations of the steady boundary-layer flows of the
BEK system are summarized in Section 1. We then derive
the relevant equations from the perturbed system and conduct
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energy analyses of the Ekman and the Bödewadt flows for
particular disturbance eigenmodes in Section 2. Conclusions
are then drawn in Section 3.

1. THE STEADY MEAN FLOWS
The steady-flow formulation of the BEK system for smooth
surfaces is constructed in the related papers of Lingwood [17]
and Lingwood & Garrett [23]. Full details of the scalings
can be found there. The formulation for rough surfaces under
the MW model is detailed in our previous study [6] and we
discuss it only briefly here.

The Bödewadt and the Ekman boundary-layers are two
distinct cases of a general class of fully three-dimensional
boundary layers within the BEK family. Within this family
flows are distinguished by a differential rotation rate between
a lower disk and the fluid above generated by an additional
rotating disk in the far-field. The system is assumed to rotate
within an otherwise still, incompressible fluid. Both disks are
assumed to be of infinite extent and rotate around a common
axis with angular velocitiesΩ∗D (lower disk) andΩ∗F (far field).
The Ekman flow is the case that Ω∗D ≈ Ω

∗
F and the Bödewadt

flow has Ω∗D = 0 and Ω∗F , 0. Although not considered here,
the von Kármán flow has Ω∗D , 0 and Ω∗F = 0. Using a
rotating frame leads to the appearance of Coriolis terms and
centrifugal effects in the governing equations. Therefore, the
flows in the system can be classified by the Rossby number
that is a constant of the flow relating to the ratio of Coriolis
forces to inertial forces. It can be formulated as

Ro =
Ω∗F −Ω

∗
D

Ω∗
,

where the system rotation rate Ω∗ defined as

Ω
∗ =

Ω∗F

2 − Ro
+
Ω∗D

2 − Ro

=
Ω∗F +Ω

∗
D

4
+

((Ω∗F +Ω∗D
4

)2
+

(Ω∗F −Ω
∗
D )2

2

)1/2
.

In this study, we focus only on the Bödewadt (Ro = 1) and the
Ekman (Ro = 0) boundary layers in the BEK system.

A cylindrical polar coordinate system that rotates with
the lower disk is used in the formulation of the governing
equations for the steady flow. The MWmodel is used to model
the steady-boundary layer flow over a rough lower disk. The
approach modifies the no-slip condition as stated below at the
disk surface, z = 0, whereas the far-field boundary conditions
at the upper edge of the boundary layer are identical to the
smooth-disk formulation.

U (0) = λU ′(0), V (0) = ηV ′(0) and W (0) = 0,
U = 0, V = 1, as z −→ ∞.

(1)

Here, U, V, and W are the radial, azimuthal and vertical
mean velocity profiles and the two parameters η and λ are

empirical measures of roughness in radial and azimuthal
directions, respectively.

The computed mean-flow profiles for different levels of
surface roughness are presented in our previous study [6].
A detailed discussion about the effects of roughness on the
profiles can also be found in that paper. In this study, we
proceed to perform an energy analysis on the computed mean-
flow profiles.

2. ENERGY ANALYSIS

A local linear stability analysis of the BEK system with surface
roughness was conducted by Alveroglu et al. [6]. Follow-
ing the work of Cooper & Carpenter [24] and Cooper et al.
[4], an integral energy equation for three-dimensional distur-
bances (û, v̂, ŵ, p̂) to the undisturbed steadymean-flow profiles
(U,V,W ) is derived in cylindrical polar coordinate system
in rotating frame to analyse the underlying physical mecha-
nisms behind Alveroglu et al.’s conclusions. The derivation
of the governing energy equations begins by multiplying the
linearized momentum equations by û, v̂ and ŵ, respectively.
Summing the resulting expressions leads to the kinetic-energy
equation for the disturbances,

{
∂

∂t
+U

∂

∂r
+

V
Re

∂

∂θ
−

RoW
Re

∂

∂z

}
K =

− ûŵ
∂U
∂z
− v̂ŵ

∂V
∂z
+

Ro
Re

ŵ2 ∂W
∂z
+

RoU
Re

û2 (2)

+
RoU
Re

v̂2 −

[
∂(ûp̂)
∂r

+
1

Re
∂(v̂ p̂)
∂θ

+
∂(ŵ p̂)
∂z

−
Ro
Re

ûp̂
]

+

[
∂(û jσi j )
∂xi

− σi j

∂û j

∂xi

]

Here K = 1
2 (û2+ v̂2+ ŵ2) and σi j are anti-symmetric viscous

stress terms. Furthermore, Re is a local Reynolds number and it
is written in terms of local radial position ra as Re = raRo. All
O(1/r) viscous terms are now neglected to ensure consistency
with the linearized governing stability equations.

We now average the perturbations over a single time period
and azimuthal mode and integrate across the boundary layer.
The steady, rotationally-symmetric nature of the energy is
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enforced by neglecting both t and θ, leading to

∫ ∞

0



U
∂K
∂r︸︷︷︸
a

+
∂(ûp̂)
∂r︸ ︷︷ ︸
b

−
∂

∂r
(ûσ11 + v̂σ12 + ŵσ13)︸                            ︷︷                            ︸

c



dz

=

∫ ∞

0

[(
−ûŵ

∂U
∂z

)
+

(
−v̂ŵ

∂V
∂z

)
+

(
ŵ2 Ro

Re
∂W
∂z

)]
dz︸                                                              ︷︷                                                              ︸

I

−

∫ ∞

0
*
,
σi j

∂û j

∂xi
+
-
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II

+

∫ ∞

0

(
Ro
Re

ûp̂
)

dz + (ŵ p̂)w︸                            ︷︷                            ︸
III

(3)

−
[
ûσ31 + v̂σ32 + ŵσ33

]
w︸                          ︷︷                          ︸

IV

+

∫ ∞

0

Ro
Re

∂K
∂z

W dz +
∫ ∞

0

Ro
Re

û2Udz +
∫ ∞

0

Ro
Re

v̂2Udz︸                                                                  ︷︷                                                                  ︸
V

.

Overbars in the equations denote a period-averaged quan-
tity, such that ûv̂ = ûv̂∗ + û∗v̂ (where ∗ indicates a complex
conjugate). When Ro = −1, this equation is consistent with
the energy equation for the von Kármán boundary layer [4, 24].
We now proceed with a normal-mode analysis and impose
perturbations of the form

(û, v̂, ŵ, p̂) = (u(z), v(z),w(z), p(z))ei (αr+βReθ−ωt ) . (4)

Here the radial wavenumber α = αr + iαi ∈ C and the
azimuthal wavenumber and frequency β, ω ∈ R. It is assumed
that β isO(1) and the number of spiral vortices around the disk
surface is given by n = βRe. Furthermore, the orientation
angle of the vortices with respect to a circle centred on the axis
of rotation is defined as ε = tan−1(β/αr ). In all that follows
we set the frequency ω = 0 as we are interested in stationary
vortices rotating with the rough disk.

As discussed elsewhere [24], the energy balance can be
performed for any eigenmode of the perturbation equations
and is derived after inserting (4) into (3) as

−2αi = (P1 + P2 + P3)︸             ︷︷             ︸
I

+ D︸︷︷︸
II

+ (PW1 + PW2)︸           ︷︷           ︸
III

(S1 + S2 + S3)︸           ︷︷           ︸
IV

+ (G1 + G2 + G3)︸              ︷︷              ︸
V

,
(5)

where the terms can be interpreted physically as

(I) the Reynolds stress energy production,
(II) the viscous dissipation energy removal term,
(III) pressure work terms,
(IV) contributions from work done on the wall by viscous

stresses,
(V) terms arising from the streamline curvature effects and

the three dimensionality of the mean flow.

The positive terms contribute to energy production and the
negative ones remove energy from the system. The mode is
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Figure 1. Energy balance of the Ekman boundary layer at
Re = Rc + 25 for azimuthal anisotropic roughness (radial
grooves). Type I instability mode.

amplified (αi < 0) when energy production outweighs the
energy dissipation in the system. Using this formulation it is
possible to discuss the effect of roughness on the instabilities
of the Type I and Type II modes by calculating the total energy
of the system which is the sum of all terms in Eq. (5). If
the total energy increases as the roughness parameters are
increased, then the modes become unstable. In contrast, a
reduced total energy would indicate a stabilization effect.

Underlying our approach to the calculations is a stability
code that uses a Chebyshev polynomial discretization method
in the wall-normal direction to obtain each term in Eq. (5) for
various values of the roughness parameters. Consistent with
the recent literature [4, 6, 21], we use the parameters η and λ to
denote empirical levels of roughness in the radial and azimuthal
directions, respectively. The case η > 0 and λ = 0 corresponds
to radial anisotropic roughness (concentric grooves); λ > 0
and η = 0 corresponds to azimuthal anisotropic roughness
(radial grooves); and λ = η > 0 corresponds to isotropic
roughness.

2.1 Results for the Ekman flow
The energy balance calculation for the Ekman boundary layer
is carried out at the location of maximum amplifications of the
both Type I and Type II modes at Re = Rc + 25. Here Rc is
the critical Reynolds number for the onset of the Type I mode
of instability for the particular rough surface being considered.
Results for various levels of roughness are compared to smooth
disk case in Figures 1–3.

Figure 1 shows the energy balance calculation for az-
imuthal anisotropic roughness (radial grooves). It reveals a
stabilization effect on the Type I mode that arises mainly from
the large reduction in energy production term P2. Note that the
energy dissipation of the system, P1 + D, is largely invariant,
leading to a reduction in the total energy of the system with
increased roughness of this type. Figure 2 shows a similar
stabilizing effect of isotropic roughness on the Type I mode.
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Figure 3. Energy balance of the Ekman boundary layer at Re = Rc + 25 for radial anisotropic roughness (concentric grooves).
(a) Type I instability mode, (b) Type II instability mode.
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Figure 4. Profiles of the axial perturbation velocity w of the Ekman layer at Re = Rc + 25 with radial anisotropic roughness
(concentric grooves). (a) Type I instability mode, (b) Type II instability mode.
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Figure 2. Energy balance of the Ekman boundary layer at
Re = Rc + 25 for isotropic roughness. Type I instability
mode.

Figure 3(a) demonstrates the major stabilizing effect of
radial anisotropic roughness (concentric grooves) on the Type I
mode. This is due to a reduction in the energy production term
P2 and largely invariant viscous stress dissipation D. As a
result, the total energy of the system decreases. This confirms
the stabilization effect of concentric grooves on the Type I
mode. In contrast, however, Figure 3(b) presents a major
destabilizing effect on the Type II mode. This arises from an
increase in P2 terms at the points of maximum amplification,
together with a slight increase in the viscous dissipation term
D. Collectively these bring about a increase in the total
energy of the system that reveals the destabilization effect of
concentric grooves on the Type II mode.

Supportive evidence for the above trends can be obtained
from the form of the perturbation velocity profiles, that is,
the eigenfunctions. The dominant eigenfunction is the axial
perturbation velocity, w, which contributes to the dominant
energy production term P2. Figure 4 shows the magnitude
of the w-profile for a disk with radial anisotropic roughness.
For the Type I mode shown in Figure 4(a), the form of
the disturbance profile is largely unchanged as roughness is
increased. The reduction in P2, however, results from the
slight reduction in the amplitude of the profile as roughness is
increased. Conversely, Figure 4(b) reveals that the increase
of the P2 term for the Type II mode is due to an increasing
amplitude of this profile with roughness.

2.2 Results for the Bödewadt boundary layer
As predicted by Lingwood & Garrett [23], the very early onset
of absolute instability in the Bödewadt flow leads to a “branch
exchange" and it is impossible to find the location of maximum
amplification of either convective mode. We therefore instead
proceed with the energy balance calculations for the Bödewadt
boundary layer at fixed Re = 400 with n = 85 for the Type I
mode and n = 12 for the Type II mode. These values of n are
chosen so as to be outside of the absolutely unstable region at

Re = 400.

Figure 5 shows energy terms of Type I and Type II instabil-
ities for n = 85 and n = 12, respectively, subject to increasing
radial anisotropic roughness. Figure 5(a) reveals that the major
stabilizing effect on the Type I mode is from reductions in
the energy production by Reynolds stress and the effect of
streamline curvature in the boundary layer. The total energy
of the system decreases as roughness (η) is increased. This is
interpreted as evidence of the stabilizing effect of concentric
grooves on the Type I mode. Conversely, Figure 5(b) shows
a destabilizing effect on the Type II mode that comes from
a significant increase in the energy production term P2 and
subsequent increase in total energy.

Figure 6 demonstrates the destabilizing effect of azimuthal
isotropic roughness (radial grooves) on the Type I mode.
In particular, increased roughness leads to growth in the
energy production terms P2 and G1. Even though the viscous
dissipation is also increased, the net effect is an increase in
total energy and a destabilization of the flow.

As shown in Figure 7, increasing the level of isotropic
roughness promotes viscous dissipation from the system that
causes a net reduction in total energy. This results in a
stabilizing effect. In this case, the net energy production in
the system is largely invariant.
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Figure 6. Energy balance of the Bödewadt boundary layer at
Re = 400 for azimuthal anisotropic roughness (radial
grooves). Type I instability mode with n = 85.

Furthermore, Figure 8 shows the magnitude of the w-
profile for the case of radial anisotropic roughness. For the
Type I mode in 8(a), a dramatic reduction in the amplitude of
the profile as roughness is increased causes the large reduction
in the P2 energy production term. That results in a stabilization
effect. In contrast, Figure 8(b) reveals that the destabilization
of the Type II mode is due to an increase in the amplitude
of this profile with roughness. This leads to an increased P2
energy production term.
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Figure 5. Energy balance of the Bödewadt boundary layer at Re = 400 for radial anisotropic roughness (concentric grooves).
(a) Type I instability mode with n = 85, (b) Type II instability mode with n = 12.
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Figure 8. Profiles of the axial perturbation velocity w of the Bödewadt layer at Re = 400 with radial anisotropic roughness
(concentrically grooved). (a) Type I instability mode, (b) Type II instability mode.



An energy analysis of convective instabilities of the Bödewadt and Ekman boundary layers over rough surfaces — 7/8

1 2 3 4 5 6 7 8 9
-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25
η = λ = 0

η = λ = 0.25

η = λ = 0.5

η = λ = 0.75

η = λ = 1

Total

Energy

G3G2
G1PW1P3

DP2

P1
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3. CONCLUSION

This study has been designed to establish the underlying
physical mechanisms behind the effects of rough surfaces on
the BEK system. The steady flow profiles over the rough disks
are modelled using the partial-slip approach of Miklavčič
& Wang [21] without modification. The resulting energy
balances are qualitatively consistent with the neutral curve
calculations of Alveroglu et al. [6].

Our study has revealed that radially-anisotropic roughness
(concentric grooves) and isotropic roughness acts to reduce
energy production of the Type I mode for both the Ekman and
Bödewadt boundary layers. This is a stabilization effect on the
Type I mode. Conversely, azimuthally-anisotropic roughness
(radial grooves) is found to have the opposite destabilization
effect on the the Type I mode. The energy balance calculation
for the Type II mode demonstrates the destabilizing effect
of radially-anisotropic roughness for each of the Ekman and
Bödewadt boundary layers.

The conclusions arising from this study are easy to inter-
pret: Surface roughness can be used as an effective passive
flow-control mechanism for engineering flows of the rotor-
stator type modelled by the BEK system, and also other
cross-flow dominant flows.
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