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Abstract. We have investigated the low frequency electro-
magnetic (EM) modes in inhomogeneous, magnetised par-
tially ionised plasma by incorporating neutral dynamics.
We have derived a general EM dispersion relation by us-
ing a two-fluids magnetohydrodynamics (MHD) model. Our
analysis shows that the neutral dynamics is playing an ex-
tremely important role in the physics of magnetised partially
ionised plasma by giving rise to new kind of EM modes.
We found (1) the new instability is linked with compress-
ibility of neutral particles, the collision between neutral and
charged species and the relative streaming in hot/cold, inho-
mogeneous, magnetised partially ionised plasma, (2) and that
neutral dynamics is responsible for the modified (complex)
inertial effect on magnetic field lines. Its consequences on
the propagation characteristics of Alfvén wave and cyclotron
frequency are discussed. Furthermore, a new mode similar
to the Langmuir mode is reported. Finally, we discuss our
results, for limiting cases, that may be appropriate for ap-
plications to space plasma environments including probable
mechanism of escaping H+ and O− from the Martian atmo-
sphere.

Keywords. Electromagnetics (plasmas)

1 Introduction

It is known that the number density of neutrals is more than
that of ions in chromospheric and lower ionospheric plas-
mas and, therefore, one must not dismiss the role of neutral
dynamics in the study of dynamics of such media, i.e. par-
tially ionised plasmas (hereafter PIP). Many observed phe-
nomena in space are the direct consequence of fluctuations

in the magnetic field, which makes the situation more com-
plex; i.e. it appreciates change in both electric and magnetic
fields. Consequently, species are subjected to higher random
motion which leads to an unstable charge distribution. Also,
it is worthwhile to see the effect of neutral dynamics on a per-
turbed magnetic field. A recent publication (Andersson and
Ergun, 2012) has attracted attention by investigating the role
of neutral wind in changing the ion distribution of the Mar-
tian atmosphere in the presence of a crustal magnetic field.
In fact even incorporation of neutral collision has strongly
modified some of the earlier results and has produced some
new, exciting phonemonena both in pristine and dusty plasma
environments (Shukla, 2007, and references therein). Hence
there is a natural motivation to look for the EM (electro-
magnetic) part of the problem with a broader aspect in PIP.
We would like to mention from the outset that there exists
some work pertaining to the role of neutral species (Huba,
1990; Shaikh et al., 1999; Christopher and Jeremy, 2004;
Song and Vasyliunas, 2005), to the best of our awareness,
in the investigation of EM mode in PIP. Huba (1990) has
presented a two-fluids model for PIP which was restricted to
the analysis of the Rayleigh–Taylor type mode with the ex-
clusion of neutral compressibility. Shaikh et al. (1999) have
analysed high-frequency EM modes, with the same model,
to study the effect of neutral dynamics in PIP. The work of
Christopher and Jeremy(2004) was an experimental study
on the Alfvén wave based on the simple theoretical model
without∇ ×B effect in the neutral momentum equation and
hence the subsequent effect of this term does not appear in
their results.Song and Vasyliunas(2005) have studied the
effect of a neutral atmosphere on dynamic processes of the
magnetosphere–ionosphere–thermosphere system using the
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single-fluid model. In addition, and concerning the second
part of our work (Sect. 3.3), there are a few publications
(Amagishi and Tanaka, 1993; De Pontieu and Haerendel,
1998; Pécseli and Engvold, 2000; Khodachenko et al., 2004;
Shaikh, 2009; Song and Vasyliunas, 2011) pertaining to par-
tially ionised solar plasma. Amagishi and Tanaka (1993)
have reported the influence of neutral, in a magnetised PIP,
on the dispersion relation of the Alfvén wave. De Pontieu
and Haerendel (1998) have shown the damping of the Alfvén
by neutral-ion collision in order to put forward the proba-
ble mechanism of high magnitude force that gives rise to
spicules in the solar chromosphere. Pécseli and Engvold
(2000) have explained the dominance of the force exerted
by the Alfvén wave in order to understand the levitation
of prominence plasma with the help of the incompress-
ible single-fluid model for PIP. Khodachenko et al. (2004)
have reported the damping of MHD (magnetohydrodynamic)
waves in the solar plasmas with the single-fluid model.
Shaikh (2009) has shown, by simulation, the damping of the
Alfv én wave by neutral collision with the single-fluid model.
A recent publication (Song and Vasyliunas, 2011) has in-
vestigated, in detail, the heating mechanism of the solar at-
mosphere by the strong damping of Alfvén waves, with the
consideration of frictional dissipation by ion-neutral colli-
sions together with Joule heating. The above mentioned pa-
pers (Amagishi and Tanaka, 1993; De Pontieu and Haeren-
del, 1998; Khodachenko et al., 2004; Pécseli and Engvold,
2000; Shaikh, 2009; Song and Vasyliunas, 2005, 2011) have
not considered (i) a two-fluids model, (ii) sources of free
energy such as inhomogeneities in plasma and neutral flu-
ids, magnetic field gradient and relative streaming, (iii) com-
pressibility of both plasma and neutral fluids, and (iv) neu-
tral dynamics (non-zero of̃nn andTn). By consideration of
these effects in our study we have obtained new results; i.e.
with the two-fluid model we can analyse results in an ex-
treme regime of frequency, sources of free energy are man-
ifested in the form of either damping or growth of modes
while compressibility of neutral brings forth new results. In
addition, the above published works are either pertaining
to lower planetary or solar PIP to discuss such a particu-
lar issue; i.e. damping of the Alfvén wave (and its conse-
quences) considering the limited aspects of the neutral’s in-
volvement in homogeneous, cold PIP. It ought to be men-
tioned that these effects/considerations, i.e. sources of free
energy, compressibilities, etc., are indubitably present and
could be pertinent to the adduced examples shown in Table 1.
Ergo, we conclude this section by noting that there is no
well-focused work which includes the effects of all aspects
of neutral dynamics, in the presence of free energy, in mag-
netised PIP. The presented work, by consideration of missing
studies/effects in previous research works, has shown signif-
icant advancement to develop a consistent study of collective
processes, by incorporating neutral dynamics, in inhomoge-
neous, magnetised PIP.

The manuscript presents two major studies; i.e. the new
EM instabilities seeded by relative streaming in association
with neutral compressibility for hot, inhomogeneous PIP, and
the strong influence of neutral dynamics on Alfvén wave
propagation in the cold, homogeneous PIP with feasible as-
sumptions.

In Sect. 2, we discuss a mathematical model, geometry and
equilibrium. Section 3 analyses our dispersion relations with
physically feasible assumptions. Additionally, justifications
of assumptions in various physical situations are cited in the
form of a table. We conclude with a discussion and sum-
mary of the work in Sect. 4. The detailed algebra involved
in the derivation of dispersion relations is provided in Ap-
pendices A and B.

2 Basic equations

In this section, to make the paper self contained, we repro-
duce (Shaikh and Das, 2002) the two-fluid model and equi-
librium conditions. We note that the model allows us to anal-
yse the fast and slow processes. In addition it also allows
coupling between non-mechanical (Alfvén) and mechanical
(neutral acoustic) waves. Following are the set of governing
equations for the two-fluid model:

∂tnα + ∇ · (nαVα) = 0, (1)

wherenα = number density,Vα = velocity of fluid andα rep-
resents the charged species and neutral particles. It is known
that for many practical problems/applications the difference
of the source and loss terms is small enough to neglect. Mo-
mentum equations for charged species are

meneDtV e = −ene(E − V e× B) + ∇Pe+ meneg

−neme[νen(V e− V n) − νei (V e− V i)] ,
(2)

miniDtV i = eni (E − V i × B) + ∇Pi + minig

−nimi [νin (V i − V n) − νie (V i − V e)] .
(3)

The symbols used in Eqs. (2) and (3) have their usual mean-
ing. Now adding the electron (inertialess) and ion momentum
equations,

miniDtV i = −∇

(
B2

8π
+ P

)
− nνeff (V i − V n)

+
cmeνen

4πe
∇ × B + minig,

(4)

whereνeff = miνin + meνen, meνei = miνie, ni = ne = n and
P = Pe+Pi . We note that the law of conservation of momen-
tum, quasi-neutrality, vector identity and Maxwell’s equa-
tions with definition of current densityJ are used in the
derivation of Eq. (4). In our model, for partially ionised
plasma, the neutrals being a “reservoir of momenta” are con-
sidered as a separate fluid coupled to the plasma fluid by
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mechanical and electromagnetic energy transformation. The
momentum equation for neutrals is

DtV n = −
∇Pn

mnnn
− (ν)(V n − V i) +

νnec (∇ × B)

4πnne
+ g, (5)

whereν = νni + νne and we have used Maxwell’s equations
with the definition of current densityJ . The magnetic field
evolution, from the ion-momentum balance equation, is

∂tB = ∇ × (V i × B) −
mic
e

∇ ×
dVi
dt

−
micνin

e
∇ × (V i − V n) + ηei∇

2B +
mic
e

(∇ × g) .
(6)

The system of Eqs. (1), (4)–(6) is closed by isothermal ap-
proximation for the equations of state; i.e.P = neTe+niTi ∼

ni(Te+ Ti) with quasi-neutrality andPn = nnTn.
We consider that the magnetic fieldB = B0(x)êz, the

plasma and neutral density scale lengths are in the positive
x direction, while gravity and the magnetic field gradient are
in the negative x direction. We note that there are no zeroth
order velocities of ion and neutral species along x-direction.
For stationary behavior of equilibrium, setting∂

∂t
= 0 in gov-

erning equations (Eqs. 1, 4–6) we get equilibrium conditions,
i.e. Eqs. (7)–(10).

The x-component of Eq. (4), without frictional force, gives

V 2
A

[
L−1

B + βL−1
P

]
= −g, (7)

where L−1
P =

∂xnio(x)
nio

, L−1
B =

∂xBo(x)
Bo

, V 2
A =

B2
o

4πniomi
, C2

s =

2T
mi

andβ =
C2

s
V 2

A
. In the absence of gravity and friction Eq. (4)

becomes

∂x

(
B2

o

8π
+ Po

)
= 0, (8)

i.e. B2
o

8π
+ P = constant, andβ = −

LP
LB

. The Venus ionopause
provides an example of magnetohydrodynamics static bal-
ance (g = 0).

The y-component of Eq. (4) is

Vioy − Vnoy = −
νenmec

4πeνeffnio
∂xBo . (9)

Now, the y-component of Eq. (5) gives

Vioy − Vnoy = −
νnec

4πnioe
∂xBo

(νni+νne)
. (10)

It is to be noted that Eqs. (9) and (10) must be consistent and
as a result, we must have

νne

νne+ νni
=

meνen

miνin + meνen
.

This can be verified by substituting forνne =
me
mi

ni
nn

νen and
νni =

ni
nn

νin with mi = mn � me, which is valid for F region.

3 Dispersion relation

In order to derive the general EM dispersion relation, we
have written the perturbed form of magnetic field evolution
(Eq. 6), continuity and momentum equations for both fluids
(Eqs. 1, 4, 5). The general dispersion relation is derived as a
determinant in Appendix A (Eq. A8). The cross product of
determinant involves extremely intricate algebra, hence we
have restricted our discussion to relevant physics by using
appropriate assumptions (ordering). We have delineated ma-
jor results from the general EM dispersion relation (Eq. A8)
under various limiting cases.

3.1 Hot PIP

Here, we assumed (a) low frequency(ω � �i, ωA, ωt),
(b) tightly coupled (ω � νni), (c) weakly resistive PIP
ω � k2η, (d) | ω(ω + iνin) |� ω2

t , (e) frequent collision
and weakly magnetised PIPωA � �i � νni and (f) 1�

(kL)2
� ω2

t / | ω(ω + iνin) |, to derive the dispersion re-
lation for this case. The general EM dispersion relation,
Eq. (A8), under the above ordering scheme, and retaining the
terms up to theδ2 is reduced to real and imaginary frequen-
cies as follows:

ω0 = kVn0y−

(
�2

i ω
2
t k1V

)
ω2

AνniνinkLn{
ω2

Aνneνin(kLn)2
}2

+
{
ω2

AνniνinkLn
}2

, (11)

γ =

β2
n

{
�i
νin

}2

(kLn)2
(

νne
νni

)
−

(
νni
νne

)k1V, (12)

where we have usedβn �
νinνni
�2

i
kLn with βn =

ω2
t

ω2
A

, ωt =

kVnt, ωA = kVA , 1V = Vioy − Vnoy = −
V 2

A
�e

νen
νin

1
LB

,

V 2
nt =

Tn

mn
, L−1

n =
∂xnno(x)

nno
, �i =

eB0

mic
.

We note that the growth of mode is purely supported by neu-
tral dynamics in hot, inhomogeneous, magnetised PIPs. Here
assumption (f) is giving an indication of the timescale in-
volved, for given parameters, in various applications. Also,
we note that the first part of assumption (e); i.e.k �

�i
VA

, im-
poses restriction on wavelength of mode. For the justification
of assumption (f), we calculate thermal velocity for a given
mass and temperature of the Venus ionosphere, the D region
of Earth’s ionosphere, the interstellar medium (ISM) and the
detached region of the diverter of tokamak, which are shown
in Table 1.

We notice, in Table 1, that either low frequency (LF) or ex-
tremely LF (ELF) can be supported by neutral-density scale
length that can exist in the adduced regions of PIP. Hence
it is interesting to look for an applicability of our results in

www.ann-geophys.net/31/983/2013/ Ann. Geophys., 31, 983–993, 2013
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Fig.1a   Plot based on Eq.  (12)  with an asymptote at 0.1  

 

 

 

Fig. 1a.Plot based on Eq. (12) with an asymptote at 0.1.

these regions. The above reported instability is on-set by rel-
ative streaming in association with neutral compressibility
and collision timescale. When ions are magnetised, because
of tight coupling, neutrals are also “magnetised” (i.e. fol-
lowing ions) and the field lines are loaded with more iner-
tia. This will be manifested in the form of depletion of free
energy and hence the growth rate of the above mode is re-
duced. Furthermore, due to mobility of neutrals the neutral
pressure gradient flattens. Thus, collisions between charged
and neutral particles, mass loading effect and the decrease
in the pressure gradient slow down the relative streaming
which has seeded this instability. Figure 1a shows the cut-
off nature of the rationalised growth rate as a function of
the ratio of collision frequencies of neutral with charged
species. Asymptotes, seen in Fig. 1b, are independent of the
ratio of frequencies as well as the height of the ionosphere.
The probable avenue of understanding discontinuity lies in
the mechanism of the interaction between magnetised ions
and “magnetised” neutrals. It is natural to believe that there
must be some finite time (ν−1

ni ) lapses during the transfer of
momentum/energy from magnetised ions to neutrals. Dur-
ing this time the medium has sufficient free energy in the
form of net relative streaming to give rise to growth. How-
ever, upon elapsing this time period the neutrals are follow-
ing ions and the relative streaming slows down. This re-
ported new instability could be seen in the lower (equato-
rial) ionosphere and the solar chromosphere where neutrals
are playing a dominant part in the dynamics of the media.
Furthermore, analysing Eq. (12) leads to the disappearance
of discontinuity; i.e. the denominator of Eq. (12) reduces

to −(kLn)
2
(

νne
νni

)
, where we have usedνne =

me
mi

ni
nn

νen,νni =

ni
nn

νin andmeνen � miνin. This is consistent with Fig. 1a.

Table 1.Justification of assumption (f) of Sect. 3.1.

Neutral in T (eV) V (cm s−1) Frequency

Venus iono. (CO2) .043–9.086 3–6× 104
� 1 Hz

D-Rgn (NO, O2) .0172 2.3× 104
� 0.1 Hz

ISM (H2) 0.862 6.3× 105 ELF
Tokamak (H2) 1 7.0× 104 ELF

3.2 Cold PIP

For cold PIP and no relative streaming, with same set of as-
sumptions mentioned as in Sect. 3.1, we obtain the dispersion
relation from Eq. (A8) of Appendix A:

ω2
c (X1 + iY ) + ωc

(
kg

�i

)
+ kg(kL)−1 (X2 + iY ) = 0. (13)

Where

X1 = −1+ 2(kLpkLB)−1, X2 =
ν2

neε̄ε

�2
i

− 1, Y =
νneε̄

�ikLB
,

(kL)−1
= (kLp)

−1
− (kLB)−1, ε̄ = 1− ε, ε =

νin

νni
.

The above dispersion Eq. (13) is consistent with classical and
collisional Rayleigh–Taylor. In order to get more meaningful
results we can further delineate our result in categories with
neutral dynamics (̄ε = 0) and without it (ε = 0). However in
the later case the neutrals, via the∇ × B term, in the neutral
momentum equation, have an important role to play. This can
be seen by the presence ofνne.

3.3 Cold, homogeneous PIP

In this section we derive the dispersion relation (Appendix B,
Eqs. B6 and B7) for cold, homogeneous magnetic fields and
number densities, without relative streaming.(

Dxx Dxy
Dyx Dyy

)(
ṽx
ṽy

)
= 0, (14)

where we have introduced the following notations with the
assumption of strong coupling between ions and neutrals

Dxx =
−iω
�∗

i
, Dxy =

ωωB
k2V ∗2

A
− 1,

Dyx =
−iωωB
k2V ∗2

A
−

iνneω

�∗2
i

, Dyy = −
νne
�∗

i
.

The above relation supports the important mode:

k2
=

ω2

Ṽ 2
A

[
1+ i

(
ηω

V́ 2
A

)]
. (15)

Where

Ṽ 2
A = V́ 2

A

1+

(
ηω

V́ 2
A

)2
 , V́ 2

A = V ∗2
A

(
1+

ωνne

�∗2
i

)

Ann. Geophys., 31, 983–993, 2013 www.ann-geophys.net/31/983/2013/
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Fig.  1(b) Plots based on  (12) for different  ionospheric   ratio of  gyro frequency and neutral- ion 

collision frequency for given altitude of ionosphere. 

 

Fig. 1b. Plots based on Eq. (12) for different ionospheric ratios of gyrofrequency and neutral-ion collision frequency for given altitude of
ionosphere.

Fig.2   Influence of neutral   dynamics on   Alfvén   wave  based on  Eq.  (20)   for   νne   tends to zero,   non resistive medium and  strong coupling.  Also add 

on mass effect   (m*i )   on field line, due to strong coupling,  is shown by dash line.  
Fig. 2. Influence of neutral dynamics on Alfvén waves based on
Eq. (15) forVne tending to zero, non-resistive medium and strong
coupling. Also, add-on mass effect (m∗i ) on field line, due to strong
coupling, is shown by dashed line.

�∗

i =
eBo

m∗

i c
, V ∗2

A =
B2

o

4πniom∗

i
, m∗

i = mi

(
1+

νin
νni

1−
iω
νni

)
.

From the above analytical result, Eq. (15), it is evident how
modified inertia, electron-neutral collision and dissipative ef-
fect (diffusion velocityηω), due to neutral dynamics, are af-
fecting Alfvén wave and cyclotron frequency. It is worth not-
ing that the coefficient of ion mass inm∗

i is complex. This
correction is reduced to 1+ ε or 1 for tight (ω � νni) and
loose coupling(ω � νni), respectively. Because of the strong
coupling between ions and neutrals, they are like a body and
their masses can be considered as the mass of a system. This
is manifested as an additional mass in the Alfvén, cyclotron
frequency and thermal velocity in our investigation. Figure 2
shows the influence of neutral dynamics on field line (mass
loading) and subsequent effect on Alfvén wave velocity. It
shows the effect of the ratioε(= νin/νni = mnnn0/mini0) on
mass loading (dash line) on the field line and the Alfvén
wave velocity (solid line). Atε = 1, i.e. maximum involve-
ment of neutral dynamic, mass loading increases by 100 %
while Alfv én wave velocity decreases by 50 % (for given
k). We can conclude that the lower the ionisation rate, the
higher the damping of the Alfv́en wave. These results help
to understand the transfer of energy from Alfvén wave to
chromospheric PIP. Equation (15) can be analysed, for the
strong coupling case, to obtain the propagation properties of
a complex, inertia-loaded Alfv́en wave in dissipative PIP by

www.ann-geophys.net/31/983/2013/ Ann. Geophys., 31, 983–993, 2013
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substituting complexk,

2k2
r =

(
ω

ṼA

)2

±

(
ω

ṼA

)2
1+

(
ηω

V́ 2
A

)2
 1

2

, (16)

2k2
i = −

(
ω

ṼA

)2

±

(
ω

ṼA

)2
1+

(
ηω

V́ 2
A

)2
 1

2

. (17)

Where

Ṽ 2
A =

(
B2

0
4π

)
niom̃i

,

m̃i = mi


(

1+

νin
νni

1−
iω
νni

)
(

1+
ωνne
�∗2

i

)(
1+

(
ηω

V́ 2
A

)2
)
 .

This is the novel expression of the modified Alfvén velocity
(Ṽ 2

A ) which includes the effect of the∇ × B term from the
neutral momentum equation with electron-neutral collision,
modified cyclotron frequency and the resistive nature of the
medium. We also note that this expression is frequency de-
pendent. Several comments are worth noting about the fac-
tor present (mi): (1) it is frequency dependent; (2) for loose
coupling (high-frequency mode) there is no additional mass
effect; (3) even in a strong coupling case, for an ideal MHD,
the factor quantity in the square bracket could decrease un-

der condition

(
ωνne
�2

i

)
� ε (1+ ε)2 and, therefore, the mass

loading effect will be replaced by decrease in mass. Physi-
cally this condition is feasible, for the given sensible ratioνne

�2
i
,

under a high-frequency regime. Thus it can be stated that at
high frequency, mass loading effect is replaced by unloading;
i.e. mass decrease by a factor. Thus, in the high frequency
regime Alfvén waves are less likely to survive. Hence, it can
be concluded that our work appreciates the role of electron-
neutral collision which is absent in the previous publication
(Pécseli and Engvold, 2000). We note that the positive sign,
in Eqs. (16) and (17), is consistent with the physics involved;
i.e. for absences of neutral dynamics it reduces them to clas-
sical Alfvén waves. It ought to be noted that (i) the ratioki

kr

gives damping rate; (ii)1
ki

gives Alfvén damping scale(HA)

and (iii) the ratioω2

k2
r

gives the phase velocity. It can be seen

that above three properties of Alfvén wave propagation, by
following simple algebra, are modified (Song and Vasyliu-
nas, 2005). In addition these results are in consistent with
the published work of lower planetary ionosphere (Christo-
pher and Jeremy, 2004; Song and Vasyliunas, 2005, 2011).

Also dispersion Eq. (15) allows us to retrieve the relevant re-
sults of published work in solar PIP (Pécseli and Engvold,
2000; De Pontieu and Haerendel, 1998). Here it is clearly
seen that neutral dynamics modifies both the restoring force
(magnetic tension) and inertia in Alfvén oscillation. Hence,

B0 must be replaced byBoexp
[
kir ±

z
HA

]
in defining Alfvén

waves to show their damping due to neutral dynamics in ho-
mogeneous, magnetised PIP. It shows that magnetic tension
on field line decays exponentially in PIP. It is interesting to
note that in plane electromagnetic-wave analysisṼ 2

A is re-
placed byc2.

Furthermore, for an ideal MHD and tightly coupled case,
Eq. (15) leads to a new result as:

ω2
0 = ±

ω2
A

ε1
∓

1

4

[
k2DA ε̄

]2
, (18)

γ = −
k2DA ε̄

2
, (19)

where we have introduced the new coefficientDA =
V 2

Aνne

�2
i

,

and parametersε1 = 1+ ε andε̄ = 1− ε. We note that these
coefficients and parameters are associated with neutral dy-
namics. These are new low-frequency EM modes supported
by active participation of neutral in collective processes in
PIP. The form of the mode, Eq. (18), is similar to that doc-
umented in the literature (Alexandrov et al., 1984) such as
Langmuir, ES (electrostatic) ion cyclotron, ordinary waves.
However the role of various terms are replaced by new terms;
e.g. plasma and thermal frequencies both are replaced by
Alfv én and collision frequencies. The close look at Eq. (18)
has revealed that it is the quartic equation ink which leads
to complex wave vectork. Therefore, in our case we do not
expect a similar type of dispersion curve, as shown in liter-
ature of basic plasma physics (Alexandrov et al., 1984). We
note that forε = 0 in above relations gives a loosely coupled
case.

4 Discussion and conclusions

We list following principal outcomes of our work:

1. In Sect. 3.1 we have reported a new growing mode with
Doppler velocity for hot PIP which has no counterpart
in fully ionised plasma (FIP). It is shown, numerically,
that assumptions are accord well with space and labora-
tory plasma environments (see Table 1).

2. In Sect. 3.2 we have shown that cold PIP supports new
modes similar to RT mode under the influence of neutral
dynamics. In addition we have further delineated two
new modes for homogeneous PIP in two limiting cases,
i.e. for strong and loose coupling.
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3. In cold PIP, Sect. 3.3, we found that Alfvén waves
are strongly influenced by neutral dynamics. We have
shown that the factor (square bracket quantity) in the
expression of modified mass,̃mi ,incorporates various
dynamical quantities, and has overcome the restoring
magnetic force/pressure. This effect is manifested as a
reduction of amplitude of Alfv́en oscillations. Hence we
must revisit its long-scale coherence (few Hz); i.e. its
role of coupling is being restricted by, indirectly, the
neutral dynamics. It is worth to mention that the in-
fluence of neutral dynamics is insignificant for high-
frequency approximation.

4. We have presented a complex form of Alfvén wave ve-
locity in PIP. Its propagation properties are discussed.
Interestingly the mass loading effect, due to neutral dy-
namics, is also seen in cyclotron frequency and thermal
velocity, i.e. replaced by� to �∗ andVth to V ∗

th. This
may alter the overall dynamics of PIP.

5. Here the modified mass effect changes cyclotron fre-
quency as well, i.e.� to �∗. Hence, the ratio appears
in the Whistler wave mode (in PIP) and should beω

�∗

rather thanω
�

. This implies that the Whistler wave mode
is not transforming to low-frequency (MHD) mode
while propagating from the magnetosphere to the iono-
sphere, which contradictsSong and Vasyliunas(2005).
We offer, in the light of our work, the following physical
explanation to resolve this contradiction: as the Whistler
wave mode propagates from the magnetosphere (less
collision) to the ionosphere (high-collision region) it
“feels” the strong magnetic field (almost two orders
higher) of the ionosphere, comparatively, that increases
gyro frequency. However this effect is “ironed out” by
the enhanced inertial effect which appeared in the mod-
ified �∗; i.e. for ε = 1, mass increased by the factor of
two. Thus, during propagation from the magnetosphere
to the ionosphere the ratioω

�∗ retains its magnitude,
qualitatively, in the ionosphere as it was in the mag-
netosphere. Hence we conclude that ion cyclotron fre-
quency is affected not only by magnetic field strength
but neutral dynamics as well. This conclusion supports
the propagation of the Whistler wave mode from the
Earth’s magnetosphere to the ionosphere without loos-
ing its identity.

Finally, we wish to clarify the essential differences between
the results presented in Sect. 3.3 and recent works (De Pon-
tieu and Haerendel, 1998; Pécseli and Engvold, 2000; Kho-
dachenko et al., 2004; Song and Vasyliunas, 2005; Shaikh,
2009; Song and Vasyliunas, 2011). The overall difference
of our work from others consists in the chief objective of
this paper: to bring forth the broader understanding of EM
modes, stressing the role of neutral dynamics in collective
processes with physically feasible assumptions rather than
addressing particular issues. The expression of Alfvén ve-

locity used by De Pontieu and Haerendel (1998) used simple
mass-loaded Alfv́en velocity. However, we have shown that
by considering neutral dynamics, a few more effects (apart
from mass loading factor) can be seen in our expression of
Alfv én wave (̃V 2

A ) velocity, e.g.νne and magnetic diffusion
velocity ηω. The work of Ṕecseli and Engvold (2000) has
not taken into account the compressibility of plasma and neu-
tral fluid. Khodachenko et al. (2004) have used a single-fluid
model which can appreciate the inertial effect of all species
in the expression of Alfv́en velocity. Besides this, their work
was focused on viscous and Joule heating effects. Our math-
ematical model, considering various effects and geometry, is
different compared toSong and Vasyliunas(2005, 2011). In
addition, we have shown that plasma and neutral fluids are
interacting via both mechanical and electromagnetic forces.
This is apparent from the presence of the term∇ × B in
the neutral momentum equation. We note that the expres-
sions ofki andkr which lead to a modified attenuation rate
( ki
kr

) compared to that ofSong and Vasyliunas(2005). We
believe that, in the light of our work, the investigation of
coupling solar wind–magnetosphere–ionosphere (Song and
Vasyliunas, 2005) would be more appropriate with the con-
sideration of inhomogeneities/sources of free energies, neu-
tral density perturbation, its compressibility and the collision
between ions and neutrals (friction term in neutral momen-
tum equation). Because of strong coupling relative speed is
reduced and hence interaction between ion and neutral (and
vice versa) via charge exchange becomes significantly low.
Hence we note that neutral dynamics is more dominant can-
didate for damping of Alfv́en waves rather than the charge-
exchange mechanism. Thus absence of a charge exchange
process and different model in our work are major differ-
ences, apart from numerical analysis, compared to the recent
publication (Shaikh, 2009).

Our most general electromagnetic dispersion relation with
the inclusion of non-uniformities in number densities of ion,
neutral and magnetic field has a wide scope of applica-
tion. We have built-in resistivity and neutral dynamics in the
model and therefore their comparative effect on Alfvén wave
propagation can be seen at a glance. We have excluded col-
lision frequencies between same species and electron-ions in
our model. Their former exclusion could be justified by the
fact thatνee andνii are not contributing in transverse diffu-
sion (being same mass and charge total momentum was con-
served in the collision process). The isothermal equation of
state approximation has been extensively used and has not
missed out any major physical process so far. It ought to
be stated that our work is indicative enough that the mod-
ified transport coefficient would have produced more dissi-
pation effect in the system. Thus we conclude that inclu-
sion of neutral dynamics has shown significant advancement
in our understanding of EM modes in hot/cold, inhomoge-
neous/homogeneous, magnetised PIP. The algebraic expres-
sion of the perturbed magnetic field (Eq. A7) with the in-
clusion of neutral dynamics bring forth new physical effects.
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This expression can be used to reckon the time evolution of
magnetic field in magnetised, inhomogeneous PIP. As far as
concern to its application purpose a suitable local geome-
try is of paramount importance and it might be included in
our future work. Nevertheless our geometry is suitable for
the ionospheric region. Finally, we remark in the context
of a recent publication (Andersson and Ergun, 2012) that
our work (Sect. 3.3) may help to find one of the causes of
fleeing Martian ions with neutral solar wind. The modified
Alfv én wave velocity may provide enough power (local en-
ergy source) to Martian ions of H+ and O− to escape. This
might solve the problem of a low-powered solar wind condi-
tion which cannot pump enough energy in system. In addi-
tion, having a consistent chemistry of Mars’ surface with the
planet, once with water, the absence of other minerals (which
can be formed only in the presence of water) on its surface
can be justified.

Appendix A

We assume that all perturbed quantities are varying as
i (ky − ωt). The linearised continuity equation for neutrals
and ions are

ñn

nno
= −i

(
L−1

n

ωcn

)
Ṽnx +

(
k

ωcn

)
Ṽny,

whereωcn = ω − kVnoy, L−1
n =

1
nno

∂nno
∂x

.

ñi

nio
= −i

(
L−1

p

ωc

)
Ṽix +

(
k

ωc

)
Ṽiy,

whereωc = ω − kVioy, L−1
p =

1
nio

∂nio
∂x

.

A1 Neutral momentum transfer equation

DtVn = −νni (Vn − Vi) − νne(Vn − Ve) −
∇Pn
nnmn

+ g

= −νni (Vn − Vi) − νne

[
Vn − Vi +

J
nie

]
−

∇Pn
nnmn

+ g

DtVn = −(Vn − Vi)ν −
νneJ
nie

−
∇Pn
nnmn

+ g

= −(Vn − Vi)ν −
νnec

4πnie
∇ ∧B −

∇Pn
nnmn

+ g,

where we have used∇ ×B =
4π
c

J , J = nie (Vi − Ve) and
ν = νni + νne. It is clear that the introduction of the magnetic
field in the neutral momentum is due to the frictional forces
of neutral with either species.

A1.1 X-component of neutral momentum equation

∂Vn

∂t
+ (Vn · ∇Vn)x = −(Vn − Vi)x (νni + νne)

−
νnec(∇ ×B)x

4πnie
−

∇xPn

mnnn
− g,

−iωṼnx + VnoyikṼnx = −(νni + νne) Ṽnx + (νni + νne) Ṽix

−
νnec

4πnioe

(
1−

ñi

nio

)[
∂y

(
Boz+ B̃z

)]
−

∇xP̃n

mnnn

−iωṼnx + VnoyikṼnx + (νni + νne) Ṽnx = (νni + νne) Ṽix

−
νnec

4πnioe
∂yB̃z − v2

nt
∇xnn0

nn0

(
ñn

nno

)
,

−iṼnx {ωcn+ i (νni + νne)} = (νni + νne) Ṽix

−
ikνnec

4πnioe
B̃ − v2

nt
iL−2

n

ωcn
Ṽnx +

ω2
t

kLnωcn
Ṽny,

−i

[
ωcn+ i (νni + νne) −

ω2
t

k2L2
n

1

ωcn

]
Ṽnx = (νni + νne)

Ṽix −
ikνnec

4πnioe
B̃ +

(
ω2

t

kLnωcn

)
Ṽny ,

Ṽnx =
iνni

ωnx
Ṽix +

kνnec

4πnioe

B̃

ωnx
êx +

(
iω2

t

kLnωcn

)
Ṽny

ωnx
êx , (A1)

whereνni � νne andωnx = ωcn+ iνni −
ω2

t
(kLn)2

1
ωcn

.

A1.2 Y-component of neutral momentum equation

∂tṼny + Vnoy∂yṼny = −νni

(
Ṽny

)
+ Ṽiyνni −

νnec

4πnioe(
ñi

nio
∂xBozêy

)
−

ω2
t

kLnωcn
Ṽnx −

iω2
t

ωcn
Ṽny ,

where we have assumedνni > νne.

−i

(
ωcn+ iνni −

ω2
t

ωcn

)
Ṽny = νniṼiy −

νnec

4πnioe
∂xBo

(
ñi

nio

)
−

ω2
t

kLnωcn
Ṽnx,

Ṽny = i
νni

ωny
Ṽiy −

iνnec

4πnioe

∂xBo

ωny

(
ñi

nio

)
− i

ω2
t

ωnykLnωcn
Ṽnx . (A2)

Whereωny = ωcn+ iνni −
ω2

t
ωcn

.
Substituting Eq. (A2) in Eq. (A1) we get

Ṽnx =

[
iνni

ωnxDn
− i

fx

ωc

1

kLp

]
Ṽix

−

[
ω2

t νni

ωnxωnyωcnDnkLn
+

fx

ωc

]
Ṽiy

+
kνnec

4πnioe

B̃

ωnxDn
êx , (A3)
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wherefx = k1V νin
kLn
ω2

t
ωcn.

Now substituting Eq. (A3) in Eq. (A2) so we have

Ṽny =

[
ω2

t νni

kLnωcnωnxωnyDn
−

fy

kLpωc

]
Ṽix

+

[
iνni

ωnyDn
− i

fy

ωc

]
Ṽiy

−
ikc2ω2

t �iνne

kLnωcnωnxωnyω
2
piDn

(
B̃

B0

)
, (A4)

where

fy =
νink1V (kLn)

2ωnxω
2
cn

ω4
t

,Dn = 1−
ω4

t

(kLn)
2ω2

cnωnxωny
.

A2 Plasma momentum equation

A2.1 X-component

ωcṼix = −ig

{
−i

1

ω

1

Lp
Ṽix +

k

ω
Ṽiy

}
− iνinṼix

+
iνinkνnec

4πnioeωnx

Bo

Dn

(
B̃

Bo

)
êx

+iνin

{
iνni

ωnxDn
−

ifx

ωckLp

}
Ṽix +

{
−

iνinω2
t νni

ωnxωnyDnkLn

fx

ωc

}
Ṽiy,

{
−ωc −

kg

ωckLp
− iνin −

νinνni

ωnxDn
+

fx

kLpωc
νin

}
Ṽix

+

{
−

igk

ωc
−

ω2
t νni

ωnxωnyDnkLn
+

ifxνin

ωc

}
Ṽiy

+
iνinkνnec

4πnioeωnx

Bo

Dn

(
B̃

Bo

)
êx = 0 (A5)

A2.2 Y-component

ωcṼiy = kC2
s

[
−i

L−1
p

ωc
Ṽix +

k

ωc

Ṽiy

]
− iνinṼiy

+ iνin

{
ω2

t νni

kLnωcnωnxωnyDn
Ṽix −

fy

kLpωc
Ṽix

+
iνni

ωnyDn
Ṽiy +

ify

ωc
Ṽiy

}
+ iνni

(
ikc2ω2

t �iνne

kLnωcnωnxωnyω
2
pi

)(
B̃

B0

)
(A6)

A3 Magnetic field evolution

∂tB = ∇ × (V i × B) −
mic
e

∇ ×
dVi
dt

−
mic
e

νin∇ × (Vi − Vn)

+ηei∇
2B +

mic
e

(∇ × g)

−iωB̃z = −Vioy∂yB̃z − (∂xBoz) Ṽix − Boz∂yṼiy

+
mic
e

∂y
d
dt

Ṽix +
mic
e

νin∂y

(
Ṽix − Ṽnx

)
+ηei∇

2B̃z ,

where we have assumed that there is no velocity gradient
(shear).

B̃z

(
−iω + ikVioy + ηeik

2
y

)
= −Ṽix∂xBoz− ikṼiyBoz

+
mic
e

ik(−iω)Ṽix + i
mic
e

νink
(
Ṽix − Ṽnx

)
B̃z [−i (ωm)] = −Ṽix∂xBoz− ikyBozṼiy+

mic
e

k
(
ω − kVioy + iνin

)
Ṽix − i

mic
e

νinkṼnx

Substituting Eq. (A3) we have

B̃z

Bo
=

1

ωB

{
−iL−1

B +
ik

�i
(ωc+iνin)−

νin

�i
k

[
iνni

ωnxDn
−

fx

ωckLp

]}
Ṽix

+
1

ωB

{
k −

νin

�i
k

[
ω2

t

ωnxωnyωcnDnkLn
+

fx

ωc

]}
Ṽiy . (A7)

Where

ωB = ωc + ik2
yηei −

c2k2νinνne
ω2

peωnxDn
, ωm = ωc + iνin −

νinνni
Dnωnx

.

Now Substituting Eq. (A7) into Eq. (A5) and Eq. (A6) we
obtain the following general dispersion relation:

Det

(
Dxx Dxy
Dyx Dyy

)
= 0 . (A8)

Where

Dxx = −ωm +
ω2

A

ωB�i
νne

[
(kLB)−1

−
ωm

�i

]
Dx −

kg

ωckLp

−iνinω2
t

[
iω2

Aνne

Dn�iωcnωnxωnyωckLBkLnkLp

]

−
νniνinω2

t

kLnωcnωnxωnyDn

−

ω2
t νinω2

Aνne

[
(kLB)−1

−
ωm
�i

]
Dn�iωBωcnωnxωnykLn

,

Dxy = −ikL−1
p ωm +

iνneνinω2
A

Dn�iωnykLBkLp

(
1

ωc
−

1

ωB

)
+

νneω
2
A

�eωB(kLB)2
+

iνneω
2
A

�iωB
Dx − i

kg

ωc

−
iνinω2

t

DnωcnωnxωnykLn

[
νni −

νneω
2
A

�iωckLB

]

−νinω2
t

[
−iνneω

2
A

Dn�iωBωcnωnxωnykLn

]
,
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Dyx =
−iω2

A

ωB

[
(kLB)−1

−
ωm

�i

]
−

iνneνinω2
A

Dn�iωcωnyk2LpLB
+

iνneω
2
A

�iωB(kLB)2
Dy

−
k1V

kLp

νin

ωc
−

i(kCs)
2

kLpωc

+i
νniνinω2

t

ωcnωnxωnykLnDn

−
iνinω2

t νneω
2
A

ωB�iωcnωnxωnykLnDn

[
(kLB)−1

−
ωm

�i

]
,

Dyy = −ωm +
νneνinω2

A

Dn�iωcωnykLB

−
νneω

2
A

�iωBkLB
Dy

+
ω2

A

ωB
− i

k1V

ωc
νin +

(kcs)
2

ωc

+
iνinω2

t νneω
2
A

ωB�iωcnωnxωnykLnDn
.

Further notations (few of them are repeated for convenience):

ωB = ω + ik2ηei −
c2k2

ω2
pi

νinνne
ωnxDn

, ωm = ωc + iνin −
νinνni
Dnωnx

,

ωnx = ωcn+ iνni −
ω2

t
(kLn)2ωcn

, ωny = ωcn+ iνni −
ω2

t
ωcn

,

ωc = ω − kVioy, ωcn = ω − kVnoy,

Dx =
νin

Dnωnx
+ i

�i
�e

νen
νne

, Dy =
νin

Dnωny
+ i

�i
�e

νen
νne

,

Dn = 1−
ω4

t
ω2

cnωnxωny(kLn)2 , �i,e =
eBo
mi,ec

, ωA = kVA,

V 2
A =

B2
o

4πniomi
, ωt = kVnt, C2

s =
Ti
mi

, V 2
nt =

Tn
mn

,

1V = Vioy − Vnoy = −
V 2

A
�e

νen
νin

1
LB

= −ηen�i
1

LB
,ηen =

νenc
2

ω2
pe

,

ωpe,pi =

(
4πne2

me,i

)1/2
, L−1

P =
∂xnio(x)

nio
,

L−1
n =

∂xnno(x)
nno

, L−1
B =

∂xBio(x)
Bo

.

Appendix B

The purpose of this Appendix is to provide better readability
of the paper, otherwise Eqs. (B6) and (B7) are derivable from
Eq. (A8).

B1 Plasma momentum transfer equations

B1.1 X-component

−iniomiωcṼix = −T ∂xñi − νeffnio

(
Ṽix − Ṽnx

)
+

ikyνenmec

4πe
B̃, (B1)

where νeff = meνen+ miνin ∼ miνin, C2
s =

T
mi

; T = Ti + Te
andνni � νne.

B1.2 Y-component

−iniomiωcṼiy = ikynioñiTi − νeffnioṼiy

+ νeffnio

(
Ṽny

)
− iky

B0B̃

4π
, (B2)

we have usedνinmi � meνen, andνen =
νnemi
me

, ωny = ωcn+

i (νni) −
(
ω2

t /ωcn
)
.

B2 Neutral momentum transfer equations

B2.1 X-component

Ṽnx =
iνni

ωnx
Ṽix +

kνnec

4πnioe

B̃

ωnx
êx, (B3)

whereνni � νne andωnx = ωcn+ iνni.

B2.2 Y-component

Ṽny = i
νni

ωny
Ṽiy (B4)

B3 Magnetic field evolution

B̃z

Bo
=

imickyωm1

eB0ωB1
Ṽix +

1

ωB1
kṼiy, (B5)

where

ωB1 = ωc + ik2
yηei −

c2k2νinνne

ω2
piωnx

,

ωm1 = ωc + iνin −
νinνni

ωnx
.

Solving these sets of equations for strongly coupled, cold and
resistive PIP, we obtain following coupled equations:

Ṽix

(
−iω

�∗

i

)
+

(
ωωB

k2V ∗2
A

− 1

)
Ṽiy = 0, (B6)

Ṽix

(
−iωωB

k2V ∗2
A

−
iνneω

�∗2

)
−

(νne

�∗

)
Ṽiy = 0. (B7)
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Where we have usedνneνin =

(
me
mi

)
νenνni and the recasted

form of ωB = ωc + ik2η, ω∗

A = kV ∗

A , η = ηei + ηen.
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