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CHAPTER I

INTRODUCTION

In  t h i s  th e s i s  we c o n s id e r th e  p ro p e r t ie s  o f suspension  flo w s 

of d iffeom orphism s, p a r t i c u la r ly  p roducts  o f th è se  f lo w s . A lso considered  

a re  th e  cohomology groups of th e  in s e t s  o f c e r ta in  diffeom orphism s where 

the  non-w andering s e ts  c o n ta in  Cantor s e t s .

D if f e re n t ia b le  dynam ical system s t© which th e  t i t l e  r e f e r s  had i t s  

o r ig in s  w ith  the  work o f Poincaré^ when th e  em phasis on th e  s u b je c t of 

d i f f e r e n t i a l  eq u a tio n s  was changed from  th e  q u a n t i ta t iv e  to  th e  q u a l i ta t iv e  

approach u s in g  to p o lo g ic a l  (geom etric) m ethods. I n te r e s t  in  t h i s  

q u a l i ta t iv e  approach d e c lin ed  in  th e  e a r ly  tw e n tie th  cen tu ry  m ainly 

because th e  p e rio d  was taken  up c o n so lid a tin g  th e  fo u n d a tio n s  of a lg e b ra ic

topology  which had i t s  beg inn ings w ith  P o in c a r / 's  homology th e o ry .

During th e  1950’s and 1960’ s i n t e r e s t  g ra d u a lly  re tu rn e d  to  the 

s u b je c t ,  combining topo logy  and d i f f e r e n t i a l  eq u a tio n s  in  th e  s p i r i t  of 

P o in ca re l In  [2 6 ], th e  fo rm u la tio n  o f the  fundam ental q u estio n  was s ta te d  

as a p re c is e  m athem atical problem ; i t  was the  problem of c l a s s i f i c a t i o n  

where one t r i e s  to  g ive  a g en e ric  system  of d i f f e r e n t i a l  e q u a tio n s .

A d i f f e r e n t i a l  eq u atio n  on a smooth compact m anifold M is  d e f in e d  by 

a v e c to r  f i e l d  X on M such th a t  th e  eq u a tio n  i s  g iv en  by x = X(x) 

f o r  X c M. By th e  e x is te n c e  theorem X determ ines a unique flow  

(o r  dynamical sy stem ). The s o lu t io n  cu rv es  of X which a re  ta n g en t t o  

X a t  ev ery  p o in t of M a re  th e  o r b i t s  o f th e  f lo w . (F or p re c is e  

d e f in i t io n s  o f  flow and o r b i t  see  below .) The topology pu t on _^êr(M) 

the  s e t  of a l l  v ec to r f i e l d s  on M, i s  the  C ^-topology ( r ^  O). In  

o th e r  words X,X' a re  c lo se  i f  t h e i r  v e c to rs  and a l l  t h e i r  p a r t i a l

d e r iv a t iv e s  up to  o rd e r r  a re  c lo s e .



With th i s  n o ta t io n  the  problem i s  one of f in d in g  an open dense 

subspace of ^  (m) vdiich can be d e sc r ib e d  by some "sim ple" c o n d itio n s .

Several o f th e  id eas  and c o n s tru c tio n s  used in  [ 26] in  an a ttem p t to

ach ieve  t h i s  c l a s s i f i c a t i o n  a re  in v e s t ig a te d  h e re .

We now d e fin e  th e  fundam ental d e f in i t io n s  o f dynam ical system s 

which a re  c o n s ta n tly  r e f e r r e d  to  in  th e  fo llo w in g  c h a p te rs .

1.1 D e fin it io n

A diffeom orphism  f  of a m anifold M is  a homeomorphism f  : M M 

such th a t  f  and f ' ”  ̂ a re  d i f f e r e n t ia b le  maps.

1 .2  D e f in it io n

A flow  <f) o f a m anifold M i s  a d i f f e r e n t ia b le  map <f> : M x R-+ M, 

such th a t  V  t  e R, : M-*> M i s  a d iffeom orphism , where = 0 ( x , t ) ,

and such th a t  ^s+ t*  ^  o th e r  words ÿ induces a 1-param eter

subgroup R -*• D if f  (m) .

Remark The v e c to r  f i e l d  X i s  r e la te d  to  (j> by

d t
= X(x) .

t=o

1 .3  D e f in it io n

Given flow s (f> ^  on M,N r e s p e c t iv e ly ,  th e n  the  p roduct flow  

<f) X (/f on M X N i s  d e fin e d  as

{(}> X ) ^  = (f)^ X i/f : M x N  M x N .

1 .4  D e f in itio n

The o r b i t  o f x e M w ith  r e s p e c t  to  th e  diffeom orphism  f  [flow  <p] 

i s  the s e t  [ f " ( x ) | n c Z, th e  in te g e r s } [ [ ÿ ^ ( x ) |t fR , th e  r e a l s } ] .



1 .5  D e f in i t i  on

I f  f  e D iff(M ), X e M i s  c a l le d  a wandering; p o in t when th e re  is

a neighbourhood U o f x such th a t  U f'”(u) A U = $ ,  th e  empty s e t .
Im| > 0

A p o in t w i l l  be c a l le d  a non-wanderins; p o in t i f  i t  i s  no t a wandering 

p o in t .  Let th e  c o l le c t io n  of a l l  non-wandering p o in ts  be denoted by 

Q = Q ( f ) .

1 .6 D e fin it io n

Let be a flo w  on M; then  we have x i s  a wandering; p o in t

of ÿ i f  th e re  i s  some neighbourhood U of x w ith  U ^ . (u) A U = $ ,
11 1 > I to I

f o r  some tg  > 0 . Let th e  se t o f non-wandering p o in ts  be

Q = n (</> ) .

A ll th e  diffeom orphism s considered  w i l l  s a t i s f y  Axiom A, d e fin e d  

as fo llo w s [ 26] .

Axiom A. For f  e D iff(M ), (a ) th e  non-pandering s e t  i s  h y p e rb o lic ,

(b) th e  p e r io d ic  p o in ts  of f  a re  dense in  f i .

H y p e rb o lic ity  i s  d e f in e d  in  d e t a i l  in  [26] .

SPECTRAL DECOMPOSITION OF DIFFEOMORPHISMS. Suppose f  : M M i s

an Axiom A diffeom orphism . Them th e re  i s  a unique way of w r it in g  Q as

the f i n i t e  union  of d i s j o i n t ,  c lo sed , in v a r ia n t  indecom posable su b se ts  

(o r"p ie c e s " )  on each of which f  i s  to p o lo g ic a l ly  t r a ^ ^ t iv e :

Q = Oi U Qa U Qa . . .  U Qk •

C o ro lla ry  I f  f  ; M -> M i s  a s  above one can w r i te  M c a n o n ic a lly

as a f i n i t e  d i s jo in t  un ion  o f in v a r ia n t  su b se ts  M = U l ( 0 1 ) where
1 =  1

l ( n I ) = [x e M |f“'(x )  ->Q ^, m->oo]. l ( f i i )  w i l l  be  c a l le d  th e  in s e t

of Hi .



I t  was th e  a ttem p ts  of many m athem aticians d u ring  th e  1950*s and 1960 's 

to  u n d erstand  th e  g lo b a l geom etric p ic tu re  of th e  phase p o r t r a i t  t h a t  

r e s u l te d  in  [ 26] g iv in g  vario u s  c o n je c tu re s  and many of th e  im portan t 

f e a tu re s  in  dynam ical system s in  h ig h e r d im ensions. There a re  two 

d e f in i te  p a r ts  in  Smales paper; they  correspond  to  s e c tio n s  on 

diffeom orphism s and flo w s. The d isc u ss io n  c e n tre s  around th e  non

wandering s e t .

A la rg e  p a r t  of th e  subsequent ch ap te rs  i s  taken  up in v e s t ig a t in g  

a f u n c to r ia l ly  d e fin e d  "o p era to r"  Z which given  th e  p a ir  (M ,f), where 

f  i s  a d iffeom oiphism  cf M, g iv es  Z (M ,f) denoting a flo w  r e f l e c t in g  

the  q u a l i t a t iv e  f e a tu r e s  of the  diffeom orphism  f .  The "suspension" Z 

i s  d e fin ed  a s  follow s* Given a m anifold M w ith  diffeom orphism  f  th en  

we have a diffeom orphism  a l M x R - ^ M x R ,  R th e  r e a l  l i n e ,  d e fin ed  

by a (x ,u )  = ( f ( x ) , u - l ) .  I d e n t i f i c a t io n  o f o r b i t a l  p o in ts  of a g ives 

us a m anifold  M^. Denote th e  p ro je c t io n  n ^ l  M x R -* M ,̂ then  we 

d e fin e  a flow  <f> on by <̂ >̂ (7T ^ ( x , t ) ) = m ^ (x ,t+ v ), v e R. Let

<f> = Z (M ,f ) .

In  c h ap te r  2 we in v e s t ig a te  th e  s t ru c tu re  of p ro d u c ts  o f suspended 

f lo w s . We s h a l l  see  l a t e r  in  th e  c h a p te r  t h a t  such s t ru c tu re s  occur 

n a tu ra l ly  in  a p p lie d  m athem atics. In  c h ap te r  5 we c o n s tru c t a more 

g en era l o p e ra to r  Z j f o r  any p o s i t iv e  in te g e r  j  which g iv e s  a flow 

d e riv e d  from  j-commuting diffeom orphism s of M. We c o n s id e r j-su sp en s io n  

flow s and a ls o  th e  p roduct cf j  and k  suspension  f lo w s . The r e s u l t s  

of c h a p te r  3 fo llo w  a s im ila r  p a t te rn  to  th o se  of c h ap te r  2 . C hapter 4  

i s  concerned w ith  some a lg e b ra ic  p ro p e r t ie s  of Z and Z j . We show 

th a t  Z and  Z j have f u n c to n a l  re p re se n ta tio n s  w ith  r e s p e c t  to  su ita b ly  

d e fin e d  c a te g o r ie s .  Also o th e r o p e ra tio n s  on flow s such a s  boundaiy flow s 

and th e  r e l a t io n s  th e y  have w ith  Z and Z j a re  in v e s t ig a te d .



There e x i s t  diffeom orphism s w ith  non-wandering s e t s  Thich have 

p ieces  (o r  s u b se ts )  homeomorphic to  a Cantor s e t s ,  [2 b ], [2 6 ] , [35]* '<Ve 

look a t  p a r t i c u la r  d iffeom orphism s, one of w hich i s  th e  Smale "Horse-Shoe" 

( fo r  d e f in i t io n s  see c h ap te r  5 )» which e x h ib it  th e se  p ro p e r t ie s  and 

c o n sid e r th e  s t r u c tu r e  o f  th e  in s e t s  of th e  C antor s e t s .  We use compact 

%ech cohomology [ 8 ] ,  [ 31] ,  [ 34] ,  to  f in d  th e  cohomology groups o f th e se  

i n s e t s .

In  Appendix 1 , we c o n sid e r an  a p p l ic a t io n  of c h ap te r  2 , §3 to  the 

th eo ry  of Lie Group B undles. Appendices 2 to  5 a re  devoted  to  d e f in i t io n s  

and a lemma#

In  th e  r e s t  o f t h i s  in tro d u c to ry  c h ap te r  we w i l l  g ive  examples to  

i l l u s t r a t e  th e  v a rio u s  a sp e c ts  of dynam ical systems which w i l l  be 

in v e s t ig a te d .

1 .7  The Simple Harmonic O s c i l l a to r ;  x + x = Q« (•  deno tes 

d i f f e r e n t i a t io n  w ith  r e s p e c t  to  t ) .

We reduce t h i s  eq u a tio n  to  a f i r s t  o rder in  two v a r ia b le s  by tak in g  

X = y .  This g ives

X  = y , y  = - X  .

The o r b i t s  in  (x ,y )  space (phase sp ace) a r e  c o n c e n tr ic  c i r c l e s  w ith  

re s p e c t  to  th e  o r ig in  as in  F ig  1 .1 .

F ig  1 .1



By ta k in g  th e  f i r s t  in te g ra t io n  of x + x = 0, we have ___  +   = E
2 2

(a  c o n s ta n t)  and t h i s  i s  obv iously  th e  energy eq u a tio n  where energy  le v e ls  

correspond  to  th e  phase p lan e  o rb its  of F ig  1 .1 .

I f  we r e s t r i c t  th e  energy E o f th e  system  such th a t  E e [E]_ ,E^ ] 

w ith  E l > 0 then  F ig  1.1 i s  r e s t r i c t e d  to  an annulus of f i r s t  in te g r a ls  

which one can e a s i ly  see i s  a t r i v i a l  suspended flow  w ith  r e s p e c t  to  th e  

id e n t i ty  diffeom orphism  on the in te r v a l  [ ( x ,0 ) | -/2 Ei ^  x  ^  /y/S7  !•

1 .8  The Biharmonic O s c i l l a to r ;  x + A.iX -  0 , ÿ  + Àgy = 0 .

Let th e  new v a r ia b le s  u ,v  be d e fin e d  a s  fo llo w s :

X = u , Û = -AiX 

and y = v , v = -A^y .

This g iv e s  a f i r s t  o rd er autonomous d i f f e r e n t i a l  eq u a tio n  in  th e  v a r ia b le s  

(x ,u ,y ,v )  € R^. The t o t a l  energy of th e  system E i s  g iv en  by

Ai + u^+ Ag y^+ v^ = 2E. So we have th e  system  re p re se n te d  in  R**

w ith  energy su rfa c e s  on 3 -sp h eres  S®. The energy le v e ls  a re  f o l i a t e d  

by in v a r ia n t  2 - to r i  T^. These t o r i  a re  o b ta ined  as we v e r y  th e  energy 

p a r t i t i o n  between th e  o s c i l l a t o r s ,  say E ifE g . Then Ai x^ + u® = 2Ei and

Ag y^+ = 2Es. We can ta k e  an g u lar co o rd in a te s  a, /9, say , such th a t

X = (/2Ei/A^i )co sa , u = /2 E i since, y  = ) cos/? and v = >/2E2 sin/9

Given the p a r t i t i o n  (E i,E 2 ) then  th e  s ta t e  can be r e a l i s e d  by (a, /?), 

i . e .  the  flow  i s  r e s t r i c t e d  to  a to ru s  and p e rio d ic  so lu tio n s  w i l l  e x i s t  

i f  Ja^ and J a ^  a re  r a t io n a l ly  r e l a t e d  and alm ost p e r io d ic  s o lu tio n s  w i l l  

f i l l  the to ru s  when th e y  a re  i r r a t i o n a l l y  r e l a t e d .  The phase p lan e

s o lu tio n s  can be re p re se n te d  a s  a p ro d u c t flow  where each flow  o f th e

product i s  a flow a s  in  F ig  1.1 on R?.

1.9 Weakly Coupled O s c i l l a to r s ;  x + A% x+  fy= 0 , y+  Ag y+  ex=  0 .

We use th e  p r in c ip le  of normal modes to  o b ta in  a s o lu t io n .  Let th e

normal modes be r/ ) such th a t



f o r  some n o n -s in g u la r  2x 2 m a trix  A. Then we

o b ta in

= -  A ^  J  A"^ and by choosing th e  m a trix

-1 Ai c 
6 Aq

/  0 we have th e  eq u a tio n sto  be d iag o n al assuming

f  f  = 0

7] + Â  ' r? = 0

co n sid e rin g  the  norm al mode c o o rd in a te s  we have been ab le  to  

reduce  th e  weakly coupled  o s c i l l a to r  to  an e q u iv a le n t system to th e

biharaionic o s c i l l a t o r .  So we have been ab le  to  move from a system vhere

we could not exp ress  th e  system as  a p roduct flow  to  th e  ’normal* system  

which i s  a p roduct f lo w .

1.10 The Van d e r  P o l O s c i l l a to r ;  x + p (xf - 1)%+ x = 0 , /i sm a ll.

Let X = y ; th en  th e  phase p o r t r a i t  eq u a tio n s  a re

X = y

y  = -/L/(x^-1 X, w ith  s o lu t io n  curves given in  F ig  1 .2 .

F ig  1 .2



Note th a t  f o r  th e  cho ice  o f a sm all value f o r  th e  p a ram ete r [i th e  

d i f f e r e n t i a l  eq u a tio n  1.10 i s  on ly  s l ig h t ly  p e rtu rb ed  from th a t  of 1 .7  which 

corresponds to  /i = 0 . However th e  phase p o r t r a i t  even though only a sm all 

p e r tu rb a tio n  of 1 . 7 , i s  to p o lo g ic a lly  d i f f e r e n t  to  i t ,  i . e .  th e re  i s  no 

homeomorphism between th e  phase p o r t r a i t s  throw ing o r b i t s  onto o rb its*

T his phënomenon i s  d e sc r ib e d  by say ing  th e  sim ple harmonic o s c i l l a to r  is  

n o t s t r u c tu r a l ly  s tab le*  However th e  Van d er Pol i s  s t r u c tu r a l l y  s ta b le  

under s u f f i c i e n t ly  sm all p e rtu rb a tio n s*  An e x ten s io n  o f t h i s  e q u a tio n  

to  t h a t  of the fo rce d  Van d e r  P o l eq u a tio n  w i l l  g iv e  us scope to  d iscu ss  

th e  phase p o r t r a i t  in  the  way th e  r e s u l t s  of ch ap te rs  2 and 3 m ight be used 

in  a p p lic a tio n s*

The phenomenon we w i l l  d is c u s s  i s  th e  "lock ing-on" of th e  fo rc e d  

Van d e r  P o l o s c i l la to r *  O ften r e fe r r e d  to  a s  sy n ch ro n iza tio n  i t  was 

known to  Huygens [16] who observed th a t  two clocks s l i g h t l y  ou t o f 

synchronism  when suspended on a w a ll became synchronized vihen f ix e d  on 

a th in  wooden board* I t  was no t u n t i l  1922 [30] th a t  th e  p re s e n t th eo ry  

o f th i s  e f f e c t  was fo rm u la ted  by Van d e r  Pol* The e q u a tio n  re p re se n tin g  

the fo rce d  m otion i s  given c an o n ic a lly  by

X + /i(x ^ -l)x +  X = COSWot

Suppose t h a t  th e  n a tu r a l  frequency  of th e  o s c i l l a t o r  i s  w . From 

th e  eq u a tio n  we see  th a t  th e  forcing  o s c i l l a t i o n  has frequency  u)q .

Whenever th i s  system  i s  observed b e a ts  a re  d e te c te d . This i s  because 

under o b se rv a tio n  th e  v a lu es  o) and coq a re  seen as  r a t io n a l ly  r e l a t e d .

We a re  observ ing  a r e a l  system and th e  r a t i o n a l  or i r r a t i o n a l  r e la t io n s h ip  

o f w and Wq i s  no t t r a n s ie n t  bu t lo c a l ly  c o n s ta n t on th e  n a t io n a l s .

I t  i s  expected  th a t  as we a llow  cjq -*■ the period  of th e  b e a ts  w i l l  

in c re a se  in d e f in i te ly *  This i s  t r u e  excep t t h a t  th e  b e a ts  in c re a s e  up 

to  a c e r ta in  l im i t  of th e  d if f e r e n c e  |w -ojoI , a t  which th e  b e a ts  

d isap p e a r suddenly  and th e re  rem ains only  one frequency  Wo • I t  ap p ears



t h a t  th e  n a tu r a l  frequency  of th e  o s c i l l a t o r  w suddenly lo c k s  onto the 

a p p lie d  o s c i l l a t i n g  frequency  cûq when cJq moves in to  th e  "zone cf 

sy n c h ro n iz a tio n " . The re a so n  f o r  t h i s  phenomenon i s  t h a t  p re d ic t io n  

o f th e  in c re a s in g  p e rio d  of th e  b e a ts  i s  made on th e  b a s is  o f l in e a r  

th e o ry  and th e  sy n c h ro n iza tio n  occurs from th e  p resence  of n o n - l in e a r i ty  

in  th e  sy stem . The th e o ry  h as been s tud ied  in g re a t  d e t a i l  and i t  i s  used 

f o r  in s ta n c e  in  keeping  f lu c tu a t io n s  in  frequency  cf an e l e c t r i c  c u r re n t 

to  a minimum by lo ck in g  th e  frequency  onto some c o n s ta n t frequency  

o s c i l l a t o r  (such  a s  a q u artz  o s c i l l a t o r ) .  The language of th e  q u a l i ta t iv e  

th e o ry  used  to  d e sc r ib e  t h i s  th e o ry  i s  a s  fo llo w s .

In  th e  phase p lane of th e  fo rced  Van d e r  P o l we have a 1 s t  o rd er 

autonomous system  in  R® d e fin ed  by

X = y

y  =  - / i ( x ® -1  } ^ -  X + coswoT

f  = 1

where r  i s  th e  dummy v a r ia b le  r  = t .  I t  i s  b e t te r  to  id e n t i f y  p o in ts  

of T mod(27r/wo ) and r e a l i s e  th e  flow  on S^x R? as a r e s u l t  of t h i s  

i d e n t i f i c a t i o n .  A lso by id e n t i f i c a t io n s  of r  we have an induced  

tra n s fo rm a tio n  of R? i f  o b ta ined  from  th e  in te r s e c t io n s  o f o rb i ts

o f th e  dynam ical system  w ith  r  = 0 and r  = (27r/jo )•

L oca lly  a flow  w i l l  be formed on a to ru s  by co n sid e rin g  th e  flo w  

r e s t r i c t e d  to  th e  p roduct of th e  n a tu ra l  o s c i l l a t i o n  w ith  th e  fo rc e d  

o s c i l l a t i o n  o f th e  system . The r e s u l t a n t  flow  w i l l  be observed  as r a t i o n a l  

flow s acco rd in g  to  th e  r a t i o n a l i t y  betw een w and cüq • As th e  r a t i o n a l  

flow s g e t  c lo s e r  to  th e  d ia g o n a l f lo w , i . e .  a s  Wq -*• w, we g e t  a p e r tu r b â t io  

to  a d ia g o n a l flo w  when coq i s  s u f f i c i e n t ly  c lo s e  to  w . However, the 

d iag o n a l flow  i s  n o t s ta b le  and by th e  very phenomenon o f sy n ch ro n iza tio n  

in  th e  r e a l  s i t u a t io n  we must have s t a b i l i t y ,  i . e .  p e r tu rb  th e  n a tu ra l

o s c i l l a t o r  a l i t t l e  from  Wq and i t  w i l l  " lock  on" a g a in . So we must

have a s ta b le  p e r tu rb a t io n  of th e  d ia g o n a l flow  w hich g iv es  a d ia g o n a l
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a t t r a c t o r .  By P e ix o to 's  Thearem [19] the g en e ric  p e r tu rb a tio n  w i l l  be 

a flow  w ith  a f i n i t e  number o f a t t r a c t o r s  and r e p e l lo r s  w ith  o r b i t s  

s p i r a l l in g  between them .

I t  can be seen  from  th e se  examples how p roduct flow s n a tu r a l ly  occu r.

In  g e n e ra l ,  whe^er we have two dynam ical system s each w ith  a s ta b le  a t t r a c t o r  

b rough t in to  c o n ta c t, th e n  t h i s  i s  re p re se n te d  by ta k in g  th e  p roduct (o r  i f  

one system i s  d r iv in g  th e  o th e r  perhaps by a f i b r e  b u n d le ) . However, 

the p ro d u c t of two s ta b le  a t tÿ a c to r s  i s  no lo n g e r s ta b le  in  g e n e ra l  and 

th e re fo re  i t  i s  im p o rtan t to  u n d ers tan d  th e  p roduct s t ru c tu re  o f  such  flow s 

in  o rd e r to  u n d e rs tan d  what p o s s ib le  a t t r a c t o r s  can a r i s e  as  a r e s u l t  o f 

p e r tu rb a tio n s  cf th e  p ro d u c t f lo w .

The su sp en sio n  of a diffeom orphism  has been o f g re a t im portance in  

co n v ertin g  q u a l i t a t iv e  s ta te m e n ts  on the  n a tu re  of th e  non-wandering s e t s  

o f d iffeom orphism s to  s im i la r  s ta tem en ts  on th e  non-wandering s e t s  of f lo w s . 

For in s ta n c e  n o n -d e n s ity  theorems on diffeom orphism s have been in s ta n t ly  

t r a n s f e r a b le  to  n o n -d e n s ity  theorem s on flow s [ 26] .

An im p o rtan t s te p  in  an a ly s in g  th e  q u a l i ta t iv e  behav iour o f 

diffeom orphism s came w ith  th e  d isc o v e ry  of Anosov Diffeomorphisms [ 3 ] .

The o r ig in a l  examples g iven  by Thom a re  th e  induced diffeom orphism s 

f  : T*̂  -► T'" ( n - to ru s )  g iven  by a l i n e a r  automorphism 2̂ of R" re p re se n ta b le  

by a n o n -s in g u la r  m a tr ix . These d iffeom orphism s e x h ib ite d  th e  p ro p e rty  

th a t  th ey  were s t r u c tu r a l l y  s t a b l e ,  but t h a t  the  non-pandering s e t  was 

the  whole m an ifo ld . These diffeom orphism s d isp roved  th e  c o n je c tu re  of 

i 960 th a t  Morse-Smale diffeom orphism s [22] were a g e n e r ic  system  on a l l  

smooth m a n ifo ld s .

1.11 D e f in it io n s  of Anosov Diffeomorphisms and Flows

A d i f f  eomorphism f  of M i s  s a id  to  be Anosov i f  T(m) ,  th e  

ta n g e n t bundle of M w ith  a Riemannian norm, has an in v a r ia n t  s p l i t t i n g

* th e  e ig en v a lu es  s a t i s f y  |A^| * 1
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under d f , th e  d i f f e r e n t i a l  o f  f • The s p l i t t i n g  i s  a  W hitney sum

T(m) = T^(m) (+) T^(m) such th a t  th e re  e x i s t  c o n s ta n ts  0 < c^ < 1 < Cg

w ith  I d f" (v ) | ^  Cl" I v| , V € T^(m) and | d f" (v ) | ^  Cg" 1 vl , v  e T^(m).

A flow  (f> i s  s a id  to  be Anosov on M i f  th e re  e x i s t s  an  in v a r ia n t

W hitney Sum of T(m) = T*(m) 0  T^(m) 0  T^(m) such th a t  th e  components .

a re  in v a r ia n t  w ith  re s p e c t  to  di^^ where T '( m) i s  the 1-d im en sio n a l

bundle d e fin ed  by d i f f e r e n t ia t in g  w ith  r e s p e c t  to  t ,  T^(m) i s

a c o n tra c tin g  bundle w ith  c o n s ta n ts  c,A(> O) such t h a t  I dÿ^(v)| ^  ce ^

V e T^(m), and T^(m) i s  an expanding bundle w ith  co n sta n ts  C]̂  ^ (> O)

.Aitsuch th a t  I d^.^(v)| ^  c% e |vl^v £ T^(m)

At p re se n t th e re  a r e  very few ways of c o n s tru c tin g  Anosov flo iv s .

They a re  a s  fo llo w s ;

1 ) Geodesic flow s on th e  u n it  ta n g en t bundle of Riemannian m anifolds 

w ith  n eg a tiv e  c u rv a tu re ;

2 ) Suspensions of Anosov diffeom orphism s.

Here we have an im p o rtan t c la s s  o f flow s where one of th e  main 

methods of c o n s tru c tio n  i s  by suspending Anosov diffeom orphism s.

In  ch ap te r 5 we c o n s id e r  t  he cohomology [34] of th e  in s e t s  of v a rio u s  

d iffeom orphism s. They a re  r e l a t e d  to  th e  "horse-shoe" diffeom orphism  

which is  d e fin ed  in  c h ap te r  3 . I t  has p a r t  o f i t s  non-w andering s e t  

homeomorphic to  a Cantor s e t .  The diffeom orphism s are  

s ta b le  and were c o n s tru c te d  to  show th a t  non-wandering s e ts  a re  n o t 

g e n e r ic a l ly  m an ifo ld s . These d iffeom oiphism s, p a r t i c u l a r ly  th e  

"h e rse -sh o e" , came from a paper by Levinson [ 14] and th e  id e a s  p re sen te d  

th e re  were developed by Smale* Levinson’s p aper was concerned w ith  th e  

Van d e r P o l eq u ation  w ith  fo rc in g  te rm . I t  was c o n s id e ra tio n  of th e  ty p es  

o f tran sfo rm a tio n s  of th e  p lane onto  i t s e l f ,  which could occur in  th e  way 

in d ic a te d  e a r l i e r ,  th a t  le d  to  th e se  diffeom orphism s w ith  com plicated  

non-wandering s e t s .
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U n fo rtu n a te ly  c h ap te r  5 i s  r e s t r i c t e d  in  th e  sense th a t  we have not 

y e t  g iven  an answer to  a  q u e s tio n  such as "Given any diffeom orphism  

f  ; M -*■ M such th a t  th e re  e x i s t s  an Qi, C Q (f)  which i s  homeomorphic to  

a Cantor s e t ,  th en  what i s  th e  cohomology group o f i t s  in s e t? "

An answer to  such a q u e s tio n  would be o f g re a t im portance p a r t i c u la r ly

in  view of th e  fo llow ing  theorem .

SHJB ( 1972) [ 35] A Smale diffeom orphism  has fi = [ f i n i t e  number of f ix e d  

p o in ts ,  f i n i t e  number o f closed  o r b i t s ,  f i n i t e  number of n -h o rse -s h o e s j, 

and the u su a l t r a n y e r s a l i ty  c o n d itio n s  between in s e ts  and o u ts e t s .  Then

1 ) Smale diffeom orphism s are s t r u c tu r a l ly  s t a b l e .

2 ) Smale diffeom orphism s a re  dense in  the  C °-topo logy .

[n -h o rse -sh o es  a re  d e fin ed  in  ch ap te r 5 ]•

I f  we had an answer to  th e  question  above th en  we would be ab le  to

supersede th e  Morse-Smale I n e q u a l i t ie s  f o r  Morse-Smale Diffeomorphisms

by Smale In e q u a l i t ie s  f o r  th e  above system . What we can deduce from
✓

c h ap te r  5 i s  th a t  Cech cohomology seems a prom ising to o l  f o r  th e  a n a ly s is
\f

cf non-wandering s e t s  and th e i r  in s e t s  in  g e n e ra l .  Cech cohomology was 

used s u c c e s s fu lly  in  th e  r e l a t i v e l y  sim ple case  o f Morse-Smale i^stom s 

where the non-wandering s e ts  were only  f ix e d  p o in ts  and c lo se d  o r b i t s .

There a ls o  e x is ts  a co rrespond ing  theorem on Smale flow s d e fin ed  

an a lo g o u sly  to  Smale d iffeom orphism s. An in te r e s t in g  problem  concerned 

w ith  suspension  and th e se  two theorem s i s :  " I s  th e re  a  way of ex tend ing  

th e  id ea  of a suspension  to  o b ta in  a way o f co n v ertin g  th e  theorem on 

diffeom orphism s to  th e  one on f lo w s? " . I t  has been suggested  th a t  th i s  

m ight ta k e  th e  form of a f i n i t e  number o f d is c s  p laced  in  th e  m anifold  so 

th a t  every o r b i t  in te r s e c t s  one of th e se  d is c s  a t  l e a s t  o nce . We would then 

have mappings o f th e se  d is c s  by fo llo w in g  th e  flo w  between in te r s e c t io n s .

The mappings could th en  be in v e s t ig a te d  in  th e  l i ^ t  of th e  theorem  of SHÜB 

and by using  th e  d e n s ity  of Smale diffeom orphism s p o s s ib ly  o b ta in  th e  d e n s ity
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of Smale f lo w s .

In  th e  Appendix 1 we co n sid e r Lie Groups a s  a p o ss ib le  a p p l ic a t io n  

of c h ap te r  2 , §5 •
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CHAPTER 2

SUSPENDED PRODUCT AND BUNDLE DIFFEOMORPHISMS

We have seen in  ch ap te r 1 the  im portance o f p ro ducts  o f flow s in

in v e s t ig a tin g  in te r r e l a t e d  system s and h ere  we co n sid e r p ro d u c ts  o f 

suspended f lo w s . The aim i s  to  f in d  some r e la t io n s h ip s  between suspensions 

of v a rio u s  d iffeom orphism s• For in s ta n c e , suppose we tak e  a p roduct 

diffeom orphism  f x g : M x N - * M x N  th en  we a lso  o b ta in  th e  d i f f e o 

morphisms f  : M -> M and g : N-» N. We now have th re e  p a i r s  o f

m anifolds and diffeom orphism s (M ,f), (N ,g) and (M x N, f  x g ) .  Hence

we can o b ta in  th re e  p a i r s  of m anifo lds and suspension  flow s 

(M^, Z (M ,f ) ) , (Ng, Z (N ,g )) and ((M x , Z(M x N, f  x g ) ) .

The r e la t io n s h ip  between th e  flow s appears a s  a theorem in  §1 to g e th e r  

w ith  a c o r o l la r y ,  and th e  p ro o f i s  given in  §2 . A s im ila r  theorem  i s  

g iven  f o r  bundle diffeom orphism s in  §4 w ith  a p o ss ib le  g e n e ra l iz a t io n  

in  15.

§1 STATEMENT OF PkODUCT THEOREM

We re q u ire  th e  d e f in i t io n s  o f c h a p te r  1 supplem ented by the fo llo w in g :

2 .1 .1  D e f in it io n

Two flow s (f> and ^ on th e  m anifo lds M,N a re  s a id  to  be 

d i f f e r e n t ia b ly  e q u iv a le n t or more b r i e f l y . e q u iv a le n t , i f  th e re  e x is t s  

a diffeom orphism  h such th a t  th e  diagram  commutes

h V 1
M X R -----------------  > N X R

(f) tj}

h VM---------------------------   N
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Remark. This i s  a very s tro n g  equ ivalence  r e l a t i o n ;  much s tro n g e r th a n  

th e  u su a l to p o lo g ic a l equivalence because i t  p re se rv e s  time and is  

a diffeom orphism  of o rb i t s  onto o r b i t s .

2 .1 .2  D é fin it  io n . A flow  <f> on th e  bundle

V > B —  > X

i s  a f ib r e  flow  i f  a l l  th e  f i b r e s  a re  in v a r ia n t  under th e  f lo w .

2 . 1 .3  D e f in i t io n . I f  f u r th e r  to  2 .1 .2  the  flow s on a l l  f ib r e s

a re  eq u iv a len t we c a l l  <p a uniform  f ib r e  flow  (see  2 .1 .6  f o r  a more 

p re c is e  d e f in i t io n ) .

2 . 1 .4  PRODUCT THEOREM. Given diffeom orphism s f , g  of the  m anifo lds 

M,N re s p e c t iv e ly  then  the  p roduct flow  Z(M ,f) x Z (N ,g) i s  a uniform  

f ib r e  flow  on th e  bundle

(M X X Ng - 2- ^  8 \

Moreover th e  flo w  on th e  f i b r e  i s  Z(M x N, f  x g ) .

2 . 1 .5  C o ro lla ry . P roducts  of suspension  flow s can never be

s t r u c tu r a l ly  s ta b le .

P ro o f . By a theorem of Thom [20] a flow i s  no t s t r u c tu r a l ly  s tab le  

i f  th e re  e x i s t s  a f i r s t  in t e g r a l  fo r which th e  flow  i s  in v a r ia n t .  The 

p ro je c tio n  tt w i l l  g ive  the f i r s t  in t e g r a l .  Hence we have n o n - s ta b i l i ty .

Remark. Suppose f  and g a re  Anosov d iffeom orphism s, th e n  f  x g is  

a lso  an Anosov diffeom orphism  and so Z(M ,f ) ,  Z (N ,g) and Z(M x N, f  x g) 

a re  s ta b le  Anosov flo w s . By the  theorem Z(M x N, f  x g ) i s  th e  f i b r e  

flow  which i s  s t a b l e .  However the  p roduct flow  Z (M ,f) x Z (N ,g) on 

%  X Ng is  u n s ta b le . I f  we p e r tu rb  th e  f i b r e  f lo w  on x N^ by adding 

a sm all g ra d ie n t flow  on S  ̂ w ith  one s in k  and one source we o b ta in

a s t r u c tu r a l ly  s tab le  flow  on M̂  x N w ith  one a t t r a c t i n g  f i b r e  and one
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r e p e l l in g  f i b r e .  Both o f th e se  f i b r e s  have r e s t r i c t e d  flow s which a re  

Anosov.

2.1 .6 D e fin it io n . Given a bundle

V 7T X and a flow  <j> on B, then

<p i s  a uniform  f ib r e  flow  w ith  re sp e c t to  th e  bundle i f  ^  s- flow  

^ on V and 2  a t l a s  of bundle c h a r ts  (U ,h) vAiere U C X and 

h ; U X V -> 7r“ ^(u ) i s  a diffeom orphism  such th a t  the diagram  commutes.

h X 1U X V-x R

1x^

U X V TT-1 (u)

7T

U U

[p i s  th e  n a tu ra l  p ro je c t io n  of th e  f i r s t  f a c to r  o f th e  p ro d u c t.]

N o ta tio n . Given th e  m anifold M and the diffeom orphism  f  ; M -> M

then  l e t  denote th e  p ro je c t io n  map

: M X R ------- > .

2 .1 .7  Example. Here we take  th e  s im p le s t p o ss ib le  case of M and N 

being p o in t m an ifo ld s . I t  was th i s  example which m otivated  the  theorem f o r  

g en era l p ro d u c ts . Let f  = g = 1 be th e  id e n t i ty  maps on M and N 

r e s p e c t iv e ly .  The theorem  i s  proved by the  fo llo w in g  s e r ie s  o f lemmas.

The f i r s t  o f th e se  lemmas i s  of g en e ra l use in  c h ap te rs  2 and 3 and i s  

c o n s ta n tly  r e f e r r e d  to .
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2 .1 .8  LEMMA. [29] Let G be a Lie Group a c tin g  on a space X. 

Consider th e  s e t  o f o r b i t s  X/Gr and the can o n ica l map 11  ̂: X -» X/G. 

Then d e f in in g  th e  o r b i t  space X/G to  be the  s e t  o f o r b i t s  w ith  the 

q u o tie n t topo logy ,

1 ) : X X/Gt i s  an open map

2 ) th e  topology on X/G i s  c h a ra c te r iz e d  a s  being  th e  unique

topology making th e  map continuous and open.

Proof . The o rb i t s  o f X by the  a c t io n  G a re  0^ = [<^g(x)| g e Gj,

where <f) i s  th e  a c t io n  <p : X x G X such th a t  ^  ̂ = 1^ and

(b m d) — <6 •
g l  S2 ^ g l * g 2

Let U C X be open; then  ^ ^ (u ) i s  open and th e re fo re  II(u ) = 

n  (J1 (u ))  i s  open being  the  union of a l l  s e ts  0 (u ) ,  g £ G, (E(u) i s
A  A  g

j u s t  th e  o r b i t  of U under th e  induced G o p e ra tio n ) .

By d e f in i t io n  of the  q u o tie n t to p o lo g y , II^(u) i s  open. To prove 2 ) ,  

co n sid e r more g e n e ra lly  a map r  ; X -> Y from  a s e t  X to  a s e t  Y.

Two to p o lo g ie s  on Y making r  continuous and open n e c e s s a r i ly  c o in c id e . 

Because i f  0 i s  an open s e t  o f Y in  one topo logy , r"“^ (o ) i s  open in  X 

and T(T~^(o)) = 0 i s  a ls o  open in  the  o th e r topology#

The p roofs concern ing  the c o n tin u ity  of maps between q u o tie n t m anifolds 

a re  u s u a lly  approached f i r s t  of a l l  by checking th a t  th e  maps a re  w e ll 

d e f in e d . The c o n tin u ity  i s  proved by u s in g  th e  openness p ro p e r t ie s  of 

th e  o rb i t  p ro je c t io n  maps 11^, e tc .

2 . 1 .9  lEMMA. Z(M ,fJ and Z (N ,g) a re  bo th  flow s on c i r c le s  Ci,C2

say . Let (p = Z(M ,f) and ip = Z(N ,g) then  and a re  id e n t i ty  

diffeom orphism s #

P ro o f . Let a : M x R - > M x R  be d e fin e d  by a ( P , t )  = ( f ( p ) , t - l )  = ( P , t )

vyhere P re p re se n ts  th e  p o in t m anifold  M. Then = m x E/L, where
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denotes id e n t i f i c a t io n  of o r b i t a l  p o in ts  of a*

We have th e  map : M x R and so i s  given by

%  = [ n ^ ( P , t ) |n ^ ( p , t )  = n ^ ( P , t - l ) ] .  Hence i s  a c i r c l e ,

say C l. The flow  (p i s  d e fin ed  by II^(P,t) = II^(p,t+v), v 6  R. P u tt in g

V = 1 and u sin g  th e  re c u rre n c e  r e la t io n s  we have <p̂  i s  th e  id e n t i ty

map of M .̂ In  a com pletely  analogous way we o b ta in  t h a t  i s  a c i r c l e

Cg say and th e  flow  ip i s  such th a t  ^  ̂ i s  th e  id e n t i ty  diffeom orphism  

of Cg «

2 .1 .1 0  LEMMA. The p roduct flow  <p x  (p on Ci x Cg i s  e q u iv a le n t 

to  th e  d ia g o n a l flow  A on th e  to ru s  T® .

P ro o f . D efine T® = R®/Z® , the q u o tie n t space of th e  r e a l  p lan e  by 

the l a t t i c e  o f in te g e r s .  Let cr : R® -» T® be th e  n a tu r a l  p ro je c t io n  map. 

The d iag o n a l flow  A on T® i s  d e fin e d  a s :

A^cr(u,v) = c r(u+ t,v+ t)

Choose f ix e d  p o in ts  Ci° ,Cg° e Ci,Cg r e s p e c t iv e ly .  Then a l l

p o in ts  of Cl and Cg a re  re p re se n ta b le  as {<p, (C i° ) ,  ip (Cg° )) f o rt i  tg
some t i , t g  € R. D efine h : Ci x Cg-> T® by h(cp (Ci° ) ,  ip (Cg° )) =t i  tg
O' ( t i , tg ) .

Using 2 .1 .9  we g e t

l )  h i s  w e ll d e f in e d .

) ,  ) )  = ) ,  ^^^_^^(Cg° ) ) ,  & i,4g  e Z.

h h

c r ( t i , t 2 ) O' (  t i  +-6-1 ,  t g  +'&g )

2) h i s  1 -1 .
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h ^(o*(ti,tg) ) = h   ̂(o"(ti+-£-i ,tgH-6g ) ) = 1 (Ci ) (Cg ) ) 1 •Cl j-ôg £ z]

= (Ci°), (Cg°))
t l  t g

3) h i s  a homeomorphism*

Consider th e  diagram

M X N X R X B.

Cl X C;

h ' •»R X R

y
r» T®

Define h ’ ; M x N x R x R - > R x R  by h * ( P ,Q ,t i , tg )  = ( t i , t g )  then  

h ' i s  o b v iously  a d iffeom orphism . The diagram commutes. Given an open s e t  

OC T® we have from th e  com m utativ ity ,

h-i(o) =(n  ̂ X ng)h": o--‘ (0 ) .

But h ' and or a re  continuous and from  2 .1 .1 0  x 11  ̂ i s  open and 

so h i s  co n tin u o u s . A lso , g iven  an open s e t  O' C Ci x Cg we have

(h “ ^ )“^ ( 0 ')  = h (O ')  = a 'h * (n ^ x  11^)”^ (O ') .  The openness of CT and h '

and th e  c o n tin u ity  of n„ x II ensure  h"^ i s  co n tin u o u s. Hence h i s
 ̂ g

a diffeom orphism , because a l l  maps used a re  d i f f e r e n t ia b le  of c la s s  0*̂  ( r ^  1 )

2 .1 .11  LEMMA. There i s  a diffeom orphism  k of T® -> T® which takes 

th e  n a tu ra l  g e n e ra to rs  S \  ,S  i‘’g onto th e  g e n e ra to rs  S^i ,D where D is  

a d iag o n a l o f th e  to ru s  such th a t  A i s  a uniform  f ib r e  flow  on T® w ith  

th e  bundle r e p re s e n ta t io n

D ------- > 8 \  X d(=  T®) —  -) 3 \  .

P ro o f . The diffeom orphism  k i s  induced by th e  l in e a r  automorphism 

of R®. The f i b r e  flow  on D i s  th e  r e s t r i c t i o n  of A to  D.
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2 .1 .1 2  LEMMA. The flow  on D say / i = A | D : D x R - > D  i s  

eq u iv a len t to  Z(M x N, f x  g ) .

P ro o f . The m anifold M x N i s  a p o in t (P ,Q ) ; the  map

f x g  : Mx N- * Mx  N i s  the id e n t i ty .  Then as b e fo re  Z(M x N, f x  g) 

i s  a flow  on a c i r c l e .  A tim e-p rese rv in g  diffeom orphism  of D onto

(M X ^ w i l l  g ive th e  eq u iv a len ce .

2 . 1.13 LEMMA. The p roduct flow  Z (M ,f) x Z (N ,g) i s  a uniform

f i b r e  flow  on the  product

(M X g   » X Ng ( =  X (M X

The flow  on th e  f i b r e  i s  Z(M x  N, fx  g ) .

§2 PROOF OF PRODUCT THEOREM

2 .2 .1  D e f in it io n . Let f  : CM x n)^  ------> (M x be the----------------  /fX g ^fx g

diffeom orphism  d e fin e d  by f  II« ( x ,y , t )  = !!« ( f ( x ) , y , t )  where x e M,
I  X g  I  X g

y e N and t  e R.

2 .2 .2  THEOREM. The flow A on ((M x d e fin ed  by

A ^(n^(n^^ g ( x ,y , t ) , u ) )  = ^ (x ,y , t+ v ) ,u )  i s  e q u iv a len t to  th e

product flovf <p X i/j on M̂  x N where <f> = Z (M ,f) and ^ = Z (N ,g ) .

This i s  proved by th e  fo llo w in g  lemmas,

2 . 2 .3  LEMMA. There a re  maps ,qg such th a t

qi : ((M X g ) j  -------

qa : ((M X Nlpx g ) f  -------> Mg
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These maps a re  d e fin ed  by

q% : n^(n^x  — > n ^ (x ,t+ u )

02 : g ( x ,y , t ) ,u )   > -IIg (y ,t)

C onsider the  fo llo w in g  diagram .

M X N X R X R

(M X g X R

%

((M X g ) f

I ' l

<h

n .

M,

The maps and 1 a re  open and so II« x 1 i s  open.f  X g ^ fx  g ^

Also th e  maps lip  and 11  ̂ a re  open. Define the  map q \  by ( x ,y , t , u )

(x , t+ u ) .  Then q \  i s  co n tin u o u s.

The map q  ̂ i s  w e ll d e fin ed  because we have th e  fo llow ing  diagram .

= n p ( [ I ^ g ( f ^ ^ '^ ^ ( x ) ,g ^ ^ ( y ) , t - n i ) ,u - n 2 ) , i \  ,n s e Z

n ^ (x ,t+ u )

The diagram  commutes

1 ( x ,y , t , u )  = n^(x,t+u)

qillpCn^^ gX l ) ( x , y , t , u )  = qillpCn^^ g ( x ,y , t ) ,u )  = IIjp(x,t+u) .
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Consider an  open s e t  0^ C M ,̂ then

(H fq 'i ) - R o j  = (q in jC n ^g X  i ) ) - i ( O i )

:»  (q 'l )'^ (Oi) = Ol^gX 1)-1  q i'i (Oi)

=> qi"‘ (Oi) = HjCn^gX l ) ( q ' i  (O i) .  Henoe qi'^(Oi) i s o p e n

Thus qi i s  a continuous map.

2 ) qa i s  co n tin u o u s.

Consider th e  fo llo w in g  diagram .

M X N X R X R  ^  >N X R

W

(M X N )^gX  E

n j
V

O2

n
g

The maps 11^,11^^x 1 and Tip a re  open a s  b e fo re . D efine th e  map 

1*2 by q*2 (x fY ftfu ) = ( y , t ) .  The map q g i s  co n tin u o u s.

The map q  ̂ i s  w e ll d e fin e d  because we have the  fo llo w in g  diagram .

n p C n ^ g ( x ,y , t ) ,u )  = IIpC [l^^(f^^ ‘̂ ’̂ ^ ( x ) ,g ^ ^ ( y ) , t - n i ) ,u - n 2 ) ,  n^^ng e Z

O2

n g ( y , t )

02

n  ( y ) , t - n i  )

The diagram commutes

Hgl'g ( x ,y , t , u )  = I Ig (y ,t)

0 ( x , y , t , u )  = qa (n? ,u )  ) = I l j y , t )  .f  fx g g
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C onsider an open s e t  O2 CK  . then
S

2 )" X 0 a )  = ((^TlpCn^^ g X l ) ) - i ( O a )

=> (q*2 (%. ) = g X 1 ( 0.2)

=> 1^^  (O3) = % ® f x  ^ ) ( l '3 )’  ̂ (O2 ) .  Hence 13“  ̂ (0.3) i s  open.

Thus qa i s  a continuous map.

2 . 2 .4  LM M . Let (xo,So) e M x R. There e x is t s  a homeomorphism 

r i  of qj,"  ̂ (E ^(xo ,So)) w ith  Ng, where r^ i s  th e  r e s t r i c t i o n  of qa 

to  q r ^  (n^(xo,So) ) .

P ro o f . G-iven ( x o , S q )  e M x  R, I I ^ ( x o , S o )  = II^ (f '’(xo),So--n), n e  Z and 

so we have

i r ^  (E ^(xo ,8o)) = [IlpCn^^ g (x 3, y , t ) , u ) |x  = f^ (x o ) ,t+ u  = So-n, y  e n]

= [IlpCn^^ g ( x o ,y , t ) ,u ) l  t + u  = So, y  e N j.

C onsider th e  r e s t r i c t i o n  qs 1 qi“  ̂ (TI^(xo,So)) = r^  ; then

riCTIpCn^^ g ( x o , y , t ) , s o - t ) )  = H g ( y , t )

1 ) r i  i s  w e ll d e fin ed

n p ( H ^ g ( x o ,y , t ) ,S o - t )  = r ip ( n ^ g ( x o ,g ^ ^ ( y ) , t - n i ,S o -  ( t - n i ) ) )

n g (y ,t )  = IIg(g^^(y), t -n i)

2 ) r-i i s  1- 1 .

From th e  d e f in i t io n  of r ^ ,  r ^ ”  ̂ = qi“  ̂ (ri^ (xo ,S o)) H qa"^
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Hence C Eg(yo,to)) = (Ef(% o,So)) H ÎIIpC r[^^g(x,yo,to) ,u ) l  x e M, u e Rj

= I I p ( n ^ ^ g ( x o , y o , t o ) , S o - t o ) .

3) Pj. i s  a homeomorphism.

Since r^  i s  1 -1 and th e  r e s t r i c t i o n  o f a c o n tinuous map we need only 

to  prove th e  c o n tin u ity  of r^"^ . Consider th e  fo llo w in g  diagram  where

Si = [ (x o ,y ,t ,S o  -  t ) | y  € N, t  e r 1 and Sg = [ (n ^ ^ g (x o ,y ,t ) ,S q ~ t )  lye  N, t e  Rj

N X R

n : f x g *  81

(E .(x o ,s o ) )

D efine r \  by r \  ( y , t )  = ( x o ,y , t ,S o - t )  which i s  obviously  

a continuous map. The diagram commutes:

(Epl S2)(n^^„x 11 S i ) r ' i  ( y , t )  = I I j : ( E ^ _ ( x o , y , t ) , S o - t ) .fxg f '  fx g '

I Ig (y ,t)  = IIp (n ^ j^ ^ (x o ,y ,t) , S o - t )  .

Consider an open s e t  O3 C qi”^(II^ (xo ,So)) .  Then we have 

( r r ^ n g ) " X 0 8 )  = ((Ep|8g)(E^^gX l | S i ) r \

^  E g - M r r ^ r M O s )  = ( r ’i)-^ O I^ x g ^  l |8 i ) - i ( n p |S , ) - i ( 0 3 )

=> 371(03) = rigCr’i )“^(n^^^x 1| S i ) “ ^OIp| $2 )“^(03) and so

r i ( 0 3 )  i s  open, i . e .  r i " ^  i s  a continuous map

2 .2 .3  LEMMA.» Let (y b , to )  e NxR, There i s  a homeomorphism 

Ps of (E g (y o ,to ))  w ith  M^, where rg i s  th e  r e s t r i c t i o n  of

l i  to 12“  ̂ ( n „ ( y o , to ) ) .
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P ro o f . Given (y o ,to )  e NxR,II (y o ,to )  = II ( g " ( y o ) , to - n ) , n e  Z andg g
so we have

12"^ (I lg C y c to )) = [IIpC [I^^g(x ,y ,t),u )l y  = g " (y o ), t =  to -n ,  x e  M, ue Rj

= { IIp (ri^^g (x ,y o ,to ),u )| xe M, ue R j.

C onsider th e  r e s t r i c t i o n  qil 12”  ̂ (E g (y o ,to ))  = r g , then  

rg (IIp (II^ ^ (x ,y o , to  ) ,u ) ) = II^ (x ,to+  u ) .

1 ) rg i s  w e ll-d e f in e d .

% (IIf  x g (x ,yo , to ) ,u )  = (x ) ,y o , t o ) , u -  % )

rg rg

n „ ( x , to + u )  = n « ( f ^ ^ (x ) , to + u  -  ni )

2 ) rg i s  1 -1 .

From th e  d e f in i t io n  cf rg : rg"^ = qg“  ̂ (E g (y o ,to ))  A . Hence 

rg-^ (n ^ (x o ,S o )) = qg"^ C E „(yo,to)) n  [ITj;®^ ( x o ,y , t ) ,u ) |  t + u  = So,y€N Î
S f"  fx g '

= I I p ( I I ^ ^ ( x o ,y o , to ) , s o - to ) .

3) rg i s  a homeomorphism.

S ince rg i s  a 1-1 and th e  r e s t r i c t i o n  of a continuous map we need 

on ly  to  prove th e  c o n tin u ity  of rg"^ . C onsider th e  fo llo w in g  diagram  

where Ti = ! ( x ,y o , to ,5 - to ) |x e  M, se  R] and Tg =

Î ( n f x g ( x ,y o ,to ) ,s - to ) l  xe M, s e R j .
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n .

M.
rg-1

n jlT s

■qa"' O ïg(yo,to))

D efine r  g by r  g ( x ,s )  = ( x ,y o , to ,s - to )  which a g a in  i s  obviously

a continuous map. The diagram commutes:

(E|:l Tg)(n^^gX ll T i ) r ’g ( x ,s )  = I Ip (II^ ^ g (x ,y o ,to ,s - to )

rg“  ̂ n ^ ( x ,s )  = ]E p (E fx g C x ,y o ,to ) ,5 -to ) .

C onsider an open s e t  O4 C Og”  ̂ (E g (y o ,to ) ) .  Then we have

( r g - ^ n p - ^  (O4 ) = ((Ep|Tg)(E^^gX l | T i ) r ‘g ) - ^ 0 4 )

=> I l p X r g - ^ r  (O4 ) = r'g-1 l | T i ) - i ( E p | T g ) - i ( 0 4 )

r g ( 04) = n^r'g""^ (E^^gX 11 Tj. )"^ (Ep| Tg )"^ (O4 ) . The openness o f r g ( 04)

fo llo w s because E^ i s  open, r ’g i s  continuous and E^^^x l |T i  and

EpI Tg a re  r e s t r i c t i o n s  of continuous maps.

2 .2.6

mapping

IiEMtvIA. Denote an elem ent of ((MxBO^^g)p by z then  th e

K  : ( ( M x N ) ^ ^ g ) p  -+ X N g

z ( q i ( z ) , q g ( z ) )

i s  a diffeom orphism .

P rp o f . 1) K i s  1 -1 .

Let ( a ,b )  c x N . Then % "i(a ,b ) = Î (a ) H qg“ ^ ( b ) j .
3- 6

Suppose we have elem ents Zi,Zg e /c"^(a ,b ) then  z  ̂ e qi“ ^ ( a ) ,  qg“  ̂ (b)
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and Zg e ( a ) ,  qg"^ ( b ) .  We have qg (z^ ) = qg( Zg ) .  However 

Zi,Zg e qi"^ ( a ) ;  hence (qgl qi~^ ( a ) ) ( z i  ) = (qg I qi"^ (a )  ) (zg ) . But we 

have proved th a t  qg| (a ) i s  a homeomorphism and so z  ̂ = Zg . Hence 

K i s  1 -1 .

2 ) K i s  co n tin u o u s .

The c o n tin u ity  o f k  fo llo w s from the  f a c t  th a t  q i,qg a te  con tinuous

We now use th e  com pactness of th e  m anifo lds M,N to  o b ta in  compact 

m anifo lds ((M xN )^^)p  and M^x N^. Hence we have k  i s  a 1-1 continuous 

map between compact spaces and so is  a homeomorphism, [ I I ] .

Remark. I t  fo llo w s th a t  k  i s  a diffeom orphism  s in ce  i t  i s  c o n s tru c te d  

frcm  d i f f e r e n t ia b le  maps*

2 .2 .7  Î Æ M . ,  The flow  À on ( ( M x N ) „  ) % d efin ed  in  2 .2 .2  i sI xg t

w e ll d e f in e d .

Pro o f .

A
V

% (IIf  X g (x ,y ,t+ v )  ,u )  = E p C n ^ (x) ,g ^ 3 .(y ) ,t-n i+ v ) ,u-ng )

2 .2 ,8  LEMMA. The fo llo w in g  diagram  commutes where <p = Z (M ,f ) .

((Mx x E qix  1 ->>M̂ x R

4>

((M x N )^ g )j q.1 •M.
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= 0pi^(x,t+u) =n^(x,t+u+v) 

q i \ ( n p ( n ^ ^ g ( x ,y , t ) ,u ) r ) s  q i(IT -(n ^ ^ g (x ,y ,t+ v ) ,u ) = Il^ (x ,t+ u+ v)

2 .2 .9  LEMMA. The fo llo w in g  diagram  commutes where ijj = Z (N ,g ) .

A

P ro o f .

4̂ ^q2(E p (E ^ ^ g (x ,y ,t)  ,u )  ) = ^ p i^ ( y , t )  = l lg (y ,t+ v )  

qgA ^(IIp (II^^g(x ,y ,t),u )) = qg (EpCE^^ g (x ,y , t+v) ,u ) ) = IT g (y ,t+ v ).

Lemmas 2 .2 .6 ,  2 .2 .7 ,  2 .2 .8  and 2 .2 .9  give th e  eq u iv a len ce  o f 

Theoran 2 .2 .2 .

2 .2 .1 0  LEMMA. The flow  A on ((M xN)^^Pp i s  a uniform  f ib r e  flow  

on th e  bundle

(M x N )^ x g  >((M xN)^^^)g- l - '- ^

Moreover th e  flo w  on th e  f i b r e  i s  Z(MxN, f x  g ) .

P ro o f . The p ro je c t io n  tt * i s  d e fin ed  by

77-* (H p (Il^^g (x ,y ,t) ,u )  ------^ p (u ) where p i s  the  n a tu r a l

p ro je c t io n  p ; R  > r/Z .
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Let |U i ,Ug} be an open covering  of E/Z d e fin e d  as fo llo w s .

Ui = îp ( u ) l0 < u < 1Î

Ug = [ p ( u ) |3 /4 <  u <  3 /4 1 .

Define x (Mxn)^^^ ^  tt.’"HU i  ) by (pÇ u), n ^ ^ g ( x ,y , t )  )

= I lp ( I I^ ^ g (x ,y ,t) ,u )  where 0 < u <  1 i s  th e  value we take f o r  u , 

and hg : Us X (MxN)p^g-> t t (Ug ) by hg (p (u ) g (x ,y ,t )  )

= rip C [ï^ ^ g (x ,y ,t) ,u ) where 3 /4  < u < 5 /4 is  th e  v a lu e  taken  by u .

Using i (Ui ,h i ) ,  (Ug ,hg ) S we have a f ib r e  flo w , w ith  ju = Z(MxN,fxg)

^f®fxg^(p ( u ) ,E f x g ( x ,y , t ) ,v )  ^ (H p (n ^ ^ ^ (x ,y ,t) ,u ) ,v )

1x 12

(p (u )^ I fx g (x ,y ,t+ v )) .

p (u )

A

7T

•p(u)

[u e ( 0 ,1 ) ] .  A s im ila r  r e s u l t  ho lds f o r  (U g,hg).

2 .2 .11  LEMMA With th e  r e s u l t s  of 2 .2 .2 ,  2 .2 .6  and 2 .2 .1 0 , we have 

th e  uniform  f ib r e  flow in  2 .1 .4  by ta k in g  the  p ro je c t io n  tt. = t t 'k “^ :

M̂  X N -► and th e  covering  [Ui,Ug] of w ith  co o rd in a te  fu n c tio n sX g

h ’l = /chi and h g  = /chg.

P ro o f. The fo llo w in g  diagram s commute f o r  i  = ( l , 2 ) .
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Ui X (M>eî)^ X E ------->7T*“  ̂ (U i)x  R -  £ ^ J ------->or*“^ ( U i ) x R

^ X  (À

UiX (Mxn)A(g

Ul

ir

Y
Ul

<f>X !p

 ------- >Kir'"' (U i)

ir

Y
-> Ui

The com m utativ ity  o f th e  le f t-h a n d  s id e  o f  th e  diagram  fo llo w s  from 
Lemma 2 .2 .1 0 , The com m utativ ity  k \  = {<f>x (/i ) { k x  1 ) fo llo w s from Theorem 

2 .2 .2 .  The com m utativ ity  of ir'/c“^/c = 1 ,7 t ' fo llow s im m ediately .
Using th i s  in fo rm atio n  we have

{<f> X (p ) (K h i  X 1 ) = (# X ^)(% X l ) ( h i  X 1 ) = /cA(hi X 1 )

= K hi(l X /i) = (/ch i)( l X ^ )

( tt' )(/chi ) = ir*hi = Ip .

I t  fo llow s th a t  th e  diagram  commutes f o r  i  = 1 ,2 .

Ul X (MxN)^^gX B -------- > (irV -‘ ( u j x  E

(}>X Ip

U ix (MxN ^ ^ ----------- OchjP---------------- ^ (Ui )

Ul
1

tt' k ~ ^

V
-> Ui

Ron a r k . Given any open covering [Ui] of by c a r e f u l  cho ice  of th e

diffeom orphiem s h i then f i b r e  flow s can be c o n s tru c te d  by a s im ila r  

method to  th e  above.
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§3. REMARKS ON THE PRODUCT THEOREM

Here we w i l l  d isc u ss  th e  choice of various mappings and p a r t i c u la r ly  

f . F i r s t  of a l l  we w i l l  show th a t  the  bundle n o ta t io n  in  th e  theorem 

i s  n e ce ssa ry .

2 .3.1 LEMMA. The r e s u l t  i s  no t t r i v i a l ,  i . e .  th e  bundle in  2 .2 .2  i s  

not a t r i v i a l  p ro d u c t.

(Mx n L   >M^x N —— »fx g  f  g

P ro o f . This fo llo w s  from  th e  f a c t  t h a t  f  : (Mx U )^ x ^ ^ is  no t qlways 

d if f e o to p ic  to 1 . However a sim ple counter-exam ple w i l l  i l l u s t r a t e  

th e  lemma more c l e a r ly .  D efine

S.i = [ u mod 1 1 u € R] = M and f  : M -> M is  d e fin e d  by

f ( u  mod 1 ) = (-U mod 1 ) ;  and

Sg = [v mod l |  V c R] = N and g ; N N i s  d e fin ed  by

g(v  mod 1) = ( - V  mod I ) .  The diffeom orphism s f , g  a re  r e f l e c t io n s  of 

th e  c i r c le s  Si^ ,Sg^ r e s p e c t iv e ly .  Hence Z(M ,f) and Z (N ,g) a re

flov/s on th e  K lien  b o t t l e s  Xi ,xg say . The diffeom orphism  fx  g i s  

a map of th e  to ru s  T  ̂ = x Sg  ̂ which r e f l e c t s  in  bo th  Si^ and Sĝ  . 

The mapping ( fx  g)* : R̂  -» R̂  which induces th e  diffeom orphism  

f x g  : 1® -*• T̂  i s  given by ( f x  g)* : R̂  -> R̂  . The group

genera ted  by ^ ^ ^ i a  Cg the  c y c lic  group of o rd er 2 • Then T^^^

is  n o t th e  p rcd u c t bundle x T®. Now f  : T^ -* T^ i s  d e fin ed    ^ f x g  f x g

by f  (u mod 1, v mod 1, t )  = ^ ( -u  mod 1, v mod 1 , t )  and so

(T jxg)^  i s  a bundle w ith  s tru c tu re  group <f> g en era ted  by th e  diffeom orphism  

f  and so i s  of o rd e r 2 . Hence /  S^x T^^^ so t i n t  ( ^ ^ ^ f

i s  not a t r i v i a l  bundle and the lemma fo llo w s .
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I t  should be p o in ted  out t h a t  th e  diffeom orphism  f  : 

d e fin ed  in  2 .2 .1  i s  no t th e  only choice t h a t  could be made to  g ive 

a s im ila r  theorem . Y/e can b e s t  d iscu ss  th e  p o s s i b i l i t i e s  of o th e r d i f f e o 

morphisms h :  -> (MxN)„ th a t  can be used by c o n s id e ra tio n  of F ig .2 .1
I  x g  I  x g

F ig . 2.1

On

>

X
>

-ô-
II

Î

>

\  'jTk\  X

\ s
bO

«

o

3

o

...........

3C»q-i

«
q-i

o

>
+

-p

(*0

B
It

>
■s-

•e-

1
-p

%
B
m
X

b "

ICO
pHo
U

-P

3

i>i

%
X
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This diagram  and i t s  in te r p r e ta t io n  g iv es  th e  in tu i t i v e  in s ig h t  in to  

th e  th e o ry  of th i s  c h a p te r .

Assume we take  a ( s , t )  co o rd in a te  system . At th e  o r ig in  of th e  

( s y t)  system we a s s o c ia te  th e  p o in t  (x ,y )  e MxN. We w ish to  r e l a t e  

th i s  diagram  to  M^x th e n  i t  i s  a n e c e s s i ty  t h a t  a l l  p o in ts  of th e
t t

in te g e r  l a t t i c e  have to  be a s s o c ia te d  w ith  some p o in ts  (x  ,y  ) € MxN.

f o r  in s ta n c e  l e t  (n i ,n g )  e C then  w ith  r e s p e c t  to  th e  o r ig in

0/ \ th i s  p o in t re p re se n ts  (TI^(x,nj,), II (y^ng)) e M„x N . But th e
^ s  ^ ë

p o in t a lso  has a re p re s e n ta t io n  ( x ) ,0 ) , Il^C g^ (y) ,0 )  . This means

th a t  we should a lso  a s s o c ia te  to  (%  ^ng) the  o r ig in  of a c o o rd in a te  

system w ith  re s p e c t  to  ( x ) ,g ^ ( y )  ) e MxN .

Since th e  product flow  cp x  t/s on M^x has th e  e f f e c t  o f in c re a s in g  

b o th  s and t  by the same amount th e  o r b i t s  a re  re p re se n te d  by d iag o n al 

l in e s  o f s lope  +1. Let th e  o rb i t  t h a t  p asses th ro u g h  0^^ be g iven  

by  and l e t  U = [u] u€ R| . We R edefine p o in ts  o f  th e  p lane as

p o in ts  of ^^x U as in  F ig . 2 .2 .

F ig . 2 .2
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The "U" r e a l  l in e  i s  a lso  along th e  s - a x is ;  a p o in t P of th e  

( s , t )  p lane  i s  g iven  in  U) c o o rd in a te s  h j  p ro je c tio n s  p a r a l l e l

to  U and Then th e  p o in t P = ( [ l^ (x ,s ) ,  I I g ( y , t ) )  becomes

( n « ( x , t ) ,  n  ( y , t ) )  € D (x,y) and s - t  e U. I t  i s  by n o tin g  th ei 5
re p re s e n ta t io n s  of th e  p o in ts  in  th e  p lane w ith  r e s p e c t  t o  o th e r  o r ig in s  

th a t  we o b ta in  th e  bundle s t ru c tu re  of 2 .2 .2 .  The c r u c ia l  f a c t  to  n o tic e  

i s  th a t  y ^ |x e  M, ye Nj aan be id e n t i f ie d  w ith  o r b i t s  of Z(MxN,fxg).

The map f  was deduced from  no ting  in  f i g .  2.2 th a t

P = " '" (x ,y ) U ^  ^ ( f ( x ) ,y )  " ® (f (x ) ,y )

The co o rd in a te  U was measured in  th e  h o r iz o n ta l  d i r e c t io n  as an ap p a ren tly  

a r b i t r a r y  d i r e c t io n .  This i s  in  f a c t  th e  c ase  and we can ta k e  U in  any 

d i r e c t io n .  Another p o s s ib i l i t y  would be to  tak e  U v e r t i c a l l y  a s  in  

F ig . 2 .3 .

F ig . 2 .3

In  F ig . 2 .3  r e l a t i v e  to  y^,U) co o rd in a te s  we have th e  fo llo w in g

r e la t io n :
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2.3*2 LEMMA. G-iven two diffeom orphism s f  i  ,fa  of M ; then

and a re  f ib r e  d if fe o  morphia i f  f]_ and fg  are  d if fe o to p ic .
f i  fg

P ro o f . We have th e  bundles

M ---------------- ^

M -----------------^

Let and II„ be th e  u su a l p ro je c t io n  maps. Suppose th a t
I l  ig

th e  d if fe o to p y  between f^  and f^  i s  [ d ^ |o ^  u ^  1} where do = f i  

and d i = f g . Then th e  f ib r e  diffeom orphism  h i s  g iven  by

h (n ^ ^ (x ,,t) )  = d ^ ( x ) , t )

2 .3*3 TiEMMA. Any two m anifo lds and ( (M x N ^ ^ ^ ^  used

in  2 .2 .2  o b ta ined  by ta k in g  U in  th e  d i r e c t io n s  s = ( ta n  di ) t  and 

s = ( ta n  $2 ) t  r e s p e c t iv e ly  a re  f ib r e  d iffeo m o rp h ic . [d i s  measured 

a n tic lo ck w ise  from t=0 and 6i, % < ‘̂ / 4 . ]

P ro o f . They a re  f i b r e  d if fe o  morphia by 2 .3*2 . The diffeom orphism s 

h]_ and hg a r e  d i f f e o to p ic .  The d if fe o to p y  i s  c o n s tru c te d  by ta k in g  th e  

in te r v a l  of diffeom orphism s co rrespond ing  to  0 e [0  ̂ ,0g ] assuming 0i ^  0g .

§4. SUSPENSIONS OF BUNDIE DIFFEOMORPHISMS

We wish to  prove a r e s u l t  f o r  bundle diffeom orphism s s im ila r  to  

th e  one proved f o r  p roduct diffeom orphism s in  §1. We use th e  d e f in i t io n s  

a lre a d y  g iven  in  e a r l i e r  s e c t io n s .  In  t h i s  s e c tio n  we commence w ith  

a bundle of m anifolds

N ------- > B — — > M

and l e t  ( h , f )  be th e  bundle diffeom orphism  in  th e  commutative diagram .
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B

7T

B

7T

N o ta tio n . Let denote th e  f i b r e  over x e M, i . e .  tt'^C x ) =

2 .4 .1  D e f in i t io n . Let h : Bĵ  -* B̂  ̂ be the diffeom orphism  d e fin ed

by h l l j^ ( b , t )  = IIj^(h(b), t) b e B, t  e R.

2 .4 .2  D e f in i t io n . The flow  A on th e  bundle

W

i s  c a l le d  a lo c a l  p roduct flow  i f  3  Flows <f> o n  X  and ^ on V and

an a t l a s  of lo c a l  bundle c h a r ts  (U,a ) such th a t  f o r  x e U C X, 3  R[x])

an open s e t  o f R w ith  0 e R [x] such th a t  th e  diagram  commutes.

[xj X V X R[x]  cr"  ̂ (x ) X R[x ]

( f)X  (j)

V
U X V

p ro je c t io n

U

2.4*3  BUNDIE THEOREM. Given th e  bundle o f  m anifo lds

N ■» B —^—> M, w ith  bundle diffeom orphism  ( h , f )

B-

TT IT
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th e n  3  & uniform  f ib r e  flow A on th e  bundle

 —) (B^)g —21—̂  , where th e  flow on th e  f ib r e

i s  Z (B ,h ) , such th a t  A i s  a ls o  a lo c a l  p roduct flow  on th e  bundle

crNn

Moreover th e  flow  on i s  Z (M ,f) and th e  flow  on %  i s  Z (N ,1 ),

C o ro lla ry . A lo c a l  p roduct flow  of the  ty p e  above i s  n o t s t r u c tu r a l ly  

s t a b l e .

P ro o f . The p ro je c t io n  ir ’ p rov ides a f i r s t  in t e g r a l  f o r  w hich the  flow  

i s  in v a r ia n t ,  and so by th e  theorem  of Thom [20] the flow  i s  n o t 

s t r u c tu r a l ly  s ta b le .

The Bundle Theoram i s  d e riv e d  from th e  fo llo w in g  o b serv a tio n s ,

2J|P .4  LEMMA. There e x i s t s  a map q : (B^)^ M̂  d e fin e d  by

= n ^ U ( b ) , t+ u ) .

P ro o f . 1) q i s  w e ll-d e f in e d .

Let n i,n g  e Z. Then

% (n ^ ^ (b ,t) ,u )  = n g ( n ^ ( h " ^ h " o ( b ) , t - % ) ,u - n 3 )

n ^ (3 r .(b ) ,t+ u )  = n ^ (ir(h " '^ h "^ (b )) ,t+  u -  (% + n ^ ))

2 ) q i s  co n tin u o u s .

Consider th e  fo llo w in g  diagram .
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B X R X R M X R

X R

%

n .

-3> M,h

D efine q' by q ' ( b , t , u )  = (% {b),t+ u); then  q ‘ i s  obviously  

c o n tin u o u s . The diagram  commutes;

I l ^ q * ( b , t , u )  = n ^ C 7 r ( b ) , t + u )  

i n - t t i h ^  i ) ( b , t , u )  = q n ^ (r ij^ ( ia ,t) ,u )  = n ^ & -(b ) ,t+ u ) .

Take an open s e t  0 C ; then

( q l l g O I ^ x  D ) - i ( o )  = a i f i ’ ) - H o )

Because 11  ̂ and H^x 1 a re  open maps and q* and 11  ̂ a re  

continuous i t  fo llo w s  th a t  q"^( o )  i s  open and so q i s  co n tin u o u s.

2 .4*5 LEMMA. Given (xo ,S q) e M x R; then

q""^(n^(xo,8o)) = iIIj^(IIj^(b,t),u)| t+u= So, 7r(b) = Xq }

P ro o f . Given (xo ,S o) e M x R; (ll^(xo ,So ) ) = q"^ ([I^ (f” (x o ) ,S o -n ) , ^  n€ Z

We th e re fo re  have

q " ^ ( [ I ^ ( x o , S o ) )  = [ r i j^( I [ j ^(b , t ) ,u )1 .7r (b )  = f " ( x o ) ;  t + u =  S o - n j

= # 1 ^ 0 1 ^ ( b , t ) , u ) L # ( b )  = x o , t + u = s o l
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u sin g  th e  r e l a t io n s  g iv en . T his fo llo w s because IIg (n j^ (b ,t) ,u )  =

= ng(n^(h"" "(b), t+n ) ,u  ) where Ji:(h~^(b)) = Xq and t+n+u = Sq.

2 .4 .6  IMMA. Given (xo,S q) € M x R, th en  th e re  e x i s t s  a homeomorphism 

k(% o,so) : (^ X o \  ^ q -^ O V U o .s o ) ) .

P ro o f. The d e f in i t io n  of k / \ u ses th e  lemma 2.4*5• Let us
^ X o , S o )

represent points of q“^(II^(xo,So)) as in  2.4*5* I then we define  

k(xo,So) ’’y  k ( x , ,s , ) O ï ,( b ,t ) )  = % ( [ I ^ ( b ,t ) ,S o - t ) ,y  (b) = Xo.

1) k / \ i s  w e ll-d e f in e d . 
U o ,S o ;

n i ( b , t )  = H i ( b , t - n ) ,  n f  Z

( x q , S o ) (xo,So)

I^ (n ^ (b ,t ) ,so -t )  =n^(n^(b,t-n),So-^:4.n)

so-t+n) = Ilj^(ri^(h“ " h " (b ) , t ) ,S o  -  t)J

2) k / \ i s  continuous .(Xo,Soj

Consider th e  fo llo w in g  diagram  where B i  = i  ( b , t , S o - t ) | i î r  ( b )  

and Bg = {(Ilj^ (b ,t),S o  -  t)|7r.(b) = X oj.

= Xoi

Hi

(N )Xq 1
■ (xo ,So)

lIjjXl I Bi
2

H r  I %

o
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D efine k ’ / \ by k ' /  \ ( b , t )  = ( b , t , S o - t ) , i f ( b )  = Xq .^xq, so; ^xo, sq;

The diagram commutes*

= T I - ( n ^ ( b , t ) , S o - t ) ,  ir(b) = Xq*

01^1 B3 ) 0I ^ x  l | B i ) k ( x Q , g Q ) ( b ' t )  = I l g ( [ I j ^ ( b , t ) , S o - t ) ,  ir:(b) = Xo .

I t  fo llo w s  th a t

f o r  an  open s e t  OC q"^(II«(xo,So))* Hence we have k / \ i sr  ^Xo,So/

continuous s in ce  Hi i s  open, k '^ ^   ̂ j i s  continuous and. II^x l |  %

and. n ^ l Bg a re  r e s t r i c t i o n s  cf con tinuous maps and. th e re fo re  co n tin u o u s .

3 ) k^^ g  ̂ i s  a  homeomorphism.

We have k^^ ^  ̂ i s  a 1 -  1 map. A lso (N^ )j. i s  a compact space

because N i s  compact. The space q”  ̂(II^(xo,So) ) i s  closed, in  

s in ce  q i s  con tinuous and. II^(xo ,So) i s  closed, in  Because

(B^)^ i s  compact under th e  assum ption  th a t  B i s  compact, we have a 1 -  1 

con tinuous map between compact spaces and so k^^ ^  ̂ i s  a homeomorphism*

2.4*7 LEMMA There e x i s t s  an equ iv a len ce  betw een the flow  Z(N ,1 )
X q

on (N ) i  and th e  flew  Z (N ,1) on % .
X q

P ro o f* A diffecm orphism  between N and N is  used  to  c o n s tru c t  the
X q

eq u iv a len ce . The diffeom orphism  i s  p rov ided  by a r e s t r i c t i o n  o f a lo c a l  

c h a r t map from  2 .4 * 9 .

2 .4 .8  LEMMA. The uniform  f ib r e  flow À o f th e  bundle theorem  is  

d e fin ed  by

= % ( n h (b ,t+ v ) ,u )  .
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P ro o f* The a t l a s  of lo c a l  bundle c h a r ts  which g ives the lemma is  

d e fin e d  as fo llo w s .

Let the  co vering  iUi/Ugj of be d e fin ed  by Ui = [p (u ) | 0 < u <  l ]  

where p i s  p ro je c t io n  p ; R -»• E/Z. = and Ug = îp ( u ) |3 /4 <  u <  5 /4!*  

Define a i : Ui x -> TT*"^(Ui)by (%i ( p ( u ) , I I ^ b , t ) )

= n j^ (rij^ (b ,t) ,u ), vdiere u i s  tak en  su ch  th a t  0 < u < 1, and

Og : Ug X B^ TT'-i(Ug ) by og (p (u ) ,I I j^ (b ,t) )

= n ^ ( n ^ ( b , t ) ,u )  where u i s  tak en  such th a t  3 /4  < u < 3 /4 .

[F or a  p ro o f t h a t  th e se  c o n s tru c tio n s  give diffeom orphism s see  appendix 2 .]  

The proof now fo llo w s tak in g  the  flow  on the  f i b r e  B^ to  be /i = Z (B ,h ) 

and the a t l a s  {(Ui ) ,  (Ug ,0g )} . We have com m utativity

(p (u ),n ^ (n ,t),v ). X 1

1 X /J

(p (u ) ,n ^ (b ,t+ v ) ) . Kl

p (u )

TT'

p (u )

where ü ç ( 0 , l ) .  A s im ila r  r e s u l t  ho lds when we ta k e  (Ug ,Og ) .

2 . 4 .9  D e f in i t io n , 

c h a r ts  f o r  th e  bundle

N

Let (U ',/S) be an  a t l a s  o f lo c a l  bundle

B TT M

2 . 4 . 1 0  D e f in i t io n . Take an open covering [u j  of to  be

d e fin e d  a s  fo llo w s:
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| î n ^ ( x , s ) |x €  U ' ; s e ( 0 , l ) j ,  [ I I ^ ( x , s ) l x c  U*, s €  ( 3 A , 5 A ) i | .

2 .4.11 LMMA. Given the  open co v erin g  [u j of th en  3  an a t l a s

o f lo c a l  bundle c h a r ts  (U ) f o r  th e  bundle

'  ‘“f

P ro o f . Let us take  U = n ^ ( u 'x  U-x) say# Then d e f in e  a fu n c tio n

Y :U X Ni -*> q"^(u) C by Y ( n ^ ( x , s )  JIx ( y , t ) )

= ( x , y ) , t ) , s - t ) . In  th e  d e f in i t io n  we s t ip u la t e  t h a t  a t  a l l  tim es

8 must tak e  a value such  th a t  0 < s < 1.

1 ) Y i s  w e ll-d e f in e d .

Under th e  c o n d itio n s  on the  d e f in i t io n  of y  th e  pO$nt 

( n ^ ( x ,s ) ,  I I i ( y , t ) )  i s  de fin ed  u n iq u e ly  up to  (E ^ (x ,s ) ,  I I x ( y , t ) )  =

( n ^ ( x ,s ) ,  I I i ( y , t - n ) ) ,  n e Z; b u t

(K f (x ,s ) ,  ]% i(y ,t))=  & ,s ) ,  I I i ( y , t - n ) )

V
(x ,y  ) ,  t  ) ,  s - t  ) 

Hence y  i s  w e ll-d e f in e d .

= I ^ ( n ^ 0 9 ( x ,y ) , t - n ) , s - ( t - n ) )

2 ) Y p re se rv e s  th e  bundle s t r u c tu r e ,  i . e .  qY : U x -* U. i s

th e  p ro je c t io n  from th e  f i r s t  f a c t o r .

q Y (n ^ (x ,s) , I I i ( y , t ) )  = qC D gC H j^O ?U ,y),t),s-t))

= n ^ c n x 0 9 ( x , y ) ) , s )

= n ^ ( x , s ) ,  [/? i s  a lo c a l  c h a r t  map and so 

ir/9»pro jection  onto f i r s t  f a c to r  f o r  lo c a l  c h a r ts  in  bundle B] .

3 ) Y i s  a homeomorphism.
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Ü' X Ul X N X R

n . |  (u ' X u j x i i .

n ^ (0 'x  U i)x  Ni

B X R X R

\ x  1

B  ̂ X R

%

( V h

D efine y '  by y ' ( x , s , y , t )  = 0? ( x , y ) , y . s - t ) , 0 < s < 1 . Hence

Y*' i s  a  diffeom orphism  because i s  a diffeom orphism . The diagram 

commutes. Let ( x , s , y , t )  e U' x Ui x N x R; th en

y (H^ X III ) ( x , s , y , t )  = Y ( [ I f . ( x , s ) ,  I I i ( y , t ) )

= n ^ ( r i j ^ 0 9 ( x , y ) , t ) , s - t )

IIh® h X * ( x ,s ,y , t )  = X l ) ( ^ ( x , y ) , t , s - t )

= ( % » y ) , t ) , 8- t )  .

Now Y i s  onto q“^(u) = q“^(n^(U ' x U i)) which is  open in  (B^)^ .

Suppose 0 i s  an  open s e t  o f q""̂  (U) then  0 i s  an open s e t  o f (B ^)-

Hence by com m utativ ity  o f the  diagram we g e t

Y - x o )  = o if . i (u ’ X u i ) V ’" ^ a i j ,x  O '^ f f i ^ r x o ) .

S ince i s  r e s t r i c t e d  to  an open subspace of M x R th e  r e s t r i c t e d

map o f i s  open. Hence i s  open and so y  i s  c o n tin u o u s .

To check th a t  y  i s  1-1 we have
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n ^ ( n ^ / 9 ( x ,y ) , t ) ,8 - t )  = n - ( H j^ 0 9 ( x ,y ) , t - n ) ,s - ( t - n ) ) ,  n £ Z.

.-1 . - 1

(n ^ (x ,s ), I I i (y ,t ) )  = (H ^(x,s), I I i(y ,t -n ) )

Hence y  i s  1 -1 . To prove y ~ ^  i s  continuous we re q u ire  

a  r e s t r i c t i o n  o f the  diagram  which gave th e  c o n tin u ity  o f  y* I t  

i s  the  fo llo w in g  d iagram . Let y '(U  ' x U.i x N x R) = A

U' X Ul X N X R <-----^
1-1

AC B X R X R

n j  ( u ‘ X u,i)x Hi V  ’ 1^

IIjj X 1(a ) C X E

X 1 (a )

.-1

n^(U* X U l) X Ni «- --------------- % ( n ^ x  1 )(A )C  (B ,)g

The f a c t  t h a t  th e  p rev io u s  diagram  commutes and y  and y* a re  1—1 

g ive  com m utativity  o f th e  above diagram . The s e t  A is  open in  

B X R X R and so th e  r e s t r i c t i o n  map cf 11  ̂ x 1 i s  open. I t  fo llo w s 

th a t  X l ( y ’ (U' x Hi x N x R) ) i s  an open subspace of x R.

Hence th e  r e s t r i c t i o n  of i s  open. U sing th e  openness o f th e se  maps

we o b ta in  the  c o n tin u ity  of y . Hence y  i s  a homeomorphism. In  a l l  

th e  d e f in in g  diagram s of y and y ’  ̂ d i f f e r e n t ia b le  maps a re  used  and we 

th e re fo re  o b ta in  y  i s  a diffeom orphism .

I f  we had considered the open se t  11 (̂U* x Ug ) instead of II^(U'x U i), 

then completely analogous theory with the r e s tr ic t io n  of s to be such 

that 3/4  < s < 5/4  g ives us the other lo c a l bundle chart diffeomorphisms.
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Hence we have an a t l a s  of bundle c h a rts*

2.4*12 LEMMA.. The flow  A in  th e  Bundle Theorem i s  th e  l o c a l  p roduct 

flow  a s  in d ic a te d  u sin g  th e  a t l a s  of lo c a l  bundle c h a r ts  (U.,y )*

P ro o f* Suppose II^(x,s) c U = n^(U ’ x U i) . Then l e t  [v| vc R |T I^(x ,s)]] 

be such th a t  II^(x,s+v) c U. Wè have com m utativ iiy  in  th e  fo llo w in g  

diagram  where 0 = Z(M,f) and ip =Z(N,1)*

[n«(x,s)i X Ni X R[JI«(x, s )]  ÏJLJ > q"^(n«(x,s)) X R|n«(x,s)]

<j) X  (p

Y
U X Ni

p ro je c tio n

V
U

g - i(u )

-> u

15 . r̂ ENRBATJZATTQN

I t  can be seen th a t  the  Bundle Theorem is  n o t a d i r e c t  g e n e ra l iz a t io n  

of th e  P roduct Theorem in  th e  sense  th a t  a r e s t r i c t i o n  o f th e  form er to  

p roduct spaces would n o t g ive us th e  l a t t e r .

There a re  v a rio u s  d i f f i c u l t i e s  in  producing such a theorem and i t  

i s  on ly  p o ss ib le  to  go so f a r  in  th e  development o f the th e o ry . Here 

we w i l l  g iv e  the s t a r t i n g  d e f in i t io n s  t h a t  would be re q u ire d . The two 

lemmas which appear here  w i l l  n o t be proved as they  have t h e i r  analogous 

s ta tem en ts  in  § 4  and, a r e  proved by th e  same tectoniques * However 

an a p p l ic a t io n  to  th e  s t r u c tu r e  o f l i e  Group Bundles e x is t s  and i s  g iven
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in  Appendix 1 , b u t i t  i s  no t ap p licab le  to  dynam ical system s and only  

g iv e s  the m anifold  s t r u c tu r e  and mentions . no th ing  of flo w s .

2 . 5.1 D e f in i t io n . Given th e  bundle  o f  m anifolds

N B —--■■■» M then  l e t  ( h , f )  and ( k , f )  be two

commutative bundle diffeomorphisms

h ,k

IT

-> B

TT

Remark. Note hk”  ̂ ; 7r"^(x) -*■ 7r“^ (x ) ,  V  x  c M, because h and k

b o th  have the  same induced base map#

2 . 5 .2  D e f in i t io n . Given h ,k  as above d e fin e  k  : B^ -* B  ̂ by

k ( n ^ ( b , t ) )  = I I j^ (k(b) ,t ) .

2 . 5 .3  LEMMA. Given th e  bundle

 >- ——■-» , th en  th e re  e x is t s

a map q : (B^)^ --------> M̂  which i s  d e fin ed  by

q ( n ^ ( I I h ( b , t ) ,u ) )  = n ^ ( i r ( b ) , t + u ) .

2 . 5 .4  LEMMA. Given (xo ,So) 6 M x R then

q"^O I^(xo,So)) i s  homeomorphic to  ^hk"^

At th is point we do not have a lemma analogous to 2 .4 .7 . and even 

i f  we had then there are d if f ic u lt ie s  in  fin d in g  the a tla s  of lo c a l chart 

bundles fo r  the new bundle structure obtained from
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CHAPTER 5 

j-SUSPENSIONS

In  t h i s  ch ap te r we extend  th e  b a s ic  d e f in i t io n  o f suspension  as  

de fin ed  in  c h ap te r  1. The o p e ra to r  Z produces a flow  Z (M ,f) on 

a m anifold such t h a t  dim(M^) = dim(M) + 1. Here we co n sid e r

j-commuting diffeom orphism s of a m anifo ld  M and c o n s tru c t a flow  on 

a m anifold  of j  dim ensions h ig h e r than  th e  dim ension of M. We prove 

r e s u l t s  analogous to  th o se  of c h ap te r  2 w ith  some a d d i t io n a l  ones.

§1. DEFINITIONS AND NOTATION

We use th e  d e f in i t io n s  o f c h ap te rs  1 and 2 to g e th e r  w ith :

5 .1.1 D e f in i t io n . Given commuting diffeom orphism s f i , . . . , f j  

of a  compact m anifo ld  M, then  th e re  e x is t s  a flow  cf) on a m anifold 

M|k where f  denotes th e  j - tu p  le  ( f i , . . . , f j )  of j  d im ensions h ig h e r 

th an  th a t  of M c a l le d  th e  j-su sp e n s io n  of ( f i , . . . , f ; ) denoted by 

Z j ( M , f i , . . . , f j ) .  The c o n s tru c tio n  i s  a s  fo llo w s .

Let cq : M x R ^ - * - M x R ^ ,  l - €  | l , . . . , j i  be d e f in e d  by

otL ( x j t i  ) . .  « ÿ tJ  ) = ( f  ̂  (x ) * t i , . « . , t t  —1 , . . . , t j  ) * Then

• . . . »  = Z 0 Z 0 . . . 0 Z  = G ( j- te rm s )  a c ts  f r e e ly  on M x R̂

and the  R esu lta n t o r b i t  space under G i s  the  m anifold  M^. Furtherm ore 

th e  flow  ip on M x R  ̂ d e fin e d  by ^ ^ ( x , t i , . .  . , t j  ) = ( x , t i  + v , . . . , t j  + v) 

induces a flow  <p on M* .

§2. j-SUSPENSIONS OF PRODUCT DIFFEOMORPHISMS

We c o n s id e r a p roduct m anifold M x N and commuting p roduct

diffeom orphism s f  ̂  x g i , . . . , f j  x g j  : M x N M x N composed of the

diffeom orphism s fj, : M -* M and g i : N N, i  € { l , . . . , j j .

We have th e  fo llo w in g  theorem .
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3 .2 .1  THE j-PRODUCT THEOREM. Given th e  j - tu p le s  of diffeom orphism s 

f i , . . . , f j  and o f M and N r e s p e c t iv e ly ,  th e n  th e  p roduct

flow  Z j  (M ,f) X Z j  (N ,g) i s  a uniform  f i b r e  flow  on th e  bundle

(M X N)^ X g  ---------------- > X — ---------->  Ti

Moreover th e  flo w  on the  f i b r e  i s  Z j  (M x N, f  x g ) .

[T^ i s  th e  j-d im en s io n a l to r u s ] .

C o ro lla ry . The p roduct of two j-su sp en s io n  flow s i s  n o t s t r u c tu r a l ly  

s ta b l e .

P ro o f . We use the  I n te g r a l  In v a r ia n t  Theorem o f Thom [2 0 ] . We can 

o b ta in  a f i r s t  in te g r a l  by combining th e  p ro je c t io n s  * : M̂  x -> T̂  

and P i : T̂  ^  S f, th e  p ro je c tio n  onto the  f i r s t  g e n e ra to r  of th e  to ru s  

T*̂ . The p ro je c tio n  piW : M̂  x g ives a f i r s t  i n t e g r a l  f o r  which

th e  flow  i s  in v a r ia n t .

The theorem i s  proved by the  fo llo w in g  o b se rv a tio n s .

3 .2 .2  D e f in i t io n . Let h denote the j - tu p le  o f diffeom orphism s 

H i , . . . , 4 j  where h i ; (M x n )^ a (m x  N)^ a i s  d e fin e d  by
X X g  X X g

h il l j .x  g ( x ,y , t )  = ^ ( f i  ( x ) , y , t ) ,  [ t  e RÎ deno tes th e  j - t u p le  ( t i , . . . , t j  ) ] .

3 . 2 .3  THEOREM. The flo w  A on ((M x n )^  ^ d e fin ed  by 

^ v ^ h ® f  X = ^ h ^ ^ f  X where x € M, y  € N

and t ,u ,y  = ( v , . . . , v )  c R̂  i s  equivalent to  the product flow <f> x  tp  

on Mÿ xN^ Tdiere (p  = Z^(M,f) and ip =Zj ( N, g) .

This theorem i s  c r u c ia l  to  3 .2 .1 .  and i s  proved by the  fo llo w in g

lemmas.



3 .2 .4  LEMMA. There a re  maps d e fin e d  as fo llo w s :

qi  : ((M X N k  -> Ma

qg : ( ( m X na

The maps q i ,q 2 a re  d e fin ed  by:
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q i  d l 5 ; ^ ( n j ^ ^ ( x , y , t i , . . .  , t j  ) , U i , . .  . , U j  )  ) =  +  % , . . .  , t j  +  u j  )

qg ^ ( x , y , t i , . . . , t j  ) , U i , . . . ,U J  ) )  =  I I a  ( y , t i , . , .  , t j  )

P ro o f . 1) qi i s  co n tinuous.

From the  d e f in i t io n  of q^ we have q  ̂ i s  w e ll-d e f in e d .

njiCriA^A ( x ,y , t ) , u )  = I]a (x ) ,g i^ . . .g j^  ( y ) , t i - n i , .  , t j - n j  ) ,

-mi > • • • >uj -mj)

l i qi

n j .( x , t i+ U i , . . .  ,tj+ U j ) = ( x ) , t i+ U i- ( n i  +mi ) , . . .  ,t j+ u j  -  (nj+mj ) )

C onsider th e  fo llo w in g  diagram .

M X N X R^x R^--------- ——>M X RJ

(Mx N ) ^ A  X r J

%

V
((MX <3a
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From 2 .1 .8  we have x 1, 11  ̂ and 11̂  a re  open maps. Let qî

be d e f in e d  by q ^ ( x , y , t i , . . . , t j , U i , . . . , u j )  = ( x , t i  + Uj. , . .  • , t j +  uj ) .

Then q* i s  obv iously  con tin u o u s. The diagram commutes;

= qill^Cn^yg  X 1 ) : Mx Nx B^x R* ---- >

Let 0% C Ma be an open s e t ;  then

(n j.l l) " ^ (O i)  = X l ) ) - i ( O i )

=> ( q i r n ÿ - X o J  = i r n g - :  q lX O i)

=> q l^ (O i) = ^ l ) ( q î ) " ^  (O i) . Hence q l^ (O i) i s  open.

Thus qi i s  con tinuous.

2) qa i s  co n tinuous.

From the  d e f in i t io n  o f qg we have qg i s  w e ll-d e f in e d .

% ( n j ^ ^ ( x ,y , t ) ,u )  = %Cnj^A^(f5^i t ? \ f  jJ  (x ) ,g i^ .. (y ) , t i - n i , . . .  , t j - n j  )

u i -n il, .  ,u j -mj )

92 93

Y Y
n ^ ( y > t i , . . . , t j  ) = IIa ( g i l . . g j j ( y ) , t i - n i , . . . , t j - n j  )

C onsider the fo llo w in g  d iagram .

M X N X ftl X r I  -------^ ------ >N X R̂

(MxN)^^a X

%
92 Y

->Na
g
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D efine  qà by q^ (x  ̂  y  — ( y ^ t i  j • • • j t j  ) • Then

qg i s  o b v io u s ly  c o n t in u o u s .  The diagram  commutes;

n^qg = qgllj^Cnj^^ X 1 ) ; Mx N x  R ^ x  R̂  -» N̂

L et Og C N^ be an open s e t ;  th e n  

fflAq^)” ^(Og) = ( 92% ® ^ ^  X l ) ) " ^ (O g )

=> (9 2 )“ ^nA -i(0 g )  = X i ) " in A - iq g -^ (O g )

=> qa"^ (Og ) = n^OlA^^ X l ) ( q a  (O g). Hence qg”  ̂ (Og ) i s  open.

I t  th e n  f o l l o w s  t h a t  qg i s  c o n t in u o u s ,

5 . 2 .5  LEMMA. Given (x q ,S i  , . .  . , s j  ) c Mx R^, th e n  t h e r e  i s  

a  homeomorphism r^  o f  qi”  ̂ (n [j.(xo ,S i, . .  . , s j  ) )  w i th  Ng where r^  i s

th e  r e s t r i c t i o n  o f  qg to  qi"^ ( l I j . (x o ,S i , . . .  , s j  ) ) .

P r o o f . The s e t  qi”  ̂ (II|î(xo , S i , . . .  , s j  ) ) = 51^C n^^(xo  , y , t i  , . . .  , t j  ) ,%  , . . . , u j ) l

s I  — t I + u I , i  = 1 , 2 , . . . , j ] .

The map r ^  i s  d e f in e d  by

r i n j ^ ( I I j ^ | ( x o , y , t i , . . . , t j  ) , 8 i - t i , . . . , s j - t j  ) = I l A ( y , t i , . . . , t j  )

S ince  r% i s  th e  r e s t r i c t i o n  o f  a  con tinuous  map, i t  i s  c o n t in u o u s .

Note t h a t  r^"^ = qi”  ̂Q I^ (x o ,S i , • . .  , s j  ) )  fi q»”  ̂ ; u s in g  t h i s  we g e t

r r ^  (El^Cyo, t i , . . . , t j  ) ) = % (n 2 ^ ^ (x o  , y o , t i , . . . ,  t j  ) , S i - t i , . . . ,  s j - t j  ) .

So we have r^  i s  1-1 an d  c o n t in u o u s .  But rj. i s  a  map betw een compact

s p a c e s .  This fo l lo w s  b ecause  IIa ( x o , S i , . . . , s j  ) ±s c lo s e d  i n  ^  and so 

q"^ (̂[[A ( x o , S i , . . . , s j )  i s  c lo s e d  i n  ((Mx and t h e r e f o r e  com pact.

Hence r% i s  a 1-1 con tinuous  map o f  compact s p a c e s  and so r^  i s  

a  homeomorphism.
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3 . 2 . 6  L~FMMA. G i v e n  c  N  x  ,  t h e n  t h e r e  i s

a  h o m e o m o r p h i s m  r g  o f  qa” ^ 5 1 ^ ( y o  j  t j . , . . .  , t j  )  )  w i t h  w h e r e  r g

i s  t h e  r e s t r i c t i o n  o f  q^ t o  qa"^ (H ^ C y o  .  , t j  )  )  ,

P r o o f .  B y  r e a s o n i n g  a s  b e f o r e ,  w e  g e t

Qa"^ C n ^ ( y o , t i , . . . , t j ) )  =  i I I j ^ ( I I j ^ ^ ( x , y o , t i , . . . , t j ) , U i , . . . , u j ) i  

T h e  m ap  r g  i s  d e f i n e d  b y

rg g ( x > y o  >t i , . . . ,  t j  )  ,U i, . . .  ,u j  )  )  =  I l j . ( x , t i  +Ui, . . . , t j  +UJ )

W e g e t  r g  i s  c o n t i n u o u s  b e c a u s e  i t  i s  t h e  r e s t r i c t i o n  o f  

a  c o n t i n u o u s  m a p p in g  q ^ .  A l s o  r g  i s  1 -1 . N o t e  t h a t  

r g " ^  =  qg"^ (n ^  ( y o  , t i , . . .  , t j  ) )  A  qi**^ a n d  s o  i t  f o l l o w s  t h a t  

r r ^  (n ^ (xo ,S i , . . . ,S j ) ) = ,yo>tx , . .  . , t j ) s i - t i  , . . . , s j - t j  ) .

H e n c e  r g  i s  b o t h  1-1 a n d  c o n t i n u o u s .  A g a i n  a s  f o r  r ^  i n  3 . 2 . 5 ,  r g

i s  a  m a p  b e t w e e n  c o m p a c t  s p a c e s ,  a n d  s o  r g  i s  a  h o m e o m o r p h i s m .

3 . 2 * 7  LEMMA. D e n o t e  a n  e l e m e n t  c f  ( ( M% b y  z ,  t h e n  t h e

m a p p i n g

K  ; z  >  ( q i ( z ) ,  qg ( z ) ) ,  i s  a  h o m e o m o r p h i s m .

K  ; ( ( M < N ) ^ ^ ) ^   N g  .

P r o o f .  A s  f o r  2 . 2 . 6 .

R e m a r k .  I n  f a c t  k  i s  a  d i f f e o m o r p h i s m  s i n c e  a l l  m a p s  u s e d  i n  t h e

c o n s t r u c t i o n  a r e  d i f f e r e n t i a b l e  o f  c l a s s  ( r  ^  1 ) .

3 . 2 . 8  LEMMA.  T h e  f l o w  A  o n  ( ( M x  d e f i n e d  i n  3 . 2 . 3  i s

w e l l - d e f i n e d .

P r o o f .  A s  f o r  2 . 2 . 7 *
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3 .2 .9  LEMMA. The fo llo w in g  diagram  commutes where <p = Z j(M ,f)

qi X 1

M<

P ro o f . Follows d i r e c t l y  from th e  d e f in i t io n s .

3 .2 .1 0 . LEMMA. The fo llo w in g  diagram commutes where ijj = Z j (N,%).

R

P ro o f . Follows d i r e c t l y  from the  d e f in i t io n s .

3 .2 .11 LEMMA.. The flow  A on ((M x N)j^ a )^  i s  a uniform  f ib r e  

flow  on the  bundle

(M X  » ( ( m X )-

Moreover th e  flo w  on the  f i b r e  i s  /l/ = Zj(M x N ,fx  g)

P ro o f. The p ro je c t io n  tt ’ i s  d e fin ed  by

TT ' (n^(H |i^A (x ,y ,t) ,u ) = p (u ) where p i s  th e  n a tu ra l  p ro je c tio n  

p  ; R-̂  -> R ^ / z J  =  t J .
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Let [V i l i  e i j  be a f i n i t e  c la s s  of open su b se ts  o f rJ such th a t

th e  p ro je c t io n  p ; R'̂  -♦ R^/Z^ i s  a homeomorphism on r e s t r i c t i o n  to  each

Vi and iU ilU i = p (V i)j i s  a n  open covering  of , I t  can be

e a s i ly  shown th a t  such a cover e x i s t s .

D efine a i  : Ui x (M x h .7T ^^(U i) ^ 7  «I (p (ü ) > ( x ,y , t )  )

= where u c V i.

Using th e  a t l a s  [ ( U i ,a i ) i  we have a f ib r e  flow  w ith  ju = Z j (M x N ,fx  g)

( p ( u ) ' v )  ---- -------------- > ( I ^ O l ^ ^ ( x ,y , t ) ,u ) ,v )

1 X  Ai

p(ü)

(p (ü ) > n j^ ^ (x ,y ,t+ y ) )--------- ^ -------- > % (n^A  (x ,y ,t+ y )  ,u )

A

g

TT

Y
p(u)

where u e Vi and y  = ( v , v , . . . , v )  e R^.

5 .2 .1 2  LEMMA Using th e  r e s u l t s  of 3 .2 .5 ,  3*2.7 and 3*2.11 we have 

th e  uniform  f ib r e  flow  o f 3 .2 .1  by ta k in g  th e  p ro je c t io n  tt = irV ”  ̂ :

M «  X  N -* and th e  co v erin g  [Ui] w ith  c o o rd in a te  fu n c tio n s  /Sj, = Kai
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P ro o f . The fo llo w in g  diagram commutes f o r  i  6 I .

U i  X  ( M x  X  E — Î L Ü J -------- >  T ' - i ( U i )  X E  _ iü J -------- >  K i r ' ‘ ‘ ( u O x  E

1x /i

UL

Ul X  (M X  N)a^^--------00--------------^

->Ul

(f)X Ip

t t '

M
1

\ t
1

\

TT

> Ul

The com m utativity  o f th e  diagramfoHcws from lemmas 3 .2 .7 ,  3*2 .9 , 3 .2 .1 0  

and 3*2.11 .

I t  fo llo w s  th a t  th e  diagram  below commutes f o r  i  £ I.
Ul X  (Mx N ) ^ a  X  R — ------- > Or'/c"^)"^(Ui)

Ul X  (M X N ) a ^ a

^x ip

y

i î i ----------- > ( f 'K - l ) - l ( U l )

TT

UL
\ r

^  Ul

§3* ( j,k)-SUSPENSIONS

3 . 3.1 D e f in i t io n . V/e d e fin e  a ( j , k )  suspension  of a m anifold 

and i t s  diffeom orphism s f i , . . . , f j  and a m anifold N and i t s  d i f f e o 

morphisms g i , .* * ,g k  to  be th e  p roduct flow  Z j(M ,f) x Zk(N ,g) on

Mj.  X  N ^  *
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5.5*2 D e f in i t io n . Let Ê'x g denote the k - tu p le  of diffeom orphism s 

f i  X g i ,  fg  X  g g , . . . , f j  X g j ,  1 X X  gk : Mx N M x  N.

Suppose j  < k .

3•3*3 D e f in i t io n . Let h i»  i  = be th e  diffeom orphism s d e fin e d

by
blCllA^A ( x , y , t i , . . .  , t k )  ) = n A ^ |( f I (x )  , y , t x  , • . .  , t k ) .

Remark. In  §2  we considered  th e  s p e c ia l  case  of j= k . Obviously we 

lo se  no g e n e r a l i ty  in  t h i s  s e c tio n  by tak ing  j  < k a s  in  3*3 .2 .

3 . 3*4 THE ( j ,k )  PRODUCT THEOREM» Given th e  commuting j , k  tu p le s  o f 

diffeom orphism s f i , * . . , f j ,  g i ,* . . , g k  th e  m anifo lds M,N r e s p e c t iv e ly  th en  

th e  ( j , k )  suspension  of th e se  diffeom orphism s i s  a uniform  f ib r e  flow  on

(M X X  — - — >  T̂

Moreover the flow  on the  f i b r e  i s  2k(M x N, f  x g ) .

C o ro lla ry . A ( j , k )  suspension  i s  n o t s t r u c tu r a l ly  s ta b l e .

Remark. The lemmas re q u ire d  f o r  t h i s  theorem fo llo w s  a s im ila r  p a t te rn  

to  th o se  of c h ap te r  2 , §4» The maps a re  not com pletely  analogous because

o f th e  non-sym m etrical c o n d itio n  j  < k# However, some o f th e  p roo fs  w i l l

be a b b re v ia te d  because of th e  s im i la r i ty .

3*3*5 THEOREM. Using 3*3*3, the  flo w  À on ((M x d efin ed  by

, b i , . . . , t k ) ,U i , .  . . ,u j  )) = A ^ ( n ^ ( n ^ ^ ( x ,y , t i  + v ,tg + v ,..^  bk+v),

) )

i s  eq u iv a len t to  th e  p roduct flow  <f> x  p  on x N* where <f> = Z j(M ,f) 

and (ft = Zk(N,%).
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To prove t h i s ,  from which 5*3*4 fo llo w s , we re q u ire  th e  fo llo w in g  lemmas.

3.3*6 LEMMA. There a re  maps q^,qg such th a t

q i  ;  ( ( M  X   Mj ,

q g  :  ( ( M  X  >" N a

These maps a re  d e fin ed  by :

qi (% (nj^A  ( x ,y , t i  , . . . , t k ) , u i , . . . , u j ) )  = I I j,(x ,ti+ U i, . . .  , t j+ u j  ) 

q2 ,* * * ,tk )  , u i , . . .  ,u j ) ) = n ^ (y ,  t i , * . . , t k )

P ro o f. 1 ) qi i s  w e ll-d e f in e d  and co n tin u o u s. The c o n tin u ity  of q^

i s  proved by c o n s id e ra tio n  of th e  d iagram .

M X N  X X ^ ---------- > M  X r J

(M X N ) j , ^ A  X R̂

%

( ( M  X Oi ->  “f

D efine qi by q l ( x , y , t i , . . . , t k ,U i , . . . ,u j ) = ( x , t i+  u j ) .

Then th e  diagram  commutes. Ey th e  techn iques a s  used b e fo re  we o b ta in  

th e  c o n tin u ity  o f q^ .

2 ) qg i s  w e ll-d e f in e d  and co n tin u o u s . The c o n tin u ity  of qg

i s  proved by c o n s id e ra tio n  of th e  diagram .
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M X N X X

(m X X R̂

((M X N)â a)a

JS >N X Ri

qg

IL

V
Na 

-> S

D efine qà by q2( x , y , t i , . . .  ,tk ,U i , . . . ,  uj ) = ( y , t i , . . . , t k ) .  Then 

th #  diagram  commutes. Again u s in g  th e  tech n iq u es  of 3*2.4 we have th a t  

qg i s  a continuous map.

3. 3 .7 LEMMA. Given (x o ,S i , . . . , s j ) e M x r I , th e re  i s  a homeomorphi sm

r i  o f q I^ (n ^ (x o ,S i, . . .  , s j  )) w ith  N^, viiere r^  i s  th e  r e s t r i c t i o n  of 

[j(
' f ' - ........................  • g-

qg to  q I ^ ( I k ( x o ,S i , . . . , s j  ) ) .

P roof. From the d e f in i t io n  of q  ̂ i t  fo l lo w s  that çiï  ̂CIj.(xo,Si, . . .  , s j  ) ) 

= [ I l5 ^ ( I I j ^ ^ ( x o ,y , t i , . . . , t k ) ,U i , . . . ,u j ) |y  e N ,t i+  % = S i , . . . , t j +  uj = sj i

From th e  d é f in i t io n  of r^  we have;

r ^ Ol^CH^gC^o, y , 1 ' i , . . . , t k ) , U i , . . ,u j ) )  = I I g (y ,t i  , . . . , t k ) .

I t  fo llo w s  th a t  r i  i s  1-1 because

r I ^ C n ^ ( y , t i , . . . , t k ) )  = H A ^ ( n j ^ A ( x o ,y , t i , . . . , t k ) ,S i - t i , . . . , s j - t j  ) .

Hence r^ i s  a 1-1 continuous map be ing  the  r e s t r i c t i o n  of 

qg ; ((M X "*■ Hg. The assum ption  of the  compactness of M and N

give  us t h a t  r^  i s  a  1-1 continuous map betw een compact spaces and so 

r^  is  a homeomorphism.
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3.3*8 LEMMA. g iv en  (y o , t î  , . . .  ,t{() c N x th e re  i s  a homeomorphism

rg o f  q2^ (I lA (y o ,ti, . .  . , t (c ) )  w ith  MJi, where rg i s  th e  r e s t r i c t i o n  of 

qi to  q ^ ^ ( [ lA ( y o , t i , . . . , t ( ( ) ) .

P ro o f . The s e t  (IlIa (yo ,ti , ... ,tk’) ) = [IIĵ Cnĵ A (x,yo,ti , ... ,-tk') ,% , • * * ) I
X € M, ( u i , . . . , u j )  e R l I .

From th e  d e f in i t io n  of rg  we have;

^2  ,  .  •  .  )  , U i  ,  .  .  .  , U J  )  )  =  r i j , ( x , t i  +  U i , . . * , t J +  U j ) .

I t  fo llo w s th a t  rg i s  1-1 because

rg^ (n ^ (xo ,S i , . . . , s j ) )  = nj^([Ij^^(xo-jiyo , t i , . .  * ,1^ ) , 8 i —t i , * * * ,s j  —t j  ) ] .

Hence rg  i s  a continuous 1-1 map between compact spaces f o r  re a so n s  yh ich

we have p re v io u s ly  d isc u sse d  and so rg i s  a homeomorphism#

3*3.9 LEMMA. Denote an elem ent of ((M x H)j^A by z , then  th e

mapping k ; z ------> ( q i ( z ) ,q g ( z ) )  i s  a d if f e o  morphism#

K ; ((M X N)j.^a)^ ------> X N^

P ro o f. As f o r  2 .2 .6 .

3*3*10 LEMMA. The flow  A on ((M x d e fin ed  by 3*3*5 is

w e ll-d e f  ine  d •

P ro o f . As f o r  2 .2 .7*

3*3*11 LEMMA. The fo llo w in g  diagram commutes where <f> = Z j ( M ,f ) .

((M X N)a^ a )a X R  Ï lL J  >Mj. X R

A

Y Y
((M X N ) j .^ A  ______________q i _____________ M̂j.

Pro o f . Follows d i r e c t l y  from  the d e f in i t io n s .
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3.3*12 LEMMA. The fo l lo w in g  diagram  commutes where Zk (N,g) 

((M X N)j,x^){^ X R  S s l l  >MA x E

A

((M x N ) ^ A ) ^ _________qg
g

P r o o f . Follow s d i r e c t l y  from  th e  d e f i n i t i o n s .

Lemmas 3*3*9, 3*3*11 and 3*3*12 g iv e  th e  e q u iv a le n c e  o f  theorem  

3*3*5*

3*3*13 LEMMA. The flow  A on ((M x i s  a  un ifo rm  f i b r e

flov/ on th e  bund le

( M  X  . ( ( M x

a n d  th e  flow  on th e  f i b r e  i s  Zk (M x  N ,fx  g ) .

Remark. The proof i s  c o m p le te ly  ana logous  to  t h a t  o f  3*2.11; however 

we need t h e  d e f i n i t i o n  o f  th e  a t l a s  o f  l o c a l  c h a r t s  an d  th e  p r o j e c t i o n  tt * 

f o r  th e  n e x t  lemma. W ith th e  u s u a l  n o t a t i o n ;

Ul = !p (ü )Iü  • Pefine7r’ty B -'(riA C [lA ^ (n A ^ A (x ,y ,ti,...,tk ) ,U i,...,U j ))

p ( u i , . . . , u j )  and th e  a t l a s  o f  l o c a l  c h a r t s  i s  g iv e n  by [ ( U i , a i ) J  where 

at ; Ul X (M X n )a^ a ’ (U i) i s  d e f in e d  by <  ( p ( u ) ,  I î j ^ A ( x , y , t ) )  =

where u  e V i , V  i c  I
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3 .3 .1 4 LEMMA. The p ro je c t io n  n  = tt k & X Na -* qU and th e  a t l a s

of lo c a l  c h a r ts  [(Ui,Ka% ) [ ie  I  ] g ive th e  s t r u c tu r e  f o r  the  uniform  

f ib r e  flow o f 3 .3*4 .

§4* j-SUSPENSIONS OF BUNDLE DIFFEOMORPHISMS 

C onsider th e  bundle of m anifo lds

TTN- ->-B- ->M

and th e  j - t u p le  of commutative bundle diffeom orphism s (hj. , f i  ) ,  • .  .(h j  , f j  ) 

such th a t  th e  diagram s commute f o r  i  = 1 ,2 ,* . . , j .

h i

3*4*1 D e f in i t io n . Let th e  diffeom orphism s l i '  = (h{ , * * * ,h j ) be 

d e fined  by h[ ; B ^ -♦ where h = ( h i , * . . , h j )  and h^ C llj^(b ,ti, . . .  , t j  ) ) 

rij^(hi (b ) ,  t i , • • . ,  t j  ) ,  1 = 1 , . . . , j «

N o ta tion

N otation

1 : N^.

Let N = T T ~ ^(x ) ,  th e  f ib r e  over x  in  B.

Let 1 denote the  j - t u p le  of id e n t i t y  diffeom oiphism s

3.4*2 THE j-BUNDLE THEOREM. Given the bundle of m anifo lds

N -»B IT ->M

and j-commuting bundle diffeom orphism s ( h i , f i ) , . . . , ( h j , f j )  w ith  j  d e riv e d  

diffeom orphism s h j ; -> B^, then  3  & uniform  f i b r e  flow  À on th e

bundle

Bj  ̂ ^  -̂tI ,  where th e  flow  on th e  f i b r e  i s

Z j(B ,h ) ,  such t h a t  A i s  a ls o  a lo c a l  p roduct flow  on th e  bundle
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— - >Mj.

A A
The flow  on MJ, i s  Z j(M ,f) and th e  f lo w  on i s  Zj (N, 1 ) .

Remark. Most o f th e  lemmas re q u ire d  fo r  3*4.2 fo llo w  from s im ila r  

sta tem en ts  to  th o se  in  th e  p roof of p rev ious theorem s of th i s  c h a p te r . 

However f o r  com pleteness we w i l l  s ta t e  the lemmas w ithou t p ro o f excep t 

f o r  those concerned w ith  c o n s tru c tio n  o f a t l a s e s  of lo c a l  c h a r ts  ivh ich  

we s h a l l  g iv e .

3 .4 .3  lEMMA. There e x i s t s  a continuous m ^ q : Mj, d e fin ed

by

q ( n ^ , ( I l A ^ ( b , t ) , u )  = I I j . ( 7 r ( b ) , t i +  u i , . . . , t j +  u j )

3 . 4 .4  LEMMA. Given ( x o , S i , . . . , s j )  e M x r I  ; then

q"^(llA(xo,Si , . . . , s j  ) )  = [ I l A | ( n A ( b , t i , . . . , t j ) , S i - t i , . . . , s j - t j ) |7 r ( b ) =  Xoi

3 .4 ^  lEMMA. Given (x q ,s ^ , . . . , s j  ) e M x R̂  ; then th e re  e x i s t s

a homeomorphism

*(xo ,S o) : ^

3 . 4 .6  LEMMA. There e x is t s  an eq u iv a len ce  between th e  flo w  Z j(N  ,1 )Xq

on (N^ )(j and th e  flow  Zj (N ,1) on .

3 A . 7 LEMMA. The f i b r e  flow  A of the  theorem  i s  d e fin ed  by

A^(IIj^, (n j^ (b ,0 ,u )  = ( n ^ ( b , t i+ v , . . . , t j + v ) ,u i , . . . ,u j ) .

3 .4 .8  D e f in i t io n . Let (U ',/9) be an a t l a s  o f lo c a l  bundle c h a r ts  

fo r  the  bundle

N ------- — — >M
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3*4.9 D e f in i t io n . Take an open covering  [u] of Mj, to  be d e fin e d  

w ith  ty p ic a l  elem ent

U = [n ^ (x ,u ) I X € U ', u € Vi ]

3 .4*10 LEMMA. Given the  open covering  [u] o f Mjk then  3  sn a t l a s

o f lo c a l  bundle c h a r ts  (U,y ) fo r  th e  bundle

Ncj  ^Mj,

C o n stru c tio n  o f a t l a s . Let us tak e  U = x Vi ) say . Then

Y : U x  N A-> q -^(u ) i s  d e fin e d  by Y (nj.(x , S i , . . .  , s j  ) ,  11̂  ( y , t i , . . .  , t j  ) )

= n ^ , ( l l ^ f e ( x , y ) , t i , . .  . , t j  ) ,S i  -  t i , . .  . , s j  -  t j  ) .  Again in  t h i s  d e f in i t io n  

we s t ip u la t e  th a t  £  = ( s i , . . . , s j )  must take  v a lu es  such  th a t  _s e V i.

3 . 4.11 LEMMA. The flow  A in  th e  j-Bund le  Theorem is  th e  lo c a l

p roduct flow  a s  in d ic a te d  in  3 .4 .2  using  th e  a t l a s  o f lo c a l  bundle c h a r ts ,

( u , y ) -

§5 . THE RELATIONSHIP BETWEEN .1 a rd  .i-1-SUSPENSIONS

3 . 5.1 THEOREM. Given th e  m anifold  M and j-commuting diffeom orphism s

f i , . . . , f j  and deno ting  , . . .  by Î* and f^ , . . .  , f j» i  by îi then  

Zj  (M,f ) i s  a lo c a l  p roduct flow  on th e  bundle

Ma  >MJ,
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The flow  on the  f i b r e  i s  Z j_ i(M ,h) and. th e  flow  on th e  base 

i s  th e  u n i t  flo w .

Remark. This g iv e s  a r e la t io n s h ip  between Z j and Z j _ i .  An example 

o f Zj  f o r  j=2 i s  th e  lo ck in g  on phenomenon of th e  Van d e r  P o l O s c i l la to r  

d isc u sse d  in  C hapter 1 . This i s  th e  s im p le s t example o f th e  p o in t 

m anifo lds w ith  id e n t i ty  diffeom orphism s g iv in g  th e  d iagonal flow  on th e  

to ru s ,  a  p e r tu rb a tio n  o f which i s  th e  lo c a l  flow  when the  o s c i l l a t o r  runs 

synch ronously .

3 .5*2 D e f in i t io n . Let f j  : -» be th e  diffeom orphism  d e fin ed

by ^*jH^(x, t i  , . . . , t j ) = II|^(f J (x) , t i , .  • • , t j _ i  ) •

3 . 5 . 5  L E M M A .  T h e r e  e x i s t s  a  d i f f e o m o r p h i s m  k  b e t w e e n  MJ, a n d

P r o o f .  D e f i n e  x  :  Mj,  b y  / c T I j . ( x , t i , . . . ,  t j  )  =

ï ï f J  , . . .  , t j - i  ) , t j  ) .  T h e n  k  i s  w e l l - d e f i n e d  b e c a u s e

H j ; ( x ,  t i  , . . . , t j )  =  n ^ ( f  1 • .  . f J  "I ( x )  , t % —n ^  , . . . ,  t j —n j  )

% j G % ( x , t i , . . . , t j . i ) , t j )  = (x ) , t i - n i , . . . , t j - n j _ i  ) , t j - n j )

I t  i s  e a s i ly  checked t h a t  k i s  a  1-1 map. We have th a t  k i s  a 

homeomorphism by c o n s id e ra tio n  of th e  fo llo w in g  d iagram .
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%

Mf  4-

1̂1
^  (M X R l-^ ) X R 

% x  1

MA X R

%

D efine th e  diffeom orphism  by ici ( x , t i , . . .  , t j  ) = ( ( x , t i , . . . ,  t j _ i ) , t j ) .

We th e n  have

/Jlj, = (Üâ  x 1 )/ci ; m x rI  -*

=e> (K n jJ 'i(O i)  = (H^^cn^x 1 )%1 ) ,  f o r  an open s e t  Oi Ç  (M^)^^

=> k "^ (O i) = ^(n^x and so /c"^(Oi) i s  open.

T herefo re  k i s  co n tin u o u s .

A lso we have

ÏÏAkï^ = ([Igx 1) ; Mx rI“  ̂ X R-*- Mj

Using t h i s  com m utativity and th e  f a c t  th a t  Ki  i s  a diffeom orphism  and 

a l l  th e  p ro je c t io n  maps a re  open we have th a t  k“^ i s  co n tin u o u s . Hence 

K is  a  homeomorphism. Again s in ce  d i f f e r e n t ia b le  maps a r e  used to  d e fin e  

K and k “^ we have th a t  % i s  a diffeomorphism#

3.5 A  TEMMA. The flo w  A on th e  bundle

where A i s  d e fin ed  by A ^ ( r i p ^ ( r i ^ ( x , t i , . . . , t j _ i ) , t j  ))  = (H j^(x,ti+  v , . .  

t j _ i +  v ) , t j + v ) ,  V e R, i s  a lo c a l  p roduct flow where th e  flow  on th e

f ib r e  i s  Z(M,Îi) and th e  flow  on th e  base i s  th e  u n i t  f lo w , ÿ .
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P ro o f . Define th e  a t l a s  o f c h a r ts  (U ,a) as fo llo w s . Let {Ui ,Ug ] be 

a  covering  of where Ui = ip ( u ) |0  < u <  1 j and Ug = [p (u .) |3 /4 <  u< 5/4]

where p i s  th e  n a tu r a l  p ro je c tio n  p ; R -* E/Z = .

D efine : Ui x ir ) by ai (p (u ) ( x , t i , . . .  , t j  ) ) =

(I I j^ (x ,t i , . . .  , t j . . i  ) ,u )  such th a t  in  th e  d e f in i t io n  u i s  made to  

tak e  a value 0 < u < 1 . S im ila r ly  we d e fin e  Og : Ug x (Ug )

by Og ( ^ ( u ) , I I ^ ( x , t i , . . . , t j „ i ) )  = rij^CTIj^Cxjti,. . . , t j - i ) ; u )  where 

3 /4  < u < 5 /4 . For reasons a s  to  why cti a re  diffeom orphism s see 

appendix 2 .

This a t l a s  o f lo c a l  bundle c h a r ts  i s  th e  one which we use to  g ive  

us th e  lo c a l  p roduct f lo w . Choose Uq such th a t  0 < Uq < 1 . Let

R[p(uo )] = lp (u )l -Uo < V < 1 -  U oî.

Then we have com m utativity  in  th e  fo llo w in g  d iagram .

(p X Zj_i(M,h)

!

(p(uo + v) ,n^(x ,t i+v , . .  . , t j - i + v ) --------- ^ ( n ^ ( x , t i + v , . . . ,tj_i+v),Uo +v)

p(uo+v)-

ir

-i> p(ib +v)

A s im ila r  com m utativ ity  i s  ob ta in ed  f o r  Og .

3 . 5^  LEMMA. The diffeom orphism  k of 3*5.3 g iv e s  the e q u iv a lo ice  

o f th e  flow  A on and Z j(M ,f)  on MJ .

P ro o f . The fo llo w in g  diagram  commutes.
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X R

Mj

3 . 5.6 LEMMA. The a t l a s  î (Ui, K“ ^ai ),(U 2,ac“ ^02 ) î g iv es  the  lo c a l  

p ro d u c t flow  (p X Z j_ i (M,h) on th e  bundle

Mv

Proof . This fo llo w s from 3*5*3 and 3 .5 .4 .
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CHAPTER 4  

ALGEBRAIC PROPERTIES OF Z

go. INTRODUCTION

In  th e  p rev ious two c h ap te rs  we have lo o se ly  r e f e r r e d  to  Z as an 

’ o p e ra to r ’ p u re ly  a s  a d e s c r ip t iv e  term . In  th i s  c h ap te r  we w i l l  s e t  

up c a te g o r ie s  and show th a t  Z can be re p re se n te d  a lg e b r a ic a l ly  as 

a c o v a r ia n t fu n c to r  w ith  re s p e c t to  th e se  c a te g o r ie s . A lso considered  

i s  the  i n t e r - r e l a t i o n  between Z and o th e r  o p e ra tio n s  on m anifo lds such 

as  th e  boundary of a m anifo ld  and th e  i n t e r i o r  o f a m an ifo ld . 8 im ila r  

r e s u l t s  a re  s ta t e d  f o r  Zj,  ( j e  Z^).

§1. NOTATION and DEFINITIONS

We ag a in  c o n s id e r a l l  m anifolds to be compact and of c la s s  ( r  ^  1 ) 

and a l l  diffeom orphism s to  be of c la s s  ( r  ^  1 ) .  We d e fin e  th e  various

o p e ra tio n s

4.1 .1 N o ta tio n . Let M be a m anifo ld  w ith  boundary and l e t  5 (m)

denote the boundary of M, which i s  a subm anifold of M.

4 .1 .2  N o ta tio n . Let M be as in  4 .1 .1  and take I ( m) to  denote

th e  i n t e r i o r  of M, which i s  a subm anifold o f  M.

4 .1 .3  D e f in i t io n . Let D(m) denote th e  double o f the  m anifo ld  M.

I t  i s  d e f in e d  as  fo llo w s . Let M be a m anifo ld  w ith  non-empty boundary. 

Take Mq = M x 0 and Mi = Mx 1 a s  two co p ies  of M. Then D(m) i s  

Mo U Ml, w ith  p o in ts  (x ,0 )  and ( x , l )  i d e n t i f i e d  f o r  x e  9 (m) .

A d e f in i t io n  of th e  d i f f e r e n t ia b le  s t r u c tu r e  appears in  Appendix 4#

The d e f in i t io n s  of ca teg o ry  and fu n c to r  a ls o  appear in  Appendix 3 .
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§ 2 . FÜNCTORIAL REPRESENTATION OF Z

4 .2 .1  D é f in i t!o n . Let th e  ca teg o ry  77% have as o b je c ts  the p a i r s

(M ,f) where M i s  a m anifold  and f  i s  a diffeom orphism  f  : M M.

Let th e  s e t  o f morphisms between (M ,f) and (N ,g) denoted by

[(M ,f ) , (N ,g)] be  d e fin e d  a s  th e  s e t  o f t r i p l e s  { ( k , f , g ) |k ;  M N and

k f = gk : M -» N}.

4 .2 .2  D e f in i t io n . Let th e  ca tego ry  Jg  have a s  o b je c ts  the  flows

Z(M ,f) w hich a re  suspensions o f d iffeom orphism s. Let th e  s e t  of morphisms

between Z (M ,f) and Z (N ,g ), deno ted  by [Z (M ,f), Z (N ,g )] , be d e fin e d  a s

fo llo w s . The t r i p l e  ( k , f ,g ) *  e [Z (M ,f), Z (N ,g )] i f  k ; M -» N and

k f  = gk : M-* N. Let Il„  and IÏ be th e  u s u a l p ro je c tio n  maps. ThenI g
t h i s  means th e re  i s  a w e ll-d e f in e d  map k(f ,g )  ; -*• N^ given by

k(f ,g)n^(x,s)  =IIg(k(x),s) .

4 .2 .3  LEMMA Z i s  a fu n c to r  from the ca teg o ry  Vfl to  th e  ca teg o ry  ? g

Z ; ttl ? g .

P ro o f . 1 ) f d  i s  a c a te g o ry .

R efe rrin g  to  th e  d e f in i t io n  in  Appendix 2 . We have a lre a d y  s a t i s f i e d  

c o n d itio n s  C1 and C2. Consider th e  t r i p l e  ( ( E ,e ) , ( P ,f ) ,  (& ,g)) of 

o b je c ts  of TR . Then a map i s  d e fin e d

[ ( E ,e ) , ( p , f ) ]  X [ ( P , f ) , ( e , s ) ]  -  [ ( E ,e ) ,(& ,g ) ]

( ( p > e , f ) , ( q , f , g ) )  ( q p ,e ,g ) .

This fo llo w s because

pe = fp  ; E -+> F and qf = gq : F G 

=> q = gqf"^ ; F -> G

=> qpe = g q f '^ fp  : E G
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=> qpe = gqp : E -* G-

=> (qp>e>g) (  [ ( E ,e ) ,( & ,g ) ] ,  hence C3 i s  s a t i s f i e d .

To s a t i s f y  C4 we take th e  id e n t i ty  morphism e [ ( E ,e ) , ( E ,e ) ]

a s  th e  t r i p l e  ( l ^ , e , e ) .  We have C1 -  C4 s a t i s f i e d .

AC1. Let ( p . e . f )  e [ ( E , e ) ,F , f ) ] , ( q , f , g )  e [ ( P ,f ) , ( & ,g ) ]  and

( r ,g ,h )  e [ (& ,g ) ,(H ,h ) ] . Then we have a s s o c ia t iv i ty ;

( ( r , g , h ) ( q , f , g ) ) ( p , e , f )  = ( r q , f , h ) ( p , e , f )  = ( r q p ,e ,h )

( r , g , h ) î q , f , g ) ( p , e , f ))  = ( r ,g ,h ) ( q p ,e ,g )  = ( r q p ,e ,h )

AC2. Let ( p , e , f )  € [ ( E , e ) , ( P , f ) ] .  Then

( F  =  ( l p P * G , f )  =  ( p * G , f )

2) i s  a c a teg o ry .

We have d e fin ed  th e  o b je c ts  to  s a t i s f y  C1. We must check th a t  the 

morphisms o f [Z (E ,e ) , Z ( F ,f ) ]  a re  w e ll d e f in e d . Let ( p ,e , f ) *  be such 

a morphism th en  (p ,e ,f)* C [^ (x ,s ) = I I ^ ( p ( x ) ,s ) .  However I I^ (x ,s )  = 

IIg (e '^ (x ),s--n ), n e Z and so (p ,e ,f )^ % g (e " (x ) ,s -n )  = I I^ (p e " (x ) ,s -n )  = 

n ^ (f '^ p (x ),s -n )  = n ^ ( p ( x ) , s ) . • This ensures C2 i s  s a t i s f i e d .  To check C3

l e t  us consider th e  morphisms ( p , e , f  j * : Z ( E ,e )  -» Z ( F ,f )  and

(q>f»g)* : Z ( F , f ) -> Z (& ,g ). Then we have th e  map ( ( p ,e , f ) * ( q , f ,g ) * - »  

(q p ,e ,g )* . The morphism (q p ,e ,g )*  : Z (E ,e ) -* Z(G-,g) i s  w e ll d e fin ed  

because qpe = gpq ; E -» G. The c o n d itio n  C4 i s  s a t i s f i e d  by ta k in g

^Z(M f )  ih e  morphism ( i ^ ^ f , f ) * .  The two axioms AC1 and AC2 can

now be e a s i ly  checked a s  above f o r  th e  ca teg o ry  .

3) Z i s  a COvariant fu n c to r .

We d e fin e  th e  fu n c to r  as fo llo w s T,: TO. ■* 7^ ,

i )  Given (E ,e ) e 7Yl , th e n  Z g iv e s  Z (E ,e )  e 7$

i i )  Given ( p , e , f )  e [ ( E ,e ) ,F , f ) ]  t h e n Z ( p ,e , f )  = ( p ,e , f ) *  .
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The c o n d itio n s  P1, P2 h o ld .

P1. Z ( l g ,e ,e )  = ( lg ,e ,e ) *  = 1^ (E ,e )

P2. Z ( ( q , f , g ) ( p , e , f ) )  = Z(qp,e,g) = (qp,e,g)*

Z (q , f ,g )Z (p ,e , f )  = ( q , f , g ) * ( p , e , f )* = (qp,e,g)*

§ 3. FLOWS ON BOUNDARIES OF MA.NIFOLDS

4*3«1 THEOBEM Given th e  m anifold  M and diffeom orphism  f  : M -» M, 

l e t  (p = Z(M ,f) be the suspension  flow  on M^. Let ÿ : x E be

th e  induced group a c t io n  on R. Then 0 |9(M ^) x R : 0 (M^) x R -> 0 (M^) i s  

w e ll-d e fin e d  and <p\d{}A^) x R i s  e q u iv a len t to  Z(3M ,f^) where 

fg = f |ô M ; dM -*> 5M. This i s  proved by th e  fo llow ing  lemmas.

4 . 3 .2  LEMMA. Given a m anifold M w ith  boundary and a diffeom orphism  

f  ; M M then  f^ = f|0M is  a diffeom orphism  of dM onto 9M.

P ro o f . Let th e  d i f f e r e n t i a b le  s t ru c tu re  on M be th e  c o l le c t io n  of 

co o rd in a te  neighbourhoods (U ,h ). Take a p o in t x e 9M, th e n  we have

f ( x )  € 9M. To prove th is : ,  suppose n o t, then  f ( x )  e V where V i s  some

coord ina te  neighbourhood of f ( x )  and by assum ption k ( f ( x ) )  e k(v) There 

k(v) i s  open in  R"*. Let U be a co o rd in a te  neighbourhood of x , then

h(u) C H”* w ith  h (x ) c r'""^ = 9H^, (h™ = h a l f  m -space). We th en  have

th a t  th e  diffeom orphism  k fh“  ̂ tak es  an open neighbourhood of h (x ) in  H"* 

in to  an open neighbourhood of k f(x )  in  R”’ w ith  h (x ) e dH”*. This

c o n tra d ic ts  Brouw er's theorem  on in v a ria n ce  of domain [31 ]• So f ( x )  c dM

and we have f |d M : dM -» f(dM) C dM. In  f a c t  f(dM) = dM. This fo llo w s

because f “  ̂ i s  a lso  a diffeom orphism  : M-»■ M and so f^ (d M ) C dM =»

dM = f  (f~ i(dM )) C f(dM) C dM =ô> f(dM) = dM.
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4»3*3 lEMMA. The m anifo lds (dM) _ and d (M^) a re  d i f f  eomorphio •
^d

P ro o f . With the  u su a l n o ta tio n  we have th a t  d(M^) = ([I^| dM x R)(dM x R) . 

C onsider th e  fo llo w in g  diagram vdiere d ; (dM)^ -» d(M^) i s  d e fin ed  by

d(H^^(x,t)) = n ^ (x , t ) ,  X e dM, t  e R.

dM X R 

^d

(dM)

->dMxR

n^ldMxR

I t  can be e a s i ly  checked th a t  th e  diagram commutes

1) d i s  w e ll-d e f in e d . This fo llo w s because f^ (x) = f ^ x ) ,  f o r  x f  dM,

2 ) d i s  1 -1 . We have d " ^ (Q ^ (x ,s )) = d " ^ ( [ I^ ( f " (x ) ,s -n ) )

= [n„ ( f " ( x ) , s - n ) |x  € dM, n c Zj 
^d

= [n« (f_^ ( x ) , s - n ) |x  e dM, n e Z]

= n ^ ^ ( x ,s ) .

3) d i s  con tin u o u s.

This fo llo w s  from the  com m utativ ity  of the  diagram in  the  u su a l way n o tin g

th a t  i s  open and II |̂dM x R i s  th e  r e s t r i c t i o n  of a continuous map,

n ^ .  We have th a t  d i s  1-1 and co n tin u o u s . Our assum ption of M being

compact g iv es  us t h a t  dM i s  compact and so dM„ a re  com pact.
I  I g

Hence bo th  dM^ and dM  ̂ a r e  com pact. The map d i s  between compact 

spaces and so i s  a homeomorphism#

In  f a c t  s in c e  d i s  d e fin e d  in  terms o f d i f f e r e n t ia b le  maps we have 

th a t  d i s  a diffeom orphism #

4 .3 * 4  lEMMA. The diffeom orphism  d g iv es  th e  equ ivalence o f 

theorem  4*3 *1 #
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( a n L  X R a X 1 .a (u ^ )x H
^a ------------------------------------ 1

A

(aw)

*|a(M ^)xR

-> a(M^)

where A = 2 (a M ,f , ) .

Remark. By ta k in g  th e  in c lu s io n  i^ ^  : dM -* M we o b ta in  a morphism

( i^ j^ ,f ^ ,f )  e [(d (M ),f^ ,(M ,f ) ] .  The fu n c to r  Z g iv es  Z (d (M ),f^ ) and 

S (M ,f) and th e  morphism (i^ j^ ,f^  , f )* e [Z(dM,f^ ) ,  Z (M,f ) ]

§4. FLOWS ON INTERIORS OF MANIFOLDS

4 .4 .1  THEOREM. Given th e  manifoldMand diffeom orphism  f  ; M-> M, l e t

<p = Z(M,f ) be th e  suspension  flow  on M^. Ihen ÿ | I(M^) x  R : l(M^)xR-» I(M^) 

i s  e q u iv a len t to  Z ( l ( M ) ,f j )  where f ^  = f | l ( M ) .

Remark. I t  fo llo w s from the  f a c t  t h a t  f^  i s  a diffeom orphism  o f  dM onto

i t s e l f  th a t  we have

f j  ; I ( m) -> I ( m) w ith  f^  = f  | I ( m)

We need the fo llo w in g  lemmas fo r  theorem 4 .4 .1 .

4 .4 .2  LEMMA,. The m anifo lds ( i (m))«  and I(M„) a re  d iffeom o rp h ie .
I

P ro o f. V/e use the  f a c t  th a t  I(M«) = [ I I « ( x , t ) |x  ç l (M ) ,t  € R j.

Define d^ : I ( m)„ I(M^) by di(II« ( x , t ) )  = I I « ( x , t ) ,x  e l(M ) ,t  e R.
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The diagram commutes

I(m) X  E

I(M),

X  E

As f o r  d we can e a s i ly  check th a t  d^ i s  w e ll d e fin ed  and 1-1 •

The c o n tin u ity  of d^ fo llo w s  in  th e  u su a l way from use o f th e  com m utativity  

of th e  diagram . To prove th e  c o n tin u ity  of d [^  co n sid er th e  fo llo w in g

d iagram .

I(m) X R -  —  >M X  R

I(M), -> M ,

where i  ; I ( m) M i s  th e  n a tu ra l  in c lu s io n  map (a  diffeom orphism  onto

i t s  im age). Because I ( m) i s  open in  M the  in c lu s io n  map i  : I ( m) M

i s  opeh. Let 0 be an open s e t  o f I ( m)„  . Then
I

ài(o) = diH. Oi;^(o)) = n J i x  (0 ).
I  I

However d i ( o )  C I(M^) C and s in ce  I(M^) C i s  an open su b se t 

i t  fo llo w s th a t  d i ( o )  i s  an open s e t  of I ( m) .

Hence d^ i s  a  homeomorphiam. Because dj_ i s  c o n s tru c te d  w ith  

d i f f e r e n t ia b le  maps d^ i s  in  f a c t  a diffeom orphism .

4 .4 .3  lEMMA. The diffeom orphism  dj, g iv es  the  equivalence in  

theorem 4 .4 .1 .
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I(M), i l

X R

I(M~)

Remark « By ta k in g  th e  in c lu s io n  i^  : I(m) M we o b ta in  a morphism 

{^M’f j ' f )   ̂ [ ( l ( M ) , f 2. ) , ( M , f ) ] .  The fu n c to r  Z g ives the  o b je c ts  

Z ( l ( M ) , f j )  and Z ( M , f )  and th e  morphism ( i ^ , f ^ , f )* .

4 . 4 .4  LEMMA. We have th e  r e l a t io n

z ( i ^ , f ^ , f )  = ( i ^ , f j , f ) * z  I m  -* ? s

§ 5. FLOWS ON DOUBLE MANIFOLDS

In  4.1*3# th e  d e f in i t io n  of the  double o f a m an ifo ld , no m ention was 

made o f  i t s  d i f f e r e n t ia b le  s t r u c tu r e .  This i s  su p p lied  in  Appendix 4  

w ith  th e  n o ta tio n  which we use h e re .

4 . 5.1 D e f in i t io n . Given a diffeom orphism  f  : M M we d e fin e

a homeomorphism f^  ; D(m) -» D(m) as  fo llo w s

f jj  i o ( x , 0 )  = i o ( f ( x ) , 0 ) ,  ( x , 0 )  c Mq

fj) i i ( x , l )  = i i ( f ( x ) , l ) ,  ( x , l )  e Ml

Remark. From c o n s id e ra tio n  of th e  d i f f e r e n t i a b le  s tru c tu re  on D(m) we 

cannot deduce in  g e n e ra l th a t  f^  : D(m) D(m) i s  a d iffeom orphism .

To b y -pass t h i s  problem we must r e s t r i c t  our a t te n t io n  to  th e  su b -ca teg o ry

' n  C i ï l  where 71 = [ (M,f ) | (d(m) , f  € 77L ) .
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4 .4 .2  THEOBEM. The flow  Z (d( m) , fj^)on D(m)^  i s  to p o lo g ic a lly  

eq u iv a le n t to  th e  n a tu ra l  flow  on D(M^) induced  by th e  flow  Z(M ,f)

on i f  th e  flow s a re  d e f in e d .

Remark. The n a tu ra l  flow ijs on D(M^) induced  by Z(M ,f) on M̂  

i s  o b ta in ed  by u sing  th e  n a tu ra l  embeddings jo  : (M^)o -* D(M^) and

j i  : (M^)i -*• D(M^). Let ip be th e  flow  on D(M^) such th a t  th e  diagram 

commutes

(M») l  X R -----------i L L j ------> J i ( ( M , ) i )  X R

*

\

(M^)l JL11̂ / t ---------------------------  ̂UL \

f o r  i  = 0,.1 .. The flow  <f> = Z (M ,f ) . The su p p o s itio n  o f 4 .4 .2  i s  th a t  

th e  flow  if} d e f in e d  in  t h i s  way i s  d i f f e r e n t i a b l e .

4 .4 .3  LEMMA. There i s  a homeomoiphism h ; D(M«) D(m)^
D

P ro o f . Let tt, o* be th e  u su a l p ro je c tio n s  tt : M x R -* M̂  and

or : d(m) X R -* D(m)« .
D

Define the  maps h o ,h i a s  fo llo w s

ho Î jo(M ^)0 D(m)^
D

hi : j i ( M ,) i  D(M),

by h o (o o (w (x ,s ) ,0 ))  = a - ( io (x ,0 ) ,3 )  and h i ( j i  (ir ( x ,s ) ,1  ) =  c r( ii  (x ,1  ) , s ) .

In  f a c t  ho and h i a re  homeomorphisms onto t h e i r  images and th i s  is  

proved now.
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The maps h o ,h i a re  w e ll d e fin e d . This i s  e a s i ly  checked a s  fo llo w s . 

For ho we have

h o ( j o ( n ( x ,  s ) , 0 ) )  =  h o (  j o C ^ r C f  " ( x ) , s - n ) , 0 )  =  c r ( i o ( f " ( x ) , 0 ) , s - n )

= c r ( f”io ( x ,0 ) ,s - n )  = o - ( io ( x ,0 ) ,s ) ,  V  n c Z.

V/’e w i l l  prove th a t  ho i s  a homeomorphism (h i fo llo w s  by d i r e c t  analogy)

C onsider th e  fo llo w in g  diagram

M X R  X [o].

J c f l r

jo(M^)o

- >M X [ 0 } X R

i o  X  1

i( M o )  X R 

Ob

»*io(Mo )«t

where f ^ ,  = fg |io (M o ) and ob = c r|io (M o ). The diffeom orphism  hô i s  

th e  map h ô ( x , t ,0 )  = ( x , 0 , t ) .  The b ic o n t in u i ty  of ho fo llo w s  in  th e  

u su a l way from th e  commutative diagram . A ll th e  maps in  th e  diagram a re  

d i f f e r e n t ia b le  and so we g e t ho i s  a d iffeom orphism . The f a c t  of h i 

be ing  a diffeom orphism  fo llow s in  a s im ila r  way.

D efine th e  map h ; D(M«) -*> D(m)„ by

1) hi jo(Mj.)o = ho

2 ) h | = h i

Prcm th e  d e f in i t io n s  hoj ( jo (% )o  n  j i ( U f ) i )  = h i | ( jo ( l^ ) o  H j i ( M p ) i ) .

Using th e  lemma of Appendix 4  h  i s  a homeomorphism.

4#4 .4  LEMMA. The home omor ph i sm h g iv e s  the  to p o lo g ic a l eq u ivalence  

o f th e  two flow s of 4*4*2.

P ro o f , The diagram s commute*
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D(M^) X R ------ >D(M)^ X R
D

where ip is  th e  induced flo w  on D(M^) by Z(M ,f ) on M .̂

§ 6. ALGEBRAIC PROPERTIES OF Z ^ . ,i g Z

In  a s im ila r  manner to  those  d e f in i t io n s  of §2  we have a f u n c to r ia l  

r e p re s e n ta t io n  of Z j between c a te g o r ie s .

4.5*1 D e f in i t io n . Let be th e  ca teg o ry  c o n s is tin g  of o b je c ts

(M ,f1 , . . . , f j ) where f i , . . . , f j  a re  commutative diffeom orphism s of M. The 

morphisms [ (M ,f ),(w,g) ] where î* re p re se n ts  { f i , . . . , f j )  and g 

re p re se n ts  ( g i , . . . , g j )  a re  t r i p l e s ,  (k ,î* ,g ) such th a t  k  i s  a continuous 

map k ; M -> N such th a t  kfj, = gj.k i  g [ l , . . . , j i #

4.5*2 D e f in i t io n . Let 7 be th e  c a te g o ry  c o n s is t in g  of o b je c ts  

Zj(M,f) and morphisms ( k , f  ,§ )*  g [Z(M,î*), Z (N ,ê )] such th a t  k : M-> N 

i s  a continuous map where k f  ̂  = g^k : M -* N .

Remark. This c o n d itio n  d e f in e s  a map k ( f ,§ )  ; -► by
g

kTTg(x, s) = 7TA(k(x),s).

4*5*3 LEMMA. Zj is  a fu n c to r  Zj : 3^  ̂ *

C o n stru c tio n . The f u n c to r i a l  r e l a t io n s  a re

1) (M,2) ----

2) ( k , f , g ) —^ ( k , f , g ) *
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CHAPTER 3 

CANTOR-TYPE DIFFEQMORPHISMS

§0. INTRODUCTION

In  th i s  c h a p te r  we d is c u s s  th e  cohom ological a n a ly s is  o f  some 

diffeom orphism s which have non-w andering s e t s  co n ta in in g  Cantor s e t s .

The main example which i s  d e sc rib e d  in  d e t a i l  i s  th e  diffeom orphism  

o r ig in a l ly  d e riv e d  from th e  s tudy  of re c u rre n ce  in  th e  fo rce d  Van d e r P o l 

e q u a tio n . A lso d e sc rib e d  b r i e f ly  i s  th e  *n h o rse -sh o e ' r e f e r r e d  to  in  

C hapter 1 , which i s  c r u c ia l  in  th e  a n a ly s is  of g en eric  system s on n -m an ifo ld s .

The cohomologies o f th e  in s e t s  of th e  diffeom orphism s g iven  a re  

in v e s t ig a te d  u s in g  ^ ech  Cohomology th e o ry . We do th i s  by g iv in g  a c e l l -  

decom position o f in s e t s  o f an  Axiom A diffeom orphism  based on [21] which 

i s  u s e fu l f o r  th e  a p p l ic a t io n  o f  t h i s  cohomology th e o ry .

§ 1 .  THE 'HORSE-SHOE DIFFEOMORPHISM" [26]

The 'h o rse -sh o e ' diffeom orphism  i s  given by th e  map f  : Q R? where 

Q = & x ,y ),|x | ^  1,1 y| ^  1} and R̂  i s  th e  two d im ensional r e a l  p la n e .

I t  i s  u s u a lly  ex tended to  a diffeom orphism  o f S^, the two s p h e re .

The diffeom orphism  can be d e sc r ib e d  g e o m e tr ic a lly  a s  fo llo w s#

A B

A'
D'

C
B'

F ig . 5.1
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Let f  take Q onto th e  d o tted  image w ith  A -> A*, B B’ , G C' 

and D D' . Also we re q u ire  t h a t  f  i s  l in e a r  on f “^ (f(Q ) H Q) = Po W Pi 

vdiere Po>Pi a re  shown in  F ig . 5 .2 ; i t  fo llo w s th a t  f(P o ) = Qo and 

f ( P i )  = Qi where Qo U Qi = f(Q ) O Q.

Q

F ig . 5 . 2 .

We now d e fin e  a %rstem of su b se ts  of Q.

(05 . 1.1 D e f in i t io n . Let Q '  = f(Q ) O Q (= Qo U Q i). From t h i s
( n - l )  ( q )

= f(Q^ 0  n  Q. Let q'̂  = Q andd e fin e  in d u c tiv e ly  Q 

Q̂  = f " i(Q )  n  Q (= Po U P i)  and in d u c tiv e ly  Q̂  = f “^(Q Pi Q.

Define A = O ( 
ieZ

(0 , then  A is  th e  non-wandering s e t  o f th e  

diffeom orphism  f  ; Q r e s t r i c t e d  to  Q*

5 . 1.2

Pro o f .

LEMMA. A i s  homeomOrphic to  a C antor s e t ,

From th e  l i n e a r i l y  c o n d itio n s  on f  we have Q̂   ̂ D Q^^^ D . . .
fn) ( n)

D Q D . . . ,  and Q'  ̂ c o n s is ts  of 2" h o r iz o n ta l  segm ents. By ta k in g

th e  in te r s e c t io n s  of a l l  th e se  s e ts  th i s  g iv e s  the  c la s s ic  c o n s tru c tio n  of

I  X Cg vdiere I  x Cg = [ (x ,y ) I x| ^  1, y e  Cg j where Cg i s  th e  u s u a lly

c o n s tru c te d  C antor s e t .  S im ila r ly  we have Q^°^ D Q^  ̂ ) ^  . . .  ,

and t h i s  g iv e s  us on ta k in g  in te r s e c t io n s ,  Ci x I  = [ ( x ,y ) |x e  C i, |y j  ^  l j .  

So we have A = ( l  x Cg ) H (Ci x l )  = Ci x Cg, a p roduct cf C antor s e ts  

which i s  i t s e l f  a C antor set*
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5*1 *3 D e f in i t io n . Let the  in s e t  of A on Q of the

diffeom orphism  f  and l e t  Oq(A) be the  o u ts e t  o f  A on Q of f .

(0^(a ) being  th e  in s e t  o f A on Q of f~ ^ ) .

5 .1 .4  LEMMA. Ig(A) = [ (x ,y )c  Q |x e  CiJ and Oq(a ) = [ ( x ,y )e  Q |y c  C% j .

P ro o f . F i r s t  of a l l  we prove th a t  [ (x ,y )  e Q | x  e 0% } C I^ (a ) .

C onsider (x ,y )  e (C^ x l )  A Q = H Then (x ,y )e  n ^  0.
n ^  o

But we have Q  ̂  ̂ C . . .  C  ̂ so th a t  f ( x ,y ) e  f(Q^ C . . .

C f(Q ^ °^ ) . A lso (x ,y )  € and so f ( x ,y )  e f(Q^ ^

s im ila r ly  i t  can be shown f ^ ( x ,y )  e f® (x ,y ) e and so on.

Since Pi 0^"^ = I x  Cg i s  c lo se d  we have lim  f" ’(x ,y )  C A 
o m-*oo o

(lim  f"*(x,y) i s  n o t n e c e s s a r i ly  a s in g le  p o in t)  
m "> oo

Because (x ,y )  e \ /  n ^  0 i t  fo llo w s  th a t  f ( x ,y ) e  f(Q^ "^) =

n  q) C f ( f - i (Q " ( " ~ ^ ) )  n  f(Q ) c  Pi f(Q ) c

From th i s  i t  fo llo w s  f™ (x,y) e Pi  ̂ i f  (x ,y )  e Pi f o r  m ^  0.
n ^ o

The s e t  H = I  x Cg) i s  c lo sed  and hence lim  f™ (x,y) e fl
n ^  o m-̂ oo o

Combining th e  r e s u l t s  we have lim  f ^ ( x ,y )  e
m ~> oo

Pi Pi [  Pi = A .
o -* ^ n ^ o

Hence {(x ,y )  e Q| x c  Cij C I q ( a ) .

Now c o n sid e r the  s e t  T = [ (x ,y )  e Q|x /  Ci j . Let (x ,y )  e T. 

Then (x ,y )  /  => f^® (x ,y ) /  Q^°^. This means t h a t  a l l  p o in ts

of T a re  e v e n tu a lly  e x p e lle d  from  Q under th e  diffeom orphism  f •

Once a p o in t i s  e x p e lled  from  Q in  th e  g lo b a l e x te n s io n  o f f  i t  never 

r e tu r n s  to  Q and so

Iq (a )  = i ( x ,y )  e q | x  e Cij

Oq(a ) = l ( x ,y )  e Q |y €  C ^j.
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5 .1 .5  D e f in i t io n . Let S be a f i n i t e  s e t  w ith  d is c r e te  topo logy  and 

d e fin e  to  be th e  s e t  o f fu n c tio n s  from  Z to  S p rov ided  w ith  the

compact-open topo logy , (Z has th e  d is c r e te  topo logy  a l s o ) .  I f  a e Xg 

th e  value  of a a t  m e Z w i l l  be denoted  by am. Thus a  may be

thought o f as a doubly i n f i n i t e  sequence o f  elem ents of S, i . e .

a — ( . . .  a ^ ^ a g a i. . .  ) .  Define cl « Xg Xg by (oc (a))m  — am—%.

The map a i s  a homeomorphism c a l le d  th e  s h i f t  automorphism o f X_.

The p a i r  (X g,a) i s  c a l le d  a s h i f t  of f i n i t e  ty p e .

5 . 1 .6  LEMMA. [261. On A f  i s  to p o lo g ic a l ly  co n jugate  to  a s h i f t

autom orphism .

P ro o f . We need to  produce a homeomorphism h : Xg -+ A such th a t  th e  

diagram  commutes

a

Given a p o in t z e A th en  i t  is  cap tu red  by two i n f i n i t e  s e t s  o f

in c lu s io n s .  Let th e  components of be Q n ,  Q12 and be

Q21 >Q22# . • .  >Q24> and in  g e n e ra l be Qni  ̂ • >Qn2" • S im ila r ly  l e t

be P i i , P i 2, . . . ,  and be Pni > .. • ,Pn2” . Then z i s

co n ta in ed  in  th e  in te r s e c t io n  o f a b i - i n f i n i t e iseqaence

. . . ,Q n t  ) . . .  f Qil ,P ] i  , . .  .,Pn] , . .  . We th e n  note th a t  Qni i s  equal 
■ n 1 ^  n n

to  f" (Q o ) n  Q or f " (Q i)  H Q and Pnj i s  eq u a l to  f  " (Qo) Pi Q or
n

f - " ( Q i )  Pi Q. Define h ; Xg A where S = | 0 , l j

h (a )  = "pi f"(Q  ) .
n « - o o  a n
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Then h (a )  c e r t a in ly  re p re s e n ts  a p o in t of A . From th e  v e ry  

c o n s tru c tio n  and uniqueness o f th e  b i - i n f i n i t e  sequence of in c lu s io n s  

we have h i s  1 -1 . Basic open s e ts  of Xg con ta in in g  a e Xg = 

| b | a i = b i | i |  ^  no! f o r  any no .

h[b|ai = b j i l  ^  no! = \ Vl f"(Q^ ) |a i  = b i | i |  ^ no]In* -  On J

= A n )n )
-n o  ^ 0

= open s e t  of A

I t  fo llo w s  th a t  h i s  an  open map.

The b a s ic  open s e ts  o f A a re  of the form  A A ) A f^°(Q . )

f o r  i i , i g  f [0 , l i .  Given A A f""^°(Q. ) A f^°(Q . ) .
3-1 ^2

h‘ ‘ (A n ) n f"°(Q. ))
l2

= S b lf"“ °(Q ) n  ) n  f"(Q  ) /  $ ,  - n o <  n.}i2 Om

= | b | b i  = a i , - n o  no,  ) fl ) A f “ °(Q, ) /  §j
a i J-i 3-2

Hence h i s  a homeomorphism.

We have, g iven  a e Xg

h a (a )  = h a (a )  = Vi )
n= -oo Va \a ;  j n

+ 00
= n  f"(Q  )
n= —00 otfi-i

= f  *A f " - i ( Q  ) n= -00 a n - i

= f h ( a ) . 

T his proves th e  conjugacy,



a .

We now extend th e  diffeom orphism  f  : Q to  a g lo b a l diffeomorphism

of th e  tw o-sphere S®[26]. This i s  done by extending f  to  a map 

fo  : -> by mapping G- d iffeo m o rp h ica lly  onto G-* and F

d iffeo m o rp h ica lly  onto F* as in  F ig . The map i s  de fin ed  so th a t  i t

c o n tra c ts  F onto F*

about some f ix e d  p o in t po in  F ' . Thus fo w il l  be a diffeom orphism  

of D® onto a subset of so th a t the non-wandering s e t  la  th e  d i s jo in t

union of A and po . F in a lly  f  o i s  extended to  g : so th a t

n (g )  = A U  Po U qo where qo i s  an expanding p o in t o u ts id e  of .

Other diffeom orphism s can be co n stru c ted  w ith  s im ila r  p ro p e r tie s  to  th e  

diffeom orphism  a lre ad y  d iscu ssed . We tak e  images of Q under s im ila r  

l i n e a r i t y  co n d itio n s  to  o b ta in  the  fo llo w in g  d iagram s.

Cc
i;

g

F ig . 5 .4
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A 6

F ig . 5 .5

L ocally  th e  diffeom orphism s a re  co n ju g ate  to  s h i f t  automorphisms on 

3 and  5 symbols r e s p e c t iv e ly .

§2. A CELL-DECOMPOSITION OF A SPACE

Let X be a compact space and suppose th e re  e x i s t s  a f i n i t e  c la s s
no

of subspaces of X, }Xm|m e ( l , . . . , n o ) î  such th a t  X = U Xm. We can
m=i

defin e  a  sequence of subspaces a s  fo llo w s .

Let Yq = U[Xm |ôXm Ç Xm!. Suppose Y o ,...,Y n  a re  a lre a d y  d e f in e d , 

th en  d e f in e  in d u c tiv e ly

Yn+i  = C Y n j .

I f  such a decom position of X e x is t s  i . e .  Yn = X fo r  some n th en  

we have th e  fo llo w in g  lemma.

5 . 2.1 LEMMA. Yn is  c lo sed  in  X and Yn i s  c lo sed  in  Yn + i .

P ro o f . Let Xm ç Yq; th en  Xm C C&(Xm) = Xm U 0Xm = Xm* Hence

Xm  ̂ Y q  =*> Xm is  c lo sed : So Y q  i s  a f i n i t e  union of c lo sed  s e t s  => Y q

i s  c lo se d . We now proceed  by in d u c tio n . Suppose Yn i s  c lo se d ; th en

Yn+i =UiXm|3XraC Yni and so 3Ym+i CU}aXm|3XmC Y „iC  Y„ C Y „ . i .

Hence Yn+i  i s  c lo se d . The subspace Yn i s  c lo sed  in  Yn+i  fo llo w s  

im m ediately  from Yn being  c lo sed  in  X.



The type o f cohomology used w i l l  be Compact Gech Theory [3 4 ] . By 

using  th e  ex ac tn ess  axiom we o b ta in
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3 .2 .2  LEMMA. The fo llo w in g  cohomology t r i a n g le s  a re  e x a c t where 

H* i s  th e  cohomology fu n c to r .

H*X

H*Yn 5

H»Yn+1

Pro o f , Follow s im m ediately from  ap p ly ing  3 .2 .1  to  th e  axioms of H*

Remark. The homomorphism j  * i s  induced from  the  in c lu s io n  map and S

i s  th e  cohoundary homomorphism.

We now w ish to  f in d  a decom position of a m anifo ld  in to  in s e t s  o f 

d iffeom orphism s so th a t  we can make use of 3 .2 .2 .  Suppose we have an 

Axiom A diffeom orphism  f  on a compact m anifold M. Then we can use  

th e  S p e c tra l  Decom position Theorem of Smale (see  C hapter 1 ) .
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3 .2 .3  LEMMA.. Let f  e Diff(M) s a t i s f y  Axiom A and suppose 

(1 ) The decom position of Q (f)  = *>

(2 ) f  s a t i s f i e s  th e  no cy c le  p ro p e rty

i . e .  ^ a sequence Q. , . . .  ^ . such t h a t  i i  In

I(Q . ) n  0 (n . ) /  § 1 <  j  <  n-1 and i i  = in  ;
i j  + i

( 3 ) I f  a i ( f i ^ ) n  l(n ^ )  th en  3  a = i i , . . . , i m  =/9

such th a t  0(0 ) n  I(Q . 0(Q^ ) H I(Q . ) /  § , . . . ,  and
a I 2 •̂ J i j+ i

o (n . ) n  i(n o )  /  $ .
im -i ^

Let Yo = u [ i (Qi ) = Q i i  and in d u c tiv e ly

Y j,i  = u l l ( P i ) |a i ( Q i )  C Y j! .

Then Yq C Y% C . . .  C Yn = M f o r  some n .

P ro o f. Let us show th a t  Yo X # .  Let a (p )  and w(p) denote  th e  

p a s t  and fu tu r e  l im i t  s e ts  of th e  o r b i t  of p by th e  diffeom orphism  f .

C onsider f i r s t  of a l l  ; I f  l (O i)  /  0% th en  3  Pi  ̂ M -  0% such 

th a t  w(pi ) C Qx* Let a (p i ) C Qj ; j  /  1 by condiidon  ( 2 ) .  So 

assume j  = 2 . Then by e x a c tly  s im ila r  argum ents e i th e r  1 (^2 ) = O2 or 

3  Pa € M -  Q2 such th a t  w(pg ) C Qg f Let us suppose th e  l a t t e r ,  th en

by c o n d itio n  2 ag a in  a(p%) C Qj where j  /  1 o r 2 . Assume a (p i ) C Q3. 

C ontinuing in  t h i s  way we must a r r iv e  a t  such th a t  Q^= I(D ^ ), o therw ise

we w i l l  v io la t e  the no c y c le  p ro p e rty . So Yo X $

We a lso  need to show t h a t  th e re  e x i s t s  Yn = M fo r  some n .  Since

th e re  a re  only  a f i n i t e  number o f O ^ 's  we need to  shew th a t  i f  Yj, /  M, th e n

Yi+i -  YL /  § .

Let Q. , Q .  , . . . ,  n .  be the Qi ' s in  M -  Y i. We can assume every
I 2 ip

o r b i t  e n te r in g  Q. o r ig in a te s  in  Y i, o therw ise  by an argument s im i la r  t o

th e  one above we could v io la te  th e  n o -cy c le  p ro p e rty  in  [Q. j .
P
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I t  fo llo w s  d l(Q . ) C  Yj,. Suppose n o t ,  th e n  9 l( f i . ) A Oj /  $ fo r

some Qj e [Q.. ]•  But by c o n d itio n  ( 3) 3  a sequence o f o rb i ts
P

from Q. to  Qj  • So th e re  i s  (u s in g  no cycle  p ro p e rty )  some m such 

th a t  C M -  Y'l such th a t  3  ^  ^ w ith  a (x) c . But i f  x e Yi

th en  X € 1(0 . ) say where l( f i .  ) C Yj,. Yi i s  in v a r ia n t  under f  and
q q

Yt i s  c lo se d  so 9 l( f î .  ) C Yj, b u t d l(Q . ) H s in ce  a (x )  C Qm
^q , ^q

and w(x) C 0 .  so H Yi /  $ C Yj, which gives th e  c o n tra d ic t io n ,
q

So no o r b i t  e n te r s  Yj. and th e re fo re  0 I(Q , ) C Yj. and Q. Yj. •

§ 3. THE COHOMOLOGY &BOUPS OF THE INSETS OF THE 'HORSE-SHOE" DIFFEOMORPHISM 

The ho rse-shoe diffeom orphism  g ; S  ̂ S  ̂ has th e  non-wandering 

s e t  Q (g ) = A n  Po U qo viiere A = C antor s e t ,  po = s in k  and qo = source 

Because qo is  a source l(q o )  = qo* The in s e t  of p o ,l(p o )  w i l l  be an 

open d is c  because lo c a l ly  we have an open d isc  as in s e t .

Using th e  c e l l  decom position we have

To = ? l ( l o ) ! ,  Yi = [l(< lo)U  1 (A )i, Ya = ) l ( q o )  U I ( a ) U l(p o ) !  = S®.

3 .3.1 lEMMA. H * (I(a ))  i s  cohomo lo g ic  a l l y  t r i v i a l .

This r e s u l t s  from th e  fo llo w in g  c o n s id e ra t io n s . We take th e  compact 

p a i r  (S^,Y i ) n o tin g  S® -  Yi = l ( p o ) ,  an open d is c .  We a ls o  no te  th a t

Yi i s  1-d im ensiona l from  5*1 *4 and so H*(Y%) w i l l  be [A ,B ,0 ,0 , . . .  ]

f o r  some groups A,B. H*(S^) = [ Z ,0 ,Z ,0 ,0 , . . .  S and H*(S^- Yi ) =

[ 0 ,0 ,Z ,0 ,0 , . . . j i f  we take th e  c o e f f ic ie n t  group to  be th e  in te g e r s ,  Z.

U sing 5 . 2 .2  we have th e  fo llow ing  e x a c t sequence.

0 0 A Z 0"+ 0 “̂  B Z Z 0 , e t c .

By c o n s id e ra tio n  o f exac tness we have A = Z  and B = 0 , We now use the

ex ac tn ess  of th e  p a i r  (Yi,Yo) w ith  H*Yq = [Z ,0 , 0 , . . . j .  I f  we take  

H * (I(a ))  = H*(Yi — Yo) = [ a * ,B ', 0 , . . . ]  we o b ta in  th e  ex ac t sequence

0 A* -> Z '■■■> Z -» B* -*■ 0 0 , e t c .
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Two p o ss ib le  so lu tio n s  a re

H<‘( I ( a )) = or H»(i (a )) = 0 .

The fo llow ing  lemma gives 5 .^ .1 .

5 .3 .2 LEMÎ/iA. The in c lu s io n  map j : Yo ^  Yi is  such th a t

j*  : H»(Yi) -> H-(Yo) i s  on to .

P ro o f. Let p ; Yi -> Y q be th e  p ro je c tio n  map. Then p j = 1 ; Yo -»■ Y q . 

Since the cohomology is  fu n c to r ia l  (p j)*  = 1 => j*p* = 1 and so j* i s  onto 

The requ irem ent j* i s  onto g iv e s :

H»(I(A)) = 0 .

§ 4 . THE COHOMOLOGY GROUPS OF THE INSETS OF DIFFEOMORPHISMS 
RELATED TO THE * HORSE-SHOE*

Consider th e  diffeom orphism  h : Q ^  R̂  rep resen ted  by F ig . 5» 4 w ith  

l i n e a r i t y  cond itions on h"^(h(Q) Pi Q). Then arguments s im ila r  to  those 

of § 3 g iv e  us an ex ten s io n  to ho : -+ as  in  F ig . 5 .6 .

6

F ig . 5. G

The diffeom orphism  ho tak es  G- onto G-' and F onto F*. The maps 

a re  d e fin ed  to  be c o n tra c tio n s  of F and G- onto F ' and G-’ re s p e c tiv e ly . 

The c o n tra c tio n s  a re  defined  about f ix e d  p o in ts  po e F and Pi € G-.

The diffeom orphism  ho i s  extended to  a diffeom orphism  k : Ŝ  -> S  ̂ by 

adding an expanding f ix e d  p o in t o u ts id e  o f D^. The non-wandering s e t
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n (k )  = A ' U Po U Pi U qo where A ' i s  a  C antor s e t ,  po and p i a re  

p o in t s in k s  and qo i s  a p o in t so u rc e .

The Cantor s e t  A* i s  such th a t  k : A ' A ' i s  to p o lo g ic a l ly  

co n ju g ate  to  a s h i f t  automorphism a : X„ X„ v^ere  è i s  a f i n i t e  s e t  

o f 3 sym bols. This i s  proved by a s im ila r  a n a ly s is  to  th a t  o f g 1 .

5 .4 .1  LEMMA. H * (I(A ')) = [ 0 ,Z ,0 ,0 , . . .  j .

P ro o f . The c e l l  decom position  i s  a s  fo llo w s ;

Yo = [ l ( q o )  = q o ! ;  Yi  = [ l ( q o ) U  I ( A ‘ ) 1 ;  Yg = 8 ^ .

Now Yg = l(q o )  U I ( A ')  U l(p o )  U l ( p i )  and so i f  we take th e  p a i r  (S^,Y i) 

th en  Yi = l(p o )  U l  ( p i ) .  Hence H*(S^- Yi ) = [ 0 ,0 ,Z  0 Z ,0 , . . . ! .  Also

H*(8*) = [ Z , 0 , Z , 0 , 0 , . . . i .

We use th e  exac tness o f th e  cohomology sequence f o r  th e  p a ir  (S ^,Y i) 

to  g e t  H*(Yi ) = { Z ,Z ,0 ,0 ,. . .  ] .  Consi-deiing th e  ex ac tn e ss  of th e  p a i r  

(Yo,Yi) and u s in g  th e  f a c t  t h a t  j* : H*(Yi ) H*(Yo) i s  onto we g e t 

H *(l(A ’ ) )a s  re q u ire d .

I f  we extend th e  diffeom orphism  re p re se n te d  in  F ig .5 .5  to  a d if f e o 

morphism of th e  sphere in  a way analogous to  t h a t  f o r  h above, th e n  we 

s h a l l  o b ta in  a non-w andering s e t  A" U po U Pi U qo o f a C antor s e t ,  two 

s in k s  and a so u rce .

3 .4 .2  LEMMA. H*(i (a " ) )  = [0 ,Z ,0 ,0 , . . . Î .

An immediate e x te n s io n  of the ho rse -sh o e  diffeom orphism  in  2-dim ensions 

was g iven  in  [23] f o r  n -d im en sio n s . This i s  embeddable in  a sphere  s " .  

However th e  methods re q u ire d  to  analyse  th e  cohomology groups of th e  in s e t s  

a re  com plete ly  analogous to  th o se  o f §3  and n o th ing  new i s  re q u ire d  in  th e  

a n a ly s is •
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§5. THE SPINNING- DIFFEOMOHPHISM

In  [26] a g e n e ra l c o n tra c tio n  i s  g iv en  fo r  a diffeom orphism  whose

non-w andering s e t  i s  lo c a l ly  th e  p roduct o f a Cantor S e t and a m anifo ld

co n jec tu red  as g e n e r ic a l ly  th e  most com plicated  non-wandering s e t  t h a t

e x is ts *  The aim o f th i s  s e c tio n  i s  to show th a t  we can s t i l l  use  th e  
V

tech n iq u es  of Cech Theory to  g ive  th e  cohomology groups o f the  in s e t s  

of t h i s  non-wandering s e t .

We w i l l  consider th e  p a r t i c u la r  c o n s tru c tio n  o b ta in ed  a s  an  i l l u s t r a t i o n  

o f th e  g e n e ra l c o n s tru c tio n  o f [26] .

Let th e  m anifold  under c o n s id e ra tio n  be S^ and l e t  f  î S  ̂ -> Ŝ  

be th e  expanding endomorphism given complex a n a ly t ic a l ly  by z — > 2®.

Embed S^ in  x 8  ̂ a s  (O) x S^. Let A be such th a t  0 < A < 1 

and g^: X S  ̂ -*> x 8  ̂ be d e f in e d  as g ^ (x ,y )  = (A x ,y ). Next l e t

<l> : ( 0 ) X 8  ̂ X 8  ̂ be a 0  ̂ approxim ation  of the map 0 x 8^-» D^x 8^ ,

(0 ,y )  —> ( 0 ,f ( y ) )  such th a t  0 i s  an embedding. Let T be a tu b u la r  

neighbourhood cf ^ (S ^ ) w ith  f i b r e s  be ing  th e  v a rio u s  components o f 

T n  (D^ X y) ; y  e 8^ . Now extend  ÿ to  ^ x 8  ̂ -*• T in  a  f ib r e

p re se rv in g  way so t h a t  ifs i s  a diffeom orphism . C onsider h  = tfsQ ^  :

X 8  ̂ + X 8^. I f  A i s  chosen s u f f i c i e n t ly  sm all so th a t  th e re  are 

no s e l f  in te r s e c t io n s  of T, th en

A = n  h”’(D  ̂ X 8  ̂) has h y p erb o lic  s t r u c tu r e .  L ocally  
m > o

A i s  th e  p roduct o f a Cantor s e t  and an open in t e r v a l .  The F ig u re  3*7 

shows th e  s o l id  to ru s  T = 8  ̂ x and i t s  image (v h ich  i s  d o tte d )  under h .

F ig .3*7
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The s o lid  to ru s  T goes in to  i t s e l f  a s  an o th e r to ru s  T* winding 

tw ice  around th e  o r ig in a l  to r u s .  This s ta tem en t can be made more p re c is e  

u s in g  cohomology th e o ry . Before we an a ly se  the  cohomology o f th e  non

w andering s e t ,  l e t  us ex ten d  t h i s  to  a diffeom orphism  f  o f S®.

The c o n s tru c tio n  is  g iven  in  [3 3 ] . Let S® be th e  jo in  of two 

smooth 1-sp h e re s  and S^. Then and have tu b u la r

neighbourhoods A and B which a re  chosen so  th a t  AU B = S® and 

A n  B = T^, a smooth to i u s .  Let S% be a smooth unkno tted  1-sp h e re  

p a ss in g  tw ice  around B  ̂ in  i t s  i n t e r i o r  and l e t  8-% be s i tu a te d  in  A, 

ju s t  a s  8x i s  in  B.

Let Ti C In t(B ) be th e  boundary of a tu b u la r  neighbourhood ( 8_ i)  

of 8- 1 . Then th e  l in k in g  numbers are  -6( 8- 1 , 8^) = 2 = -6(S ^ ,8i ) .  Hence 

th e re  i s  a diffeom orphism  f  : 8® -♦ 8® ta k in g  8_i to  8^  and 8^ to  81 < 

We take  f  to  send >^(8- 1 ) to A and B to  ^ ( 81) .

We th e n  have the non—wandering s e t :

n = 0 ( f )  = A U A where A = f " ( x ) ,  x f  - O j
+ — + [n->+oo I

a m  A = S® - o |
— [n->-co

Since under th is  diffeom orphism  [x| x  e 8 ®-Q] a re  e v e n tu a lly  swept in to  

e i t h e r  B by f  or A by f~^ we have:

A^ = n  [ f " ( x ) |x  c Bj and A_ = A [f~ " (x ) | x e Aj . 
n ^  o n ^  o

From th e  c o n s tru c tio n  s in ce  f  | B and f “^|A  a re  e s s e n t i a l ly  th e  same, 

i . e .  b o th  map th e  s o l id  te r  i ,  B,A in to  t h e i r  in t e r io r s  w inding them tw ice  

around th e  o r ig in a l  t o r i  in  the  same way we have th a t  A^ and A__ are  homeo- 

morphie  to  each o th e r .

Let u s  now r e tu r n  to  th e  diffeom orphism  h : x 8  ̂ + x 8^ .

Again deno te  x 8  ̂ by T. Our aim i s  to f in d  th e  cohomology groups
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of n  h"(T) and th e  fo llo w in g  lemmas use  th e  ex ten siv e  n o ta t io n  of 
n= 0

d ire c te d  s e t s  and t h e i r  a s s o c ia te d  l im i t in g  system s. The main elem ents 

of th i s  th e o iy  [8] which a re  used h ere  a re  g iven  in  Appendix 3 .

3 .3 .1  LEMMA. [8] I f  (X,ir ) i s  an in v e rse  system  over th e

d ir e c te d  s e t  M and f o r  each r e la t io n  a. < /3 in  M we have i s  a 1-1

map cf X„ in to  (on to ) X , then f o r  each a c M, tt i s  a 1-1 map o f X ^  p   ̂ * ol’ ' a  ^ 00
in to  (o n to ) X̂  .

3 . 3 .2  LEMMA. [8] I f  (X,ir ) i s  an in v e rse  system of compact spaces

over M, then

OL<p

3 . 3 .3  LEMMA. [8] The in v e rse  l im i t  of th e  fo llo w in g  in v e tse  system
00

i s  homeomorphic to A h"(T ) (= A , th e  non-wandering s e t  of h ) .
n=o

To « - 1 -  To < - l ----------- < -A _  T„ :<— —  T n + i  < - 1 -  • • •

where Ti = T i  € Z f .

Pro o f . From 3*3.1 and 3 .3 .2  we have

ttq (T ) = A h " (T ) , where T i s  the  in v e rse  l im i t  of the  n=o ^
in v e rse  sy s to n . The map ttq i s  1-1 and in to  by 3 .3 .1 *  because

1T ^  = ï ^ ~ ^ i  T T vdiich i s  1-1 and in to .

To show TTo i s  a homeomorphism we need to  show i s  continuous
OO

where ttq  ̂ : A h"(T ) Tĝ . Now s e ts  o f  th e  fo llow ing  type
n=o

[7t“^(U^)| open in  T̂  j a re  a base  f o r  th e  topology  in  T^.

G-iven a b a s ic  s e t  ) fo r  some U open in  T , thenoc '  a a ^  a

( (jfo )“^-)'*  ̂ ir"^ ) = TTo (tt^^(U ^)) = (U^ ) .  The r e l a t i o n

ÏÏO = it q 7T̂  ; Tgg To g ives us ttq (u) =7To7r^(u) where U i s  a b a s ic  op©c
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s e t  of T„. But such an open s e t  U i s  of th e  form  7t“ ^(U ) f o r  some 00 r  a a

open s e t  U in  T . T herefo re  ttq (u) =7ro&r"^(U )) = ttoTT (7r~^(u )) =
OC OC (X cc oc oc oc

7To(U^) = h^(U^) which i s  open because h  i s  a d iffeom orphism . So ttq ^

i s  continuous and th e re fo re  ttq i s  a homeomorphism#

3 . 3 .4  LEMMA. H*(a) = [Z ,G -,0 ,0 ,. . .  j where the  group G- = [m/2”| m ,ne Z] •

P ro o f# For th e  diffeom orphism  h : T T we have induced cohomology map 

h* : H*T H*T. We o b ta in  the  d i r e c t  system

h* h* ,
H*To  >H*Ti  ^H*Ta > . . .  w ith  d i r e c t  l im i t  H*(T«)

Now T^ = n  h"(T ) = A and so H * ( t J  = H *(a). We have H°(a) = & n= 0
because A i s  c losed  and connected# R e s tr ic t in g  our a t t e n t io n  to  H^(a ) 

we have th e  d i r e c t  system ;

Z > Z — . . .  . . .   > H^(A) .

where (Tl* ) i  : H^(T) H^(t ) i s  given by g ---- > 2g where g c Z.

Let (m,n) c H^(a ) be th e  e lan en t re p re se n te d  by m e H^(Tn). Then using  

th e  d e f in i t io n  of (h* )i we have th e  r e l a t i o n  (m,n) = (2m,n+1 ) .  The 

a d d itio n  law i s  (m,n) + (m ',n ) =(m+m*,n). Let G- = [m/2"| m,n c Z| under 

th e  u s u a l a d d it io n ;  th en

î(m ,n ) |(m ,n )  = (2m,n +1), m,n c Z] i s  isom orphic to  G- by say 

where </>(m,n) = m /2". Since A i s  1-d im en sio n a l we have d e te m in e d  th e  

cohomology#

Remark. Had we tak en  th e  s i tu a t io n  where th e  to ru s  T winds in s id e  

i t s e l f  p -tim es in s te a d  of tw ice, th e n  the th e o ry  would have been analogous 

w ith  G- = [m /p"|m ,n e Z] w ith  th e  u su a l a d d it io n .
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5>5*4 LEMMA. The in s e t  I(A_^) of th e  diffeom arphism  f  : S®-*• S® has 

cohomology H*(i (A^)) = [0 ,0 ,0 -,Z ,0 ,0 , . . .  j •

P ro o f . The ex ac tn ess  o f th e  cohomology t r i a n g le  f o r  th e  compact p a ir  

(S®,A_) g iv es  H*(S® -  A_) = H*(I(A_^)) = [0 ,0 ,G ,Z ,0 , . . .  Î o r  i Z , Z , G , Z , 0 , .

The openness o f l(A ^) g iv e s  H *(l(A ^)) = [ 0 ,0 ,G ,Z ,0 , . . . } .

§6. n-HOKSE-SHOE FLOW

In  t h i s  s e c tio n  we w ish to  give th e  g e n e ra l iz a t io n  o f the ho rse -sh o e  

diffeom orphism  and i t s  c o u n te rp a r t in  flow s and suggest th e  programme to  be

fo llow ed  from the e lem en tary  in v e s t ig a t io n s  of th is  c h a p te r  of which a b r i e f

m ention was made in  th e  in tro d u c tio n . F i r s t  o f a l l  we re q u ire :

5*6.1 D e f in it io n  o f S u b sh ift o f F in i te  Type

In  5*1*5 we d e fin e d  the  s h i f t  (X „,a) of f i n i t e  ty p e . Let M = (m. )Ü J k
be a n X n m a trix  of O 's and 1 ' s where n = I s | .

Define Yp be a su b se t of X_ to  be th e  s e t  of a l l  sequences ao 8
such th a t  i f  ai = sj and a ^ f i  = sk f o r  any i  € Z, th en  m. = 1 *

Then (Y _,f|Y  ) is  a sub s h i f t  of f i n i t e  ty p e , b b

5*6 *2 D e f in i t io n  of n -h o rse -sh o e  flow

Let f  : -*■ be a diffeom orphism  and suppose th e  r e s t r i c t i o n

to  a C antor S et G C i s  a s u b s h if t  o f f i n i t e  type  i . e .  a (n-1 ) -h o rse -sh o e

th en  th e  suspension  o f the  r e s t r i c t e d  diffeom orphism  f | C : C -+ C ,Z  (C,f |c)  

i s  c a l le d  a n -ho rse -sh o e  flow*

Example « The "Horse-Shoe" Diffeomorphism

I f  we c o n s id e r th e  r e s t r i c t i o n  cf f  : Q-* to  (Q A f(Q ))  th en  

by th e  d e f in i t io n  of f  th e  r e s t r i c t i o n  i s  a l in e a r  map. The fo llo w in g  

p ic tu re  i s  ob ta ined  f o r  th e  r e s t r i c t i o n  mapping vitiere  th e  d o t te d  l in e s  a re  

th e  images under f *
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1 1 1 1
P.

Q c  1 1
I 1

i i
'  1 
1 1 
1 1

1 ! 1- - - - ^ 1

F ig . 5 .8

We have f(P o ) = Qo and f ( P i ) = Q%. Note from §1, f  | C x C i s  

conjugate  to  a f i n i t e  s h i f t  automorphism and so th e re  i s  no r e s t r i c t i o n  

on th e  sequences and th e re fo re  the  s h i f t  m a trix  M = Q  In  f a c t  the

m atrix  M can be d e riv ed  by n o tic in g  the in te r s e c t io n s  of Po»Pi w ith  

F ( P o ) ,f ( P i) .  Since a l l  p o ss ib le  in te r s e c t io n s  occur th e  m atrix  is  M 

as above.

Example. A lo c a l diffeom oruhism  conjugate to  a su b sh if t

Suppose we have th e  fo llo w in g  4 blocks each homeomorphie to  D^x ^ 

in  E." and a diffeomorphism f  : k" such th a t  the r e s t r i c t i o n  of f

to  the blocks is  a l in e a r  map. Let th e  blocks be denoted by symbols

81 , 82,S 3, S4 . Let th e  d o tte d  l in e s  denote the images under f  where 

SJ = f ( S i ) ,  i  = 1 ,2 ,5  and 4 .

F iq . ^.9
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The m a trix  re p re se n tin g  th e  s u b s h if t  automorphism is

= [k S )  "hers 1= = ( o  l )  = ( o  o) '

Since we a re  n o t s p e c ify in g  th a t  f  should fo rc e  a l l  p o ss ib le  i n t e r 

s e c t io n s  we have th i s  diffeom orphism  g iv es  a s u b s h if t .

The cohom ological ty p es  o f th e  in s e ts  o f the diffeom orphism s 

con sid ered  here  have not y e t  in  g e n e ra l been in v e s t ig a te d .  Connected 

w ith  th i s  is  th e  fo llo w in g  problem b r i e f ly  m entioned a t  th e  end of 

C hapter 1 , th e  answ er to  which would g ive us g e n e r a l iz a t io n s  of th e  

Morse-Smale I n e q u a l i t ie s  f o r  Smale D iffeom orphism s.

Problem . Given a Smale Diffeomorphism ( p .12) th en  does th e  lo c a l  

b ehav iou r of the diffeom orphism , which when r e s t r i c t e d  to  a Cantor s e t  

i s  con jugate  to  a s u b s h if t  o f f i n i t e  ty p e , de term ine  th e  cohom ological 

type of th e  a s so c ia te d  i n s e t .
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APPENDIX 1

LIE GROUP BUNDLES

Here we give some th e o ry  of Lie Groups to  i l l u s t r a t e  how the  th e o iy  

of C hapter 2 , §5 could, be u sed .

C onsider a Lie Group B w ith  a c lo sed  norm al subgroup G. Then th e  

group B has th e  s t ru c tu re  o f a bundle space B w ith  base B/G- and f i b r e  

G where th e  p ro je c t io n  tt : B -► B/G i s  the n a tu ra l  homomorphism.

Bundle mappings of B a re  ob ta ined  by l e t t i n g  B a c t  on i t s e l f  by l e f t  

t r a n s la t io n s .  Let bo be th e  bundle mapping bo : B B induced by 

l e f t  t r a n s la t io n s  of bo e B. T herefo re  th e  map bo i s  d e fin e d  by 

b o (b ) = bob, b € B. Let bo be th e  induced map of the  base 

such th a t  th e  fo llo w in g  diagram  commutes

The map bo i s  d e fin e d  by bo(bG) = bobG. Let b o ,b i e B and 

suppose we re q u ire  b^ = b^; then  bobG = bibG, V b € G => bo = bigo

f o r  some go e G. Suppose G i s  n o n - t r iv ia l  and choose in  th e  f i r s t
L

in s ta n c e  go /  1 J then  bo /  b i b u t bo = ^ .

A nother c o n d itio n  of Chapter 2 ,^3  i s  th a t  th e  bundle mappings commute,

i . e .  bobi = b^bo bob^ = b^bo — b%bigo ^  Sobi — b^go#

Hence to  s a t i s f y  th e  c o n d itio n  we re q u ire  go c ( b i ) ,  th e  c e n t r a l i s e r  

group. I f  ( b i )  i s  n o n - t r iv ia l  we have b@,bi : B B  such th a t  

b o ,b i a re  n o t equal b u t induce th e  same base map.



99

(A .1 ).1  D e f in i t io n . Let Dg be the  suspended m anifold of B by

th e  map bo* D efine b% : B - -* Br- by b^ v r  ( b , t )  = iTr ( b i b , t ) .03 Dq Do Do

(A .1 ).2  LMMA. Given th e  Lie g-roup bundle

G  >B —— >.]^G, where G i s  a c lo sed  norm al subgroup

and suppose ( b ) ,  th e  c .e n tra liz e r  of B in  G i s  n o n - t r i v i a l ,  th e n  

2  two d i f f e r e n t  diffeom orphism s b o ,b i of B which induce th e  same 

base diffeom orphism  and th e  bundle

a lso  has the  s t ru c tu re  of th e  bundle

Remark. The assum ption o f th e  n o n - t r i v i a l i t y  of Zq_ ( b )  gives us 

a s t ru c tu re  in  the  bundle case which i s  th e  lo g ic a l  ex ten s io n  o f th e  

p ro d u c t. However in  the  g e n e ra l bundle case no such e x te n s io n  e x i s t s .

P ro o f . From 2.5*5 we have th a t  th e re  e x i s t s  a map

where q i s  d e fin e d  q(?rr, (^Tr ( b , t ) , u ) )  = tt, ( îr (b ) ,t+ u )Di Do po

such th a t  q~^(ir, ( x , s ) )  = fe- ) r  / r  \ - i  f o r  x e B/G.Po X Dq^Di ^

Given any x e B/G 3  ^ diffeom orphism  tak in g  G  ̂ onto th e  f i b r e  G^. 

The diffeom orphism  i s  given a s  fo llo w s . Let x = bG, say , th e n  3  a r  

induced diffeom orphism

b " i : G  ̂ ^  Gi , th en  i t  fo llo w s  th a t  th e  

diffeom orphism  b o (b i) " i  : G  ̂ -> induces th e  diffeom orphism

( b - i ) b o ( b i ) - i ( b - i ) - i  : Gi ^ Gi
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i . e .  g iven  g c &i then  under th e  induced diffeom orphism  we have 

g 4— ^b-^boh ï^bg . Now b"^bob^^b = b“^b igobï^b  = b"^gob because

go c Zq_ ( b i ) .  I f  under th e  su p p o s itio n  of th e  theorem we choose go 

no t on ly  in  th e  c e n t r a l i s e r  o f b ib u t, in  th e  c e n t r a l i s e r  of B, th en  the

induced map i s  g ---- ► gog which i s  independent of x € b/G .

I t  th en  fo llo w s  th a t  (G^)g i s  d iffeom orphic  to  G^

X e b/G  and so  th e  lemma is  p roved .



101

APPENDIX 2 

ATLAS OF LOCAL BUNDLE CHARTS

At se v e ra l p o in ts  in  C hapters 2 and 3 an a t l a s  o f lo c a l  bundle c h a r ts  

has been g iven  f o r  th e  bundle

M >M^-JL_>S^

w ith  the  u su a l n o ta tio n  where M and th e  diffeom orphism  f  : M —>M have

been d e fin e d  in  v a rio u s  w ays. I t  i s  th e  in te n t io n  h e re  to  in d ic a te  why

th e  bundle c h a r t  maps a re  in  f a c t  d iffeom orphism s.

C o n stru c tio n  of lo c a l  bundle c h a r ts

Let p denote  the  n a tu r a l  p ro je c t io n  p : B. e/Z  = S  ̂.

Let th e  open covering  [Ui^Ual o f S  ̂ be d e fin e d

Ui = [p (u ) |0 <  u< l j .  Us = [ p (u ) |3 A <  u < 5A! .

Then we d e fin e  th e  a t l a s  } (U i ,h i) ,  (U sfhg)! by

h i : Ui X 7T"^(Ui)

( p ( u ) , x )  —» 7T^(x,u) , 0 < u < 1

hg ; Us X M - » - 7r"^(Us)

( p ( u ) , x )  —» 7T^(x,u) , 3A  < U< 3A«

To show th a t  h i i s  a diffeom orphism  co n sid e r th e  fo llo w in g  d iagram ,

M X ( 0 , 1 ) ----------------- ^  Ui X M

h iTT

The diagram commutes where d i  i s  d e fin e d  as th e  n a tu r a l  d iffeom orphism  

d ( x ,s )  = ( p ( s ) ,x ) .  By d e f in i t io n  tt^  i s  a d i f f e r e n t ia b le  map and from  

th e  com m utativ ity  g iv e s  us

h i = TT^di  ̂ ; Ui X M-> 7r“^ (U i) .
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I t  fo llo w s t h a t  h i  i s  d i f f e r e n t i a b le .  I t  can be checked t h a t  hi 

is : a h.omeomorphism. Hence h i  i s  a diffeom orphism . We can s im i la r ly  

show th a t  hg i s  a diffeom orphism .
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APPENDIX 3 

CATEGORIES AND FÜNCTOBS

(A.3)*1 D e f in it io n  of Category 

A category  C c o n s is ts  of 

(C l) a c la s s  of o b je c ts  A ,B ,C , . . . ;

(C2) f o r  each p a i r  (A ,b ) of o b je c ts  a s e t  [A ,b] ,  where th e  e lem ents

a re  c a l le d  morphisms from A to  B w ith  domain A and range B

(we w r ite  a : A -* B or A - ^ ^ B  f o r  a c [A ,B ]),th e se  s e ts

being  p a irw ise  d i s j o i n t ,  i . e .  (A ,b ) /  (A’ ,B ’ ) im p lie s  

[A,B] n  [A ',B ']  = $ ;

(C3) fo r  each  t r i p l e  (A,B,C) o f o b je c ts  a map

[A,B] X [B,C]-------> [A,C]

 > (3a.

c a l le d  com position of morphisms;

(C4) f o r  each  o b je c t A an  elem ent 1^ e [A,A] c a l le d  id e n t i ty  morphisms ;

th e se  d a ta  being  s u b je c t to  th e  two axioms;

(ACI) I f  a e [A ,B], c [B ,C ] ,y   ̂ [C,D] then  rC/^ct) = (x /^)a

(AC2) I f  a e [A,B], th en  a1^ = a ,  l^a = a .

(A .3»)2 D e f in i t io n  of F u n c to r .

Let Q  and ^  be c a te g o rie s#  A c o v a r ia n t fu n c to r  F : (% ^

i s  th e  assignm ent 

(P1 ) o f an  o b je c t FA o f  ^  to each o b je c t A o f  Q  ;

(F2) of a morphism Fa : FA -*• FB of ^  to  each morphism a : A -> B of (^ ;

s u b je c t  to  th e  axioms 

(AF1) F ( l^ )  = 1p^

(AF2) F(ySa) = F(/!?) . F (a ) .
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APPEIWIX 4

THE DOUBLE OF A MANIFOLD

(A.4) .1 D e f in it io n  [1 8 ]. Let M be a C ''-m anifold  w ith  non-empty 

boundary. Then D(m) i s  th e  union  o f Mq = M x 0 and = Mx 1,

w ith  (x ,0 )  and ( x , l )  id e n t i f i e d  whenever x ç 5 (m) .  D efine th e

d i f f e r e n t ia b le  s t ru c tu re  on d(m) a s  fo llo w s; Let po : Uo 5(Mq) x [0 ,1  ) 

and Pi ; Ui, -> 5(Mi) x  ( -1 ,0 ]  be p roduct neighbourhoods of the  boundary 

of Mo and Mi, and l e t  p ; U -* 9M x ( - 1 ,1 )  be th e  homeomorphism induced

by Po and p i .  A O'* d i f f e r e n t ia b le  s t ru c tu re  on D(m) i s  w e ll-d e f in e d

i f  we re q u ire  ( l ) P to  be a O'” diffeom orphism  and ( 2 ) th e  in c lu s io n s  

o f Mo and Mi in  D(m) to  be C embeddings.

( a . 4 ) .2  LEMMA. Let X and Y be compact spaces and A and B

c lo sed  subspaces of X such  th a t  A U B = X. Let f  1 , f 2 be homeomorphisms 

f  1 : A -* Y  and fg ; B Y such th a t f i (A )  U fg(B ) = Y and

f  11A n  B = f g IA n  B, then  f  ; X -> Y d e fin ed  by f  1 A = f i  and f  | B = fg

i s  a home omorphism.

P ro o f . Because of th e  o v erlap  c o n d itio n  f  i s  w e ll-d e f in e d  and 1 -1 .

Given V, an  open s e t  of Y, then  f (v) = f"^ ((V  A f i ( A ) )  U (V A fg (B ) )) = 

f""^(V A f i ( A ) )  U f"^(V A fg (B ))  = fI^ (V  A f i ( A ) )  U fg^(V  A f g ( B ) ) .  We have

th a t  VA f i(A )  and VA fg (B ) a re  bo th  c lo se d  in  Y. S ince f i  and fg

a re  homeomorphisms i t  fo llo w s th a t  f ”^(v) i s  th e  union o f two c lo sed  s e t s  

and hence c lo se d . S im ila r ly  given U c lo sed  in  X then  f ( u )  = 

f((U  A a )  U (U A b )) = f(U  A a )  U f  (U A B) = f i(U  A A) U fg  (U A b) .

Because U i s  c lo sed , U A A and U A B a re  c losed  in  A and B

re s p e c t iv e ly  and so f  i ( u  A A ), fg(U A b) a re  c lo sed  in  f i(A )  and fg(B ) 

r e s p e c t iv e ly  s in c e  f  1 and fg a re  homeomorphismæ. Hence sin ce

f i ( A ) ,  fg (B ) a re  c lo sed  in  Y, then  f i(U  A A) U fg(U  A b ) i s  c lo sed  in  Y.

T herefo re  f  i s  c lo sed  and so f  i s  a homeomorphism.
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APPENDIX 3 

DIRECT AND INVERSE SYSTEMS [8]

(A.3)«1 D é f in i t io n . A d ir e c te d  s e t  M i s  a q u as i-o rd e red  s e t  such

th a t  f o r  each p a ir  a , e  M, th e re  e x is t s  a y  such th a t  a < y  /? < y ,

(a . 3) «2 D e f in i t io n . A d i r e c t  system of s e ts  [X,7ri over a d ire c te d  s e t

M i s  a fu n c tio n  which a t ta c h e s  to  a c M a s e t  X̂  and to  each p a i r  a, 

such th a t  a < in  M, a map

'"a. •

such th a t  f o r  each a € M

TT̂  = 1
a

and f o r  a < /? < y

(a . 3) «3 D e f in i t io n . Let be a d i r e c t  system over th e  d ire c te d

s e t  M T/here each i s  an a b e lia n  group and each i s  a homomorphism.

Let ZG denote th e  d i r e c t  sum of th e  groups j . For each a. < /3 i f

g = TT̂ g then  g and g a re  s a id  to  be r e l a t e d .  Let Q be the  sub- OL a oc

group o f Z g g en era ted  by a l l  r e l a t e d  e lem en ts . Then th e  d i r e c t  l im i t  

o f [ G,7T i i s  th e  f a c to r  group

G“  = (Zg) / q .

(A .3) .4  An in v e rse  systems of s e t s  [X,7t] over a d ire c te d  s e t  M is  

a fu n c tio n  which a t ta c h e s  to  each a e M a s e t  X^, and to  each p a ir  

(a, /? ) such th a t  a < ^  I n  M, a map

such th a t
a , „TT = 1, a e Ma

= 7T ,̂ OL < (3 < Y  in  M.OL (3 a t ' I
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(A .3 ) .3  The in v e rse  l im i t  5^ of th e  in v e rse  system  of (A .3) *4

i s  the  su b se t of th e  product IIX  ̂ c o n s is tin g  of th o se  fu n c tio n s  x = [x^ i 

such th a t  f o r  each r e l a t i o n  a < (3 in  M

•

Define the  p ro je c t io n  i r ^  : X^ -♦ by ir^(x) = x ^ ,

(a . 3) «6 LEMMA. Given th e  in v e rse  %rstems of s e ts  }X,7T} w ith

in v e rse  l im i t  X̂ o then  the d i r e c t  %rstem o b ta in ed  by a c tio n  o f th e  Cech 

cohomology fu n c to r  H* on [X,7t ] has d i r e c t  l im i t  i f  th e  c o e f f ic ie n t

group i s  a b e lia n . [This i s  th e  re c e iv in g  ca teg o ry  we have used  in

Chapter 3]»
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ABSTRACT

Flows which are suspensions of auto-diffeomorphisms of manifolds 

are studied in th is  thes is .  The structure of the product of two such 

suspended flows is  investigated and i t s  r e la t io n 'to  product diffeomorphisms, 

together with some simple statements concerning Anosov flows are given,

A generalization of suspension to deal with any f in i te  number of commuting 

auto-diffeomorphisms is  considered and analogous resu lts  to those obtained 

above are proved together with some additional ones.

A functorial representation is given for suspended flows. Other 

flow invariant operations on manifolds are considered for th is class of 

flows.

Also considered are diffeomorphisms with non-wandering sets which 

have parts homeomorphic to Cantor Sets, The cohomologies of the ir  insets 

are computed using ïech cohomology theory, This is  a f i r s t  step in the 

problem of using Morse Theory to obtain Morse-inequalities for Smale 

diffeomorphisms as defined in the introduction.
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Page lu, line 23: These diffeomorphisms disprove the conjecture [22 
that the set of Morse-Smale Diffeomorphisms on a 
smooth compact manifold is  generic

r  "I V
Page lu8, line 34: [341 M,A, Armstrong, Compact Cech Cohomology, (Lecture

notes by E,C, Zeeman, University of Warwick, 1965,)•


