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ABSTRACT

Part I

Total cross sections for high-energy inelastic collisions 

between helium atoms originally in their ground state have been 

obtained within the framework of the first Born approximation.

The ground state of the helium atoms was described by the 35- 

configuration Cl wavefunction of Weiss expressed in the form of 

a natural expansion, thereby facilitating an examination of the 

influence of ground state correlation effects on the scattering 

cross sections.

Part II

The natural expansion of the Weiss 35-configuration 

Cl wavefunction for helium was used to assess the behaviour 

of high-energy electron-capture cross sections for the reaction 

+ He(ls^) — H(nZ) + He’̂(ls) when the target is described 

by wavefunetiens of varying sophistication. The impulse approxi­

mation and the continuum distorted wave approximation were used to 

evaluate the above cross sections for proton impact energies 

ranging from 25 keV to 3.5 lïleV. It was found that, in contrast 

with the impulse approximation, the continuum distorted wave 

(CDW) method is easily applied to electron capture reactions 

and overall gave the better agreement with experiment. The CDW 

method was also used to obtain capture cross sections for alpha 

particles impinging on-a helium target.
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CHAPTER 0.1 

General Introduction

)The Correlation Problem

In the quantum mechanical treatment of an atomic or 

molecular system we would like, in general, to possess a knowledge 

of the exact wavefunction which contains all the * information' 

for that system. However, in order to obtain this wavefunction 

it is necessary to find an exact solution to the many-electron 

Schrodinger equations which, in practice, is unobtainable. As a 

consequence, varying degrees of approximation to the exact 

wavefunction are made. The first and simplest of such approximations 

is due to Hartree , where we assume that the total wavefunction 

y^(1,2,3,.,..n) for an n-electron system may be written as 

the product of one-electron wavefunctions.

(^(1,2,3 n) = 'Vj/^d) ^ 2 (2 ) 11/ 3 (3 ).... l(/n(n) ,

(0.1.1)
where (i) depends on the space and spin coordinates of electron

i. One of the assumptions in equation (0.1.1) is that the electrons 

behave 'independently* of one another; that is, each electron 

moves in the average electrostatic potential due to the presence 

of all the other electrons. Furthermore, we are not taking into 

account the indistinguishability of the electrons, nor the Pauli 

exclusion principle which states that the'"total wavefunction of 

a system must be antisymmetric with respect to the interchange 

of coordinates of any two electrons;

(l,2,3....i,j....n) = “ (1,2,3....J|i....n) .

Therefore it is more accurate to write



^  (1,2,3....n) = \)//1)   -Yn(^)

yi(2) ^ 2 (2 ) Y n ( ^ )

Yi(=) Y 3 O )  -Y;(3)

Y i  ( " )  Y s ^ " ^ ................Y n ( " )

(0.1.2)
This form of writing the many electron wavefunction is known as a

2Slater determinant and the component one-particle functions are 

referred to as spin orbitals. There are only two possible spin 

states which an electron can possess. Any spin orbital may be 

written as the product of a spatial orbital jà and a spin function 

or p  :

Y 21-I = (0.1.3a)

Y z i  “ & • (0.1.3b)

Uihen in equation (0.1.2) is determined numerically by an

iterative self-consistent-fieId procedure it is termed the 

Hartree-Fock (HF) wavefunction . It corresponds to the best 

possible energy, within the variational principle, compatible with 

a single Slater determinant - termed the Hartree-Fock energy 

The HF orbitals are constrained to form an orthonormal set and. 

the factor 1y / y n T  ensures ^  is normalized to unity.

In reality, each electron lies in a "coulomb hole*, a 

region which is largely devoid of other electrons owing to 

coulombic repulsions. Within the HF approximation, the probability 

of finding two electrons with parallel spins at the same point in



space is zero. Such a point may be termed the centre of a 'Fermi
4hole' , and is a consequence of the antisymmetry of the wave­

function. However, for electrons with anti-parallel spins a non­

zero probability is predicted. Therefore the Fermi hole accounts 

for part, but not all, of the coulomb hole. The correlation 

problem is concerned with introducing flexibility into the wave­

function over and above that given by the HF approximation, 

thereby describing the remaining part of the coulomb hole - that 

part which arises from interactions with anti-parallel spin 

electrons. In passing we note that recently it has been shown 

that the size of the Fermi hole is much smaller than previously 

believed^, thereby accentuating the importance of electron 

correlation.

In general, the correlation energy of a system is

defined^ as that part of the exact non-relativistic energy

£ , that cannot be accounted for when using the best singleexact  ̂ =
Slater determinant wavefunction. Thus,

= "exact -^HF

The correlation energy of an atom or molecule is usually of the 

order*of magnitude of of the total energy. Although this is 

a relatively small contribution to the total energy it is comparable 

to spectral transition energies, binding energies and rotational 

barriers in molecules. Many physical quantities such as absorption 

frequencies and force constants are directly related to total 

energies and can therefore be correlation dependent. Other 

quantities are related to expectation values other than that of 

the Hamiltonian, for example: dipole and higher multipole moments, 

spin densities and field gradients. Most of the operators



involved for such properties are one-electron operators so that,

according to the IKl/ller-Plesset theorem , their expectation values

are affected by correlation corrections to the wavefunction

only to the second order in perturbation theory based on the HF

wavefunction as the zeroth order approximation# Thus, correlation

effects generally have only a minimal influence on such expectation

values unless of course the HF.value is unusually small: a notable

example being the dipole moment of CO for which it is necessary

to allow for correlation in order to determine the correct sign 
0

of the dipole « Expectation values of two-particle operators,

which depend on the two-particle distribution are, not surprisingly,

very dependent on correlation effects, an example of this being

the calculation of incoherent X-ray scattering factors.

Many methods of analysing and studying correlation
9 10effects have been proposed# The work of Nesbet , Brueckner 

1 0and Sinanoglu has been particularly note-worthy# However, much
11of the early work on the problem was due to Hylleraas who

proposed three methods of constructing correlated wavefunctions,

all of which are still in use today. Uie give here a brief

description of one of these methods# For a more detailed treatment
12we refer the reader to the literature .

Configuration Interaction Wavefunctions and Natural 

Expansions, The method of Hylleraas referred to above is known 

as the superposition of configurations or configuration interaction 

(Cl) method. In this approach the wavefunction is expanded as • 

a linear combination of Slater determinants, each of which is 

composed from a basis set of orbitals; the problem being to determine 

the coefficients. Application of the variation theorem to such a

w



trial wavef unction leads to the following matrix equation determining 

the expansion coefficients:

H C e"* s c"* (0.1.5)

The H matrix has elements

"ij “ 0i \ ̂ I '
where is the î *̂  configuration (determinant or linear

combination of determinants) and the ^ , or overlap, matrix has

elements

The vector has components corresponding to the coefficient

of the i^^ configuration and associated with the m^^ eigenvalue 

• Frequently the basis orbitals are chosen to be orthonormal, 

which leads to the overlap matrix taking the form of the unit 

matrix. In this instance the solution to equation (0.1.5) 

reduces to the problem of solving the secular equation:

"ii - ^

21

H12 H13

"2 2  - " 23

HIn

2n

Hn1 Hn2 Hn3 "nn - C

0 .

(0.1.6)
A Cl calculation therefore generally takes the following form:

(1) Choose a set of orbitals - usually, though not necessarily, 

chosen to be orthogonal.



(2) Construct a set of configurations from these orbitals 

appropriate to the particular atomic or molecular state,

(3) Calculate the matrix elements between configurations,

(4) Solve the secular equation.

Clearly, provided that the set of basis orbitals can 

be made complete and provided that all possible configurations 

are included the method can, in principle, yield the exact non- 

relativistic energy limit. In practice, of course, there is 

a restriction on the number of configurations that can be 

conveniently handled. The main drawback of the method is that, 

at the outset, it is not certain which configurations will be 

most effective in lowering the energy. In addition, it is found 

that the energy convergence is notoriously slow.

Lowdin^^ has defined natural spin orbitals 

as being those orbitals which produce a diagonal representation 

of the first order density matrix ^(x^ , x^), that^is:

. Xg -n^ • • • • Ü „ ) •  • •‘‘iln

= ^  ) ^X. i 1 ) » (0.1.7)
i

where . refers to the space and spin coordinates of electron j.

The constant is known as the occupation number of the

i^^ natural orbital (NO). Using a theorem due to Schmidt^^ it 

may be shown that the use of the highest N occupied natural 

orbitals in a Cl wavefunction leads to the most rapidly convergent 

expansion possible for any basis set of N orbitals. Formally this 

result is of little value since in order to determine the natural 

orbitals it is first necessary to know the density matrix, which



in turn demanda a knowledge of the exact wavefunction. However,

this result may be utilised by performing an approximate Cl

calculatioh, determining approximate natural orbitals, and then

repeating the procedure but now using only those natural orbitals

of highest ocbupation number and augmenting the basis set with

a number of new functidnb. Ahong such procedures we may mention
1 6the 'pseudo-natural orbital' techniques of Edmiston and Krauss

1 7and the 'iterative NO-CI' procedure of Bender and Davidson .

Alternatively, natural orbitals may be used for a different

purpose - namely, as an instrument to further our understanding

of electron correlation, and its influence in many physical problems;

for example, atomic and molecular scattering reactions. This

end may be achieved by expanding an existing Cl wavefunction in

terms of natural orbitals which are then grouped into natural

configurations. This is generally known as the natural expansion

of the wavefunction. Such an expansion is well ordered by virtue

of the energetically decreasing importance of each additional

natural configuration, thereby conveniently 'partitioning' the
1 8wavefunction for use in further calculations . «

'he Scattering Matrix^0....... . - 3-U' ■ ■ —
’ &Y. V. In the present work, we are concerned with total

scattering cross sections which include transition probabilities 

for direct and rearrangement collisions respectively. As shown in w 

Appendix A, the total cross section for a transition between 

states m and n is given by

Q = r  I |2 _ (0.1.8)
   ̂ mn

4TT̂
where yCU is the reduced mass of the colliding systems, and k^



are the associated relative momenta. T is given bymn

"mn = n I  ^  ^

Here V is the perturbation corresponding to the unperturbed

Hamiltonian H , such that H = H + V. t ^  are eigenfunctionso o m • n
of H corresponding to total energies E , E respectively, o m n
^ i s  an eigenfunction of the total Hamiltonian H, and it may 

be shown that

= ^ m  ' (0.1.10)

where JX is the M/ller operator^. This establishes the important

fact that v/L acting on a continuum eigenfunction of H^ generates

the continuum eigenfunction of H which has the same energy E^,

and which satisfies outgoing-wave boundary conditions. ^  ,m
being an eigenfunction of the total Hamiltonian H, represents a 

complete solution of the scattering problem. Therefore-, ^  ^ 

contains the description of all possible reactions and the only

problem remaining is the extraction from M: ^ of the information

which refers specifically to the reaction of interest. If 

equation (0.1.9) could be solved exactly, then all the information 

about any particular reaction would be available; that is, we would 

have solved the complete scattering problem. In practice, however, 

such a solution is not readily obtainable, and many theories to 

evaluate T^^, or its equivalent, have been proposed. The simplest

of these is to replace by , to give^ m ' m

"mn = < ' ^ n  1 " 1 Y m >  ’
which is just the first Born Approximation.

It is not intended here to consider all the different 

theories proposed to date. For an excellent treatment of this,

 ̂ See Appendix A.



which includes references to several experiments which support,

or contradict, the many theories, the reader is referred to
19McDowell and Coleman •

Aims of the Present Work
■3(

In attempting to describe any reaction which includes 

a system more complicated than hydrogen, any theory, no matter 

how good, will suffer from a limitation; namely, that the many 

electron wavefunction is not known exactly. This necessitates 

the use of approximate wavefunctions and, as a consequence, some 

authors, in testing their theories, have not included electron 

correlation in their calculation, thereby introducing a source of 

error over and above that due to the approximations made in the 

theory. Hence, a degree of uncertainty must be associated with 

any conclusions drawn. The aims of this work are to remove this 

degree of uncertainty by the systematic introduction of electron 

correlation, via the natural expansion, into some first and second 

order approximations of atomic scattering, thereby enabling us 

to make a number of comments on the theories examined. It must be 

pointed out at this stage that only high energy collisions (and 

therefore approximations) are considered; i.e., at impact velocities 

which are greater than the velocity of the orbital electrons of 

the target atom.

In Part I, a brief outline is given of the first Born 

Approximation which is applied here to the inelastic collisions 

between helium atoms. In Part II, we examine the effects of 

electron correlation on the Impulse approximation, and on the 

Continuum Distorted Wave approximation; in the present study both

are applied to electron capture by protons in helium. For the sake 

of completeness we include, in Appendix A, the formal time-dependent 

theory of scattering.
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P A R T  I

GROUND-STATE CORRELATION EFFECTS

IN He-He INELASTIC SCATTERING



CHAPTER 1.1 

Introduction

The study of transition probabilities and collision

cross sections for helium atoms is of importance in such diverse
1fields as astrophysics , electron microscopy, radiation damage,

atmospheric physics, and research into controlled thermonuclear 
2fusion . It is of no surprise therefore, that there is such a large 

interest in the quest for theories which will lead to the easy 

and accurate evaluation of scattering cross sections. However, 

up to the present time, no exact theories exist, even for a 

hydrogenic target system. As mentioned previously, when evaluating 

the various cross sections for many electron targets, there are 

uncertainties due to approximations made in the theory, and due to 

the approximate nature of the wavefunctions used in the application 

of the theory. Therefore, any study of the effects of electron 

correlation is bound within the framework of the particular theory 

under examination.

The first Born Approximation (FBA) has been widely applied 

by many workers to thd evaluation of excitation, ionization, and

electron capture cross sections, because it is relatively easily

applied to large atoms and, for sufficiently high projectile energy,
3—0it is often in reasonable agreement with experiment . In order 

to estimate the. possible error due to the use of approximate 

wavefunctions in the Born Approximation, the differential cross 

section for a given inelastic scattering reaction may be evaluated 

using several different formulae which are formally equivalent but 

which give different results for approximate wavefunctions, since

11



they weight the regions of coordinate space differently. Of

these formulae, the two most commonly used are often referred to
0as the 'length* and 'velocity' formulae , by analogy with similar
9expressions introduced by Chandrasekhar in his work on photoionization.

1 1Accurate cross sections for the 1 S —■> n P (n = 2 to 6) end
1 11 S ---> n D (n = 3 to 6) excitations of helium, for both electron

and proton impact, have been calculated by Bell, Kennedy and

K i n g s t o n ^ T o  a very good approximation the results of these

calculations may be regarded as 'exact', within the FBA, since the

discrepancy between 'length' and 'velocity' forms is seen to be 
1 0very small . Calculations have also been performed using

11 12 analytical Hartree-Fock (HF) functions , unrestricted HF functions
1 3and a 6-term explicitly correlated wavefunction . A comparison

of these calculations with 'accurate' FBA results confirms the
1 4suggestion of Altshuler that scattering cross sections are 

sensitive to the description of electron correlation - particularly 

in the ground state of the target atom. Although the magnitude 

of the total 'correlation effect' is, on the whole, fairly well 

established, the nature of this sensitivity is not well known. With 

this in mind, Banyard and Seddon^^*^^ have examined cross sections

for the 1^5 — ■ ■> 2^P and 1 -- >• 3^P excitations of He and Li*,

arising from the scattering of e , H and H. Electron correlation 

was introduced into the description of the ground states in a

systematic and well-ordered manner by using configuration interaction
1 y " 1 0wavefunetions of Weiss expressed in the form of natural expansions .

In the present work we extend their analysis of ground state

correlation effects to a consideration of helium-helium scattering,

where both the projectile and target atoms are initially in their

12



ground state. Altogether, five possible inelastic reactions are 

considered :

two single excitation reactions,
1 1He (1 S) + He (1 S) —

He (1^S) + He (l\s) —
two double excitations,

1 1
He (1 S) + He (1 S) —

1 1
He (1 S) + He (1 S) —

and the mixed double excitation,

He (1 Ŝ) + He (1 Ŝ) —

He (1^S) + He (2^P),

He (l^S) + He (3^P);

He (2 V) + He (2 V),

He (3 V) + He (3^P);

He (2^P) + He (3^P).

1 .1 .1 )
1.1.2)

1.1.3)^

1.1.4)

1.1 .5)

A brief comment is also made regarding the elastic scattering cross 

section.
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CHAPTER 1.2

First Born Approximation in Atom-Atom Scattering

The theory of the first Born Approximation is well known,

and therefore it is only necessary to give a brief outline of the

FBA in the case of atom-atom collisions, essentially to establish

definitions for the purpose of discussion.

Consider an atom A with electrons, nuclear charge

Z^, reduced mass IÏ1 and LAB velocity v^ incident upon an atom B

with Ng electrons and nuclear charge 2g. We require to solve the
0

non-relativistic Schrodinger equation for the system

- hVl  + "A + "8 + °

luhere and _Tg represent collectively the internal electronic 

coordinates of the atoms and R_ is the internuclear distance. The 

first term of equation (1.2.1) represents the kinetic energy of atom 

A, H^ and Hg give the internal energies of the‘atoms and V(£^,£g,R_) 

is the interaction potential:

° "a"b “ "b y~ I-  * -A 1 " IT" | -  " “ S,.l
~  s 4 r  = t i  '

«A "8• E E
s=1 t=1

(1.2.2)
2

E.̂ is equal to the projectile kinetic energy (iMv^ ) plus the sum 

of the energies of the two atoms in their initial states m and p 

(Cq = + EgP). We expand (h ^>£q ».0.) as follows:

, rg ' 2) ”  Y i ( ^ A  • ’ (1.2.3)

 ̂Atomic units are used throughout this thesis, unless stated otherwise

14



where is the complete set of orthonormal eigenfunctions

of the pseudo-molecule AB satisfying

[̂ A ̂-A ̂ * "̂ B̂ -B ^i^-A '-B̂  “ ^̂ A * B̂̂  ̂ i^-A'-^^

= E^ • (1.2.4)

When AB is in a state i, atom A is in state a and atom B is in 

state b. For ^V^£(£.^»£g) lus choose

' (1.2.5)

where U(r^) and V(£g) are the eigenfunctions for the individual 

atoms, satisfying

"A ^a^-A^ ° "a ^s ^-A^ , (1.2.6a)

Hb'U'b (£b ) = EgV,(rg) . (1.1.6b)

Clearly, equation (1.2.5) neglects electron correlation between 

electrons in different atoms. However, this 'independent particle' 

approximation will be very good in the asymptotic region where 

R. > O O  •
Substituting equations (1.2.3) and (1.2.5) into equation

(1.2.1), then simplifying by making use of equation (1.2.4),
if f

multiplying throughout by (r,̂ »£g) and finally integrating over

r. , r^ we obtain —A , —B

( V ^  + ^<j)Ej(^) = "2iyi j"\/(£̂  ,£g,JR)^^(£^ ,£g,_R)^(_r^ ,£g)d£^ '

(1.2.7)

where k^ = 2M(Cj. - Ej). Substituting again for(£^»£g>8.)» 

equation (1.2.7) becomes.

(VR + kj)Fj(R) - -2m T  V.j(R) F.(R) , (1.2.0)

15



üjhere U.j(R) = j u ( r ^ , r g , R ) Y . ( r ^ , r g ) Y ^  (r^,2g) dr^ . (1.2.9)

In Born's method two approximations are made:

(i) Neglect for all i : we assume there is no electrostati,c

interaction between projectile and target atoms.

(ii) Neglect (^)/ except for i = 0. This means that all the

coupling terms on the right hand side of equation (1.2.8)

are assumed zero except  ̂which couples the states ^

involved in the excitation.

Hence, from equation (1.2.3),

Y ( £ a .£b .R) = fo(R) Y o (£a .£b )

= U„(r^)Vp(rg) .
From (i) above, F^(^) must have the form of an undistorted plane 

wave and so we may write

Y  ( Z A ' ^B'4) = e "  8„ ( £ a ) V  (£ b ) > (1.2.10)

consequently, equation (1.2,8) becomes
2 2 ik ._R(V B + kj ) F (R) = -2IÏI 8 “ . (1.2.11)

In the limit of £ —-j>. cO  , the right hand side of equation (1,2.11) 

vanishes and F.(^) then satisfies the equation for a free particle 

of energy (E.̂  - E^). Clearly F^(^) has the asymptotic form of a 

scattered wave:
ij< .

F.(R)= B ^ > (1.2.12)J ^ O J

where K = k - k , , the change in momentum on collision, and f .(K)— —o — J oj'— '
is the scattering amplitude. Equation (1.2.11) can be solved^ for

F.(R) in terms of f .(K). A direct comparison of this solution J - OJ -
with equation (1.2.12) yields the expression for the scattering 

amplitude:

 ̂See, for example, Chapter IV, reference 5.

16



^  - V(rA,r.g,&) U ^ ( )U % ( ) I T  ( )  V*(rg) .
pq ZtT ''

", ‘̂•£a ' (1.2.13)

where n and q denote the final states of atoms A and B respectively.
19Integrating over JR by using Bethe's integral, we obtain:

pq
" 3  P""" (-K) ""a ^mn ^pq (^)

where S. . = 1 , i = j

j = 0 , i ^ j *

(1.2.14)

Therefore we have, finally

^.(ü) = -2m lS*_Zn -mn
PQ

(1.2.15)

A 6where the scattering form factors TJ and ^  are given by:
mn pq

N,
-ij<.r ^
= " ® "m(^A)"n(^A) ‘'•îA * (1 .2.16a)

s=1

E  (K ) =
pq

■''r
r  T  #
£  J ® " ''%(^B)"V'q(rg) drg . (1.2.16b)
t=1

In terms of momentum variables, the differential cross section is

given by

E n  4̂ ) = 
pq

E n  ( 4 )
pq

(1.2.17)

The total cross section is 

Q(T) = I (l<) dK

K . min

mn
pq

(1.2.18)
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where T is the kinetic energy of the incoming projectile in the 

LAB frame. Thus,

K-max 
Q(T) = At  lYl \

T i .min
fmn^A - T)mn

2 r- B
5pqZe“ €  (Ü)

-I 2

pq
K~^dK.

(1.2.19)

The limits K and K . are determined from the kinematics of the max min
reaction, and are given by

max
min

(1.2.20)

where lYl is the mass of the projectile, and ^  E is the sum of p mn
pq

the excitation energies of the projectile and target systems 

( ^  Epq)'
Equation (1.2.19) describes elastic scattering under the

condition that the kroenecker deltas are unity; K . then becomesmin

maxzero. At sufficiently high projectile energy, the value for K
19is effectively infinite, and it can be shown that the elastic

cross section Q(T) then behaves as BT \  where the constant B

can be referred to as the cross section coefficient.

Calculating the limit as K — >• 0 of the quantity

we find that the operator in this expression reduces

^  £.□ and, as a result equation (1.2.16a) is often referred 
t t

20to as the length formula. However, it may be shown that an 

equivalent form of equation (1.2.16a) is

to

6pq(K) = SiTT^K

t=1
(1.2.21 )
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and now the operator arising from the limiting process above has 

been reduced to X  — q » hence equation (1.2.21) is referred

to as the velocity formula. For approximate wavefunetions,

equations (1.2.16a) and (1.2.21) do not yield the same results,

since the two formulae weight the regions of configuration space

differently. The velocity formula draws its major contribution":

from regions of space closer to the nucleus than does the length

formula and, consequently, for approximate wavef unctions the

velocity formulation often gives better agreement with results

calculated from 'exact* wavefunetions. In his study of electron
20correlation effects in atomic scattering reactions, Seddon 

concludes that, for the Cl wave functions used, the velocity 

formula generally gives more accurate results than the length 

formula. Consequently, in the present work, we have used the 

velocity formulation in evaluating the form factors Tj and
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CHAPTER 1.3

UJavef une tions and Results

In the evaluation of equation (1.2.21), applied to

helium-helium scattering, we have taken for the ground state

wavefunction the natural expansion of the 35-configuration Cl
21wavefunction of Weiss , truncated to include only the first X

terms. Thus, as X is increased from unity (approximating the HF
2 2equivalent wavefunction ) to fifteen (equal to Weiss' total wave­

function), electron correlation is introduced into the ground 

state through configurations which are well ordered by virtue of 

their energetically decreasing importance. This helium wavefunction, 

denoted by Vj^(1>2), may be written as

X
I
i = 1

^  X^-l '-2^ “ ''‘x X  $  i ^ - T - 2 ^  (X “ 1,2,3, .... 15) .

(1.3.1)

The natural configurations . are of the form
-r ^  C L

. (1,2) = { 2 /  +1)"^ 5 y  K ( i )  "X (2 ) , (1 .3 .2 )

where 5 = ( 1 ) p ( 2 ) - jî(l)<5<(2)^ and the natural orbitals

are linear combinations of the 15 basis Slater-type orbitals

(STO's) . , 5

j=1
n . - 1 -3 . rI n . - I -j . r

where T # ) = r  ̂ ® ^ Y ( 0 , ÿ ) (1.3,4)
" j

h j + i

and . (1.3.5)
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Note that i r \  = 0 for ^ ^  . for S states of helium (thisJ 1 j
23does not apply for S states of larger atoms )• Each wavefunction 

ÿ  was renormalized to unity by a multiplying factor :

r XI
L i = 1

(1.3.6)

n

The total energy expectation value E^ for each ground 

state wavefunction (1 » 2) was used to obtain the 1  ̂S ——

excitation energy ^  Ey . The energies E ̂  are shown in Table 

1.1 along with the natural expansion coefficients a^, The quantum 

numbers ^  of the STO's used to construct each natural configuration 

are also indicated.

The normalized excited state wavefunctions, which are 

orthogonal to the ground state wavefunction, are of the form

1

where ^^(r,ô,</>) = 2 exp(-o( r) (0 ,0 )

and ^p^(r ,e , 0  ) = N^p(c + dr)r exp(-jî r)V,̂ o ( 0 , 0 )  

for a 2 p̂  orbital,

P
2(3
V T

(1.3.7)

(1.3.8)

(1.3.9)

(1 .3.10)

and for a 3 p orbital.Po
c=* 2 : d = —1 ; N = 46 (1.3.11)

3 \ / r

The optimized exponents ( o(,p ) and energies for the 2  ̂P and 3  ̂P 

states of helium are shown in Table 1.2. For comparison, the 

Hartree-Fock and exact energies are also given. Hie see that the 

optimum value for is almost identical to Z - the nuclear charge;
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this is expected since the screening of the nucleus by the p

electron is very small. The optimized values for ^  are close

to (Z - 1)/n indicating that the Is electron screens the nucleus

to the extent of a large fraction of an electronic charge.

The use of wavefunetions (1,3,7) and (1,3,1) in equation

(1 ,2 , 2 1 ) enables us to evaluate the form factors 7̂  and £

analytically, leaving only the final integration in (1,2,19)

to be performed numerically. Great care was taken to ensure

numerical accuracy of at least four significant figurds.

We have defined the terms 'single excitation', 'double

excitation', and 'mixed double excitation* in equations (1 ,1 ,1 )

to (1.1.5), Results for the single and double excitations to the

3 P state are given in Tables 1.3 and 1.4, respectively. Results

for the single and double excitations to the 2  ̂P state are

presented in Tables 1.5 and 1.6, respectively, and finally, the

mixed double excitation results are given in Table 1,7. The

symmetry of the basis orbitals used to construct each additional

natural configuration, as X is increased, is given by Banyard 
22and Baker ; however, for convenience, they are also quoted in the 

tables after each X value. Values of the total cross section 

Q(T) for the five reactions (when X = 15) are compared graphically 

in Figure 1 .1 .
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CHAPTER 1.4

Discussion

Since our analysis is concerned with ground state 

correlation effects, our discussion will concentrate on results 

for transitions to the excited state which should, intuitively, 

be least influenced by correlation, namely, the 3 P̂ state.

Correlation effects influence Q(T) through improvements

in (i) the transition energy, and (ii) the wavefunction used in

the evaluation of the form factors. The nature of this dual

dependence as X is increased has already been discussed by Seddon 
1 6and Banyard . Essentially, at low energies, the changes which 

occur in the cross sections are dependent on the monotonie increase 

which occurs in the transition energy Ey as X varies from 1 to 

15. When T is large, however, the initial introduction of 

correlation causes changes in Q(T) through variations which occur 

in the integrand of equation (1.2.21). As X increases beyond 6 , 

the variations in the cross sections become once again dominated 

by the behaviour of A ^ x  • Table 1.3 shows that for low impact 

energies the non-correlated result (X = 1) is reduced by about a 

quarter when using the total Cl wavefunction (X = 15). However, 

as T increases, the results for X = 1 and 15 are seen to converge-. 

The initial introduction of correlation, based on p-orbitals 

and therefore of an essentially angular nature, causes a drop in 

the value of Q(T) at low T and an increase at large T which 

results in an improvement and worsening, respectively, of the 

agreement with the X = 15 values. The addition of purely radial 

correlation through the inclusion of a configuration based on 

s-orbitals as X = 2 — '■> 3 causes a reduction in Q(T) for all T .
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However, at high energy, the results are still inferior to the

non-correlated values, when compared with X = 15, even though we

have accounted for 85%(f the correlation energy at X = 3: at low

energies, on the other hand, a significant improvement has occurred.

Table 1,3 also reveals that, relative to X = 1, the point of

cross-over of the X = 3 values occurs at a higher energy than

that observed for X = 2, This latter trend continues as X increases

^nd when X = 6 the cross-over point is in excess of 35000 keV*

In the energy range considered here, the results for 6 ^  X ^  15

exhibited a general convergence towards X = 15 as a consequence of

being dependent essentially on the transition energy. Overall,

p-based configurations were found to be of greater relative

significance than other angular-based configurations in their

influence on Q(T) - irrespective of their ordering in X. Such a

feature, reflecting the symmetry of the excited states, may well
1 1be modified if the 2 P and 3 P wavefunctions were of correlated

form.

Inspection of Table 1.4 shows that, as expected, the Q(T)
1values for the single atom excitation to the 3 P state are larger 

than those for the double excitation. However, from a percentage 

point of view, correlation effects are seen to be of less importance. 

As X increases, the trends in relative magnitudes shown in Table 

1 .4 follow those for the double excitation but the cross-over 

points, with respect to X = 1, were found to occur at lower energies. 

As before, p-based configurations gave rise to the greatest change 

when introducing angular correlation. In passing, we note that 

the influence of correlation in the present case is less than 

that determined^^ for the 3  ̂P excitation of He by He^ ions 

although, in that instance, the Q(T) values are larger due to tfie“
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long range nature of the interaction forces - c,f* Table 4 of
1 6Seddon and Banyard • A further comparison with Table 4.of the 

earlier work indicates that, at comparable velocities, the present 

results are in close agreement with those for H - He(1 ^S — ►  3  ̂P) 

scattering.
1 1Turning now to the 1 S — ^  2 P excitation. Tables 1.5 

and 1 . 6  show that the cross sections for the double and single
-f2 P excitation reactions are, of course, considerably larger than

1 1 their 3 P counterparts. For the 2 P excitation the trends in

Q(T) as X is increased were found to parallel those for the 3 ^P.

This also holds for comparisons between double excitations except
1 1that, in contrast with (3 P , 3 P), the cross sections for the

1 1(2 P , 2 P) excitation for X = 3 were found to be superior to

those for X = 1 over the whole energy range when compared with

X = 15 as a reference. As shown in Tables 1.5 and 1.6, the

influence of angular correlation on Q(T) was once again dominated
1 1by the p-based configurations. For the mixed (2 P , 3 P)

excitation, presented in Table 1.7, Q(T) corresponds most closely
1 1in magnitude with (3 P , 3 P). This feature arises not only C3

because of the nature of the integrand in equation (1.2.19) but

also from the size of the lower limit K , . Consequently, as Xmin
increases, the trends in Q(T) at high T follow those for the 

1double 3 P excitation.

The energy dependence of the single, double and mixed 

excitation cross sections for X = 15 can be compared by inspection 

of Figure 1.1. Ule note that double and mixed excitations peak at 

a common T value; a similar observation holds for the single

excitation. This behaviour has been rationalized in an earlier
15work . We note also that the double, mixed double, and single
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excitation cross sections all exhibit a high energy 'tail* which

is very flat. This rather unphysical feature is a consequence of

the Born approximation, which predicts a comparatively large

tail in the differential scattering cross section I (K) formn
large K values - the region which is of particular importance 

in evaluating very high impact energy cross sections. Although 

not obviously apparent from Figure 1.1 (due to the different scales 

used) the single, double, and mixed double excitation high energy 

tails are all of approximately the same magnitude.

For elastic scattering the non-correlated (X = l) and 

correlated (X = 15) values for 8 , the cross section coefficient,
—18 2are 4.734 and 4.747, respectively (measured in units of 10 m 

per keV). Such small changes for the elastic cross section arise 

from the fact that, within the first Born approximation, we are 

evaluating a one-particle expectation property over a pure state 

and therefore it is easily shown that correlation effects are of 

second order. However, for inelastic scattering, where we are 

dealing with transitions between different states, correlation can 

make a first-order contribution which, as seen, is clearly significant. 

This, then, also rationalises the fact that, as observed earlier, 

the double excitation cross sections are more sensitive to electron 

correlation than are the single excitation cross sections.

Summary

The influence of an ordered introduction of ground state 

correlation has been examined for He - He scattering within the 

first Born approximation when one or both atoms are excited to 

low-lying n P states. Electron correlation proved to be most 

significant at low projectile energies. For the double excitations.
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where correlation effects were of greatest importance, the cross 

sections were reduced by about a quarter at low T values. As 

observed earlier, correlation gave rise to similar trends irrespective 

of whether the excited state was 2 ^ P o r 3 ^ P -  the cross sections 

possessing a maximum at approximately the same impact energy.

The initial introduction of correlation for He was of an angular 

character and accounted for nearly half the total correlation energy; 

this resulted in a sizeable improvement over the non-correlated 

cross sections only for low energy double excitations - in all 

other cases the agreement with the total correlated result became 

worse. A general improvement over the non-correlated results was 

not achieved until approximately 93% of the ground state correlation 

energy had been recovered. The observation regarding the relative 

importance of p-based angular correlation effects in the ground 

state when determining Q(T) suggests an extension of our analysis 

to include correlation effects in the excited states.

It may be of further interest to study reactions in 

which the initial state of the target and projectile atoms is not 

necessarily the ground state. This would then facilitate an 

examination of excited-state correlation effects in atom-atom 

scattering reactions.
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TABLE 1.1 Natural Expansion oF Weiss* 35-Confiquration

Cl Wavefunction for Helium 

(See equation (1*3.1) of text)

X

(aCoefficient 
of the X*th 

configuration
®i

)

I

Total
Energy

Ex %Ecorr

1 -0.995982 0 (s) -2.86169 0

2 0.061906 1 (p) -2.88201 48.4

3 0.061628 0 (b ) -2.89747 85.1

4 0.012644 2 (d) -2.89927 89.4

5 0.011139 1 (p) -2.90094 93.4

6 0.007902 o (b ) -2.90173 95.3

15 0.000652 0 (b ) -2.90320 98.8

(a) See Reference (2 2 )

(b) % E = 100 corr [^x- ^hf] / f  exact “  ^hf]
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table 1>2 Excited State Wavefunctions For Helium

(See equation (1.3.7) of text)

Excited
State oC P E

Hartree 
—Fock 
Energy

Exact
Energy

2 2.003 0.4025 -2.12239 -2.12246^®^ -2 .1 2 3 8 4(b)

3 ^P 2 . 0 0 0.323 -2.05471 -2.05474^®^ -2 .0 5 5 1 5(b)

(a) See Reference (24)

(b) Theoretical value taken from Reference (25)

29



c
o
•H4->
(0
u
c
D
M
4J
C|_

c O
o•H (0
U 0)
CO T3
Q] U
U O
0) CO
x: 3
4J O

•H
U k
o (0Cl- >

(-t
CM O

E Q-
sr
CM
1 Ol
a r—

to
Cl-
o Q}

X
(0 +
4J
•H CD.
c
3

to
C
•H (U

X

»- 1
CT CD
(0
C
o
•H CD
-4J X
to +

. O*
0Î cn
CO
to
o

0)
U X

to

w_JCD

CO r- VO VO in VO
VO VO in C3 CM to cn cn inin 00 < CM a CM S3 cn oo in CM S3- to cn in CM CMIIX o o o o o o

o a VO 00 o VO
CO CO to in (3 CO VO

CO in to CM CM in o C3
VO o in CM S3- to (TV in to CM
II . •

X a o o o o o

cn (3 00 VO cn CM
(X CD r- CM C'- VO to t̂

GO in CM to in C3 C3
in o in CM S3- to cn in to CM
II
X o (3 o a (3 C3
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FIGURE 1,1 Comparisons of the single and double excitation cross 
sections Q(T) (in units of 10 ^^m^) vs T, The left- 
hand scale refers to the solid curve and the rightr 
hand scale is for the double excitations shown by 
the broken curve.
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P A R T  I I

CORRELATION EFFECTS IN ELECTRON CAPTURE

CROSS SECTIONS FOR A HELIUM TARGET



CHAPTER 2.1 

Introduction

If, during a collision between two systems of particles, 

one or more particles are exchanged between the systems, the 

process is termed a rearrangement collision. In the field 

of atomic physics, examples of these processes include electron 

capture by ions (or atoms) from atoms; the exchange contribution 

to the scattering amplitude for electron scattering by atoms, 

in which the incident electron may be captured into a bound state 

of the atom, and an atomic electron ejected; the formation of 

positronium by positron impact on atoms. Similar reactions 

involving muons rather than electrons can also be studied. The 

application of the theory of rearrangement collisions extends 

beyond the confines of atomic or ionic physics into nuclear and 

elementary particle physics. In this and the following chapters 

of this thesis we will be concerned primarily with electron 

capture processes of the type

X* + A  X + A* , (2.1.1)

where X^ is a structureless projectile and A is an atom in its 

ground state. This type of process has been the subject of

several theoretical investigations which have been discussed in
1 2 3reviews by Gerjuoy , Bates and McCarroll , and Bransden , where

full references to earlier work may be found. A common conclusion

of these reviews is that second-order methods are needed to

describe rearrangement processes adequately. It is of considerable

interest to examine why this should be so.
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For many years it had been thought that there were no 

fundamental theoretical problems concerning high energy collisions, 

because the Born approximation was expected to be valid whenever 

the incoming particle velocities were high compared with the 

velocities of the atomic electrons. However, this validity 

became to be questioned for rearrangement processes, although 

for a long time the situation was far from clear.

Consider a fast structureless particle.(1) incident 

on a system composed of a core (2) and a bound electron (3).

During the course of the collision, particle (3) is transferred 

to give a bound state of (1,3). Let be the interaction

potential between particle (i) and particle (j). Taking H^ 

as the kinetic energy operator, the total Hamiltonian is

" = "o + " l 2  + ^ 3  + ''23 ' ( 2 - 1 - 2 )

Ule may suppose the initial and final unperturbed systems to have 

Hamiltonians

"i = "o + ''23 ’ "f = "o + ''l3 ' (2.1.3)

SO that the corresponding perturbations are

''i = ' ' 12 + ' ' 13 ' ''f = ' '12 * ' ' 23 • (2.1.4)

The 'post' form of the first Born approximation T matrix element

i f  = <'^f h f  | T i >  = < r f  |''i2  ̂ ''23 '
(2.1.5)

where the initial and final wavef unctions ” '

involved. The earliest quantal calculations of electron capture 

cross sections were based on a simplified version of the first

^ See appendix A
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Born approximation. Oppenheimer^ and Brinkman and Kramers^, 

who studied protons interacting with hydrogen atoms, argued that 

the internuclear potential  ̂ should not have an appreciable 

effect on the electron capture probability, and consequently 

they omitted this potential in their calculations (referred to 

as the OBK approximation). This neglect seemed justified since 

at sufficiently high velocities of impact ^  ^ and 

almost orthogonal and independent of the coordinates involved 

in V^2 « Further support was lent to this approach when lïlott̂  

pointed out that, on physical grounds, one would expect that the 

only effect of the  ̂ interaction would be to change slightly 

the direction of propagation of the incoming plane wave. It is 

certainly true that in an exact treatment of the problem the 

contribution from the internuclear potential is negligible^, 

but it does not necessarily follow that an approximate treatment 

will display the same features. Indeed, when compared with the 

experimental cross section for the process

H'*' + H(ls) — > H + (2.1.6)

it is found that the OBK cross section^*^ is clearly much larger
7than the measured value over the energy range 25 keV - 250 keV.

Bates and Dalgarno^ argued that while the previously 

mentioned orthogonality condition held if ^  and were^^

exact, it did not do so for the first Born wavefunctions actually 

employed and consequently it may be necessary to reintroduce the 

term  ̂ * The errors which the approximate

wavef unctions introduced into ^   ̂j j ^  might well

be compensated for by those in I ^1 2 ( Y i ^  * snd it

seemed clear that the matrix element (2.1,5) would be reduced

^ See Chapter 2,2, p,59
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by interference waves from the two centres. The improvement in 

the calculated cross sections was marked. In an independent
9calculation, Jackson and Schiff , who also argued that the neglect

of 2 in equation (2.1.5) was unjustified, obtained similar
1 0results. In an extensive analysis, Mapleton obtained Born

cross sections for reaction (2.1.5) for capture into the

Is, 2s, 2p, 3s, 3p, 4s, and 5s states. His estimate of the total

capture cross section arising from this calculation agreed well
0

with that of Bates and Dalgarno and, in particular was found to
7be in good agreement with the experiment of Uiittkower et al.

11lïlapleton has also considered the reaction

H + He(ls ) k. H(n.| ̂  ̂ m.̂ ) + He (2.1,7)

with the following , ^ 2 ^ 2)  combinations; (is, 2s), (Is, 2p),

(2s, Is), (2s, 2s), (2s, 2p), (2p, Is), (2p, 2s), (3s, Is),

(3p, Is) and (3d, Is). The resultant first Born total capture

cross section is in very good agreement with the measurements of 
1 2Welsh et al at energies above 40 keU. The close agreement 

between the Born cross sections and the experimental values is 

remarkable, especially since there appears to be little theoretical 

justification for this approximation. It would seem that this 

agreement is fortuitous since the first Born approximation 

differential cross section has a zero and a large angle tail which 

are unphysical and arise from the difference between the OBK and 

core terms which, for the first Born approximation, are both 

large and of opposite sign. Therefore, it would appear that the 

use of the first Born approximation for larger target atomic 

systems is not advisable, since the cancellation of errors may 

no longer be so favourable. A more profound objection to the
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use of the Born approximation in rearrangement collisions arises
13from the work of Aaron, Amando and Lee , who claim to prove 

that in any rearrangement collision the Born Series necessarily
3diverges. However, Bransden has commented that calculations in

which just the first one or two terms in the Born Series are

retained are not necessarily meaningless; see also the discussion 
1of Gerjuoy •

In the light of the preceding paragraphs, it is evident

that second-order approximations may be necessary to describe

high-energy electron capture processes adequately. In this

connection we mention, in passing, the second Born approximation,

for which detailed analysis of electron capture cross sections

has not been carried out. However, some interesting results

which refer to the high energy limit behaviour of the capture
1 4cross section have been obtained by Drisko , who considered 

the reaction

H"̂ + H(1s) — H(ls) + H"̂ . (2.1.8)

In his analysis, he used a 'peaking' approximation to evaluate 

some integrals, and showed that the contribution to from (Zj

the proton-proton potential, which plays an important role in the 

first Born approximation, is exactly cancelled (to order Vll^projectile) 

in the high energy limit by two of the second Born approximation 

terms.

A very interesting approximation is that of the expansion

in atomic and molecular eigenfunctions - in which one expands the

total three-body wavefunetion in terms of eigenfunctions of the

subsystems (2 + 3) or (1 + 2) - in that ultimately it may prove

to be a good bridge between low and high energy calculations. In
1 5the charge exchange problem, Bates has shown that advantage may
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be taken of the small ratio of the mass of the exchanged electron

to that of the heavy particles to reduce the coupled partial

integro-differential equations of the expansion method to coupled

partial differential equations, for which reliable approximations

are available. An equivalent formalism using the impact parameter
1 5method has also been given by Bates and later rederived by

16 17lyiittleman , and also by Sil who explicitly employed a variational

method. The application of the expansion method to many-electron

systems has received considerable attention. Two-state calculations

on

H"̂ + He(ls^)  >  H(ls) + He+(1s) (2.1.9)
1 8have been reported by Green et al and by Bransden and Sin F ai

19 2 0Lam , and Sin F ai Lam has carried out a five-state calculation.
21The procedure is similar to that adopted by Fulton and Mittleman

and will not be described in detail. For the ground state wavef unction

of helium, the first authors"*^ take » £.2̂  to be written as

where and ^ are variationally determined constants, chosen

to minimise the approximate eigenenergy. Bransden and Sin F ai 

Lam used, in turn, the following representations for the helium 

wavefunetion:

= N^e  ̂ 1 , (2.1.11)

= [ e - " ^ L  , (2.1.12)

and y ^^(r^.r^) = . (2.1.13)

but otherwise followed Green et al. The two-state cross sections 

obtained are in apparently good agreement with the experimental
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22results of Barnett and Reynolds , in the energy range 15 to 40 keV. 

However, theoretical arguments suggest that at moderate energies, 

as much as 30% of the observed total capture cross section may 

arise from capture into excited states (lYlapleton^^), therefore 

the calculated values probably overestimate the cross section for

the process (2.1.9) by as much as 30%. More recent measurements
23 12of total cross sections by Berkner et al and Welsh et al ,

which agree within experimental error with the earlier measurements

of Barnett and Reynolds in the energy range where they overlap

are substantially lower than the calculations of Bransden and

Sin F ai Lam at energies above 2 lYleU, the computed cross sections

being in error by as much as a factor of four at 10 lïleV. It

was also found that the considerable disagreement with experiment
( 2 )was not improved by employing the refined wavef unctions 'Vj/' 

and rather than the simple function It is

evident, therefore, that additional theoretical work will be 

required before a significant improvement is achieved, and it may 

be anticipated that, to reduce the computed cross sections 

substantially, it will not be sufficient merely to add discrete 

terms to the expansion, but it will be necessary to consider 

representing the continuum in some way. In this respect, the 

impulse approximation, which takes some account of the continuum 

states, does have an advantage over the atomic expansions method.

The quantum mechanical impulse approximation represents 

an attempt to describe many-body scattering in terms of known 

two-body scattering amplitudes. This approximation, which 

originated from the work of Fermi^^ was applied by Chew^^ to the 

problem of high energy neutron-deutrdn scattering. The assumptions
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27involved in Chew's work were examined by Chew and Wick and by 
2 8Ashkin and Wick , and the approximation was further generalized

29by Chew and Coldberger within the framework of the formal theory 

of scattering. The impulse approximation to the T matrix element 

corresponding to equation (2.1.5) is given by^

= < Y f h i 2 * ^ 3 / H 3  (2.1.14)

where  ̂ is a two-body operator defined in chapter 2.2. If

is neglected, and consequently ^^2 replaced by unity, equation

(2.1.14) reduces to

= <(lPr I " 2 3 I "l3 Y i >  •

From a theoretical point of view, the impulse approximation is 

more satisfactory than the first Born approximation for high 

energy electron capture as it replaces the Born matrix element

(2 .1 .5 ) by the exact two-body matrix element and only retains 

the assumption that the binding forces may be neglected. Account 

should also be taken of the fact that, at high energies, observed 

capture cross sections are known to be very small compared with 

cross sections for target ionization and excitation reactions, ^

Therefore, coupling to the excitation and ionization channels must 

play an important role in electron capture processes. All such 

couplings are ignored in the first Born approximation but the 

impulse approximation takes some account of them as it is readily 

seen that an expansion of  ̂ in terms of target eigenfunctions

will contain contributions from all bound and continuum states 

of the target. A further satisfactory feature of the impulse 

approximation is that the inclusion of ^^2 does not make

^See chapter 2.2
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30an appreciable difference to the cross section. Pradhan has 

shown that

lim /"Y, ) V. J  W  * = 0  (2,1.16)
l / ( ï l - >  0 '   ̂ /

31 32and numerical computations * have confirmed that the contribution 

from this term is negligible at the energies for which calculations
3have been carried out. It has been shown that a similarity

should exist between the predictions of the impulse approximation

and the second Born approximation; thus the impulse approximation

may be regarded as having the status of a 'second-order' approximation,
3 0Pradhan first suggested that the impulse approximation 

would be very suitable for describing electron capture by fast 

protons, and applied it to the symmetric resonant capture process

H"" + H(ls) --- > H(ls) + (2.1.17)

but made the simplifying approximation of replacing ^2 3 equation

(2,1.15) by which no longer described the collision under
33consideration . Calculations for the same process have been carried

out by lYlcDowell^^ and by Cheshire^^; the former author made an

additional approximation to simplify the analysis whereas the

latter evaluated the cross section without any further approximations,
32Cheshire's results were later confirmed by Coleman and McDowell .

Calculations have also been performed for capture into higher
32 35states; Coleman and McDowell ; Coleman and Trelease • From

these, estimates for the capture cross section

H’*' + H(1s) -- ► + H (2.1,18)

can be made. A comparison of values derived from both the first

Born approximation^^ and the impulse approximation^^ with 
7experiment shows that the impulse approximation cross sections
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lie about a factor of two below the observed results throughout

the energy range of the experiment, which is very puzzling since

one would expect the impulse approximation to become more accurate

as the energy range is increased. In contrast, the Born approximation

seems much more successful.

The only application of the impulse approximation to

a problem involving a target other than atomic hydrogen is the
3 6work of Bransden and Cheshire on the reaction

H"" + He(ls^) H(ls) + He+(ls) . (2.1.19)

If a second electron (particle 4) is added to the configuration 

described earlier in this chapter, it may be shown^ that the 

impulse approximation matrix element for the capture of electron 

3 is

T i f  = 1^12*  ^23* ^14’*' ^34 I 12"  ̂^13"^ ^ 1 4”  ^  i ^  '

(2.1.2 0)
If it is assumed, justifiably, that the distortion due to the 

potential is negligible, CJ n̂ay be replaced by unity and,

if the effect of the interaction \ J between the projectile and 

the passive electron is treated in the same way, equation (2.1.20) 

then becomes

1^ 2  ̂«23* ^ 4  ̂“34 1^^3 > (2.1.21)
which is the matrix element used by Bransden and Cheshire.

In calculations for reactions such as (2,1.19) there is 

a source of uncertainty which is not present when the target is 

hydrogenic - the exact bound state wavefunetions of the target

^ See chapter 2,2
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35are not known. Bransden and Cheshire chose, as the ground state 

wavefunction of helium, the simple one-parameter variational 

wavefunction

\ 3 X(r + r ) V 
T  (r„ , £ ) = JL e , A = 1 .5875 . (2.1 ,22)

 ̂ TT
They evaluated the cross section for (2.1.19) in the energy range

25 keV - 1 MeV and estimated the cross section for

+ He(ls^) — >  H + He'*' (2.1.23)

by multiplying their results by the ratio of the first Born

approximation cross section for (2.1.23) and (2.1.19) obtained
11from the work of Mapleton . The results obtained in this way

22lie below the experimental results of Barnett and Reynolds ,
12 37Welsh et al and Toburen et al , whereas the average of the

11Born post and prior cross sections calculated by lYlapleton is 

in close agreement with the measurements in the energy range
3200 keV --10 (YleU. It has been suggested that the use of a more 

accurate wavefunction for the helium ground state may increase the 

magnitude of the impulse approximation cross section at high energies, 

since the high-momentum components of the bound state- wavefunction 

would be represented with a higher degree of accuracy.

In the present study, we systematically introduce 

electron correlation into the ground state wavefunction of the 

helium atom and examine the consequent effects on the impulse 

approximation cross section for reaction (2.1.19), in the energy 

range 25 keV - 3.5 lYleU. Such an examination will reveal both 

the sign and magnitude of the change in the cross section as a 

function of electron correlation. In chapter 2.4, we make some 

further comments on the nature of the impulse approximation in the 

light of the present examination.
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An alternative method of including continuum states
38has been introduced by Cheshire in an impact parameter treatment

of rearrangement collisions. It proceeds by analogy with the

well known distorted wave method in the wave treatment of scattering

theory^^*^^, and is known as the continuum distorted wave (CDW)

approximation. Tfie method fails to take into account back-
3 8coupling to the initial state and therefore can be expected to ■

be valid only at projectile velocities greater than the typical

velocity of the target electrons, which, for process (2,1.18),

corresponds to proton energies above 25 keV. Detailed numerical 
3 8calculations show that the CDW cross section for reaction

(2.1.17) lies close to, but above, the impulse approximation in

the energy range 80 keV - 1 lYleU. However, above 120 keU, the

CDUJ approximation is always below the first Born approximation

prediction. It is interesting to note that the CDUJ method has an

asymptotic form at high energies which is exactly equal to that

of the second Born approximation. Until recently, there had been

no rigorous theoretical foundation for the CDUJ approximation and

therefore its application to capture reactions has been viewed

with some caution. However, in their work on high energy charge
41transfer, (YlcCarroll and Salin have shown that the CDUJ method is

a high-energy second-order approximation. This work was later
42superseded by that of Gayet , who gave a rigorous foundation to

the CDUJ method on the basis of a quantum three-body theory for
43rearrangement collisions. Salin has evaluated cross sections

for the process

+ He(1s2) .-4. H(TI / ) + He*(1s) (2.1.24)
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where 'ï\ L = Is, 2s, 2p, 3s, in the energy range 400 keU - 3 lYleU, 

For the helium ground state wavefunction he chose the two wave- 

functions;

(a) The simple one-parameter variational wavefunction
/ \ 3 ”X(x.+ ) .
T (x., , = - L  e , A = 1 .6875 . (2.1 .25)

I T

(b) The open shell wavefunction of Eckart^^
-(Xx + px ) -( p X +c4x )

Y ( x  , X ) = N e + e (2.1.26)
7T

where = 2.1832; f = 1 .1885; I\l~̂ = 2 B j  J  .

The difference between the two sets of results obtained by using 

wavefunctions (a) and (b) was about 10% for E ^ 1 MeV, and up

to 20% for E >  1 MeV. The discrepancy is therefore more
19 -Jsignificant than that found in Bransden and Sin F ai Lam's

calculations discussed earlier. The CDUJ cross section for capture

into any state, evaluated using (2.1.25), is in reasonable
12 22 37 45agreement with experiment * ' * throughout the energy range

of the calculation. In addition, it is noted that the above

theoretical results are in closer agreement with experiment than
3 6those of Bransden and Cheshire .

In view of the large percentage change in the electron

capture cross sections due to the use of the two different 

wavefunctions, we have also examined, in the present study, the 

influence of electron correlation on the CDUJ approximation cross 

sections for reaction (2.1.24), for = 1s, 2s, 2p, in the

energy range 25 keV - 3 MeV. With the influence of electron 

correlation still in mind, we have also evaluated electron 

capture cross sections for

He + + + He(ls^) — > He'*'('n\(, ) + He+(ls) (2.1.27)
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where "n Z = 1s, 2s, 2p in the energy range 25 keV - 3 lYleU.

Calculations within the CDUJ approximation for reaction (2.1,27),
46using a helium ground state wavefunction of the form

r bx ) -(bx + ax )1
T  (x.̂ , Xg) = N |_e + e J , (2.1.28)

47have also been reported by Belkic and Janev

In chapter 2.7, we compare the fully correlated electron 

capture cross sections, arising from calculations based on the 

impulse and CDUJ approximations, with experimental values, as far 

as possible, A comparison is also made between the impulse and 

CDUJ approximations, with the emphasis being on the feasibility 

of using these techniques in studies involving larger atomic 

systems.
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CHAPTER 2.2 

Impulse Approximation

Formal Derivation

When considering rearrangement collisions between atomic 

systems it is convenient to write the total Hamiltonian H as

H = Hi + Ui = H^ + Vf . (2.2.1 )

Here H^ and H^ are the initial and final unperturbed Hamiltonians

and V^ and V^ are the corresponding perturbations. If one is

interested in the probability that a system, prepared in an

eigenstate of H^ in the remote past, will evolve, under the

action of the Hamiltonian H, to a specific eigenstate of H^,

then it can be shown that the relevant transition matrix element 
. aI S

" < Y f  I "f I f  I }  • (2.2.2)

Here ^  ̂  is an eigenfunction of the total Hamiltonian H representing

a complete solution to the scattering problem and satisfies the 

integral equation

y?+ = iP. + 1 (2.2.3a)
 ̂  ̂ E.- H.+ i£  ̂ ^1 1

= Y -  + 1 V. "Y. . (2.2.3b)
 ̂ E.- H + ÙS.  ̂ ^1

bIn deriving the impulse approximation we shall restrict 

attention to a three-particle system consisting of a projectile

(l) and a target composed of a core (2) and bound electron (3).

 ̂See appendix A.

 ̂ In this derivation, we follow McDowell and Coleman, reference 40.
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The extension to systems of more than three particles is then 

straight forward. Let us assume that during the course of the 

collision, particle (3) is transferred to a bound state of (l, 3.) 

and lot us denote the interaction potential between any two 

particles (i) and (j) as The initial and final unperturbed

systems have Hamiltonians

"i = "o + h z  ’ "f = "o + "13 ' (2.2.4)

where H^ is the total kinetic energy operator and the perturbations 

are considered to be, respectively,

Vi = V.J2 + , V^ = ^12 ^23 * (2.2.5)

The total Hamiltonian of the system is therefore

" = "o + "23 + "l2 + "l3 ' (2'2'6^

which satisfies the Schrodinger equation

(H - E) ^  ̂  = 0 , (2.2.7)

where E is the total energy of the system. The initial and final

unperturbed wavef une tions and  ̂satisfy the equations

(^0+ ^23“ = ° = (Hg+ ^23“  ̂ • (2.2.8)

The wavefunction for the three-particle system corresponding to 

an initial unperturbed state and outgoing-wave boundary

conditions can be expressed as

= JV* Y i  - (2-2.9)

where v/V/”*" = 1 + C* V^ , (2.2.10)

and the Green's function operator G^ is given by

G"*" = 1 , (2.2.11)
E - H + Is,
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where it is understood that the limit ^ 0^ is to be taken

eventually. One first expands the three-body lïlollér operator

in terms of the two-body operators CD ̂ ^ defined below and

the impulse approximation is obtained by truncating this expansion.

Let ’X be a member of the complete set of free-partide

wavefunetions (plane waves), associated with an energy E ,m
satisfying Schrodinger ' s equation

("o - = 0 • (2-2-12)
Clearly, the %  s are the wavef unctions for the system of three 

particles when there are no interactions amongst them. The two- 

body operators CJ T^(m) (i,j =1, 2, 3 ; i:^ j) are defined by 

the equation

1 + _______ 1_______  V. .
E - H - V. .-f cSm 0 ij

(2.2.13)

Pre-multiplying equation (2,2.13) throughout by (Hg+ - E^^,

we obtain

("o+ "ij” 5„,)Y*(i,j) - &eY+(i,j) = (H^- E^-le ) 1 ^  .

(2.2.14)

Mow provided that ^

lim G  IK ||j(i, j) = 0 , (2.2.15)
o'*'

it is clear from equation (2.2.14) that j|̂ (i,j) satisfies the 

differential equation

(11o* "ij- 5 j Y ; ( i , j )  = 0 . (2.2.16)

It is evident that is the mth member of a complete set
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of wavefunetions describing the three particles when there is an 

interaction between particles (i) and (j) only. If is a coulomb

potential the condition (2.2.15) is not satisfied^^; in that case, 

following McDowell and Coleman^^, equation (2.2,16) rather than 

equation (2.2.13) will be regarded here as the equation which defines 

j). This seems reasonable in the light of Mapleton's^^ 

work.^ He has shown that if 'TP'̂ ’*̂ (i, j) is obtained directly from 

equation (2.2.13), the behaviour of this wavefunction at r —^  

necessitated a non-trivial renormalization in order to achieve 

unit amplitude even though 'V^^^(i| j) was originally normalized.

The resultant wavefunction was then found to have the same form 

as ^^(i, j ) when obtained from equation (2.2.16).

If P and Q are operators for which inverse operators 

exist, then obviously

P“  ̂ = + P"^ (Q - P)q"̂  (2.2.17)

= + q" \ q - p)p“  ̂ (2.2.18)

The expansion of ^  in terms of two-body operators.is facilitated

if we define P = E — H + t £. and Q = E — H — V/..+ C G ; them o 1 J
operator identity (2.2.17) then becomes

G"*= 1 =______ 1 + 1 Te —E + H—H -V. .J 1 .
E-H+tE E -H -V. ,+ lE E-H+tfc ^ ° E -H -V. .+, m o ij m 0 ij

(2.2.19)

But from equation (2.2.6), H - H^ = ^1 3 * therefore

we obtain

+
5-H.ce -  -  ■“

(2.2.20)
^ See also reference 53.
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Therefore,

“'"‘J ■ : !.... -„m o IJ m o ij

(2.2.2 1)
But C"*"- 1 , (2.2.22)

" E - H +66

and from equation (2.2.13), if we take the plane wave basis of X   ̂

as understood, then

W *  . (m) - 1 -  __________ 1_______  U. . , (2.2.23)
"■ E - H - U. . ♦ c.£m o ij

and therefore equation (2.2.21) becomes

' <2.2.24)

where b*j(m) = ^(m) - 1 . (2.2.25)

Let us now expand  ̂ in terms of the complete set of 'X

Y l  = K m  < X m  I T i >  • (2.2.26)
m

Operating on by 0^ ^ij* we obtain

I ' / ' ! > ■  I  ‘ * ” i j  | K . > < K .  I % >

-  | 7 C ^ < 5 ( . | r i )
m

(2.2.27)

However, it is evident from equations (2.2.8) and (2.2.12) that
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(5m- 5) <Xm I Yi) = <5̂ ^̂  | Yi> ” <X̂  I ̂ Y,>

= Y i >  - < 5 ( m l V  "23iYi)>

= - < \ f " 2 3 J K i >  . (2-2-2S)

and consequently

gY j I Y ^  < X m | T ^  - £ t : V j ( - )  lXm> <Xm\"23lfi>
m m

* l  G'(V,,+ ",3+ «23- \j)bTj(m) iXm> ( Y ^  ( % )  •

m

Collecting together terms containing ^2 3 * obtain

I'ljWi-x;) <x.i • <-x

m

(2.2.29)

If we write

I  5*.(m) ! X m > < ) r m l  S  , (2.2.30)
m

then equation (2.2.29) is reduced to

5 X j > ' ^ i > =  [5T..G+(U^^bT.- b;jU^3).C + (U^^.V^^-U. .)b+J | y . ^  ,

and if we denote the commutator of bt . and \J „ as
1 J 2*J

"2 3 5Y  - 51/23 S  t;^3 > , (2.2.31)
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then

5^["23>5lH +

(2.2.32)

From equations (2,2.10) and (2.2.5),

A"** = 1 + G + V. = 1 + G + V^2 +

But from equation (2.2.32), we see that

5 ^ 2  = 5:2 + G+ ' 5 L ]  * C + U^gb;, .

5 "l3 ■ 5^3 + G I/ 2 3  ' ‘̂13^ * 5 9^2‘’i3 ’
and therefore,

J l  =  1 +  b ^ 2 +  b ^ 2 +  C  1 ^ 2 3 '  ( ^ ^ 2 +  ^ 1 3 ^  ^  ( ^ ^ 3 ^ 1 2 *  ^ 1 2 ^ 1 3 ^  '
That is,

JL = (CD.j2'^^12"  ̂)'*'  ̂ [^23 ' ̂ ^1 2'*' "̂ 13̂ 3 ■*■  ̂ (^^3^12+ ^12^13^ '

(2.2.33J

where ^  . = b"!” . + 1 (2.2.34)
1 J 1 J .

= ( 2 - 2 - 3 5 )
m

Therefore, the matrix element T^^ for the three-particle collision 

process under consideration may be written as

= < Y f  l " f i  $ ' I >  = < Y f l  " f l  J r Y i >

= < Y f  |"rl (1̂ 13 ^^12 - 1 ) Y >  +

. < Y f  ["f( 5*["23 >(5i^ 5 / 3 ) ] Y ; >  .

+ < Y f  | " f j  5 M w ,3 b ^ ;  .  Y  (2 .2 .3 6 )
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if
.+

The 'impulse hypothesis' is that the binding potential
28

^22 will not play an important role during the collision and 

therefore may be neglected. This implies that the commutator 

involving ^2  ̂ will vanish. Consequently, the second term on the 

right hand side of equation (2,2.36) vanishes, but clearly some 

other approximation must be made before one can calculate T 

otherwise a specific knowledge of the three-body operator G 

would be required. The simplest procedure is to neglect the 

expression

< Y f l  Vf I G* ) Y , y  (2.2.37)

on the grounds that it is a contribution ,from multiple scattering.

One then obtains as the impulse approximation to T\p, the matrix 

element

T̂ iniP = .6?,; - 1) Y i >  . (2.2.38)

While multiple scattering effects are not always negligible, 

an argument can be put forward to justify their neglect in heavy 

particle collisions. Consider, for simplicity, a collision between 

a proton and a hydrogen atom. The time-dependent Schrodinger 

equation for the problem under consideration is

hY  =
àt

where H = H + V _ + V „ + V „. It is possible to remove the
O 1 Z 1 «J 2 J

proton-proton potential V „ from the Hamiltonian of the system byI ̂
the transformation^

^  ^  oxp ^ - LIT  ̂6 n ( t )^

where R is the inter-proton distance, and V  is their relative 

velocity. This transformation holds under the condition that

^See reference 40, p.297
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(l/(ïl) 1 which; when iïl is the mass of a proton expressed in

units of electron mass, is clearly satisfied. Since the effect of 

the removal of ^^2 the Hamiltonian is merely to introduce a

phase factor into the total wavefunction, it follows that when the 

protons are regarded as infinitely massive this potential cannot 

affect any electronic process. Consequently, contributions to 

T.^ from the potential  ̂ can be expected to be of the order I/IYI 

when compared with the corresponding contributions from other 

potentials. Therefore, neglecting by setting it equal to zero

introduces an error of order 1/[K1 and, in addition, implies through 

equations (2.2.23) and (2.2.35) that ^ 1 ; it then follows 

that b^2 — ^ 0. Thus, in comparison with the first term on the 

right hand side of equation (2.2.35), the multiple scattering 

expression (2.2.37) can justifiably be neglected.

The extension of the above analysis to a system of four 

particles is now straightforward. Let us add another electron, 

particle (4), to the system described earlier in this chapter. 

Therefore, the system now consists of a projectile (1) and a 

target composed of a core (2) with two bound electrons (3,4). It 

may easily be shown that the relevant electron-capture matrix 

element corresponding to (2.2.35) is given by 

Tif = - 2) Y i >  + .

. Up|c \ j l 2A ’ (bi2 * b^3 +

+ f (5 ^ ( " l 3 * " l 4 ) b i 2 * ( " l 2 * " l 4 ) 5 l 3 * ( " l 2 ' ^ " 2 3 ) b i 4 ^  V i / 7  >

(2.2.39)
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where now,

"f = " 1 2 + " 1 4 + " 2 3 + " 3 4 • (2.2.39a)

The neglect of binding forces implies that the commutators involving 

1/^2 and vanish and, as discussed previously, the multiple

scattering term in equation (2,2,39) may also be neglected.

Therefore,

TiI'”P = < Y f  h f l  W,; +0,3 - 2)Yi'>.(2.2.40)

Consider now the rearrangement in which the fast proton (1), 

incident on a helium atom in the ground state with nucleus (2 ) and 

electrons (3,4), captures electron (3) to give a hydrogen atom in 

its ground state, leaving the residual ion in its ground state.

As previously indicated, the distortion of the incident proton 

wavefunction by the internuclear potential \J^2 expected to be

small at high energies, and the approximation 2 — ^ 1 is made
3 6(although to be consistent with the work of Bransden and Cheshire , 

we have retained in the perturbing interaction). The interaction

between the incident proton and the passive electron (4) may be 

treated in a similar manner by putting ^^-1 4 — 1 * The matrix 

element T^^ now becomes

+ "14 + " 2 3  ̂ "3 4 p 1s Y i >  (2.2.41)

and no further approximation is made.

Expression for the Total Capture Cross Section.

In general, the total cross section for a rearrangement

collision is^

Q . p = /^i yx.f f
4TT"

^  j' hifl^ bJV . (2,2.42)

where and are the initial and final reduced masses

^See appendix A.

61



such that if, as in the present case, (Kl.j and are the masses 

of the proton and helium nucleus respectively^, then

"̂ 2̂  (2.2.43)
2 + + Mg

/ C  = . . (2.2.44)
 ̂ 2 + lYl +

1 2

The initial and final relative momenta k. and k_ of the colliding“1 — f
systems can be written as:

Y i  ; kf = A f  iTf (2.2.45)

where • and 'D' are the relative velocities of the atomic 1 — f
systems in the initial and final states. If one chooses spherical

polar coordinates ('T , e , (̂ ) with the polar axis in the direction

of the incident beam, equation (2.2.42) reduces to
+̂1

CLp = Z^i/^f ^  { |T,^|^ d(coS(?) . (2.2.46)^  f Ihfl^ d(cos<?) .

-1

Assuming that all quantities on the right hand side of this equation

are expressed in atomic units, then is measured in units of
2 2 a^ . If we wish to express in the customary units of T T ,

then
+ 1

g^P = X<-iAf ^  1 d(oos0 ) (iTa^^). (2.2.47)2lf5 ""i J
-1

The major contribution to the integral in equation (2.2.42) generally 

comes from a very narrow cone about the forward direction. For this 

reason, it is convenient to replace the integral with respect to 

cos© by an integral with respect to momentum transfer, in which

^Units such that m = = e = 1 are used except where otherwise
specified.
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the integrand is a more slowly varying function of the variable 

of integration. The relevant momentum transfer vectors a t  and 

P are defined by the equations

od = - a k. , a = *̂2  ̂ (2.2.48)—  — f — i IYI2 + 2

lYl.
^  = J<. — c j<„ , c = 1 . (2 .2 .4 9)

 ̂ lYl̂ + 1

From equation (2.2.49),

^ ̂  = k^ + k^ - 2c k^ k^ cosO ,

therefore sin© d© = (> d^ , (2.2.50)
Ck.kf

and similarly,

sin© d© = . (2.2.51)
s k.kp

It may readily be seen that equation (2.2.47) may be written as 

°if = fTifj' P dp (irs/).(2.2.52)
max

min
max

«if= ;_,2 ' :"2 Z c  \ (Tra/).(2.2.53)2TT air
“ -min

The integration limits are

Pmin = - c kp| ; L a x  = '"i + " '"f (2.2.54)

min ° |kf " a k^| ; ot^ax "  ̂ '̂i " (2.2.55)

lile will normally use the form (2.2.52).

Since the total energy is conserved in the centre of mass

system, we have
.2 2
f - i = ^  , (2.2.55)
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where £  = 26 _ - 2 6 ^  - 26
" He +

(2.2.57)

and ^  , €  u snd £, are the (negative) binding energies
He He'*’

(in atomic units) of the ground state of the helium atom, the

hydrogen atom and the helium ion, respectively. This equation

serves as a definition for the energy defect ^  . From the

definitions of and it is clear that

/<-i  ̂ + 2)
7 Ç  (m^+i)(m^+i)

(2.2.58)

and, consequently, from equations (2.2.54) and (2.2.56) 

g = k?(1 +ac) + acA.é - 2(ac)^k^ H  + ^ i ^ lI min 1 / I  L - 2—
k.1

2 2
(2.2.59)

The binomial expansion of (l + ^̂ 6 /k̂  ̂) = (1
2converges rapidly if and, if we retain the first

three terms of the expansion, equation (2.2.59) becomes

2 2 2where we have made use of the relation k^ ~y^i '’̂ i

This may be simplified further by noting that, from the definitions 

of a, c and ,

1 - (ac) 1 + 0 / 1L
Therefore, if we neglect terms of order l/M^ compared to unity.

we obtain

min 2ir^ (2.2.60)
The upper limit may be evaluated in a similar manner, but this

is generally unnecessary since R may be regarded as infinitef max
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in most applications. An exception is the case of symmetric

resonant electron capture at very high energies; in that case,

the use of the correct value of 6 is essential since [Yl_ = (Ï1. ,'max 2 1 '
= k . and, therefore, 6 = (1 + c)k. = lïl̂ , Correspondingf 1 ^max i l l  ^

expressions for and o t are easily obtainable by. notingmin max
that, from energy conservation considerations,

^ • (2.2.61)
a c

Another useful relation which will be required at a later stage is

^ . 1 =  I c - v Z - i a c  - (1 + ac) . (2.2.62)
2 ^ 2  2c

The expression for the total capture cross section may now be

written as
oO

«if = — J    Ihfl^ ' (-:ra/) .

min

In the case of electron capture by protons in helium, before 

calculating cross sections from the above formula, it is necessary 

to take account of the indistinguishability of the two helium 

electrons. Since these are in a singlet state, the T^^ matrix 

element corresponding to the capture of electron (3), say, must 

be added to that corresponding to the capture of electron (4), 

and the sum multiplied by the singlet normalization factor 2 .

These two matrix elements are easily seen to be identical so that

the matrix element describing the capture of either electron is

^if* Therefore we have, finally, 
r o o

2 / ̂  2
Q.
if 2 i r ^ c V  ,

min

I T.pp d y  (TTa^^) , (2.2.63)
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with ^ - G ) , (2.2.64)
21/

where we have now dropped the subscript i of "lA .

It should be noted that if if is expressed in atomic 

units, the energy of the incoming proton is given by the relation 

E a  251/^ (keV).
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CHAPTER 2.3 

Evaluation of the Capture Cross Section

In this chapter, we evaluate the impulse approximation 
IIÏ1Pmatrix element for the reaction

+ He(ls^) — ». H(ls) + He*(1s) . (2.3.1)

If the momentum transfer of the passive electron is neglected,

the initial and final unperturbed wave functions may be written
— i k . . c r

•Y = A  (x , t). e  ̂ " (2,3.2)
ij<p- t

T f  = "XfC®) 6 "  (2.3.3.)

where ^  (21 » i) is the ground state helium wavef unction, *X ^(^) 

the ground state wavef une tion of hydrogen and (jP  ̂(jt ) that of the 

residual helium ion; the initial and final coordinates appropriate 

to the present system are;

Initial: o" = a 21 " 2

>< = £.2 " -3 (2.3.4)^
t = £ 2 -

Final: = c£* + (1 - ac)x_ = 21 "

(2.3.5)

where is the position vector of particle (i).

For the description of the helium atom in its ground 

state, we have employed two types of normalized wavefunction :

(1) The simple one-parameter variational function

§  (x , tj = (f) ĵ(2l) #i(l)

(2.3.6)
with d) . (x) = e ^ ̂  , \  = 1 *6875 ;
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(2 ) The natural expansion of the 35-configuration Cl wavefunetion 

of UJeiss^

= °jjln . (2.3.7a)
where

°jin "x y  }  > \  ^ .  (2.3.7b)

Gĵ (̂x) = Rj|()<)Y , (2.3.7c)

Gj,(t) = R.^(t)Y^.^_^ (e^,(J>^) , (2.3.7d)

and n . —1 -3 r
R.,(r) = r J e . (2.3.7e)~

For the hydrogen and helium ion, the eigenfunctions are
2

7  f(s) = ^_L.j e"® , (2.3.8)

^f(i) = . (2.3.9)-2t

The matrix element we wish to evaluate is given by (see equation 

2.2.41)

= < ^ f  1 ^ 2   ̂ ^ 4   ̂ " 2 3  ̂ ^ 4 1  W l 3 Y i >  • (2-3-1°)

This was first evaluated for wavefunction (2.3.6) by Bransden and 

Cheshire^^. Ule follow this derivation, but use a general wavef unction 

which is separable and may be written in the form (2.3.7a). It is 

necessary to obtain an expression for the term

< i j % }

m

= y  y ;  (1 . 3 ) < ' ) ( j Y i )  . (2 .3 .1 1 )

^See chapter 1.3 and references therein.
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The f ree-par tide wavef unctions *X ̂  are given by 

=(2Tr)"°'̂ 2 exp (k^.s + kg. g f K j - V j  . (2.3.12)

where J<̂ , k ^ j j<̂  are the momentum vectors conjugate to £  ̂^ , and

_t, respectively. The function satisfies equation

(2.2.15) and is given by

T / ( 1 , 3 )  = (2^)-°/2 Y ;  (s) . (2.3.13)

^^/^(_s) is a coulomb wavef unction describing the incoming proton 
-1

when scattered by potential satisfies outgoing-wave boundary

conditions, and is given by

^ L/ - T r y  liii •£
^^^(s) = e ^ P(1 + iv)e I Fj (“ tV, I , Lk^sv

(2.3.14)

where V  = -l/k,

Making use of equations (2.3.12) and (2.3.2), the coefficients 

of +(1,3) in (2.3.11) become

-‘■(k-, •£+i<2-f +k^'t)

i k ;  •£*
G ./ (x )G . ( t) e dx ds

-  jn -  -  -

Therefore, since ^ = 21  ̂£ ,

-3/2,

(2.3.15)

<'Xj'V^i> = k,- k,)T./1)(/)G.^(t)

where f is the Dirac delta function

-c]<3.t

(2.3.16)

cT(c k ^ -  k ^ -  i<̂ )= (2tt)-3
^ -t(k^ + k^-c k ^ ) . s

ds ,

(2.3.17)

and where (j< ) is the Fourier transform of Ĝ .̂ (><), namely,

(2.3.18)/ [ ) ( ] < ' )  =
u

e ' - Gj^(x) dx ,
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with K = - a k . . (2,3,19)
—  —2 — 1

On substituting equation (2.3.15) into (2.3.11), we obtain 

4̂)̂ 3 Y  = (27rt"° 0j<n 8 2 -Z. (1 ) (k^ - a k.) X

Cjn(t) i(c J<2- k̂  - k^) dk^ dj<2 dt<3 , (2.3.20)

since ^  implies integration over all values of k ^ amd j<3 .
m

The integrations over _k_ and k_- are elementary, and therefore

(1) Kii-l + k^)- a k^ dj<1 (2.3.21)

The substitution of equation (2.3.21) into (2.3.10) gives

Tif = (2Tro)-°D,(^||\| 7 / s )  ÿ^(t)Y: (s)

I g - h s - _ t [  I t - C s| I t + c s - i l

(1 )_ -, jnd) ĵ£ 1 ( 1 - a) J<i + 1 i< I dk ds dg dt

I e - h s|

(2.3.22)

-1where h = ( 1 + ) , and where we have used p = _ k - c

(see equation 2.2.49). Note that the subscript 1 of has now

been dropped. The integral with respect to ^ is of the form

P =
l ^ - h s j  I e - h s - _ t |  1 ^ + c s f  K + c s - t j

de

where _L = 1_ (j< + ^ ) • This type of integral may be evaluated by
 ̂ 49making use of Bethe's integral

i L .e CL.r,
e «
le - £jl -

= 4TT (2.3.23)
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giving

P = ATT c' G — e
(i<+f)

Therefore, equation (2.3.22) becomes

Tif dt
c(27T) - I "

2 - e
7 (]<+£)•£

Gj-n(i) X

(k +p)”^

- ; h

) X

The integral over _s is of the form

° > ffl, 0  " f\^' - )]
where ^  (_k, ii)= \ ( £ ) ' ^ ^ ( s )  e x p ( l  A  .s) d£ .

This integral has been evaluated by Massey and (Ylohr~“ and by McDowell 

It is found that

V

(2.3.24)

(2.3.25)

(2.3.25)

50 34

f(k, ^ ) =  8tT^ k d ]  ' (1 + w 2 ) - 2  X

1 +Q

(c^+ d̂ )""̂  ̂  ̂ o ■" V(kC“ d)(w^+ 1)+ &

lP(c^ + kd)(l +50 )

Z.]v(c2 + d^) -

(2.3.27)

where

2k , = 1 +A^ - k^ , îi? = k + A  ,"ÿ = —l/k , d

A. = h (j< + P ).
Note that h is a dummy which now takes on the value h.̂ = l/M^ and 

h^ = -1 to give the first and second terms on the right hand side
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of equation (2.3.25), From a computational point of view, a

more convenient way of writing equation (2.3.27) is in the following

form :

J (il» A  )e I [h(i< + Ê)y[ = STT̂ e P ( 1 +1)?) exp Q'V tan d/c (C + L D )

(ĉ  +d^ ) ̂  1 +Q<+ h (J<+ £ )J  ̂Ï

(2.3.28)

where

C = (f^+ f^/n- ) cos® - (f^+ fgA^)sin(S) ,

(2.3.29)
D = (f^+ ) sin® + (f^+ ^5/^+ fg/<-^)cos@ ,

^ , (2.3.30)
kp.

( c % + d^):o
+ [k + h(j<+£ )J _

(2.3.31 )

f̂  = 2h(h-1 )k^ + 2h(h-1 )(h + 1 )^k^+2h^(2h-1 )(h + 1 )k^p^+2h^(1+h^p^)p^ 

f = 2h(2h-1 )kp +2h(h + 1)(4h^-h-1)k^P +2h^(4h + l)kp^

f̂  = 4 h^(2h + 1 )k̂

f^ = 2h(h + 1 )^k^ + 2h^(h + 2 ) k p ^  + 2hk 

f^ = 2h(3h+1 )(h+1 )k^p +2h(l+h^p^ )^ 

fg = 4h^k

Therefore, equation (2.3.24) may now be written as

(2.3.32)

X

(K) 3-j/) (R) , (2.3.33)
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where ^

(K) = j e" Gjj(x) dx , (2.3,34)

(R) = J 0  - e” ‘■-•-j Gj^(t) <̂ ,,( t) dt , (2.3.35)

and i f  we note t h a t  ( — -  a ] k . = o d + * “ £  (see  equat i onsc / — 1  — c

( 2 . 2 . 4 8 )  and ( 2 . 2 . 4 9 ) ) , then

J<= ( j l  + £  ) » ( 2 . 3 . 3 5 )

R = y  (k + g )  . ( 2 . 3 . 3 7 )

I n  o r d e r  to  e v a l u a t e  the t r a n s i t i o n  m a t r i x  e lement  and,

u l t i m a t e l y ,  the  t o t a l  cross s e c t i o n  Q, we have adopted the f o l l o w i n g  

procedure :

( 1 )  The i n t e g r a n d s  i n  equa t i ons  ( 2 . 3 . 3 5 )  and ( 2 . 3 . 3 4 )  were e v a l u a t e d  

by s u b s t i t u t i n g  the a p p r o p r i a t e  p a r t  o f  the he l ium wave f unet i o n  i n  

pl ace  of  Gj^(_t )  and Cj^(xJ, t he r eby  g i v i n g  z /   ̂  ̂ and  ̂  ̂ as f u n c t i o n s  

of  _k, ^  and £  . We note here  t h a t  J< i s  the momentum v e c t o r

c o n j ug a t e  to which i s  the  c o o r d i n a t e  t h a t  l i n k s  the incoming

proton w i t h  the ' a c t i v e '  e l e c t r o n ,  and and £  are  the momentum

t r a n s f e r  v e c t o r s  d e f i n e d  i n  equa t i ons  ( 2 . 2 . 4 8 )  and ( 2 . 2 . 4 7 ) .

( 2 )  The f u n c t i o n s  (j< » Ê  » s£) and (j<, £  ) were s u b s t i t u t e d

i n t o  e q u a t i o n  ( 2 . 3 . 3 3 ) .  I n  o r de r  to o b t a i n  the t r a n s i t i o n  ampl i t ude

T^P i t  was then n e c e s s a r y . t o  i n t e g r a t e  over  _k. Tak ing p o l a r

coordinates for j<, with P as axis, it was possible to perform the

r e s u l t i n g  i n t e g r a l  over  the a z i m u t h a l  angl e  /  a n a l y t i c a l l y ,

l e a v i n g  the i n t e g r a l s  over  the p o l a r  v a r i a b l e  ^  , and
k p

the r a d i a l  v a r i a b l e  k ,  to be e v a l u a t e d  by n u me r ic a l  i n t e g r a t i o n  

p r oc edu re s .

( 3 )  F i n a l l y ,  the t o t a l  cross s e c t i o n  f o r  process ( 2 . 3 . 1 )  was 

o b t a i ne d  by making use o f  e q u a t i o n  ( 2 . 2 . 5 3 )  and p e r f o r mi ng  a f u r t h e r  

n umer i ca l  i n t e g r a t i o n .
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Numerical Methods

The expression (2.3.33) for the transition matrix

element T^^ may be written, after the analytical integration

over / , in the form
m <Ĵ /"+1

l'if ( P,v^) = dk P(1 - l/k) I F(k,(3,yL)H(k,p,/<.,v^ ) ,

(2.3.38)

where F contains, essentially, the expression (2,3,28) and the
/2) \ 2 term 3* ( k, ), while H arises from 1  (k,^^jV ). The

symbol P(x + iy) represents a gamma function with complex

argument; a numerical routine was used which gave P(x + iy)

to an accuracy of six significant figures. All three numerical

integrations were evaluated by dividing each integrand into

an appropriate number of ranges, and then applying a Gaussian
51quadrature formula to each range. The -integration presented 

the least difficulty in that it has finite limits, and a total 

of 32 Gaussian points ensured an accuracy of at least seven 

significant figures in all cases examined. The function

^ ^1 - _i ^ varies smoothly for k ̂  0.8 but oscillates extremely

rapidly in the region 0 < k •< 0.8. However,

m(k,p; v^) = I F(k,^,yt)H(k,p,^v^) , (2.3.39)
-1

is a slowly varying function of k for k 4, 0.8. Accordingly, M

was calculated at. only 8 points in this region and interpolated

to a further 240 points before integrating over k. Interpolated

values were checked against calculated values of M for a large

number of k and p values and were found to agree to five

significant figures in all cases. In the region 0.8 ^ k oû ,

a safe cut-off value k was found (which increased withmax4
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2increasing v ) corresponding to the point beyond which there is

no significant contribution to the total area coming from the

k-integration. The region 0.8 <  k < k was divided into 60max
ranges, such that a large proportion of the ranges were concentrated 

in the most significant part of the k-curve, with 4 Gaussian points 

in each range. In the final ^ -integration, a similar technique 

to that described above was used except that, in this case, only 

15 ranges with 4 Gaussian points in each range were required to 

give a final answer accurate to 4 significant figures.
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CHAPTER 2 .4  

Impulse A pprox im at io n  Cross S e c t io n s

R e s u l t s  f o r  the  t o t a l  cross  s e c t i o n  Q (1s)  f o r  the  

c a p t u r e  process

H"̂  + H e ( l s ^ )  — >  H (1 s )  + H e + ( l s )  , ( 2 . 4 . 1 )

o b t a in e d  w i t h i n  the impulse  a p p r o x im a t io n ,  are  p re s e n te d  in  

Ta b le  2 . 1 .  In  the e v a l u a t i o n  o f  these cross s e c t i o n s ,  the wave-  

f u n c t i o n  o f  the he l ium  atom i n  i t s  ground s t a t e  was r e p r e s e n te d  

by ( i )  the s im p le  o n e -p a ram e te r  w a v e fu n c t io n  ( 2 . 3 . 6 ) ,  denoted here  

by , and ( i i )  the n a t u r a l  expansion o f  the 3 5 - c o n f i g u r a t i o n

Cl w a v e fu n c t io n  ( 2 . 3 . 7 )  o f  Weiss^,  denoted here  by = 1 , 2 , 3 . . . 1 5 ) .

The symbol X i s  used to i n d i c a t e  the degree o f  t r u n c a t i o n  o f  the  

n a t u r a l  expans ion such t h a t  X = 1 can be tak en  as a r e p r e s e n t a t i o n  

o f  the H a r t r e e  Fock (HF) e q u i v a l e n t  w a v e fu n c t io n  w i t h i n  the bas is  

s e t  used by Weiss ,  w h i le  X = 15 r e p r e s e n t s  the t o t a l  Weiss wave­

f u n c t i o n .  In  T ab le  2.1 we qu o te ,  a f t e r  each X v a l u e ,  the symmetry 

o f  the ba s is  o r b i t a l s  used to  c o n s t r u c t  the X ' t h  n a t u r a l  o r b i t a l .

In  t h i s  d is c u s s io n  we denote the cross  s e c t i o n s  a r i s i n g  from the  

use o f  a n d i n  e q u a t io n s  ( 2 . 3 . 3 3 )  and ( 2 . 2 . 6 3 )  by and

r e s p e c t i v e l y .

In  our c a l c u l a t i o n s ,  we have used the  ground s t a t e  

energy a p p r o p r i a t e  to the  p a r t i c u l a r  w av e fu n c t io n  be ing employed.  

T h e r e f o r e  the  i n f l u e n c e  o f  e l e c t r o n  c o r r e l a t i o n  on Q (1s)  i s  t w o - f o l d :

( a )  through improvements i n  the ground s t a t e  energy o f  h e l iu m ,  which  

appears  i n  the  fo rm u la  f o r  the  energy d e f e c t  0

b in d in g  e n e r g ie s  o f  the ground s t a t e  o f  the  h e l ium  atom, the  

^See c h a p t e r  1 .3  and r e f e r e n c e s  t h e r e i n
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hydrogen atom and the he l ium ion  r e s p e c t i v e l y ) ;  ( b )  through

improvements in  the he l ium  w a v e fu n c t io n  , which a l t e r s  the

f u n c t i o n a l  b e h a v io u r  o f  the in t e g r a n d  i n  e q u a t io n  ( 2 . 3 . 3 3 ) .  The

n a t u r e  o f  t h i s  dua l  dependence i s  not im m e d ia te ly  a p p are n t  s in ce

the  energy d e f e c t  6. appears i n s i d e  the  in t e g r a n d  f o r  T^^ in  a way

t h a t  makes f a c t o r i z a t i o n  o f  Ê, from T i m p o s s i b l e .  However,
i f

such a t w o - f o l d  dependence may be r a t i o n a l i z e d  i n  the  f o l l o w i n g

way. The terms i n  the  p r o b a b i l i t y  a m p l i t u d e  T^^ c o n ta in  &  i n  a

f a c t o r  o f  the form ^  - v^ -  g , where v i s  the incoming pro ton

v e l o c i t y .  The f a c t o r  a ls o  appears  i n  ^ jn in*  lower  l i m i t

o f  the  i n t e g r a n d  ( 2 . 2 . 6 3 ) .  At h igh  im pact  e n e r g ie s ^  the changes

i n  cT due to  improvements i n  G a re  m in im a l ,  s in c e  v  ̂ 6  ,

and Q(1s) i s  i n f l u e n c e d  o n ly  through the  w a v e f u n c t i o n .  On the

o t h e r  hand, a t  low im pact  e n e r g i e s ,  Q ( l s )  i s  i n f l u e n c e d  by improvements

i n  6- and i n  the w a v e f u n c t i o n .  At very  low e n e r g ie s  (E -C 50 k e V ) ,

the dominant e f f e c t  on the cross s e c t i o n  stems from 6. i n  i t s

i n f l u e n c e  on 6  . . F i n a l l y ,  from a s e r i e s  o f  p i l o t  s t u d i e s ,' min

th ro u g h o u t  which C  was he ld  c o n s t a n t ,  i t  was found t h a t  im prov ing  

the  ground s t a t e  w a v e fu n c t io n  ( f ro m  to  'jE^x» 46'  ̂ a lone

r e s u l t e d  in  an in c r e a s e  f o r  a l l  v a lu e s  o f  Q ( l s )  th ro u g h o u t  the  

p r o j e c t i l e  energy  range s t u d ie d  h e r e .

The e f f e c t s  o f  i n t r o d u c i n g  an improved w a v e fu n c t io n

^ y i n t o  the fo rm u la  f o r  Q ( l s )  may be seen more e a s i l y  by examin­

a t i o n  o f  T a b le  2 .2  where ,  f o r  c o n ve n ie n ce ,  we p r e s e n t  the percen tage  

changes in  Q (1s)  due to improvements i n  ^   ̂ . The r e l a t i v e  

pe rcen ta g e  change i n  Q ( l s ) ,  as we move from a w a v e fu h c t io n  to

a more a c c u r a t e  w a v e fu n c t io n  SB ( s a y ) ,  i s  d e f i n e d  here  asm

A  ( £, —>  m ) = X 100^ . (2.4.2)

^Note t h a t  i f  V  i s  i n  a tomic  u n i t s ,  then the im pac t  energy

E = 25 \ / 2 ( k e U ) .
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The f i r s t  improvement over the  s im p le  n o n - c o r r e l a t e d  w av e funet i o n  

i s  the HF e q u i v a l e n t  w av e fu n c t io n  , which i s  the

n a t u r a l  expansion w a v e fu n c t io n  t r u n c a t e d  to i n c lu d e  o n ly  the  

f i r s t  ( n o r m a l i z e d )  n a t u r a l  c o n f i g u r a t i o n . The p erce n tag e  change 

A(X — ^  1 ) i n  the cross s e c t i o n  in t r o d u c e d  by the  re p la c e m e n t  o f  

SEX by i s  seen to be n e g a t i v e  f o r  25 keV ^  E ^  200 keV,

but p o s i t i v e  f o r  E 3^ 400 keV. T h e r e f o r e ,  i n  the l i g h t  o f  our  

d is c u s s io n  above o f  the dua l  n a tu r e  o f  the  c o r r e l a t i o n  e f f e c t ,  i t  ^ 

i s  a p p aren t  t h a t  the  use o f  a HF w a v e fu n c t io n  f o r  d e s c r i b i n g  the  

he l ium  atom ground s t a t e  in c r e a s e s  the c a p t u re  cross  s e c t i o n  Q ( l s )  

f o r  a l l  e n e r g ie s  b u t ,  a t  the  same t im e ,  the conco m itan t  improvement  

i n  the  ground s t a t e  energy  g iv e s  a r e d u c t io n  i n  Q ( l s )  through  

the  energy d e f e c t  ^  , which i s  seen to become dominant a t  low 

im p ac t  e n e r g i e s .  The i n i t i a l  i n t r o d u c t i o n  o f  e l e c t r o n  c o r r e l a t i o n ,  

e s s e n t i a l l y  o f  an a n g u la r  n a tu r e  based on p - o r b i t a l s , causes a 

r a t h e r  d i f f e r e n t  b e h a v i o u r .  At low e n e r g i e s ,  the pe rce n tage  

change A  ( 1 — >  2)  i s  n e g a t i v e ,  i n d i c a t i n g  t h a t  a n g u la r  c o r r e l a t i o n  

has reduced the  c ross  s e c t i o n  even f u r t h e r .  At i n t e r m e d i a t e  

e n e r g ie s  (100  keV ^  E ^  400 keV) the c r o s s - o v e r  d e s c r ib e d  in  

the A  ( \ — > 1 )  case has o ccu r red  and Q ( l s )  has c o n se q u e n t ly  

in c re a s e d  b u t ,  a t  h ig h  e n e r g i e s ,  the percen ta ge  in c r e a s e  i n d i c a t e d  

by A  ( 1 — 2)  i s  r a p i d l y  f a l l i n g  -  be ing  o n ly  +0.4% a t  E = 3500 keV 

whereas A ( X — > l )  -  +5.5% a t  the same e n e r g y .  I t  i s  seen,  

t h e r e f o r e ,  t h a t  i f  we c o n f i n e  our comments to e n e r g ie s  E ^  500 keU,  

we may conclude t h a t  Q ( l s )  has been f u r t h e r  in c re a s e d  by the  

i n i t i a l  i n t r o d u c t i o n  o f  a n g u la r  c o r r e l a t i o n ,  a l th o u g h  t h i s  in c re a s e  

i s  l e s s  than t h a t  due to the i n t r o d u c t i o n  o f  the  HF w a v e f u n c t io n .

The correlation introduced into as we move from X = 2— >  3

is of a purely radial nature. The consequent percentage change in
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Q (1 s )  i s  shown i n  T ab le  2 .2  under the  column headed A  ( 2 —^ 3 ) .

The magnitude o f  A  (  ̂ ^  3 )  i s  g r e a t e r  than the magnitude o f

A ( 1 — >  2) th ro u g h o u t  the energy  range c o n s id e r e d ,  n o t w i t h s t a n d i n g  

the  f a c t  t h a t  the p e rcen ta g e  change A ( 2 — ^ 3 )  i s  due to the  

i n t r o d u c t i o n  o f  a n a t u r a l  c o n f i g u r a t i o n  (X = 3 )  wh ich ,  from the  

p o i n t  o f  view o f  the ground s t a t e  energy o f  the  t a r g e t ,  i s  o f  

l e s s  im por ta nce  than the p rece d in g  n a t u r a l  c o n f i g u r a t i o n  (X = 2)  

w h ich ,  o f  c o u rs e ,  gave r i s e  to A ( 1 —>  2 ) .  F u r th e rm o re ,  A ( 2 —=>•3)

i s  n e g a t i v e  th ro u g h o u t  the  energy  range c o n s id e re d  and, f o r  

E 600 keV, A( 2 —^  3 ) becomes s t e a d i l y  g r e a t e r  in  magnitude  

w i t h  i n c r e a s i n g  im pact  energy  E, which i s  i n  d i r e c t  c o n t r a s t  w i th  

the  b e h a v io u r  o f  A ( 1 — > 2 ) .  In  o th e r  words,  i n  the energy  range  

600 keV ^  E ^  3500 keV, whereas a n g u la r  c o r r e l a t i o n  in c re a s e s  

the cross s e c t i o n  Q (1s )  (an e f f e c t  which d im in is h e s  i n  im por tance  

w i t h  i n c r e a s i n g  e n e rg y )  r a d i a l  c o r r e l a t i o n  causes a decrease in  

the Q ( l s )  v a lu e s  which grows i n  im por tance  w i t h  i n c r e a s i n g  e n e rg y .

The i n f l u e n c e  on Q (1s )  o f  t o t a l  c o r r e l a t i o n  w i t h i n  Weiss '  wave­

f u n c t i o n  can be examined by comparing the r e s u l t s  f o r  X = 15 w i t h  

those f o r  X = 1 in  Tab le  2 .1  o r ,  a l t e r n a t i v e l y ,  by examining the  

change A  ( 1 — >»15) l i s t e d  in  T a b le  2 . 2 .  I t  i s  seen t h a t  the  

e f f e c t  o f  the  i n c l u s i o n  o f  a l l  the  c o r r e l a t i o n  terms i s  o s c i l l a t o r y ;  

d e c re a s in g  Q ( l s )  a t  the extreme ends o f  our energy  s c a l e ,  but  

i n c r e a s i n g  Q ( l s )  i n  the  m idd le  r a n g e .  A comparison between  

A  ( "X— 1 ) and A  ( 1 —>1 5 ) r e v e a l s  t h a t ,  f o r  E ^  50 keV, the  

improvement in  the w a v e fu n c t io n  over  the  s im p le  n o n - c o r r e l a t e d  

w a v e fu n c t io n  and i t s  a s s o c ia t e d  e n erg y ,  a ch iev ed  by us ing the HF 

w a v e f u n c t io n ,  g iv e s  changes i n  Q ( l s )  which are  c o n s i d e r a b ly  l a r g e r  

than those o b ta in e d  due to  c o r r e l a t i o n  e f f e c t s .
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In  o rd e r  to make a comparison w i t h  e xp e r im en t  i t  i s

n e ces sary  to a l lo w  f o r  c a p t u re  i n t o  e x c i t e d  s t a t e s  and a ls o  f o r

th e  p o s s i b i l i t y  th*at the r e s i d u a l  ion  has been l e f t  i n  an e x c i t e d

s t a t e .  To e s t im a t e  our t o t a l  c ross  s e c t i o n  Q we have m u l t i p l i e d

the  r e s u l t s  f o r  Q (1s) o b ta in e d  from the  impulse  a p p ro x im a t io n  by 

a V  - 3the f a c t o r  2 .  n = 1 . 2 0 2 .  The r e s u l t s  are  compared w i t h
n=1 ^2 52

the  e xp e r im e n ts  o f  Welsh e t  a l  and o f  S t i e r  and B a r n e t t  i n

T ab le  2 . 3 .  A l though the  f u l l y  c o r r e l a t e d  r e s u l t s  a re  i n  b e t t e r

agreement w i t h  e xp e r im e n t  than the  n o n - c o r r e l a t e d  r e s u l t s ,  i t  i s

seen t h a t ,  a t  h igh  e n e r g i e s ,  t h e o r e t i c a l  and e x p e r im e n t a l  c ross

s e c t i o n s  are  d i v e r g i n g  w i th  i n c r e a s i n g  p r o j e c t i l e  e n e r g y .  I t  i s

e v i d e n t  t h a t  the  use o f  a more a c c u r a t e  w a v e fu n c t io n  f o r  the

h e l iu m  ground s t a t e  has in c re a s e d  the impulse  a p p ro x im a t io n  cross

s e c t i o n  -  t h e re b y  im prov ing  the  agreement  between t h e o r y  and

e x p e r im e n t ,  a t  h igh  e n e r g i e s ,  over  t h a t  o b ta in e d  when us ing a

s im p le  n o n - c o r r e l a t e d  w a v e f u n c t io n .  However, the amount o f  im p r o v e -
3

ment i s  not as l a r g e  as had been hoped f o r  by Bransden . T h is  

l e a d s  us to suggest t h a t  an assumption made i n  the impulse  a p p r o x i ­

m at ion  to the  s c a t t e r i n g  a m p l i tu d e  T^^ i s  not v a l i d  a t  high impact  

e n e r g i e s .

In  c h a p te r  2 .2  i t  was found p o s s ib le  to express the

many-

i n  the f o l l o w i n g  manner

G "1 4)^1 2+ ("1 2* ^^4 )^1 3* ("1 2* ^2 3 )^1 4 ) ’ (■̂ •̂ •2 )

where b . t  = CO.* - 1 .  ( 2 . 4 . 4 )ij ij

a 4T h is  i s  the  w e l l  known Oppenheimer sum r u l e .

' -body o p e r a t o r  J \  i n  terms o f  the  two-body o p e r a t o r s  CO  ^^
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Thus,  T^^ could be w r i t t e n  as

= < % l  +

f I [(̂ 23"̂  ^24)' (̂ 2̂+ ^13+
I ^ f l ^  ^ ^ ^ 1 3 *  ^ 1 4 ) ^ 1 2 *  ( ^ ^ 2 *  ^ 1 4 ^ ^ 1 3 ' ^ ( ^ 1 2 ' ^ ^ 2 3 ^ ^ 1 4 j ' ^ ' i ^

( 2 . 4 . 5 )

The t h i r d  term o f  e q u a t io n  ( 2 . 4 . 5 )  was i d e n t i f i e d  as a m u l t i p l e

s c a t t e r i n g  c o n t r i b u t i o n  and, as such,  was n e g l e c t e d ;  the  second

te rm ,  which i n v o l v e s  the  b in d in g  p o t e n t i a l s  and , was a ls o

n e g l e c t e d  on the grounds o f  the ' impulse  h y p o t h e s i s ' ;  the  rem ain ing

term r e p r e s e n t s  the  im pulse  a p p r o x im a t io n  to T^^ and,  w i t h  the

added assumpt ion t h a t  2  “ ^ 1 4  “  ̂ * was the  m a t r i x  e lement

used to e v a l u a t e  the cross s e c t io n s  r e p o r t e d  h e r e .  The v a l i d i t y

o f  the expans ion f o r  vA-^ i n  terms o f  the  o p e r a t o r s  ^ ^ j ( m )

depends not on ly  on the non-coulombic  n a tu re  o f  the  p e r t u r b a t i o n

p o t e n t i a l  \J ̂  ^ but a ls o  on the  non-coulombic  form

o f  the i n d i v i d u a l  c o n t r i b u t i o n s  V. . i n  o rd e r  t h a t  the  d e f i n i t i o nij
of  6c?^t(m),  see e q u a t io n  ( 2 . 2 . 1 3 ) ,  i s  s t r i c t l y  r i g o r o u s .  A l though  

\Ĵ  s a t i s f i e s  the r e q u i r e d  c o n d i t i o n  when d e a l i n g  w i th  a n e u t r a l  

t a r g e t  system,  the i n d i v i d u a l  components are  coulombic and,  

c o n s e q u e n t ly ,  a m o d i f i c a t i o n  o f  the impulse  a p p ro x im a t io n  would 

appear to be r e q u i r e d .  A more s a t i s f a c t o r y  v e r s i o n  i s  p ro v id ed  

by the extended im pu lse  a p p ro x im a t io n  where one now d e f i n e s ,  i n  

p lace  of  C+^^j (m),  the  more c o m p l ic a te d  o p e r a t o r s  U?^(m) by the  

e q u a t io n

1 + 1

Em - "o - "i *

C o n s e q u en t ly ,  i t  may be shown t h a t

"Xm S Y m '  (i) • (2.4.6)
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T,f = Y i >  '

( 2 . 4 . 7 )

where = CcZ  ̂ -  1 , ( 2 . 4 . 8 )

w h ich ,  a f t e r  in v o k in g  the ' im p u ls e  h y p o t h e s i s ' ,  becomes

T , , c r  < Y f ( Y | w F Y i >  • ( 2 . 4 . 9 )

R e s u l t s  f o r  cross s e c t i o n s  based on the m a t r i x  e lem e nt  ( 2 . 4 . 9 ) ,

which i n v o l v e s  o n ly  p o t e n t i a l s ,  o f  a non-coulombic  n a t u r e ,  have not

been r e p o r t e d  by any au thors  due to d i f f i c u l t i e s  a s s o c ia t e d  w i t h

the  r e s u l t i n g  i n t e g r a l s .

An a l t e r n a t i v e  approach to the e v a l u a t i o n  o f  e l e c t r o n

c a p t u r e  cross  s e c t i o n s  i s  p ro v id ed  by the continuum d i s t o r t e d

38wave method, which was f i r s t  s t u d i e d  by C hesh ire  and i s  d iscussed  

i n  the f o l l o w i n g  c h a p t e r s .

Summary

The i n i t i a l  aim o f  t h i s  s tudy was to examine the  e f f e c t s  

o f  e l e c t r o n  c o r r e l a t i o n  on the  impulse  a p p ro x im a t io n  to the cross  

s e c t i o n  Q ( l s )  o f  the  e l e c t r o n  c a p t u r e  process ( 2 . 4 . 1 ) ,  th e reb y  

e n a b l in g  us to comment on the  consequent  e f f e c t s  on the t o t a l  

cross s e c t i o n  Q

+ H e ( l s ^ )  ---- >  H + He’̂  . ( Z . 4 . 1 0 )

The i n t r o d u c t i o n  o f  a n g u la r  and r a d i a l  c o r r e l a t i o n , i n  t h a t  o r d e r ,  

showed t h a t ,  a t  low impact  e n e r g i e s ,  r a d i a l  c o r r e l a t i o n  i s  the  

more i m p o r t a n t  and, f o r  e n e r g ie s  w e l l  below 400 k e V , both e f f e c t s  

work t o g e t h e r  to reduce the  cross s e c t i o n  Q( 1 s ) whereas,  a t  about  

400 keV , the e f f e c t s  a lmost c an c e l  s in ce  they  now oppose -  a n g u la r  

c o r r e l a t i o n  g i v i n g  an i n c r e a s e  i n  Q ( l s )  and r a d i a l  c o r r e l a t i o n  s t i l l  

g i v i n g  a r e d u c t i o n .  At l a r g e r  im pact  e n e r g ie s  (E 1000 k eV ) ,
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the reduction in Q(1s) due to radial correlation was found to

predominate over the increase which arose from the angular

correlation effect. As the degree of truncation X within the 

natural expansion of the ground state wavefunction for the target 

is increased, correlation effects drop off fairly rapidly and, 

at X = 5,we have converged on to the X a 15 (totally correlated)

result to within about 1%.

To evaluate the total cross section Q it is necessary

to allow for the possibility of capture into any state; i.e.

Q = Q(n£). This was achieved by making use of the Oppenheimer^
n 1

sum rule, Q = 1.202 Q(1s). A comparison of the evaluated cross 

section Q with experiment revealed that,at high energies, although 

the correlated results are an improvement over the non-correlated 

results, experimental and theoretical values still diverged as the 

projectile energy was increased. Thus, the increase in magnitude 

of the cross section due to the introduction of electron correlation, 

within the impulse approximation, was not sufficient to produce the 

expected convergence between theory and experiment at high impact 

energies. It is thought that this situation must presumably rj 

arise because of the presence of the coulomb potential in the

two-body Moller operator C O t  which was subsequently used to 

evaluate Q(1s).
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TABLE 2.3 Impulse approximation total cross section Q (in units 
of a^^) for the reaction H^+ He( 1 H + He^, 
evaluated using the non-correlated (^ ) and the 
natural expansion (X-terms) helium u/avefunctions - 
see equations (2.3.6) and (2.3.7)of text.

E(keU) A X = 1 X = 15 Experiment

1 00 _l(a)2.510 2.441 2.421 3 .4 "̂  (b)

440 1.093”^ 1 .1 2 0"^ 1.146“^ (1.8 - 0.2)-3(c)

554 —41 .825 -41 .887 1 .9 3 0"^ (3.3 : 0.4)-4(o)

851 -55.255 -55.461 5 .5 7 0"^ (9.4 : i.i)-^c)

1 063 1.783"^ 1 .857"^ . 1.900"^ (3.3 - 0.4)“^(c)

2450 -72.540 72.665 “72.672 (3.6 - 0.4) ^(c)

2990 —88.874 -89.337 • 9.151”® (1.4 - 0.l)-7(c)

(a) The superscript denotes the power of tan by which the entry 
should be multiplied.

(b) Stier and Barnett, reference 52.

(c) Welsh et al., reference 12.
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CHAPTER 2.5 

Continuum Distorted Wave method

In recent years, a certain amount of interest has arisen

in the continuum distorted wave (CDW) method since it may be easily

applied to electron capture scattering reactions, with a high

degree of accuracy, at large impact energies. The CDW method

which has the advantage of being a second-order approximation,
38has been introduced by Cheshire , who applied it to the resonant 

charge transfer process

H'*' + H(1s) -- > H(ls) + H"" • (2.5.1 )
38Detailed numerical calculations have shown that the CDW cross

sections for reaction (2.5.1) lie close to, but above, the impulse

approximation cross sections in the energy range 80 keU - 1 (YIeV

and are therefore found to be in closer agreement with experiment.

However, until recently, there had been no rigorous theoretical

foundation for the CDW method and consequently its application

to other capture reactions has been viewed with some caution. In
41their work on high energy charge transfer, (YlcCarroll and Salin 

have shown that the CDW method is a high energy second-order
42approximation. This work was later superseded by that of Gayet ,

who gave a rigorous foundation to the CDW method on the basis of

a quantum three-body theory for rearrangement collisions and, in

addition, suggested that it would be interesting to compare the

cross sections calculated by means of this method with available
43experimental data down to about 25 keV. Salin has evaluated 

cross sections for the process

H"*" + He(ls^) -- ^  H(ni) + He*(1s) , (2.5.2a)
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where ni = Is, 2s, 2p, 3s, in the energy range 400 keV - 3 lïleV,

The difference between his two sets of results - obtained using the 

helium wavefunetiono(2,1,25) and (2,1.26) - was up to 20^ for 

impact energies greater than 1 lïleU. In view of this large percentage 

change in the electron capture cross section which, after all, 

was due to a change in the basis set 1s^ to Isls^, we examine here 

the influence of the systematic introduction of electron correlation 

on the CDU! approximation cross section Q(n(.) for reaction (2.5.2a) 

for n^ = Is, 2s, 2p, in the energy range 25 keV - 3 (YleV. In 

particular, it will be of interest to compare our results for the 

cross sections Q(n.£ ) obtained by using the simple one-parameter 

target wavefunction with those we obtained by using the HF descrip­

tion of the target. It will be recalled that, within the impulse 

approximation, it was the introduction of the HF wavefunction which 

had the greatest effect on the magnitude of Q(1s). Also considered, 

are similar effects for.the reaction which involves alpha-partides 

as projectiles, namely.

Ho + He(ls ) -- ». He (nt) + He (is) , (2.5.2b)

where n C  = 1s, 2s, 2p, in the energy range 25 keV -  3 IMeV. 

Derivation of the Transition Amplitude

Consider an encounter in which a nucleus A, of charge Z^, 

is incident on an atom or ion consisting of two electrons (1) and 

(2) bound to a nucleus B, charge Zg. Let and be the position 

vectors of electron (1) and (2) with respect to the nucleus of B 

and , ^ 2  be, the corresponding vectors relative to the nucleus A. 

Then the process we are considering is of the type

Zfl + [Zg, a(1). a(2)] [z^, 8(1)] + [Zg, a(2)] .

(2.5.3)
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where i and f denote initial and final states, respectively. This 

treats the electrons as being distinguishable;the cross section 

for single electron capture is then twice the cross section for 

capture of either electron. Let ^ be the position vector of A 

ru.i.iitive to B. Let us assume that the velocity _v of A, relative to 

the fixed nucleus B, remains constant and that the impact parameter 

of the collision is Therefore

_R = ^ + V, (2 .5 .4 )

where t is the time chosen such that, at t = 0, the nuclei A 

B have a minimum separation _b. Let 0 be an arbitrary origin along 

AB, such that p^ + q_R = R_, and let 2  ̂ and ^ 2  be the position 

vectors of electron (1) and (2) with respect to the origin 0. The 

complete Schrodinger equation describing the motion of the electrons 

during collision is

f l V r  + i V r  JL.- f A l  ,r ,t) =
|_2 2 ^2 X, X2 «2 " 1 2  J

- L l F  (r. ,t) , (2.5.5)

where x^^ is the distance between electrons (1) and (2).

In a frame of reference with origin at a point which 

divides the internuclear line AB in the ratio p : q, the active 

electron (1) has, in addition to its orbital motion about the 

target nucleus B, a velocity -p j/ by virtue of being bound to B.

Similarly, an electron bound to the nucleus A would have a velocity

q 2' If a collision results in the excitation of the target atom, 

the active electron continues to move with the nucleus B, and its 

translational motion remains unchanged since 2  is assumed constant. 

However, in the case of a rearrangement collision, the electron.
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which was originally moving with B, is captured by A and must 

therefore acquire the linear velocity of A. The consequent change in 

momentum of the electron might be expected to have an increasingly 

important effect on the electron capture cross section as the 

projectile energy is increased. It was therefore suggested by 

Bates and lïlcCarroll®^ that a set of wavef une tions which take into 

account the energy and momentum associated with the translational 

motion of the active electron should be used as the basis for the 

expansion of the electronic wavefunction » £.2 » t ).

Following Bates^® we write ^  (£^i £g * ^) in terms of 

the function

,£2 '̂ )'' ^i^-1 ^ (2.5.6)

or alternatively,

§ r ,2 ^, t) ( s ) X p  (X^)exp^ i  [q u.r^ - P v.r^ -

1 - 1 q^v^t - ( £ .  + £. )tj'\ , (2.5.7)
2 2 1 2 '

inhere . Xg), "Yp (=,,). Xp  (Xg) are the helium atom,

hydrogen atom and helium ion electronic wavefunctions with 

corresponding eigenenergies 6., ^ ^  , such that
1 fn, t2

( 111  * i V r  + -  - L  + ^ A  . Jig) = °V  -1 2''^2 X, X2 x,2 V
(2.5.8)

= 0 (2.5.9)
1

JLY p \  (£2) = 0 • (2.5.10)
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In the limit of infinite internuclear separation, the functions 

and satisfy the equations

f l V r  + iQ r  * ^  * — 1  2;, t) . 0 (2.5.11)|_2 ^1 2 ^ 2  X., x^ x^2 ^tj 1 ' 2

and

[iVl \ l l  *  m l  *  b .  *  I a  * i L l  (£.. £,’ t) = 0 , (2.5.12)
2 *  - 1  2 '' - 2  Xg s., i t j   ̂ '

respectively. The above is easily seen to be true by substituting

equation (2.5,6) or (2.5.7) for ^  in equation (2.5.5), and then,

after some manipulation, taking the limit t — — V  i cO . Bates 
54and lYlcCarroll have shown that the results of the theory are

independent of the choice of origin 0; therefore we shall always
Co

take 0 to be the mid-point of the line AB which corresponds to 

making the choice p = q =s This means that equations (2.5.6)

and (2.5.7) become

i .£.2 ’  ̂ ,X2)exp ^ -1^1 u.(r.j+ r^)+ 1

(2.5.13)

^p(£l .£2 ''̂ ) ='Tp^(s.i )Xp^(x2)exp^ijj u.(r.|- r^)- j v^t-(Ê^ + 6p )tj|

. (2.5.14)

Ule now introduce the distorted waves . and 'X ,i I
defined as solutions of the equations

2> t)= 0
(2.5.15)

[ i l l  *  m l  *  b  *  b  -  ^  * Ü -  + u l  Xi(£i, £
|_2 ^1 2''^2 X,, x^ x.,2 ^  -1

f l V r  * — V  r * —  * —  * + Up] Xp(£,] > £ 2 ' t) = Q ,
|_2 -1 2 -2 x^ S.J it J (2.5.15)

with the boundary conditions

X  : -------*■ ; X  -----*■ §  . ' (2.5.17)
t— V — OÛ t — 4" #o

Clearly the distorting potentials t/. and will vanish in the limit
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of large internuclear separation.

Let ^ I  and  ̂ be the solutions of equation (2,5,5)

with boundary conditions

----- »■ . (2.5.18)
t " V •“ oo t —^ 4"

The transition amplitude a^^ is obtained by projecting the initial 

state on the complete wavefunction Therefore

= t

t

Now consider the term

= lim \ dr_2 . (2.5.19)

d
d t

dr^ "X. = Jdr^ ‘̂“ 2 ^  ^ i *

Using equation (2.5.15), this becomes

fe (“I, «12 '*'* '*1 ■ l p t 1  ° - 2 1?.' -

- fa + _1_ - u \  If/I . (2.5.20)
2 2 X2 x.̂ 2 / J

By noting the relation that, if an operator Q is Hermitian, then

j T'Z 0 dr .  ̂Q* 'Ÿ * dr , (2.5.21)

and also making use of equation (2.5.5), we find that (2.5.20) 

becomes

a.

Consider the integraloO

dr dr _ ZftZg _  ̂) %  ,
^ 1  «2 R

(2.5.22)

- I  f  ^  ■ "i)

(2.5.23)
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which, by equation (2.5,22), is

3 = - lim
t— «.

d t (2.5.24)

Now provided

lim r dr^ di2 5'f. = 0
► + «>* J

we can integrate equation (2,5.24) to obtain

(2.5.25)

3^ ̂ = lim 
t—

(2.5.26)

Therefore we have shown that, provided condition (2.5.25) holds, 
/\o0  r .

=ir R

(2.5.27)

Alternatively, we can consider the time reversed reaction

if •to obtain the transition amplitude in the form b̂  ̂  :

^if * th. - _!_ - - u M  %
X, ^2 *12 R

provided lim f dr d£,
t-̂ -oo J

0 .

^ i  .

(2.5.28)

(2.5.29)

The total cross section is obtained by integrating over all

possible impact parametersi:Q,,. = 2 \ b la,,l^ db (-lTa„^) = |bj^|2 ^b (iTa^^) . (2.5.30)if " - J . - ' if ■ 0

The Distorted Wave Functions,

We represent the solutions ^  ̂  and in the form

(2,5,32"a)

93



Clearly, lim = lim %  ̂ = 1 • (2.5.33)
t — OÔ t —>>••+ eO

Substituting for or into equation (2.5.5), we see

that %. and %_ are solutions of
1 r Cj

[ i V / *  l V / +  + ig. - V e  - i V - V r  +
L2 -1 2 -2 S.J S2 R 2 - 1 2  -2

2

j=1
(2.5.34)

lVr^+ ii. + Zi - _1_ - f A  + i  V. Vr - i  «• Vr + tl-1
_2 -1 2 -2 x,| x^2 R 2 - 1 2  -2 itj

X

'22't) = - Vr^:Z:p(x^ ,s^,t)j

j = 1
(2.5.35)

Equations (2.5.34) and (2.5.35) are exact. The exact solution to 

X. ̂ and cannot be obtained without solving the complete

scattering problem. First-order approximations to 2^ and %  ̂  , 

denoted by 2  ̂ and 2 ^  , are obtained by neglecting the right 

hand sides of equations (2,5,34) and (2.5.35). In solving such 

equations for -4^ and JL ^ attention should be paid to the 

fact that the dominant contribution to the single electron capture 

amplitude in reaction. (2.5.3) comes from the region of small values 

of |x^| , This implies that in the equations for 2^ and 2 ^  

we can replace l/Sg by 1/R and l/x^g by 1/x^ to a good approximation.

In this way the coordinate s^ of the ’passive* electron disappears 

from these equations; and then become solutions of,

/1 7 /  + fA - V i s", t} : - i  v.\7r +‘4-') Zi (2i. t) = 0
\̂ 2 -1 ŝ  R 2 -1 at/  ̂ '

(2.5.36a)
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f i V /  + 2 § i _ ! 2  -  V i i i J i  *  L  v . V  + = 0  ,\2 X,, R 2 -1 h t  J  '  '

(2.5.36b)

with boundary conditions
/ /lim = lim Z p  = 1 . (2.5.37)

t —̂  — oO t — + °0

Solving for %  ̂  and , wo obtain

) = N ^ ( v ) ^ F . j j ^ C V ,  ; 1 ; k ( v s ^ +  v . s ^ j ^  e x p ^   ̂ \ é n ( v R -  v ^ t ) ^

(2.5.38)

2 ^ ( 21., » t )  = N ^ ( v ) ^ F ^ ] * - i t ;  1 ; - L ( v x ^ +  v . x . ^  j j  e x p ^ - ^ ^ A ^ ^ s " ^   ̂ £ n ( v R +  v ^ t ) j

where

(2.5.39)

TT ̂  }  CL.(v) = e ' P(1 - ÛV, ) (2.5.40a)

%  = / V ■ (2.5.40b)

Ng*(v) _= H d  + l \ )  (2.5.41a)

Vj. = (2g - 1)/v . (2.5.41b)

(a)
B

If we now choose to define the distorted wavefunctions as

(r.̂ , £ 2 ' i (£-1» £ 2 » t)il^ (£̂  , t) (2.5.42)

X  ̂  (r^, £ 2 » £̂<]» £ 2 » t)v[p (X..J, t) , (2.5.43)

and the corresponding distortion potentials as

U. = + £ a - ^A^B + A. (2.5.44)
' *1 =2 R

^^^It is not difficult to show that conditions (2.5.25) and (2.5.29) 
are satisfied with the present choice of gpj
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Up = iâ + ^  - _J_ - + A / (2.5.45)
*1 '2 *12 R

then equation (2.5.15) is of the form (2.5.36a) and equation 

(2.5.16) is of the form (2.5.35b) provided we take

A

and 

A

i %i = " ^i^-1 *-2̂ j| • -̂1 (2.5.46)

(2.5.47)

Substituting for and in equations (2.5.27) and (2.5.28), we 

obtain

t j dt j* d£,j dr^ T *  (2.5.48)

\ r  = - ' I ^^1 ^^2 • ' (2.5.49)— <»o
The continuum distorted wave approximation consists of the 

replacement of in equations (2.5.49) and (2.5.48)

by ' X ^  t respectively. It is easily seen that in this

approximation the distorted wavefunetions ' X ^ and have the

correct asymptotic conditions : from equations (2.5.42) and (2.5.43), 

we have that K  ̂  ̂ and X  ^ ; therefore,

by virtue of equations (2.5.37) and (2.5.18),

'X ̂ ^  ^ ̂ i  ^ f  ^ ^ f ----— ^  '^f * whicht —^ — uO t “ OO t ' y ■+ oO t + eO
are the required conditions.
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CHAPTER 2.6 

Evaluation of the Transition Amplitude

We are interested in evaluating the transition amplitude 

a^^ = a(n/) for the reactions

H"̂ + He(ls^) — > H (nX) + He*(1s) (2.6.1)

He++ + He(ls^) — > He' (̂nZ) + He+(ls) , (2.6.2)

for n£ = Is, 2s and 2p. As before, the ground state wavefunetion 

of the helium atom is represented by;

(a) The simple one-parameter variational function

3 . i (2 .6 .3 )
with ^j^(x) = / A -  I , A = 1 .6875 ;

(b) The natural expansion of the 35-configuration Cl wavefunetion 

of Weiss

» £ 2  ̂ “ (£-2  ̂ * (2 .6 .4 )

where ^y , G^p and G^y are defined in an equivalent manner to 

equation (2.3.7) - see also chapter 1.3. The following analysis 

is general for a helium wavefunction which is separable into the 

form (2 .6 .4 ). The transition amplitude we wish to evaluate is 

given by (see equation (2.5.48))

a(n£) = -  ̂ dt j" d£̂ d̂ 2 , (2.'6.5)

where A. X . = - % ^ 1  '^2^ " IVr^ %i (̂ 1 ' ^ ^ 1  '
(2.6.6)

55The integral representation for the coulomb function is given by 

, F, (iV ; 1 ; iq) = _ J  / l  + 1 ,  (2.6.7)2ffi) J w V W
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where the contour encloses the points 0 and -1, Substituting for 

from equation (2.5.38) and making use of the representation

(2.6.7), equation (2.6.6) then becomes

-ib:'(vs,,+ v.s^) r- . 2 ■
e exp I t;_Z % n( vR - v t)

( ’ • £

- I v ,
ÔCO / 1 + 1

(2.6.8)

where Z = 2 ^ { Z ^  - 1). Therefore,

a(ng) = - I j dt j d2  ̂j dT_2 

'^1 "̂ 1 +
vx^j )x

exp Zn(vR-

l°9e
c:

(2.6.9)
-LW(vS,^+ )
e

Replacing Ÿ  ^ by , and substituting for ^  ^

and ^  . , we obtain1

a(nJl) = - vNA(v)NB(v) (bv)^"Z/v j d t e Y do (P d S’
4TT - aO

-iv.r -:w(us^+v.s,|) -:g(vx fv.x^L
) e e [— 1— 1 + ---- 11 ,

V xj
(2.6.1 0)

where ^(x.^ , x^) , (£.] ) ̂ *X-, g(x2 ) are the helium atom,

hydrogen atom and helium ion electronic wavefunctions with corres­

ponding eigenenergies ^g(ls^), S^(njL), 6 ^(ls) and where 

£ = £g(ls^) - €^(nO - ég(1s). Equation (2.6.10) may be 

re-written in the form
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(nO = - (bv)
2:z/'

4TT I l & t
py 1 dt e () dw

where

and

(2.6.11a)

(2.6.11b)

("iV ( " 0

L ) . ^ J ‘̂-2 ^is (-2 ) (̂ <2 )

r  *   ̂ - t £ » 2 i  - v W ( v s  + V . £  )

R.,p =J '*̂ 1 'Ynt (2i) ^

- d f ( w x  + v . x  ) r  V .  X s .  x . " |

L —  ' - r r ^ j  ' (2.6.11c)

Using the Fourier transform method of evaluating two-centre integrals^, 

it is easily shown that

s ( n ( )  =  -

4t( (2ir )

i ' ^ à )  ' { " Ù

t-k - £1 - 6 K . X ̂
e e

dr, e  ̂ dK i dk F*^(k)H^ (K) x

(2.6.12a)

mhere F* (k) H^^(K)= J d s |  dx,, Y  *  ( s ̂ )

- t k .s

- Cw(vs.̂ + .̂2-1 )

£ • £1  ̂£1 . £1

V X

(2.6.12b)

From the coordinate system described in chapter 2.5 we have the

relationships x • £ + J. £. and _s = jr - 2  ̂  when p = q = 2 •
2 2 2 

Using these relations the integrations over jr., and k in equation

(2.6.12a) may be performed with little difficulty. A further

substitution, u = vt, enables us to evaluate the integral over time

 ̂ See reference 40, p.213.
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t. Taking cartesian coordinates for ]<, with defining the 

2-direction, it is found that another integration, that over 

, may easily be performed. The result achieved is;

(n() = - NA(")Ng(v) o (C d w  r  ^  /l +
V ( 2 T T ) '  J  J  ?  I  " J

+ | . y  I-y j  dKye dKy (Kx . Ky H ̂,(k̂  , Ky , -X'/) ,

(2.6.13)

where <T = 6/V • (1.6.14)

The quantity I d e f i n e d  in equation (2.6.11b) is the overlap 

between the orbitals of the electron which is not captured. This 

is easily seen, since it may be shown (again using the Fourier 

transform technique) that

= J dr2 (Xg) = (L = 0) ,

where, generally, h^y (£) = J  X-, ̂  (^g ) (£ 2  ̂ ®

which means

w  = Z  ( ><2 ) (£ 0 ) b>(_ , (2.6.15)

where is the wavefunetion of the residual helium ion and, in1 s
our case, (£2 ) is the natural expansion description of the

’passive’ electron in the helium atom. From a correlation point 

of view, the behaviour of I^y has a very significant effect on 

the transition amplitude a(n/). The wavefunction of the helium 

ion, left in the Is state, is given by

^1s(Xg) = e . (2.6,16)

Therefore,
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X -2x.

(2.6.17)

where we have made use of equation (2.3.7d). Consider the integral

over the azimuthal angle P  ; the integral will be of the form
^2
^27T if = 0

^2
^  ' ^2  ̂ = y  (2.6.18)

0 if ^  = 1 , 2 , 3 . . .

Therefore is restricted to zero irrespective of X j, values.

This means that equation (2.6.17) becomes

L y  = f d*2 *  ̂ *2 If ( ^ 2 > {  \ c

(
\ yi

2̂  + 1 I (cos 9  ) ,

£z)f
»/o

I ,V = 2"A|J ( ik l l )  \ "*2^ Xj R̂ y(x2)Ĵ  (cose^^)sine'^^d© ^
•I / . 1. /» o® —ZX« «-2x.

.TT (2.6.19)

But P (cos ̂  ) P, ( c o s q ) sin© d© = 2 if = 0,
° + 1

(2.6.20)
= 0 otherwise.

Therefore, due to the orthogonality between and the

angular parts of G^y (̂<2 ), the contribution to a(nZ) from all 

natural configurations using basis functions with ^  ̂  0 will be 

zero. This, in turn, means that only pure radial correlation will 

have any effect on a(n^) and consequently on the total cross section., 

It is also evident that if we were considering, for example, the 

process

H'*' + He(ls^)  V H(nO + He+(2p) , (2.6.21)

then only configurations involving = 1 would contribute to
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the cross section. Therefore, within the present approximation, 

a zero cross section for process (2.5.21) would be predicted 

unless angular correlation is included in the description of the 

helium ground state. The orthogonality condition in has

arisen because, in equation (2.5.36), we have eliminated the 

'passive* electron from the distorted wavefunctions and

2  ̂ . If this had not been done, an operator of the type 

s^+ v.^^)
e would have been introduced into I^y - destroying

the orthogonality condition in (2.5.20) and therefore retaining 

contributions from all angular-type correlation terms.

Returning to equation (2.5.13), it was found that, on 
further integration, the expression for a(nX) may be reduced to the 
form

a(nt) = J 1,"' * ■' T̂ (bl)) , (2.6.22)

where: m = 0 for n£ S  Is, 2s, 2p^; m = 1 for 5 2p^; 0*̂ (b7̂ )

is a Bessel function of order m; W^^(^ ) is a complicated function 

which depends not only on the quantum numbers n £. for the hydrogen­

like atom but also on the type of wavefunction used for the helium 

atom ground state. With n^ = Is, 2s and 2p, W^^(^^) was evaluated

analytically for both types of helium wavefunction employed here - 

see equations (2.6.3) and (2.5.4). In the evaluation of the i-^tegrals 

in equation (2.6.12), the polar axis z is defined as being in the 

direction of the velocity _v of the incident projectile and the 

impact parameter _b has been chosen to specify the x-axis.

Consequently, if, as in this case, it is of interest to compute the 

total cross section Q for capture into the 2p state of the hydrogen­

like system, then Q(2p) is given by

Q(2p) = Q(2p^) + Q(2p^) ,
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since, in the present mathematical framework, Q(2p^) is identically 

zero.

Fortunately, there is no need to perform the integration 

in (2.5.22) since, by substituting equation (2.6.22) into (2.5.30) 

and noting that^^

) J^(bY)b db = 1(1) - X  (2,6.24)

where m is arbitrary, we obtain finally

2
Q(n() = j 1]^"’ |W^(i) ) j d 1)^ , (2.6.25)

which leaves only one numerical integration to be performed in order

to obtain the total cross section Q(nZ). This numerical integration

has been evaluated by dividing the integrand into an appropriate

number of ranges R and then applying a four-point Gaussian

quadrature formula to each range. A safe cut-off was
I max

determined for each value of impact velocity considered. The

values of R and '*1 were chosen to give cross sections accurate
I max

to at least five significant figures.. .
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CHAPTER 2 .7

Continuum Distorted Wave Approximation Cross Sections.

In  t h i s  c h a p t e r  we d iscuss  our r e s u l t s  f o r  the  c a p t u r e

cross  s e c t i o n s  Q ( n / ) ,  o b ta in e d  w i t h i n  th e  continuum d i s t o r t e d  

wave (CDW) method, f o r  the  processes

H‘" + H e ( l s  )  V  H(n.£) + H e + ( l s ) ,  nX = 1 s , 2 s , 2 p  ( 2 , 7 . 1 )

and He^* + H e ( l s ^ )  — ». He^ ( nZ ) + H e ^ ( l s ) ,  nZ = 1 s , 2 s , 2 p .  ( 2 . 7 . 2 )

The c a l c u l a t i o n s  were c a r r i e d  out using not  o n ly  a s im p le  non­

c o r r e l a t e d  d e s c r i p t i o n  f o r  the  ground s t a t e  o f  th e  he l ium atom 

but  a ls o  we employed a s e r i e s  o f  t r u n c a t e d  f  une t i o n s  o b ta in e d

from the  n a t u r a l  expans ion o f  a Cl w a v e f u n c t io n .  At high impact

e n e r g i e s ,  the  major c o n t r i b u t i o n  to the  c a p t u r e  cross s e c t i o n  a r i s e s  

from s m a l l  impact  pa ram ete rs  which corresponds to  a r e g io h  c lo s e  

to the t a r g e t  n u c le u s .  T h e r e f o r e ,  any improvements i n  the  d e s c r i p t i o n  

o f  the  in n e rm o st  r e g io n  o f  the  t a r g e t  w a v e fu n c t io n  a re  l i k e l y  to  

be o f  most im por ta nce  i n  t h e i r  e f f e c t  on the  t o t a l  cross s e c t i o n  

Q ( n X ) .  We may f u r t h e r  suppose,  as i s  p h y s i c a l l y  r e a s o n a b le ,  t h a t  

a t  h igh impact  e n e rg ie s  the  t a r g e t  e l e c t r o n  i s  most l i k e l y  to be 

c ap tu red  i f  the  t r a j e c t o r i e s  o f  the  i n c i d e n t  p r o j e c t i l e  and t a r g e t  

e l e c t r o n  a lm ost  c o i n c i d e  ( a t  the  same p o i n t  in  t i m e )  in  th e  v i c i n i t y  

o f  the  t a r g e t  n u c le u s .  I t  i s  e v i d e n t ,  t h e r e f o r e ,  t h a t  the cross  

s e c t i o n  i s  de te rm ine d  by a q u a n t i t y  which i n v o lv e s  the  o r b i t a l  o f  

the  ' a c t i v e '  e l e c t r o n  i n  the h e l iu m  t a r g e t ,  a coulombic o p e r a t o r ,  

and the  o r b i t a l  o f  the  ca p tu red  e l e c t r o n  i n  the  h y d r o g e n - l i k e
57

system. An e x a m in a t io n  o f  the I s ,  2s and 2p h y d r o g e n - l i k e  o r b i t a l s  

r e v e a l s  t h a t ,  a t  s m a l l  n u c l e u s - e l e c t r o n  s e p a r a t i o n s  (0  ^  r  ^  1 ) ,

the  r a d i a l  p a r t s  o f  the  I s  and 2s o r b i t a l s  a re  re m ark ab ly  s i m i l a r .
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but both a re  r a d i c a l l y  d i f f e r e n t  from the  r a d i a l  p a r t  o f  the  2p 

o r b i t a l  ( t h e  2p w a v e fu n c t io n  i s  zero a t  r  = 0 whereas the  I s  and 

2s w a v e funet i o n s  a re  no n -ze ro  a t  r  = 0 ) .  T h e r e f o r e  i t  i s  expected  

t h a t ,  a t  h igh  e n e r g i e s ,  the p e rce n tag e  changes in  Q ( n Z ) ,  a r i s i n g  

from the  use o f  an improved h e l iu m  w a v e f u n c t io n ,  w i l l  be very  

s i m i l a r  i n  the  case o f  c a p t u r e  i n t o  the  I s  and 2s s t a t e s  o f  the  

h y d r o g e n - l i k e  atom, but w i l l  be fu n d a m e n ta l ly  d i f f e r e n t  from the  

p e rce n ta g e  changes d e r iv e d  in  the  case o f  c ap tu re  i n t o  the 2p s t a t e ,  

LUe examine f i r s t  the  r e s u l t s  f o r  a p ro to n  p r o j e c t i l e -  

r e a c t i o n  ( 2 , 7 . 1 ) .  The cross s e c t io n s  Q(nZ) were e v a lu a te d  a t  

impact e n e r g ie s  E ra n g in g  from 25 keU to 3 TileV us ing the  f o l l o w i n g  

d e s c r i p t i o n s  o f  the h e l iu m  atom:

( a )  th e  s im p le  w a v e fu n c t io n  ' î x  ( e q u a t i o n  ( 2 . 6 . 3 ) )  and

(b )  the  n a t u r a l  expans ion w av e fu n c t io n  ( e q u a t i o n  ( 2 . 6 . 4 ) )  

f o r  v a r io u s  o rders  X o f  t r u n c a t i o n .  T h e r e f o r e ,  as X i s  in c re a s e d  

i n c r e m e n t a l l y  from X = 1 ( t h e  H F - e q u i v a l e n t  w a v e f u n c t io n )  to X = 15 

(e q u a l  to  the Weiss t o t a l  w a v e f u n c t io n )  e l e c t r o n  c o r r e l a t i o n  i s  

i n t r o d u c e d  s y s t e m a t i c a l l y  by v i r t u e  o f  the  d e c re a s in g  im p o r ta n c e ,  

e n e r g e t i c a l l y ,  o f  each a d d i t i o n a l  n a t u r a l  c o n f i g u r a t i o n .  For the  

reasons d iscu s sed  i n  c h a p t e r  2 . 6 ,  c o n f i g u r a t i o n s  composed o f  

a n g u l a r - t y p e  o r b i t a l s  do not c o n t r i b u t e  to  the cross s e c t i o n s ^  

only  X = 1 ,  3 ,  6 ,  10 and 15 ,  each composed o f  s - ty p e .  o r b i t a l s ,  make 

a n o n -z e ro  c o n t r i b u t i o n .  The cross  s e c t i o n s  Q ( l s )  and d ( 2 s )  a re  

g iven  i n  T a b le s  2 . 4  and 2 . 5  f o r  v a r io u s  v a lue s  o f  impact  e n e rg y .

The cross  s e c t i o n  Q(2p) f o r  c a p t u r e  i n t o  the 2p s t a t e ,  g iven  in  

Table  2 . 8 ,  i s  composed o f  a c o n t r i b u t i o n  from c a p t u r e  i n t o  the

2p^ o r b i t a l  and a c o n t r i b u t i o n  from c a p t u r e  i n t o  a 2p^ o r b i t a l ,  i . e . ,  

Q(2p) = Q(2p^) + Q ( 2 p ^ ) .  Values f o r  Q(2p^) and Q(2p^)  a re  g iven  i n
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Tab les  2 , 6  and 2 . 7 .  For c o nven ience ,  we have shown i n  Tab le  2 . 9

the p e rc e n ta g e  changes A . ( \  ^  1)  and A (1 —^  15) i n  Q ( n Z ) ( f o r

nZ =  1 s ,  2s and 2p) due to im prov ing  the b a s ic  w a v e fu n c t io n

to the HF w a v e fu n c t io n  ^ x - 1  those due to im prov ing  the

HF w a v e fu n c t io n  ^ x - 1  ^be t o t a l l y  c o r r e l a t e d  w a v e fu n c t io n  
\ I /

X - l 5  * r e s p e c t i v e l y .  I n s p e c t i o n  o f  Table  2 . 9  r e v e a l s  t h a t ,  

as e x p e c te d ,  the  p e rce n ta g e  change A  ^  1 ) in  Q ( l s )  and Q ( 2 s ) 

i s  v i r t u a l l y  the  same i n  each case th rough out  the energy range  

c o n s id e re d  w h ereas ,  i n  c o n t r a s t ,  A  (A —̂  1)  i n  Q(2p)  d i s p la y s  a 

c o m p le te ly  d i f f e r e n t  b e h a v io u r .  Th is  o b s e r v a t io n  a ls o  holds when 

comparing A  ( l  —>  15) f o r  Q ( l s ) ,  Q (2s)  and Q ( 2 p ) .  F u r th e rm o re ,  

we observe t h a t  the  A  ( \  —̂ 1 )  r e s u l t s  f o r  Q(2p^) and Q(2p^)  a re

d i f f e r e n t  i n  behav io u r ,  as the  energy i s  in c r e a s e d ;  a corresp o n d in g  

o b s e r v a t i o n  ho lds  f o r  Ak (1 —> 1 5 ) .  Th is  i s  due to  the  f a c t  t h a t  

the d i f f e r e n t  a n g u la r  p a r t s  i n  the 2p^ and 2p^ o r b i t a l s  g ive  r i s e  

to d i f f e r i n g  forms o f  e q u a t io n  ( 2 . 6 . 2 2 )  f o r  the  t r a n s i t i o n  a m p l i t u d e .

As we move from the  s im p le  w a v e fu n c t io n  , d e s c r i b i n g

the he l ium  ground s t a t e ,  to  the more s o p h i s t i c a t e d  HF d e s c r i p t i o n  

Srf  ̂  ̂ , a l a r g e  p e rcen ta g e  change i s  observed in  each o f  the

c ap tu re  c ross  s e c t i o n s  Q ( l s ) ,  Q (2s )  and Q ( 2 p ) ,  th rough out  the  

energy range c o n s id e r e d .  At e n e rg ie s  g r e a t e r  than 3 00 keV,

A ( A — 1)  i s  g r e a t e r  f o r  Q(2p) than i t  i s  f o r  Q ( l s ) ‘and Q ( 2 s ) ,  which  

means t h a t  a HF d e s c r i p t i o n  o f  the  he l ium  wave f u n c t i o n  i s  more 

im p o r ta n t  when c o n s id e r in g  c a p t u re  i n t o  e x c i t e d  s t a t e s  o f  an 

a n g u la r  n a t u r e  th an  i t  i s  when the  e x c i t e d  s t a t e  i s  s p h e r i c a l l y  

s ym m etr ic .  However,  i t  should  be noted t h a t ,  even i n  the case o f  

Q(1s) and Q(2s ) ,  A ( X 1)  i s  about 3 6^ a t  E = 3000 keV, and i s  

t h e r e f o r e  very  s i g n i f i c a n t .  I t  i s  a lso  i m p o r t a n t  to  note t h a t  a t  

high e n e r g i e s  the d i f f e r e n c e  between the v a lu e s  f o r  Q ( 1 s ) ,  Q(2s)
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and Q ( 2 p ) ,  d e r iv e d  from the use o f  and r e s p e c t i v e l y ,  i s

becoming g r e a t e r  w i th  i n c r e a s i n g  e n e rg y .  In  a d d i t i o n  Tab le  2 , 9  

r e v e a ls  t h a t  the  e f f e c t  o f  the HF w av e fu n c t io n  over  and above the  

o n e -p a ra m e te r  w av e fu n c t io n  i s  f i r s t  to reduce and then to in c re a s e  

the c ro ss  s e c t io n s  Q (1s)  and Q (2s)  as we move from low to high  

impact e n e r g i e s ,  the c r o s s - o v e r  o c c u r r in g  a t  E Or 600 keU. In  

g e n e r a l ,  t h i s  b e h a v io u r  i s  f o l l o w e d  i n  the  case o f  Q (2 p ^ ) ,  but '~the  

c r o s s - o v e r  occurs  a t  E ■-2̂’ 400 keU. However,  in  Q (2 p ^ ) ,  the e f f e c t

of  the  HF w a v e fu n c t io n  i s  to in c r e a s e  the  cross s e c t i o n  everyw he re ,  

except  a t  E = 25 keV. T h e r e f o r e ,  in  the energy  range 50 keV ^  E 

400 keV, the  changes i n  Q(2p) are  s m a l l  i n  s p i t e  o f  the  

s i g n i f i c a n t  changes which occur f o r  Q(2p^)  and Q(2p^)  s in c e  they  

are o f  o p p o s i te  s ig n ,  whereas,  a t  E ^  400 keU, the changes in

the i n d i v i d u a l  components are now a d d i t i v e .  The r e s u l t a n t  e f f e c t  

i s  t h a t ,  a t  im pact  e n e r g ie s  g r e a t e r  than 50 keV, a r e l a t i v e l y  sm al l  

i n c r e a s e  in  Q(2p)  i s  observed due to the i n t r o d u c t i o n  o f  the HF 

w a v e f u n c t i o n .  However,  t h i s  i n c r e a s e  grows r a p i d l y  in  im por tance  

w i th  i n c r e a s i n g  energy and i s  as l a r g e  as 86^ a t  E = 3000 keV.

T u rn in g  now to the e f f e c t  due to the  i n c l u s i o n  o f  a l l  

the e l e c t r o n  c o r r e l a t i o n  terms w i t h i n  the t o t a l  he l ium  w a v e fu n c t io n  

^ X - 1 5  see t h a t ,  as shown in  Table  2 , 9 ,  the p e rce n ta ge  change

A  (1 —>  15 )  i n  Q(1 s ), Q(2 s ) and Q ( 2 p ) ,  i s  n e g a t iv e  f o r  a l l  e n e r g ie s
\o ̂

E ^  50 keV .  Th is  means t h a t  a l l  the cross  s e c t io n s  have been

reduced by i n t r o d u c i n g  t o t a l  e l e c t r o n  c o r r e l a t i o n  over  and above 

our approx im ate  HF w a v e f u n c t io n .  The magnitude o f  t h i s  d e c r e a s e ,  

however,  i s  f a r  l e s s  i m p o r t a n t ,  a t  h igh e n e r g i e s ,  than the i n c r e a s e  

a r i s i n g  from the  use o f  the HF w a v e f u n c t i o n .  At high e n e r g i e s ,  

t h e r e f o r e ,  the o v e r a l l  e f f e c t  due to im prov ing  ^  to ^
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i s  a l a r g e  in c r e a s e  i n  the  cross  s e c t io n s  Q (n Z ) ,  f o r  a l l  n t  

c o n s i d e r e d .  A l though not shown in  Table  2 . 9 ,  i t  i s  e a s i l y  seen 

from Ta b le s  2 . 4 ,  2 . 5  and 2 .8  t h a t  the  p e rcen ta g e  change A (1 —v  3)  

g iv es  the g r e a t e s t  c o n t r i b u t i o n  to A ( 1  —4^15) in  a l l  cases  

( A (3 —̂  15 )  g iv e s  s m a l l  v a r i a t i o n s  o f  an o s c i l l a t o r y  n a t u r e ) .

Thus,  the  i n i t i a l  i n t r o d u c t i o n  o f  r a d i a l  c o r r e l a t i o n  g iv es  the  most 

im p o r t a n t  c o n t r i b u t i o n  to the  cross s e c t io n s  when compared w i th  

subsequent r a d i a l  c o r r e l a t i o n  c o n t r i b u t i o n s  (X = 5,  10 and 1 5 ) .

At t h i s  s t a g e ,  i t  i s  o f  i n t e r e s t  to compare the r e l a t i v e  

e f f e c t s  o f  e l e c t r o n  c o r r e l a t i o n  w i t h i n  the  impulse  and continuum  

d i s t o r t e d  wave a p p ro x im a t io n s  when a p p l i e d  to the  process

H'*’ + H e ( l s ^ )  — 4- H (1 s )  + H e + ( 1 s ) .  ( 2 . 7 . 3 )

T ab les  2 . 2  and 2 . 9  r e v e a l  t h a t  the t re n d s  i n  Q ( l s ) ,  in t r o d u c e d  by 

the use o f  an improved he l ium  w a v e f u n c t io n ,  are  d i f f e r e n t  f o r  the  

two methods. The most s t r i k i n g  d i f f e r e n c e  i s  the h igh energy  

b e h av io u r  o f  A  (A —^  1)  wh ich ,  in  the CDW method, r i s e s  s t e e p l y  

w i th  i n c r e a s i n g  E and i s  32^ a t  E = 2500 keV, whereas,  i n  the  

im pulse  a p p r o x i m a t i o n ,  the r i s e  i s  very  g ra d u a l  and i s  on ly  5Ĵ
I

a t  E = 2500 keV.  The t re n d s  in t r o d u c e d  by the i n t r o d u c t i o n  o f  a l l  

e l e c t r o n  c o r r e l a t i o n  te rm s,  A (1 1 5 ) ,  are a lso  q u i t e  d i f f e r e n t

i n  the two methods -  in  f a c t ,  f o r  most o f  the  energy ra n g e ,  the y  are  

o f  o p p o s i te  s i g n .  I t  i s  i n t e r e s t i n g  to  n o te ,  however,  t h a t  the  

i n i t i a l  i n t r o d u c t i o n  o f  r a d i a l  c o r r e l a t i o n  has the same e f f e c t  in  

both cases; t h a t  i s ,  to reduce the  cross s e c t i o n  -  the r e d u c t io n  

being the g r e a t e r  i n  the  CDW method ( o f  Tab les  2.1 and 2 . 4 ) .  In  

the  impulse  a p p r o x i m a t i o n ,  t h i s  r e d u c t io n  i s  l a r g e l y  compensated  

f o r  by the in c r e a s e  due to  the i n i t i a l  i n t r o d u c t i o n  o f  a n g u la r  

c o r r e l a t i o n .  Of c o u rs e ,  no such compensation e x i s t s  w i t h i n  the
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CDW approximation - see chapter 2,5.

The t o t a l  c ross  s e c t i o n  Q, which in c lu d e s  c a p tu re  i n t o

any s t a t e ,  may be o b ta in e d  from the  r e l a t i o n ^ ^

Q = ^  Q(ng) Oi Q ( l s )  + 1 .6 1 6  [ q (2s ) + Q ( 2 p ) ]  . ( 2 . 7 . 4 )

Values f o r  the CDW a p p ro x im a t io n  t o t a l  cross  s e c t i o n  Q are  p re se n te d

i n  T ab le  2 . 1 0 ;  a ls o  g iven  are  the  e x p e r i m e n t a l  r e s u l t s  o f  S t i e r

52 12and B a r n e t t  and o f  Welsh e t  a l .  I t  i s  q u i t e  c l e a r  t h a t  f o r

E ^  654 keV, the  f u l l y  c o r r e l a t e d  (X = 15)  r e s u l t s  are  i n  b e t t e r

agreement w i t h  e xp e r im e n t  than are  the s im p le  n o n - c o r r e l a t e d  ( X  )

r e s u l t s .  At im pact  e n e r g ie s  g r e a t e r  than about 1500 keV, the

X = 15 r e s u l t s  are  i n  agreement w i t h  e x p e r im e n t a l  v a l u e s ,  w i t h i n

e x p e r i m e n t a l  e r r o r .  Th is  i s  i n  d i r e c t  c o n t r a s t  w i t h  the s i t u a t i o n

found i n  the  impulse  a p p r o x im a t io n ,  where the  c o r r e l a t e d  r e s u l t s

were seen to  d i v e r g e  from the e x p e r i m e n t a l  va lue s  a t  h igh e n e r g i e s  -

c f  T ab le  2 . 3 .

We now t u r n  our a t t e n t i o n  to the  e l e c t r o n  c a p tu re  by

a l p h a - p a r t i c l e s  i n  h e l iu m ,  r e a c t i o n  ( 2 . 7 . 2 ) .  C a l c u l a t i o n s  w i t h i n  j-

the CDW a p p ro x im a t io n  f o r  t h i s  r e a c t i o n ,  us ing a h e l iu m  ground

46s t a t e  w a v e fu n c t io n  o f  the form

. r  - ( a x  + bx ) - ( b x  + ax ) 1
^ ( x ^  , X2) = + G j  , (2.7.5)

47have been r e p o r t e d  by B e l k i c  and Oanev . They conclude t h a t

above 600 keV t h e i r  r e s u l t s  are  in  good agreement w i t h  e x p e r im e n t ^ ^ .

We have a ls o  e v a lu a t e d  cross  s e c t io n s  f o r  r e a c t i o n  ( 2 . 7 . 2 )  i n  the  

energy  range 25 ke V -  3 fïleV, us ing wavefunc t io n s  ( 2 . 6 . 3 )  and ( 2 . 6 . 4 ) ,  

and examine the consequent  e f f e c t s  on the  c a p tu re  cross  s e c t i o n s .

I t  should  be noted t h a t  the  v e l o c i t y  o f  an a l p h a - p a r t i d e  i s  0 .5

t imes  the  v e l o c i t y  o f  a p ro to n  w i th  the same k i n e t i c  e n e rg y .
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T h e r e f o r e ,  in  t h i s  d i s c u s s io n ,  i t  should  be k e p t  i n  mind t h a t  we 

are  not i n  the  same high v e l o c i t y  re g io n  as was the case when 

d is c u s s in g  p r o t o n - h e l iu m  c o l l i s i o n s ,  and the high v e l o c i t y  arguments  

used i n  t h a t  case cannot be used h e r e .  C a l c u l a t e d  v a lu e s  f o r  

Q(1 s ), Q(2 s ), Q ( 2 p ^ ) ,  Q(2p^) and Q(2p)  a re  g iven  i n  Tab les  2 .11 -  

2 .1 5  r e s p e c t i v e l y .  I t  i s  seen t h a t  the  e f f e c t s  o f  i n t r o d u c i n g  a 

HF w a v e fu n c t io n  f o r  he l ium are  q u i t e  d i f f e r e n t  a t  these  low 

v e l o c i t i e s .  At most e n e r g ie s  c o n s id e re d  h e r e ,  the  cross  s e c t io n s  

f o r  c a p t u r e  i n t o  the 1s and 2s s t a t e s  o f  the he l ium  i o n ,  when 

e v a lu a t e d  us ing  ^ y - 1  ' were c o n s i d e r a b ly  reduced r e l a t i v e  to those

e v a lu a t e d  us ing  • T h is  i s  more e a s i l y  seen by ex a m in a t io n  o f

Tab le  2 . 1 6 ,  where we p re s e n t  the r e l a t i v e  p e rcen ta g e  changes i n  

Q(nX) due to  us ing the  improved wavef u n c t io n s  ^  and X -1 5 *

Also reduced by the HF w a v e fu n c t io n  were the Q(2p^) c ross s e c t i o n s ,  

whereas Q(2p^) were m ost ly  i n c r e a s e d .  The r e s u l t a n t  cross  s e c t i o n s ,  

Q ( 2 p ) ,  were reduced everywhere  e xc ep t  a t  e n e r g ie s  E ^  50 keV and 

E ^  2 ffleV. The e f f e c t  o f  t o t a l  c o r r e l a t i o n  was, as i n  the  case

o f  p ro ton  p r o j e c t i l e s ,  to reduce a l l  the cross  s e c t io n s  Q(nZ)  

co ns idered  f o r  a l l  e n e r g ie s  E 300 keU. As b e f o r e ,  the  g r e a t e s t  

c o n t r i b u t i o n  to A (1 —̂  15)  arose from the  i n i t i a l  i n t r o d u c t i o n  

o f  r a d i a l  c o r r e l a t i o n ,  A (1 —>  3 ) .

The t o t a l  c ross s e c t i o n  Q was o b ta in e d  w i t h  the a id  o f  

e q u a t io n  ( 2 . 7 . 4 )  and the  c o r re s p o n d in g  v a lu e s  f o r  a p a r t i c u l a r  

im pac t  energy are  g iven  i n  Table  2 . 1 7 .  Also shown, f o r  compar ison,  

are  the e x p e r im e n t a l  r e s u l t s  o f  P iv o v a r  e t  a l ^ ^ .  At low e n e r g i e s ,  

th e  f u l l y  c o r r e l a t e d  r e s u l t s  g iv e  b e t t e r  agreement w i t h  e x p e r im e n t  

than the  s im p le  n o n - c o r r e l a t e d  ( A  ) r e s u l t s .  However,  i n  the h ig h e r  

energy r e g i o n ,  the c o r r e l a t e d  r e s u l t s  are  i n  worse agreement w i th  

ex p e r im en t  than the n o n - c o r r e l a t e d  (A) r e s u l t s ,  a l th o u g h  the
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o v e r a l l  agreement  w i t h  exper im ent  i s  s t i l l  good. I t  i s  expected  

t h a t  i f  the  energy  range  o f  the  c a l c u l a t i o n  were extended to i n c lu d e  

a l p h a - p a r  t i d e  v e l o c i t i e s  of  comparable  magnitude to proton v e l o c i t i e s  

corresp o n d in g  to  pro ton  e n e r g ie s  E = 3 MeV, then the  c o r r e l a t e d  

r e s u l t s  would g iv e  the  b e t t e r  agreement  w i th  e x p e r im e n t .  For such 

a comparison i t  would be necessary  to  extend the  energy range o f  the  

a l p h a - p a r  t i d e  r e a c t i o n  to 12 ffleV. U n f o r t u n a t e l y ,  no e x p e r im e n t a l  

data  e x i s t s  f o r  E >  1 .5  MeV.

Conclus ion

I n c l u d i n g  e l e c t r o n  c o r r e l a t i o n  in  the  he l ium  atom 

w a v e f u n c t io n ,  over  and above the HF d e s c r i p t i o n ,  has a s m a l l  e f f e c t  

on the t o t a l  c a p t u r e  cross s e c t i o n  Q when compared w i th  the  e f f e c t  

of  us ing a HF w a v e fu n c t io n  r a t h e r  th an  the o n e -p a ram e te r  wavef u n c t io n  ; 

the l a t t e r  e f f e c t  g iv e s  an in c r e a s e  i n  Q as l a r g e  as 37/^ a t  E = 2990 keV 

when c o n s id e r in g  e l e c t r o n  c a p tu re  by protons  i n c i d e n t  on a he l iu m  

t a r g e t .  However,  a l though  by comparison the  t o t a l  c o r r e l a t i o n - -  

e f f e c t  may be s m a l l ,  i t  i s  a ls o  s i g n i f i c a n t ,  caus ing a decrease  

i n  Q of as much as 1%  a t  i n t e r m e d i a t e  e n e r g i e s .  N e v e r t h e l e s s , 

we may conclude t h a t  i f  the  CDlii method were a p p l i e d  to l a r g e r  

atomic  systems,  then the use o f  HF wavef u n c t ions  f o r  the  d e s c r i p t i o n  

o f  the  i n i t i a l  and f i n a l  s t a t e s  should  be adequate  to g ive  r e l i a b l e  

r e s u l t s .  From a c o m p u ta t io n a l  v i e w p o i n t ,  i t  i s  a n t i c i p a t e d  t h a t  the  

cross s e c t io n s  Q(nZ) f o r  charge  t r a n s f e r  r e a c t i o n s  i n v o l v i n g  l a r g e  

atomic  systems w i l l  s t i l l  o n ly  r e q u i r e  one f i n a l  n u m e r ic a l  i n t e g r a t i o n  

i f  the t a r g e t  i s  d e s c r ib e d  by a H F - typ e  w a v e f u n c t io n .

Perhaps ,  in  the above,  a note  o f  c a u t io n  should be added .

I n  the  a p p l i c a t i o n  o f  the  CDlil method to  r e a c t i o n s  ( 2 . 7 . 1 )  and

( 2 . 7 . 2 )  an a p p ro x im a t io n  was made which was to r e p la c e  l / x ^ g  by
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l / x ^  and I / S 2  by 1 /R i n  equat ions  ( 2 . 5 , 3 4 )  and ( 2 . 5 . 3 5 )  (see  

c h a p t e rs  2 . 5  and 2 . 5 )  th e re b y  removing the  c o o r d in a t e s  o f  the  

' p a s s i v e ' e l e c t r o n  from the  problem.  This  caused a s i m p l i f i c a t i o n  

which meant t h a t  on ly  p u r e ly  r a d i a l  c o r r e l a t i o n  terms would 

c o n t r i b u t e  to  the  cross  s e c t i o n s .  In  e f f e c t ,  we have e l i m i n a t e d  

e l e c t r o n  c o r r e l a t i o n  from w i t h i n  the  method i t s e l f ,  but have 

i n c lu d e d  i t  i n  the  atomic  wave f u n c t i o n . I t  would be o f  c o n s id e r a b le  

i n t e r e s t  to see the d i f f e r e n c e  made to the  t h e o r y ,  and the  consequent  

d i f f e r e n c e  in  the  cross s e c t i o n s ,  i f  we l e f t  the term l / s g  as i t  

i s ,  and r e p la c e d  l / x ^ g  by an expansion^^ in  terms o f  x.̂  and x^ :

Y  A .  .
*12 L  ' x f f '

&= 0 m=—̂
( 2 . 7 . 5 )

where (x^y a re  the  p o l a r  c o o r d in a t e s  o f

e le c t r o n s  ( 1 )  and ( 2 )  r e s p e c t i v e l y ,  x ^  and x ^  a re  r e s p e c t i v e l y  

the l e s s e r  and g r e a t e r  o f  x.j and x ^ , and i s  an a s s o c ia te d

Legendre f u n c t i o n .  The expansion ( 2 . 7 . 6 )  cannot be used as i t  

stands  because i t  has an i n f i n i t e  number o f  t e rm s .  How.ever, i n s t e a d  

o f  r e s t r i c t i n g  the  summation over Z to -Z = 0,  as we have done 

i n  the p re s e n t  s t u d y ,  a s e c o n d -o rd er  term could  be in c lu d e d  by 

a l l o w i n g  Z = 1 and an a t te m p t  made to s o lv e  the  r e s u l t i n g  

d i f f e r e n t i a l  e q u a t io n  which would r e p la c e  ( 2 . 5 . 3 6 ) .  The d i s t o r t e d  

wave f u n c t i o n s  and 2   ̂ would now in c lu d e  e l e c t r o n  c o r r e l a t i o n ,

t h e re b y  m o d i fy in g  the  CDW approach from w i t h i n  the s t r u c t u r e  o f  the  

method.

With  r e f e r e n c e  to the c ap tu re  r e a c t i o n  

H’*’ + H e ( l s ^ )  — H ( 1 s ) + H e * ( 1 s )  , 

we have seen t h a t ,  f o r  the  impulse  a p p r o x im a t io n ,  the cross s e c t io n s
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arc very cumbersome to evaluate since they involve a triple

numerical integration for each impact energy. Furthermore, the

validity of the impulse approximation is uncertain due to the

presence of the coulomb potential  ̂ in the two-body operator

(see chapter 2.4) which is subsequently used to evaluate

the transition amplitude. In contrast, the CDW cross sections are

easy to evaluate and are more reliable since they are based on a
42rigorous theoretical foundation . In the light of our experience, 

extension of the impulse method to charge transfer reactions 

involving large atomic systems would be extremely difficult, if not 

impossible, due to numerical complications. On the other hand, a 

real possibility exists that the CDW method may be extended to 

charge transfer reactions of the type

 ̂A x"")* H. A* ,
"no­where X is a structureless projectile and A is a many-electron

system.

In summary, although the impulse approximation gave 

somewhat disappointing results for a helium target, the application 

of the CDW method yielded very satisfactory values. Furthermore, 

the latter method has the added advantage of possessing a rigorous 

theoretical foundation and is easily applied to high-energy electron 

capture reactions.
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TABLE 2.4 Continuum distorted wave approximation total cross
section Q(ls) (in units of ^ a  ^) for the reaction

^ o
H + He(1s ) —^H(Is) + He (Is), evaluated using 
the non-correlated (7^) and the natural expansion 
(X-terms) helium wavefunetions - see equations
(2.6.3) and (2.6.4) of text.

E(keU) A X = 1 X = 3 X = 6 X = 15

25 7.254° 6.632° 6.554° 6.527°

50 1.806° 1 .711° 1.640°■ 1.631° 1 .628°

1 GO -12.958 — 12.701 2.637 •“*]2.631 2.629*^

2 00
- 23.055 - 22.733 - 22.664 - 22.661 - 22.661

300 6.445”^ 5.853*“̂ 5 . 6 6 8 5.666 5.665*3

400 1.936*^ 1 . 8 07“^ 1.740*3 -31.740 1.740*3

500 —47.228 -46.954 -4
6 . 6 6 8

mm ̂6.670 mm A6.671

600 -43.131 A3.104 -42.967 —42.969 ** A2.969

700 1.512“^ -41 .542 — A1.471 -41.472 —41 .472

800 7.935“^ 8.306“*̂ 7.909*3 7.918*3 7.914*3

900 4.448“^ 4.759"^ 4.535*3 4.542*3 4.542*3

1 000 2.63 0"^ 2.882”^ 2.739*3 2.744*3 2.744*3

1500 —63.284 —63.920 —63.721 - 63.731 —53.731

2000
-77.152 79.052 -7

8 . 6  03 — 78.631 8.629*7

2500 -72.145 -72.833 -72.697 —72.706 -72.705

3000 —8'7.922 1.08l"7 1.03 0*7 -71.034 mm 71.034

(a) The superscript denotes the power of ten by which the entry
should be multiplied.
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TABLE 2.5 Continuum distorted wave approximation total cross 
section Q(2s) (in units o f O X ^ J ^ )  for the reaction 

+ He(ls^) ^  H(2s) + He*(ls), evaluated using 
the non-correlated (A) end the natural expansion 
(X-terms) helium wavefunc tions - see equations 
(2.6.3) and (2.6.4) of text.

E(keU) X X = 1 X = 3 X = 6 X = 15

25 5.583*1( ) -1  5.118 -14.481 4.412 -14.389

50 -12.132 2.026*1 1 .900“1 1.884 -11.878

1 00
- 24.228 3.907*2 _23.794 - 23.781 - 23.777

200 4.519*3 4.052*3 3.952*3 3.947*3 3.946*3

300 9.395*4 “ A8.505 mm A8.246 -"A8.241 A8.240

400 —42.776 -42.576 —42.484 -42.483 -42.483

500 1 .022*4 9.768*3 9.375*3 9.376*3 9.377*3

600 4.374*3 4.309*3 4.122*3 4.124*3 4.124*3

700 —52.092 -5
2 .1 2 1 2.024*3 -52.025 2.025*3

800 1.089*3 1 .134*3 1.08 0*3 1.081*3 1.081*3

900 6.065 6.468*3 6.154 6.163*3 6.163*3

1 000 3.566*3 3.889*3 —63.697 3.703*3 3.703*3

1500 -74,368 -75.196 4.934*7 -74.947 -74.947

2000
—89.414 — 71.188 -71.129 1.133 -71.133

2500 2.804 " 83.695 ■*83.518 - 83.530 - 83.529

3000 - 81.031 "■81.404 —81.338 - 81.343 - 81.343

(a) The superscript denotes the power of ten by which the entry
should be multiplied
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TABLE 2.6 Continuum distorted wave approximation total cross
section Q(2p ) (in units of^^ a ^) for the reaction 
+ 2  ̂ + GH + He(1s ) "4> H(2p^) + He (is), evaluated using

the non-correlated (^ ) and the natural expansion
(X-terms) helium wavefunetions - see equations
(2 .6 .3 ) and (2 .5 .4 ) of text.

E(keV) X X = 1 X = 3 X = 6 X = 15

25 3.759*1^ ) -1 3.432 -13.195 13.167 —» 13.157

50 - 27.8 01 -27.114 6.800*2 «• 26.771 - 26.760

1 00 1 .086*2 9.812*3 9.406*3 9.376*3 9.365*3

200
M A8.368 -47.696 -47.366 -47.356 —47.352

300 -41 .392 ^ A1.342 mm A1 .277 —41.277 —41.277

400 3.468*3 3.528*3 3.344*3 —53.346 3.345*3

500 1.113*3 -51.193 1 .128*3 1.129*3 1o129"3

600 4.257*3 64.785 4.516*3 —64.523 —64.523

700 1 .851*3 62.172 2.048*3 — 62.052 —62.052

800 8.881*7 —61.083 1.021*3 s1.023 — 61.023

900 4.606*7 ' -75.812 - 75.480 - 75.495 - 75.494

1 000 2.544*7 -73.312 - 73.124 “**73.133 - 73.132

1500 - 82.487 - 83.643 - 83.449 —83.462 —83.460

2000
— 94.658 7.385 -97.018 —9. 7.045 —97.041

2500 1.263*9 2.119*9 -9
2 .0 2 1 2.028*9 2.027*9

3000 4.344*13 7.609*1° 7.275*1° 7.301*1° 7.296*1°

(a) The superscript denotes the power of ten by which the entry
should be multiplied.
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TABLE 2.7 Continuum distorted wave approximation total cross 
section Q(2p^) (in units of ^  a^^) for the reaction 

+ He(1s^) —$> H(2p^) + He*(1s), evaluated using 
the non-correlated (^ ) and the natural expansion 
(X-terms)helium wavefunetions - see equations 
(2.6,3) and (2.6.4) of text.

E(keV) > X = 1 X = 3 X ■= 6 X = 15

25 5.787“"'̂ ^ ) _1 4.680 -14.741 -14.745 —14.767

50 -27.153 -27.873 -27.826 -27.841 “27.869

1 00 a.535“^ 9.746"^ 9.398*3 9.411*3 9.429*3

200 — A6.494 ■ 7.776"^ 7.334"4 -47.351 — 47.360

300 A1.124 1.447*4 1.354*4 -A1 .359 “”41.360

400 - 52.937 4.043”^ 3.774*3 3.79 0*3 3.792*3

500 69.898 1.439*^ 1.345*3 1.352*3 1 .352*3

600
" 63.968 — 66.031 5.652"3 5.682*3 5.682*3

700 ~61.804 " 62.842 2.673*3 “62.688 “62.687

800 9.032"? mm 61.464 1.382*3 “ 61.390 ”61.390

900 -74.875 8.095*? 7.670 -77.714 -77.711

1 000 -72.796 -74.736 4.504*? -74.530 -74.527

1500 83.198 5.771*® 5.573*3 *85.6 03 -85.598

2000 6.739 -A1.257 1.228*3 — 81.233 — 81.232

2500 -92.001 -93.810 3.750 3.766 -93.761

3000 7.40l“^° -91.428 -g1 .414 -g1.420 mm Q1.418

(a) The superscript denotes the power of ten by which the entry
should be multiplied.
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TABLE 2.8 Continuum distorted wave approximation total cross 
section Q(2p) (in units of^a^^) for the reaction 
H  ̂ + He(ls^) H(2p) + He*(ls), evaluated using 
the non-correlated (^ ) and the natural expansion 
(X-terms) helium wavefunctions - see equations 
(2,6.3) and (2.6.4) of text.

E(keV) > X = 1 X = 3 X = 6 X = 15

25 9.546-1^^ ) -1 8.112 mm7.936 — 17.912 “17.924

50 1.495*1 — 11.499 -11.463 “11 .461 -11.463

1 00 " 21 .940 -21.956 1 .880*2 -21 .879 -21.879

200 1.486*3 1.547*3 1.470*3 -31.471 1.471*3

300 -42.516 2.789*4 —42.631 “42.636 —42.637

400 6.405*3 ^ 57.571 7.118*3 7.136*3 7.137*3

500 2.103*3 2.632*3 2.473*3 2.481*3 2.481*3

600 8.225*3 1.082*3 -51.017 1,021*3 1.021*3

700 3.655*3 5.014*3 M A4.721 —64.740 —64.739

800 61.791 2.547*3 2.403*3 " 62.413 —62.413

900 -79.481 —61.391 1 .315*3 —61.321 —61.321

1 000 5.340*? 8.048*? -77.628 • 77.663 -77.659

1500 -85.685 9.414 —89.022 -89.065 -89.058

2000 -81.140 • 81.996 “ 81.930 -81.938 —81 .936

2500 -93.264 “95.929 -95.771 -95.794 -95.788

3000 1.175 —92.189 " 92.142 " 92.150 -92.148

(a) The superscript denotes the power of ten by which the entry
should be multiplied.
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CO1 in1 sf1 <-1 in1 in1 in1 in1 in1 sf
i

xr
1

xf1

car BQ. BQ. B< B9. BQ. B9. BR. BQ. B^ B^ B^ B^
CO O ' CO O ' XT cn cx in in 00 cx

CO 00 cn x f CX C3 vO CO o- in1 1 1 1 + cx CO XT in VO+ + + • + + + +
<

in BQ. B^ BQ. BQ. BS, BQ. BQ. BS. B%. B^ B5. B5.
CA CO CO CX CO XT o o CO O '

AT o CO in VO in in XT CO cx Or- + 1 1 1 1 1 1 1 1 1 1 1
X <q .

CL
cx

car B^ B%. B^ B%. BQ. BQ. BQ. B^ B^ B^ B^ BQ.

A
cx O ' o- o in in XT cx

o\ O XT cn o- cx cx cn C3 VO O cx
CO in VO VO CO CO cn cn1 + + + + + + + + + + +

<

in B%. BR. BQ. BQ. B^ B^ B^ BR. B^ B^ B< BQ.
cx CO CO VO VO CO o- CO CO VO in COAr XT o CO cx CO XT x r XT XT XT XT XT

r - r - 1 1 1 1 1 1 1 1 1 1 1

BQ. BG. B ^ B9. BQ. B ^ BR. BQ. B%. BR. B ^ BQs
CO C3 VO CO cx in o cx CO cx

CO in O ' CO o- ST cn cn VO VO
1 1 1 I 1 +  . + cx CO CO

I + + + +

BQ. B5, BQs B ^ B9. BR. BQ. BQ. B ^ BQ. B ^ B ^
a cn [S' VO CO o - CO CO O ' in CO

o XT cx cx CO XT XT XT XT XT XT XT
'T- 1 1 1 1 \ 1 1 1 1 1 1

BR. B ^ B ^ BQ. B ^ B5. B ^ BQ. B5. B ^ BQ. B9.
cn CO o - in O' cn O' VO XT VO in
CO in 00 C3 VO CO XT cn cn VO cx VO
I I 1 1 I + + (CX CO CO1 + + + +

in CO CO C3 o o CO CO CO o CD CO
cx in a CO a o o o o (3 C3 CO

CX XT VO 00 CO in CO in CO
CX cx CO

119



Q_O
en

•H
c3
C

•H

cy
c
o

•H4-5ü
G)
en

cncn
o
(-1
u

co44
o
4-5

I
c
o
c
tuJ=
4-5

eu
c

•Hen3
" O
tu
4-5
CO
D

I—i
CO>eu

eu3C

rc
A

c
o

•H  CVi
-P en 
co T- 
E  

•H  
X  
of4 +
CL
CL +
CO ÜC

eu~c

eu>
CO3
•Oeu
4-5(4O
4-5en•H" O

cncneu
u
op
CL

CD
S I

w
oCt_

en
c
o' H

-P
U
c3(*-en>co
3

E  
3  

•H  
'— I
eu
-C

cn
E
(4eu-pI
X

c
o

•Hen
ccoeu.Xeu
eoA
3
4-5
COC
tu
sz
4-5

-o
cco

< <

E
3
3  CM
C o•H co 
4-5 
C 
o

(3

CM

W

" O
(U

4-5
X
eu
4-5

"OCco
CD
VO

en
c
o

•H
-Peo
3creu
eu
eu
cn

CD
«C

un un

sj-
oa o C3

coCL
LU

VOCD COCO
CO CO COen

un inco

o
un VO CDO

CO
unVO
un LO

X
co co

un inco
VO

VO
s r
in

en
o
in

unVO
unX

CMCO CM CO

un un

a
un
-sT

O
CO

co
VO
en

co
un

X
CM CMCO CO

un un

CM
VO
in

CD CD
VO
CD

C3 VO
CO

CM
CTv

CD
CDVO

X
co CM COCM

un in CDco

en
unen

in
unen

co

VO
CD

CO
VO

CM CMCO

euenen
CM

C3
C3

a "vTun
VO

un
CD

CM

• O
eu•r4'—i 
CL 

•H  
4-5 I—I
3
E
eu

SD

3O
J3en
Xw
4-5
Ceu
eu
sz-p
szü
•H
SI
3

XJD
Ctu44
O
(4eu
3Oeu.
eu
sz-p
(!)eu
-PO
ceu

TU

-peu.
•H
l-i
ocnpeu
Q .
3en
eu
sz

CM
un

euü
ceu
(4eu(t-euA
44
-P
euA
(4co

CD

* □
eueo
eu

•H
44
en

CM

tuü
ceu
u
euCl-tuf4

44
eu

sz
cn

120



TABLE 2.11 Continuum distorted wave approximation total cross 
section Q(ls) (in units of ^a^^) for the reaction 
He**+ He(ls^) — >>He*(ls) + He*(ls), evaluated using 
the non-correlated (^ ) and the natural expansion 
(X-terms) helium wavefunetions - see equations 
(2.5.3) and (2,6.4) of text.

E(keU) > X = 1 X = 3 X = 6 X = 15

25 9.005+1^^ ) +1 9.084 + 19.064 9.105*1 9.118*1

50 2.464*1 2.497*1 2.476*1 2.493*1 2.498*1

1 GO 1 . 420*1 1.355*1 1.383*1 1.394*1 1.397*1

200 6.233° 5.653° 5.636° 5.654° 5.660°

300 2.925° 2.629° 2.593° 2.597° 2.599°

400 1.536° 1.381° 1 .354° 1.355° 1.356°

500 8.788” 7.935 7.745 7.751 7.754

600 5.363 4.870”1 4.738"1 4.741 4.742

700 3.439 3.144 3.050”1 3.051 3.052

800 2.294 2.112” 2.045 2.045 2.046”

900 1.580”1 1.466 1.416 1.417 1.417

1 000 1.118 1.045” 1.008”1 1 .009 1.009

1 500 —22.651 -22.575 -22.468 -22.469 -22.470

2000 8.610~^ 8.667”^ 8.276”^ 8.283”^ 8.284~^

2500 3.40l”^ 3.536”^ 3.368”^ 3.372”^ 3.372”^

3000 1.538"^ 1.646 1.565”^ 1.568"^ 1.568“^

(a) The superscript denotes the power of ten b y which the entry
should be multiplied.
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TABLE 2.12 Continuum distorted wave approximation total cross 
section Q(2s) (in units of a^^ ) for the reaction 
He**+ He(ls^) He*(2s) + He*(1s), evaluated using 
the non-correlated (^ ) and the natural expansion 
(X-terms) helium wavefunctions - see equations
(2.5.3) and (2 .6 .4 ) of text.

E(keV) X = 1 X = 3 X = 6 X = 15

25 +2 (3 )1.194 1.042*2 8.223*1 7.993*1 7.916*1

50 4.401*1 4.170*1 3.788*1 3.738*1 3.721*1

1 00 1.247*1 1.189*1 1.150*1 1 .144*1 1.142*1

200 2.902° 2.696° 2.658° 2.653° 2.651°

300 1.098° 1.001° -19.876 9.867*1 -19.863

400 -15.133 -14.623 -14.554 -14.551 4.550"1

500 -12.713 -12.428 -12.386 2.384“1 -12.384

500 *1.557 -11.391 -11.363 -11 .362 -11 .362

700 9.488”^ 8.482”2 -28.289 -28.286 -28.285

800 6.061”^ -25.433 -25.297 -25.295 -25.294

900 4 .0 2 0"^ -23.619 -23.520 -23.519 -23.519

1 000 -22.750 M 22.489 -22.416 “22.416 — 22.416

1 500 5 .7 4 0”^ 5.378”^ 5.178“^ 5.178*3 -3
5.178

2000 -31.712 -31.665 1.595*3 1 .595*3 -31 .595

2500 —46.357 ** A6.405 6.114*4 6.119*4 -46.120

3000 A2 . 7 4 4
* A2.854 “42.719 — 42.722 —42.722

(a) The superscript denotes the power of ten by which the entry
should be multiplied.
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TABLE 2.13 Continuum distorted wave approximation total cross 
section Q(2p^) (in units of W  3^^) for the reaction 
He**+ He(ls^) — 5>He*(2p^) + He*(1s), evaluated using 
the non-correlated (A) and the natural expansion 
(x-terms) helium wavefunctions - see equations
(2.6.3) and (2.6.4) of text.

E(keV) > X = 1 X = 3 X = 6 X = 15

25 1.479*2 . 1 .396*2 1.386*2 1 .383*2

50 3.525*1 3.625*1 3.472*1 3.463*1 3.460*1

1 00 1 .046*1 8.891° 8.270° 8.213° 8.193°

200 2.469° 1.948° 1.834° 1.822° 1 .818°

300 8.80l"1 -16.867 -16.540 6.509*1 -16.498

400 3.806*1 * 12.975 2.851 -*12.840 —12.836

500 •• 11 .857 -11.462 -11 .405 1 .400 -11.399

600 -29.873 7.844"2 -27.544 -27.525 —27.518

700 5.600”^ 4.498*2 -24.326 ** 24.317 " 24.313

800 23.344 -22.718 -22.613 -22.608 -22.606

900 —22.082 -21 .714 * 21.646 21.644 -21.643

1 000 -21 .343 -21.120 -21.075 -21 .073 -21.073

1 500 -32.191 1.948*3 1 .861*3 1.860*3 1 .859*3

2000 -45.402 ■* A5.095 -44.848 —44.849 “44.848

2500 — 41 .720 1 .708*4 “41 .622 —41 .623 —41 .622

3000 -56.527 6.779*3 6.424*3 6.432*3 -56.431

(a) The superscript denotes the power of ten by which the entry
should be multiplied.
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TABLE 2.14 Continuum distorted wave approximation total cross 
section Q(2p ) (in units of ̂  a ^) for the reaction 
He**+ He*(ls^) —^He*(2p^) + He*(ls), evaluated using 
the non-correlated ( and the natural expansion 
(x-terms) helium wavefunetions - see equations 
(2 .6 .3 ) and (2 .6 .4 ) of text.

E(keV) A X = 1 X = 3 X = 6 X = 15

25 8.336 “̂1 ̂ ) +1 7.068 7.348*1 7.399*1 7.444*1

50 1.387*1 1 .373*1 1.342*1 1 .343*1 1.347*1

1 00 3.458° 3.699° 3.450° 3.530° 3.529°

200 8.479”1 9.170 “ 18.878 —18.859 — 18.853

300 —13.167 -13.417 —13.327 “ 13.322 —13.321

400 1.421 - 11.529 1 .491 “ 11 .490 “ 11 .490

500 27.146 - 27.677 —27.481 - 27.480 —27.479

600 3.898*2 ** 24.183 - 24.071 - 24.071 - 24.071

700 - 22.261 - 22.427 ' - 22.357 - 22.358 - 22.358

800 - 21.378 ^ —21.481 - 21.435 - 21 .436 - 21 *436

900 8.738*3 9.419*3 9.108*3 9.116*3 9.117*3

1 000 5.731*3 - 3
6 . 2 0 2 5.985 5.991*3 5.992*3

1 500 1 .002*3 - 31.119 1 .07 0*3 1.072*3 1.073*3

2000 “4
2 . 6 08 ”43.033 “A2.890 —42.898 —42.898

2500 8.708*3 —41.055 —*41.004 —41 .007
M A

1 .007

3000 3.448*3 4.343*3 4.132*3 4.146*3 —54.146

(a) The superscript denotes the power of ten by which the entry
should be multiplied.
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TABLE 2.15 Continuum distorted wave approximation total cross 
section d(2p) (in units of ^a^^) for the reaction 
He**+ He(ls^) ^He*(2p) + He*(ls), evaluated using 

, the non-correlated (A ) and the natural expansion 
(X-terms) helium wavefunctions - see equations
(2.6.3) and (2 .6 .4 ) of text.

E(keV) A X = 1 X = 3 X = 6 X = 15

25 +2 (3 )1.971 2.186*2 2.131*2 2.126*2 2.127*2

50 4.912*1 4.998*1 4.814*1 4.806*1 4.807*1

1 00 1.392*1 1.259*1 1 .172*1 1.174*1 1.172*1

200 3.317° 2.865° 2.722° 2.708° 2.703°

300 1 .197° 1.028° -19.867 -19.831 9.819

400 -15.227 4.504 4.342"1 4.330*1 4.326*1

500 •— 12.572 -12.230 -12.153 -12.148 mm ̂2.147

600 —11.377 « 11.203 11 .162 —11.160 -11.159

700 —27.861 -26.925 -26.683 “26.675 -26.671

800 -24.722 4.199*2 4.048*2 -24.044 4.042"2

900 —22.956 -22.656 -22.557 -22.556 -22.555

1 000 “21.916 -21.740 -21.674 -21.672 “21 .672

1 500 3 . 1 9 3 ~ 3 3.067*3 2.931*3 2.932*3 —22.932

2000 —48.010 —48.128 —47.738 —47.747 -47.746

2500 —42.591 —42.763 M A2.626 —4 ■2.630 —42.629

3000 9.975*3 —41.112 —41.056 —41.058 —41 .058

(a) The superscript denotes the power of ten by which the entry
should be multiplied.
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APPENDIX A 

Formal T ime-Dependent  Theory  o f  S c a t t e r i n g

The I n t e r a c t i o n  R e p r e s e n t a t io n

The e q u at io n  o f  motion o f  a system, i n  the  Sch ro d in g e r  

r e p r e s e n t a t i o n ,  i s  g iven  by

i ( t )  = H y ? ( t )  , (A.1 )
5t

where H denotes the H a m i l t o n ia n  f o r  the  system,  w i t h  u n i t s  such

t h a t  = 1 . I f  the  s t a t e  o f  the  system a t  t ime t  i s  denotedo

by ^ ( t  ) ,  e q u a t io n  ( A . 1 )  may be f o r m a l l y  i n t e g r a t e d  to g ive

r. - H(t - t )
(t) = e ° ^  ( t j  . (A.2)

Thus the causal development of the system from time t̂  to time t 

is specified by the unitary operator^ exp LH(t - t^

liie now suppose that the Hamiltonian H may be decomposed 

into two parts; an unperturbed Hamiltonian H^ , whose eigenfunctions 

and eigenvalues are known, and a perturbation \J :

H = H^ + \y (a , 3)

The wavefunetion in the interaction representation is defined by

C H^t
= e ̂ (t) . (A.4)

Differentiating equation (A.4) with respect to time leads to

(t) = I e (t) - H ' S ' d )

h t  àt °
which, by using equations (A.1), (A.3) and (A.4), becomes

(t) = u(t) , (f:.-_5)

 ̂ An operator, say a(t), satisfying a(t)a^(t) = £, where E is the
identity matrix, is said to be unitary.
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uihero
I H t - &H t 

U(t) = 8  ° V e ° . (A,6)

Therefore, in the interaction representation, both the wavefunc tion

(t) and the operator V(t) are explicit functions of time.

If there is no interaction at time t , the wavofunctiono
in the Schrodinger representation is

'P (t^) = e  ̂ ° , (A.7)

where  ̂ is an eigenfunction of the unperturbed Hamiltonian H^

and is the corresponding eigenenergy. Therefore the formal 

solution (A.2) to equation (A.1) may be written as

T ,1 1 0  1

(A.8)

where the subscript i in ^^(t) corresponds to the i in E^. Now

equation (A.2) above implies that at t^ (when the system is in the

state  ̂ o f Hg), the system is suddenly subjected to the

interaction V. A more physical picture and a better mathematical

formulation of the collision problem is to require that, as

t̂  -— >• - f the Hamiltonian H approaches H^ , and ^(t) approaches

the stationary state asymptotically. In this view, it is

convenient to introduce the artifice of assuming the interaction

\] to be 'switched on' adiabatically from U — 0 as t^ -— ^  - cO

to the full strength V at t = 0, and to V — ^0 as t — .

The ^ { t )  at time t is then the result of the exp[-LH(t-

of equation (A.8) for all t^ ranging from - cC to 0. This is most
6 0conveniently represented by the average

e - &H(t- t ) ,
dt^ e ° e dt^ , t >  0

(A.9)
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-vHt r* et ù(H- E.)tO 1 0= e e dt e ° e  ̂ (A.10)
□  * 1

- oO

= e- ‘-Ht j e  (A.1Î)
E. - H + c£

Therefore,

(0) =  ̂^  , (A.12)
 ̂ £. - H + ^

1

where it is understood that the limit ^ 0 will be taken eventually,

and that the superscript + signifies outgoing wave boundary 

conditions. If we make use of the fact that

(H^ - E ^ ) = 0 = (H - U - E^)-f: , (A.13)

then equation (A,12) becomes

= Y .  + 1 V Y .  . (A.14)
 ̂  ̂ E^ -  H + ^

In an entirely analogous manner, we can obtain

= YK. + 1 V Y .  , (A.15)
 ̂  ̂ E. - H - 1

where ̂ respectively, the outgoing and ingoing

wave eigenfunctions of H corresponding to the initial wave 

Note that the above is also true in the interaction representation, 

since, by equation (A,4), ^  ̂ (O) =  '^(O).

As in the Schrodinger representation, the time development 

of the dynamical state of the system may be represented by the 

action of a unitary linear operator on the wavefunction describing

the system at some arbitrary time t^. If this operator is denoted

by U(t, t^), then

Y ^ ( t )  = U(t, tQ)y^2(t^) , (A.15)
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Making use o f  e q u at io n s  ( A , 2)  and ( A . 4 ) ,  we have

L H t  — & H( t  — t  ) — L H t  — ■
Y ^ { t )  = e ° e  ° e  ° °  ( t ^ )  • ( A , 17)

Comparing e q u a t io n  ( A . I ? )  w i t h  ( A , 1 6 ) ,  then

L H t  -  i -H(t  -  t  ) “  c H t
U ( t , t ^ )  = e ° e  ° e  . ( A . 1 8)

On s u b s t i t u t i n g  the e x p re s s io n  ( A . 16)  f o r  ÿP ^ ( t ) i n  eq u a t io n

( A * 5 ) ,  i t  i s  e v i d e n t  t h a t  U ( t ,  t ^ )  s a t i s f i e s  the d i f f e r e n t i a l

e q u a t io n

i )U (t,t ) = V(t) U(t,t ) , (A.19)
u  ° °

a result which may also be obtained by differentiating ( A .18).

If we note that

U(tq, t^) = 1 , (A.20)

then integration of the expression (A.19) yields the integral 

equation

U(t , t^) = 1 + 1 \ V(t') U(t', t^) dt'’ . (A.21)
° C J t o

A number of other results, which will be useful later, may also be

obtained from equation (A.18); in particular
' , - üH t

U(o , t) = e e ° (A.22)

u. cH t — uH(t— t ) — LH t
U ( t , t ) = e  ° ° e  ° e ° = U ( t , t )  -0 o

(A.23)

u(t , t̂  ) U ( t , t^) = u(t , t^) . (A.24)

The 5 Matrix

In discussing a collision problem, one is interested 

in the evolution of a system prepared in a specific state (-oO) 

in the remote past. At time t = + cO , the system will have 

evolved to a state

131



oO ) = s y  ̂ (- <0 ) , (A . 25)

where t he  s c a t t e r i n g  o p e r a t o r  S i s  d e f i n e d  to be

S = l i m  U ( t ,  t  ) , ( A . 26)
t  —>  -  oOo
t  ■ > + oO

p r ov i d e d  the  double  l i m i t  e x i s t s .  At  t he  t i me t ^ — ^  - cO , t h e r e  

i s  no i n t e r a c t i o n  p r es e n t  i n  the system and we suppose,  t h e r e f o r e ,

t h a t

y  j(- =0 ) = Y .  , (A . 27)

where ,  as b e f o r e ,  i s  an e i g e n f u n c t i o n  of  the unper turbed

H a m i l t o n i a n  H^.  The f i n a l  s t a t e  ) w i l l  be a s u p e r p o s i t i o n

of  e i g e n s t a t e s  o f  H  ̂ and c onsequent l y  the  ampl i t ude  f o r  a t r a n s i t i o n  

f rom the i n i t i a l  s t a t e  • to any e i g e n s t a t e  o f  H  ̂ i s  s i mp l y

the  c o e f f i c i e n t  of  i n  the expansion o f  ^ c O  ) i n  terms

of  the  e i g e n f u n c t i o n s  o f  H^. Thus the r e q u i r e d  a mp l i t u d e  f o r  a 

t r a n s i t i o n  from to Yf>  i s

"if = I S I ( A . 28)

l i m  -CYp I U ( t ,  t ^ )  I Yi'>-

l i m  < 'u (a ,  t ) Y p | u ( o ,  t ^ ) Y . ' ^ ,  ( A . 29)
t  —>  —0
t  —y  + 0 00

where we have used equat i ons  ( A . 2 6 ) ,  ( A . 24)  and ( A . 2 3 ) .  The

ag g r eg a t e  o f  the  q u a n t i t i e s  i s  c a l l e d  the s c a t t e r i n g  or  S

m a t r i x .  I n  o r der  to e v a l u a t e  one must f i r s t  examine the

e f f e c t  of  U ( d , t )  o p e r a t i n g  on an e i g e n f u n c t i o n  o f  H^, and then  

c o n s i d e r  what  happens i n  the l i m i t  as t  — i  oû ,
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Let be an arbitrary continuum eigenfunction of ,

and the  c o r r espond i ng  e i g e n e n e r g y .  Then,  from e q u a t i o n  ( A . 2 2 ) ,  

i t  i s  e v i d e n t  t h a t

: Lj 4- ”  ̂̂  i
U ( o , t  ) = e e  ̂ Y  g ( A . 30)

T h i s  r e s u l t ,  i n  i t s  p r e se n t  form,  i s  of  l i t t l e  use i f  we wish to  

i n v e s t i g a t e  t he  l i m i t s  t  — i  . D i f f i c u l t i e s  which a r i s e  in  

these l i m i t s  are  most e a s i l y  seen by examining the i n t e g r a l  equ a t i o n  

( a . 2 1 ) .  Each term i n  the  Neumann s o l u t i o n  o f  t h i s  e q u a t i o n  i n v o l v e s  

an o s c i l l a t o r y  i n t e g r a l ,  and the l i m i t s  as t  — ^ are  not  

d e f i n e d  (see r e f e r e n c e  61,  pp 3 0 8 - 3 1 5 ) .  These o s c i l l a t i o n s  must  

somehow be damped out  to ach i eve  a mean i ng f u l  l i m i t i n g  p r ocess .

To remove the  d i f f i c u l t i e s  a s s o c i a t e d  w i t h  the l i m i t s  t — > ^  

we adopt  the method o f  a d i a b a t i c  s w i t c h i n g .  This  t r e a t m e n t  i s  

due o r i g i n a l l y  to Ge l l - Mann  and G o l d b e r g e r ^ ^ . llie d e f i n e  the l i m i t s  

of  a f u n c t i o n  f ( t )  as t  —^ ±  oO by the e quat i ons
A t ) /  ^

l i m  f ( t )  = l i m  E e ^  ̂ f ( t ' )  d t '  ( A . 31 )

r  ̂ / /
l i m  f ( t )  = l i m  S  1 e ^ ^ f ( t  ) d t  . ( A . 32)

t  —>■ + cO £.—► o

I f  the f u n c t i o n s  f ( t ) p o s s e s s l i m i t s  i n  the  o r d i n a r y  sense as 

t  —^  A , then by i n t e g r a t i n g  by p a r t s  we can see t h a t  these  

l i m i t s  c o i n c i d e  w i th

l i m  f ( t )  = f  ( -  oo) 
t  <—

l i m  f ( t )  = f ( + o û )  
t  —̂

as i t  should bo.  On the o t h e r  hand,  i f  f ( t )  i s  an o s c i l l a t o r y  

f u n c t i o n ,  the above procedure  p r ov i des  the  r e q u i r e d  damping o f  the  

o s c i l l a t i o n s .
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Introducing the ITloller operator JL̂ y defined by the

equation

, j V  = l i m  U(o,  t )  , ( A . 33)
t  “ oo

and using the  l i m i t i n g  process p r e s c r i b e d  by ( A , 3 1 ) ,  one o b t a i n s

pO _ /
- S C Y q = l i m   ̂ e  I e U(o,  t ' ' )  d t

o J— oO
l i m   ̂ ^  Y  y ( A . 34)
6 ^  0+ (Eg - H +Z6 ) G

where we have made use of  e q u a t i o n  ( A . 3 0 ) .  S ince

(E -  H ) Y  = 0 = (E -  H + U ) y ,  ( A . 3 5 )a o a a

equat i on  ( A . 34)  reduces to

J l '  Y a  = / i V  {  K  *  , ■ ' ( A ' 3 6 )

(by A . 14)  w i t h

= Y  + 1 \J Ÿ  ( A . 37 )

+where,  as u s u a l ,  i t  i s  understood t h a t  the l i m i t  as o i s  to

be t aken e v e n t u a l l y .  This  e s t a b l i s h e s  the i m p o r t a n t  f a c t  t h a t  the  

f f iol ler  o p e r a t o r  a c t i n g  on s cont inuum e i g e n f u n c t i o n  o f

gen er a t e s  the cont inuum e i g e n f u n c t i o n  o f  H which has the same 

energy and which s a t i s f i e s  outgoing-^wave boundary c o n d i t i o n s .  

L i k e w i s e ,  i f  the o p e r a t o r  JL  i s  d e f i n e d  by

JL = l i m  U ( o , t )  ( A . 38)
t  —̂  + <50

i t  i s  e a s i l y  seen t h a t

JL" , ( A , 39)
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w i t h  Ÿ  " = Y  + 1 V Y  7 ( A . 40)
 ̂  ̂ E - H - Ga

which i s  the cont inuum e i g e n f u n c t i o n  o f  H w i t h  energy E^ , and 

s a t i s f i e s  i ncoming- wave . boundary  c o n d i t i o n s .

I f  P and Q are  o p e r a t o r s  f o r  which i n v e r s e  o p e r a t o r s  

e x i s t ,  then o b v i o u s l y

P"’’ = + P” ’’ (Q -  P ) q" ’’ . ( A . 41)

= q” ’’ + (Q -  P)P"^ . ( A . 42)

Taki ng

P”  ̂ = 1 (A.43)
- H . ee

and

Q = ______ 1__________ , ( a . 44)
E -  H + LCa 0

then us ing the i d e n t i t y  ( A . 42)  i t  i s  r e l a t i v e l y  easy to show t h a t  

Y  = Y  + 1 \} Y  . ( A . 45)

S i m i l a r l y ,  i t  may a l s o  be shown t h a t

E _ H +  ̂ • (A-4G)
a o

I t  i s  now e v i d e n t  from equ a t i o n s  ( A . 3 3 ) ,  ( A . 3 6 ) ,  ( A . 38)  and ( A . 39 )  

t h a t  the S m a t r i x  e lement  SL^,  d e f i n e d  by ( A . 29)  t akes  the form

■ <%- I r:y

.  < % '  I r / ) .  < % -  -  % '  I f / ) .

( A . 47)

However,  and a re  cont inuum e i g e n f u n c t i o n s  o f  the  same

H a m i l t o n i a n  and have the same n o r m a l i z a t i o n  as and ;

consequent l y

1 = T.p (A.48)
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where contains a Dirac delta function for the energies and

Kronecker deltas for other quantum numbers. Also, from equations 

(A.37) and (A.40),

Cons equently,

1 1 U Y  • (A.49)

"if '̂ if 1 " ■ vrYrr]
=  < Tif

’  D"f-

At this point we recall that the limit 

equation (A.50), and using the result^^

I u 1 , , (A.50)

o^ is implied in

lim
6.^0- L(Ep- C.)2+ e2_

we obtain

U  f(Ep - E^) , (A.51)

if <Tp - <T(E, - E.) T.^ (A.52)

where (A.53)

The expression T^^ may be regarded as a matrix element of the 

operator T defined by

T r, = u < £ *

Alternatively, if we write

(A.54)

it follows that
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"if = ^Lf "  ̂ - Ej.) 1 w 1 Y.') * (A-56)

Therefore, on the energy shell, that is when ,

Y r  I " I ^ i ^ )  = "(If" f " I ' (A'57)

This result may also be obtained directly by using the formal 

expressions for Y and in terms of ond » snd from

this derivation it is seen that (A.57) is not, in general, valid off

the energy shell.

Transition Probability for Direct Collisions,

The quantity |  ̂ is the probability for all time

of finding the system in a state Yf if it was prepared in a state Yi* 
However, the duration of any experiment is necessarily finite.

The physically meaningful quantity is therefore the transition 

probability per unit time, which will be denoted, by Thus, at

time t, we have

= lim _ i_ I U(t, t^)/y-N, I ̂ . (A.58)
t “ 0Û t̂ ' Io

From equations (A.4) and (A.27)

( t) = U(t, tg) t tg - OÛ . (A.59)

Therefore,

< Y  I f  < Y f  I  ^  ( « • 60)

where the abbreviation c.c. is used to denote the complex conjugate 

of the first term in the expression. Using equations (A.5), (A.16), 

(A.18), (A.24) and the fact that (c>) = we obtain
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■ - ‘ < n l
iH t -iHt 

e ° Vg Y >

= — L e
LEpt

. i(Ef- Ei)t 
= — L e < r ,  1 . 1  f / >

. t(Ef- E )t 
= - c 8  ̂ T.if (A.61)

where is the same as given in equation (A.53). Also, proceeding

as before,

j l ^ . ^ y  . (A.62.)

Using the integral equation (A,45) for , this becomes

. :(Ep- E.)t

= e
L(Ef- E.)t

^if + 1 T
E^- Ep+tS if , (A.62b)

where J has the same meaning as in (A,48).

Therefore

lU = lim
G-»o +

:(E -E )t
T^p+c.c.]

= lim O > fif +
Ei“ E^+ c£ ^if] ^if
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which, using equation (A,5l), becomes

\ 1’ l i f  + -  E f )  I T i f t  '  ( A ' 6 3 )

which is obviously independent of time.

The Dirac delta function in equation (A.63) arises 

because is the probability of a transition to a specified

continuum state. This apparent singularity disappears if one 

considers instead the probability of transitions to a group of 

states centered at E = E^. Let the density of these states be

(E) per unit solid angle; in other words, the number of states, 

with momentum vectors lying within d JL and with energies in the 

range E to E + dE , is ^(E) dE d JL . Then, if does not

belong to the group of .final states under consideration, the 

transition probability per unit time from Y ^  to some state of the

group is
+ LE

w . f  = \ ^(E) dE dJl

Ep - L e

E^ + &E
[2 I/ff <Tif + 2tT T(E.-E)|T.p|^(,(E)dEdJL

Ep -  AE

= 2TT CjEp) |T.p)2 dJL (A.64)

and in the final expression E^ = E_ .

An expression for the density of final states is readily

obtained by considering the possible states of a free particle

in a box with periodic boundary conditions. Let the box be a cube 
3of volume L with edges parallel to the axes of a system of
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f

cartesian coordinates (x, y, z). The wavefunction for a free 

particle with momentum ]< is

y . ,  y,

and the periodic boundary conditions require that 

+ L, y + L, z + L) = ^^(x, y, z).

Thus the allowed values of the components of J< are

k, ; k ,
L  ̂ L  ̂ L

where l\l̂ , , l\l̂ are positive or negative integers or zero.

Consequently the total number of states with momenta in the range

k_ to k_ + dk_ is (L/2t t) d_k, and the number of states per unit

volume in this range is

(2t t)"^ dj< = (2-rr)”  ̂ dJl dk.

From the definition of £(E) it follows that

£(E) dEdJt = ('l-rr)“  ̂ k^ d JL dk

and; since E = k / 2 ^  , the required expression for the density of

states is

p(E) = ^  k . (A.65)

When this result is applied to a collision problem, E is the 

energy associated with the relative motion of the colliding systems 

and is their reduced mass. Therefore equation (A.64) becomes

02. f. = dJL (A.66)
4TT ̂

where k^ is the final relative momentum. In order to relate this 

quantity to the differential cross section l(© , (f> ), one notes 

that; for an incident flux of N particles per unit area per unit

time, the number of particles per unit time which cause the required
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transition, and are scattered into an element of solid angle dJL , 

is N 1 ( 0  , (P ) d J l . Since  ̂ is the transition probability 

per unit time corresponding to an incident flux of magnitude 

, it follows that

1 ( 0  , < p ) = Y  |T 1  ̂ (A.57)
4rr"

and the total cross section for a transition from an initial state 

i to a final state f is

' L I  |Tir| ' dVL .Q . f  = d f i!  1 l T , J  " dJl . (A.58)
4Y  k

The results in equations (A,67) and (A.68) are identical to those 

obtained in the time-independent approach.

Rearrangement Collisions.

When considering rearrangement collisions, it is convenient 

to express the total Hamiltonian H as

H = Hi + Ui = Hf + Uf , (A.69)

where H^ and H^ are the initial and final unperturbed Hamiltonians

and \ ]^ and \J^ are the corresponding perturbations. If one is 

interested in direct transitions from one eigenstate of H^ to 

another eigenstate of the same Hamiltonian, it follows from the 

analysis preceding equation (A.53) that the relevant transition 

matrix element is

= Y f l h l  ( A - 7 0 )

where
y /  = r. 1 u. 'jE/ (A.71)

' "i- '

y. + 1 u. y .  (A.72)
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and . and are both eigenfunctions of corresponding to

the same total energy . Although the uia vef une tion wgg

introduced for the discussion of direct collisions only, it is 

nevertheless clear that, being an eigenfunction of the total 

Hamiltonian H, it represents a complete solution of the scattering 

problem. Therefore ^  contains the description of all possible 

reactions and the only remaining problem is the extraction from

of the information which refers specifically to rearrangements. 

It is evident that for rearrangement transitions, the quantity of 

interest is the probability that a system, prepared in an eigenstate 

^i the remote past, will evolve, under the action of 

the Hamiltonian H, to a specific eigenstate of H^, It is
C'-'jconvenient to re-write the initial Green's function operator

C.* (E.) = 1 , (A.73)
 ̂  ̂ E - Ee

which occurs in equation (A.7l), in a form which includes explicit

reference to the decomposition of H in terms of H^ and \J^ , the

object being to facilitate the expansion of terms of the

complete set of eigenstates of H^, To this end we define the

final state Green's function for arbitrary E

G (E) = 1 , (A,74)
 ̂ E - Hp+LC

Using the operator identity (A,42) and setting

p“  ̂ = 1 = c /  (E.) (A.75)

Q"’’ =  1 = G.'" (E.) , (A.75)
" E.- EE  ̂ ^

we obtain
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G i ^ E j  = Gp+(E.) + g / ( E . ) ( H . -  Hp)G.+(E.)

= Gp+(E.) + (Up- . (A.77)

The integral equation (A.71) now becomes

= r, + G p * ( E , ) [ u ^ ' F /  + (Up- U , ) ( $ / / -  f , ) ]

= [1 - Gp + (Ei)(Up- u,)] Yi + Gp*(E.)Up'F'/ .
However,

0  - "i)] B i -

= LCGp*(E^)Ti

since (tL - E^)^K\ = 0 ,

and therefore

U p T /

=  ̂^ ■y. + 1 V /  (A.78)
E.- H^+ l e  ^ E^- H^+ i £  1

This expression may now be used to expand in terms of the

complete set of solutions of the equation

(H^ - E^) = 0 (A.79)

and the expansion takes the form

$'/ = V l e ^ F  < r p ( Y , >  , Y  T p  < Y r  I ^ r \ V >  .

L  E. - Ep + E e Z_ E. - Ep + E &
f f

(A.80)

c3
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UJhen endeavouring to obtain a scattering amplitude, one 

is interested in the asymptotic form of  ̂ as the separation

between the interacting systems tends to infinity. Under these 

conditions the bound states within the set are irrelevant

since they vanish asymptotically, and we may therefore confine our 

attention to those states of which lie in the continuum.

If , the S dependent factor in the first term of

(a,80) tends to zero as 6 — 0, whereas for E^ = E^ this factor 

tends to unity. Thus the effect of the E dependent factor is 

to project out of only those states ^ for which Ey = E^.

Since the states of interest lie in the continuum, the sum over all

states f involves ç sum over discrete quantum numbers and an

integral over the energy E^. The 6 dependent factor ensures 

that the integrand vanishes except at one value of E^ and, therefore, 

this integral can be non-zero only if the integrand contains the 

delta function «T (E^ - E^).

To show that such a delta function does not normally 

arise we consider a rearrangement collision of the form

1 + (2 + 3) — (1 + 3) + 2

where initially particle 1 is free and particles 2 and 3 are bound 

whereas, finally, particles 1 and 3 are bound and particle 2 is 

free. If the independent coordinates are chosen to be the position 

vectors _r̂ and of the exchanged particle 3 with respect to 1 

and 2, the scalar product I involves integration

over the spaces of r̂ ’̂and The integral involves a plane

wave from and a bound state wave function from > the

r_2 integral involves a plane wave from and a bound state

wavef une tion from Yj_* It is therefore clear that for collisions
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of this type j ^  does not involve a delta function.

In fact, a delta function could arise only if all three particles 

were unbound before and after the collision. Since such situations 

are of no interest in the present context, they will be ignored 

from now on.

UJe have now shown that the first term in equation (A.80) 

vanishes asymptotically and consequently

1 'P'+S = <Y f I Y I . (A.81)
Ei - Ep + if

The transition probability for rearrangement is given by

l"iP = _d I < Y p  I  ̂ (A.82)
d t

as in equation (A.60), but in this case the appropriate interaC'-tion 

picture wavef unction is

\Fp(t) = e  ̂ f ^(t) (A.83)

and therefore
,  I  H t  (p

(t) = U e (H - H) ^(t)

ÎH t - ^Ht 
= t e e  ̂ (A.84)

Consequently, proceeding as before in the direct transition case.

LU = lim £ r — t—  I 1 ''p I I  ̂ + C'C" 1■^0 Ep+ J

= 27Î f < Y p i  Wp(  ̂ I(Ei - Ep) . (A.85)

This may be written as

2
“'if = HifI - Ep) (A.85)

where now

Tif = < Y p | « p /  . (A.87)

145



The arguments concerning the use and evaluation of the density of 

final states follow through precisely as before, and we obtain ^

i ( e  .<i>) = if IT. (A.88)
4rr2 K

and

Q = if 1 dJL , (A.89)
41," ki j

where and the reduced masses before and after the

collision.

In the foregoing analysis the expression for the cross 

section is obtained by examining the expansion of in terms

of the complete set of eigenfunctions of Alternatively, one

may proceed by expanding the wavefunetion

= %  + 1 «P Y p  , (A.90)
E - H - l£

where E = , in terms of the eigenfunctions of to obtain

< Y p "  ) v.| . (A.91)
The Born S e r i e s .

I n  the evaluation of cross sections based on the formulae 

derived above, the use of approximate expressions for the matrix 

elements T^^ is inevitable because, irrespective of the type of 

collision under consideration, the relevant matrix element takes 

the form

"if = I "f I î 'i">  = < ^ f I "f(i + ''i) '
(A.92)

where

g"" = 1 , (A,93)
E -  H + 2 6
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since for direct collisions , and tractable expressions

for the matrix elements of operators involving the Green's function 

are not available. Physical arguments suggest that, if the 

relative velocity of two colliding systems is sufficiently large, 

the distortion of the systems due to their interaction may be 

disregarded in calculating scattering amplitudes, which leads to 

the expectation that the first Born approximation matrix element

"if = < ^ f  1 ''f 1 ^ i >  ^-94)

is the high-energy limit of the exact matrix element, and that in 

some range of large finite energies provides an adequate

representation of The matrix element T^^ may be regarded as

the first term in a Born series for T^^ obtained by expanding the 

Green's function G^ in terms of a simpler Green's function. Use of 

the identity (A,42) shows that G^ satisfies the integral equations

G'*' = g /  + g /  V. G"*" (A.95)
 ̂  ̂ 1 ■ Cj

and G+ = G + + G + V G* (A.96)o 0

where G "** =______ _1_____  , V = H - H ,
° E -  + I  £  °

and is the sum of kinetic energy operators for all the particles 

present. By splitting the Hamiltonian in different ways many other 

integral equations for G^ may be obtained, and the iterative 

solution of any of these leads to a Born series for T^^. For

example from equations (A.95) and (A.96)

G+ = g /  + G.+V.G.+ + G.+U.G.+V.G.+  ..... (A.97)1 1 1 1  1 1 1 1 1

= G'*‘ + G ’*’\ y G ’*’ + G'*'VG‘̂ \ y G ’̂ + ..... (A.98)0 0 0 0 0 0

and substitution of these in equation (A.92) yields
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"if = "if  ̂ * '••

(A.99)

and

"if = "if + ^ Y p l v / u | t i >  + < Y p | U p G / U G / u | Y . )  .... ^

(A.100)

The nth Born approximation is obtained by retaining the first n 

terms of either of these expansions. It is obvious by examination 

of equations (A.99) and (A.100) that, unlike the first Born approxi­

mation, tjie second and higher order Born approximations are not 

uniquely defined, but depend on the particular series used for .
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Abstract. The previous analysis concerning the influence of electron correlation in the 
ground-state description of He when evaluating inelastic scattering cross sections via the 
first Born approximation is applied here to an examination of H e-H e scattering. Excitations 
of one or both atoms to either a 2 "P or 3 ^P state are considered along with the example 
of a mixed (2 ’ P, 3 ‘ P) transition. Correlation effects were found to be most important 
when both atoms were excited, the cross sections being reduced by about a quarter at low 
impact energies. For the description of angular correlation within He (1 ^S), configurations 
based on p orbitals were always the most significant thus reflecting the symmetry of the 
excited states. A brief comment is made regarding the elastic cross sections at large impact 
energies.

1. Introduction

Ground-state correlation effects are known to be of considerable significance when 
evaluating generalized oscillator strengths and inelastic scattering cross sections for 
closed-shell target systems; see, for example, Banyard and Seddon (1974), Banyard and 
Taylor (1974), and Seddon and Banyard (1974). For He and Li^ we have already 
examined, within the first Born approximation, cross sections for the 1 Ŝ ->> 2 and 
1 Ŝ 3 excitations arising from the scattering of e", H and H. Electron correlation 
was introduced into the description of the ground states in a systematic and well ordered 
manner by using configuration-interaction (ci) wavefunctions (Weiss 1961) expressed 
in the form of natural expansions (Lowdin 1955). In the present work we extend our 
analysis of ground-state correlation effects to a consideration of He-He scattering 
where both the projectile and target atoms may be excited from their ground states to the 
excited states 2 ^P or 3 ^P giving, in total, five possible inelastic reactions. A brief 
comment is also made regarding the elastic scattering cross sections.

2. Calculations and results

The theory of the first Born approximation is well known and we quote the expression 
for the total scattering cross section Q{T) essentially to establish definitions for the 
purposes of discussion. For a collision between identical atoms we may write

d j i M
Q{T)^— \ \S^^Z-,^{-Kf\S„„Z-.,„{KrK-^dK (1)

where M  is the mass of the projectile with kinetic energy T and K  is the momentum

2109



2110 K E Banyard, B J Szuster and G J Seddon

transfer. The limits and are determined from the kinematics of the reaction. 
The projectile and target atoms, of atomic number Z, are assumed to undergo excitations 
from states p q and m -> n, respectively, and the corresponding form factors are 
denoted by Cpji-K) and e„„(iC), these being determined here within the velocity formula­
tion. Throughout the present work the atoms are initially in their ground states and the 
excited states are 2 and 3 P̂. The latter are described, as before, in terms of anti­
symmetrized products of hydrogen-like orbitals which, for such states, represent close 
approximations to Hartree-Fock (HP) orbitals; see Bell et a l (1968). Equation (1) 
describes elastic scattering under the condition that the Kroenecker deltas are unity ; 
Kmin then becomes zero. At sufficiently high T the value for is effectively infinite 
and the elastic cross section Q{T) then behaves zls BT~  ̂ where the constant B can be 
referred to as the cross section coefficient. The natural expansion of the Weiss ci wave- 
function was used to describe the ground state of He and Q{T) values were determined 
for various orders, X, of truncation. Thus, as X  is increased from unity (approximating 
the HP equivalent wavefunction) to fifteen (equal to Weiss’ total wavefunction), electron 
correlation is introduced into the ground state through configurations which are well 
ordered by virtue of their energetically decreasing importance.

Results for the 3 P̂ excitation of both atoms and for a single atom are given in tables 
1 and 2, respectively. For reasons of space, only selected results for the double and

Table 1. Cross sections Q{T) (in units of 10"^“̂ m^) for He(l ‘ S)-f-He(l ^S) ->■ He(3 ^P) +  
He(3 ^P) for various orders of truncation, X, in the natural expansion of the ground-state 
wavefunction. Quoted after each X value is the symmetry of the basis orbitals used to 

■form the additional natural configuration.

2(P) 3(s) Aid) 5(p) 6(s) 15(s)

100 01386 0-1171 0-0959 0-0938 0-0889 0-0880 0-0867
200 0-7202 0-6720 0-5881 0-5786 0-5570 0-5530 0-5466
400 1-432 1-418 1-294 1-278 1-242 1-235 1-225
600 1-568 1-587 1-469 1-454 1-417 1-411 1-400

1000 1-417 1-461 1-369 1-356 1-326 1-320 1-312
2000 0-9707 1-015 0-9597 0-9517 0-9318 0-9286 0-9236
4000 0-5693 0-5999 0-5694 0-5650 0-5536 0-5518 0-5491
8000 0-3084 0-3262 0-3103 0-3079 0-3019 0-3010 0-2995

12000 0-2112 0-2237 0-2129 0-2113 0-2072 0-2066 0-2056

Table 2. As in table 1, for He(l ‘ S) +  He(l 'S )^ H e ( l  'S )+ H e (3 ‘ P).

=  l(s) 2(P) 3(s) 4(d) 5(p) 6(s) 15(s)
T ( k e ^

100 96-24 97-04 94-44 94-07 92-61 92-45 92-29
200 56-60 57-82 56-81 56-64 55-87 55-80 55-76
400 29-86 30-65 30-22 30-14 29-75 29-72 29-70
600 20-13 20-69 20-42 20-37 20-10 20-08 20-07

1000 12-16 12-50 12-34 12-31 12-15 12-14 12.14
2000 6-095 6-270 6-191 6-175 6-096 6-090 6-088
4000 3-050 3-137 3-098 3-090 3-051 3-048 3-047
8000 1-525 1-569 1-549 1-546 1-526 1-524 1-524

12000 1-017 1-046 1-033 1-030 1-017 1-016 1-016
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single 2 excitations and the (2 ^P, 3 ^P) mixed excitation are presented in table 3. The 
symmetry of the basis orbitals used to construct each additional natural configuration as 
X  is increased is given by Banyard and Baker (1969); however, for convenience, they are 
also quoted in the tables after each X  value. Values for Q(T), when % =  15, are compared 
graphically in figure 1.

Table 3. Cross sections Q{T) (in units of m^) for X  =  1 and 15 for the scattering 
products: the double excitation He(2 *P) +  He(2 'P ); He(l ^S)+He(2 ^P); and the mixed 
double excitation He(2 ^P) +  He(3 ‘ P).

T(keV)

(2 'P ,2 'P ) (2 'P ) (2 'P , 3 ip )

X = ](s) X =  15(s) X  =  l(s) X =  I5(s) X  =  l(s) X  =  15(s)

100 2-360 1-482 314-2 301.8 0-5692 0-3569
200 10-53 7-945 181-3 178-5 2-737 2-073
400 19-53 16-51 95-05 94-47 5-257 4-471
600 21-05 18-55 64-02 63-76 5-712 5-070

1000 18-89 17-25 38-62 38-52 5-149 4-735
2000 12-93 12-14 19-36 19-32 3-528 3-335
4000 7-596 7-232 9-686 9-666 2-072 1-986
8000 4-121 3-952 4-843 4-834 1-124 1-085

12000 2-824 2-714 3-229 3-223 0-7699 0-7448

3. Discussion

Our analysis is concerned with ground-state correlation effects. Therefore, our discussion 
will concentrate on results for transitions to the excited state which should, intuitively, 
be least influenced by correlation, namely the 3 ^P state.

Correlation effects influence Q{T) through improvements in (i) the transition energy, 
and (ii) the wavefunction used in the evaluation of the form factor. The nature of this 
dual dependence as X  is increased has already been discussed (Seddon and Banyard 
1974). Table 1 shows that for low impact energies the non-correlated result {X = 1) is 
reduced by about a quarter when using the total ci wavefunction (% =  15). However, 
as T increases, the results for X  =  1 and 15 are seen to converge. The initial introduction 
of correlation, based on p orbitals and therefore of an essentially angular nature, causes 
a drop in the value of Q{T) at low T and an increase at large T which results in an improve­
ment and worsening, respectively, of the agreement with the % =  15 values. The addi­
tion of purely radial correlation through the inclusion of a configuration based on s 
orbitals as % =  2 ->• 3 causes a reduction in Q{T) for all T. However, at high energy the 
results are still inferior to the non-correlated values when compared with X = 15, even 
though we have accounted for 85 % of the correlation energy at V  =  3. At low energies, 
on the other hand, a significant improvement has occurred. Table 1 also reveals that, 
relative to % =  1, the point of crossover of the X  =  3 values occurs at a higher energy 
than that observed for X = 2. This latter trend continues as X  increases, and when 
V  =  6 the crossover point is in excess of 35 000 keV. In the energy range considered 
here, the results for 6 ^  ^  15 exhibited a general convergence towards X = 15 as a
consequence of being dependent essentially on the transition energy. Overall, p-based 
configurations were found to be of greater relative significance than other angular-based '
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Figure 1. Comparisons of the single and double excitation cross sections Q{T) (measured 
in units of 10'^'^ m^) against T. The left-hand scale refers to the full curves and the right- 
hand scale is for the double excitations shown by broken curves.

configurations in their influence on Q{T), irrespective of their ordering in X. Such a 
feature, reflecting the symmetry of the excited states, may well be modified if the 2 and 
3 wavefunctions were of correlated form.

Inspection of table 2 shows that, as expected, the Q{T) values for the single-atom 
excitation to the 3 ^P state are larger than those for the double excitation. However, 
from a percentage point of view, correlation effects are seen to be of less importance. As 
X  increases, the trends in relative magnitudes shown in table 2 follow those for the 
double excitation but the crossover points, with respect to % =  1, were found to occur 
at lower energies. As before, p-based configurations gave rise to the greatest change 
when introducing angular correlation. In passing, we note that the influence of correla­
tion in the present case is less than that determined for the 3 P̂ excitation of He by He^ 
ions although, in that instance, the Q{T) values are larger due to the long-range nature of 
the interaction forces—cf table 4 of Seddon and Banyard (1974). A further comparison 
with table 4 of the earlier work indicates that at comparable velocities the present results 
are in close agreement with those for H-He (1 -► 3 ^P) scattering.

Cross sections for the double and single 2 ^P excitation reactions are, of course, 
considerably larger than their 3 ^P counterparts. For the single 2 ^P excitation the 
trends in Q(T) as X  increased were found to parallel those observed for 3 P̂. This also 
holds for comparisons between the double excitations except that, in contrast with 
(3 ^P, 3 ^P), the cross sections for the (2 ^P, 2 ^P) excitation for % =  3 were found to be 
superior to those for X  =  1 over the whole energy range when compared with X = 15 as 
a reference. Although not shown in table 3, the influence of angular correlation on Q{T)
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was once again dominated by the p-based configurations. For the mixed (2 ^P, 3 ^P) 
excitation, Q{T) corresponds most closely in magnitude with (3 ^P, 3 ^P). This feature 
arises not only because of the nature of the integrand in equation (1) but also from the 
size of the lower limit Consequently, as X  increases, the trends in Q(T) at high 
energy follow those for the double 3 ^P excitation.

The energy dependence of the single, double and mixed excitation cross sections for 
X  =  15 can be compared by inspection of figure 1. We note that double and mixed 
excitations peak at a common T value ; a similar observation holds for the single excita­
tions. This behaviour has been rationalized in earlier work (Banyard and Seddon 1974, 
Seddon and Banyard 1974).

For elastic scattering the non-correlated (X  =  1) and correlated (X  =  15) values for 
B are 4-734 and 4-747, respectively (measured in units of 10"^® m^ keV“ )̂. Such small 
changes for the elastic cross sections arise from the fact that, within the first Born approxi­
mation, we are evaluating a one-particle expectation property over a pure state and 
therefore it is easily shown that correlation effects are second order. However, for 
inelastic scattering, where we are dealing with transitions between different states, 
correlation can make a first-order contribution which, as seen, is clearly significant.

4. Summary

The influence of an ordered introduction of ground-state correlation has been examined 
for He-He scattering within the first Born approximation when one or both atoms are 
excited to low-lying n ^P states. Electron correlation proved to be most significant at low 
projectile energies. For the double excitations, where correlation effects were of greatest 
importance, the cross sections were reduced by about a quarter at low T values. As 
observed earlier, correlation gave rise to similar trends irrespective of whether the 
excited state was 2 ^P or 3 ^P— the cross sections possessing a maximum at approxi­
mately the same impact energy. The initial introduction of correlation for He was of an 
angular character and accounted for nearly half the total correlation energy; this 
resulted in a sizeable improvement over the non-correlated cross sections only for low- 
energy double excitations. In all other cases the agreement with the total correlated 
result was worse. A general improvement over the non-correlated results was not 
achieved until approximately 93 % of the ground-state correlation energy had been 
recovered. The observation regarding the relative importance of p-based angular 
correlation effects in the ground state when determining Q{T) suggests an extension of 
our analysis to include correlation effects in the excited states.
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Part I

Total cross sections for high-energy inelastic collisions 

between helium atoms originally in their ground state have been 

obtained within the framework of the first Born approximation.

The ground state of the helium atoms was described by the 35- 

configuration CI wavefunction of Uleiss expressed in the form of 

a natural expansion, thereby facilitating an examination of the 

influence of ground state correlation effects on the scattering 

cross sections.

Part II

The natural expansion of the Uleiss 35-configuration 

-GI~ wavef-tm&ti&n~-f or—helium-was—used—to^assess the behaviour 

of high-energy electron-capture cross sections for the reaction 

+ He(ls^) — H(nZ) + He*(ls) when the target is described 

by wavefunctions of varying sophistication. The impulse approxi­

mation and the continuum distorted wave approximation were used to 

evaluate the above cross sections for proton impact energies 

ranging from 25 kaU to 3.5 Wei/. It was found that, in contrast 

with the impulse approximation, the continuum distorted wave 

(CDlli) method is easily applied to electron capture reactions 

and overall gave the better agreement with experiment. The CDU/ 

method was also used to obtain capture cross sections for alpha 

particles impinging on-a helium target.


