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ABSTRACT
We show that provided the principal axes of the second velocity moment tensor of a stellar
population are generally unequal and are oriented perpendicular to a set of orthogonal surfaces
at each point, then those surfaces must be confocal quadric surfaces and the potential must be
separable or Stäckel. This is true under the mild assumption that the even part of the distribution
function (DF) is invariant under time reversal vi → −vi of each velocity component. In
particular, if the second velocity moment tensor is everywhere exactly aligned in spherical
polar coordinates, then the potential must be of separable or Stäckel form (excepting degenerate
cases where two or more of the semiaxes of ellipsoid are everywhere the same). The theorem
also has restrictive consequences for alignment in cylindrical polar coordinates, which is used
in the popular Jeans Anisotropic Models (JAM) of Cappellari. We analyse data on the radial
velocities and proper motions of a sample of ∼7300 stars in the stellar halo of the Milky Way.
We provide the distributions of the tilt angles or misalignments from both the spherical polar
coordinate systems. We show that in this sample the misalignment is always small (usually
within 3◦) for Galactocentric radii between ∼6 and ∼11 kpc. The velocity anisotropy is very
radially biased (β ≈ 0.7), and almost invariant across the volume in our study. Finally, we
construct a triaxial stellar halo in a triaxial NFW dark matter halo using a made-to-measure
method. Despite the triaxiality of the potential, the velocity ellipsoid of the stellar halo is
nearly spherically aligned within ∼6◦ for large regions of space, particularly outside the scale
radius of the stellar halo. We conclude that the second velocity moment ellipsoid can be close
to spherically aligned for a much wider class of potentials than the strong constraints that arise
from exact alignment might suggest.

Key words: Galaxy: halo – galaxies: haloes – galaxies: kinematics and dynamics –
dark matter.

1 IN T RO D U C T I O N

The Jeans equations relate the gravitational potential of a galaxy to
the kinematic properties of the stars. This is an attractive way to
infer the underlying mass, without the complexities of specifying a
full phase space distribution function (DF). In this paper, we shall
usually work with the second velocity moment tensor, which is just

〈vivj 〉 = 1

ρ

∫
f vivj d

3v. (1)

Here, the subscript indices denote one of the orthogonal coordinate
directions, and the angled brackets represent averaging over the
phase space DF f, whilst ρ is the density (see e.g. Binney & Tremaine
2008).

�E-mail: nwe@ast.cam.ac.uk

The second velocity moment tensor is sometimes separated into
contributions from streaming motion and random motion by defin-
ing the velocity dispersion tensor

σ 2
ij ≡ 〈

(vi − 〈vi〉)(vj − 〈vj 〉)
〉
. (2)

In the absence of streaming motions, the second moment tensor and
the velocity dispersion tensor are identical. The second moment
tensor is a symmetric second-rank tensor and so may always be di-
agonalized. The principal axes of the tensor then form an ellipsoid,
which we shall call the second moment ellipsoid. In the absence
of streaming motions, this is just the velocity ellipsoid. This pa-
per studies the alignment of the second moment ellipsoid and its
implications for the underlying gravitational potential.

The Jeans equations are the first-order moments of the colli-
sionless Boltzmann equation. They are three equations relating the
six independent components of the second velocity moment tensor
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〈vivj〉 to the density and the potential. Hence, the Jeans equations
cannot uniquely determine the 〈vivj〉 and some closure condition
must be adopted. A common choice is the alignment of the sec-
ond moment ellipsoid in some coordinate system, which reduces
the number of independent variables from six to three – namely,
the semiaxes of the ellipsoid. For example, Cappellari (2008) pro-
vided an elegant way to solve the Jeans equations, assuming align-
ment in the cylindrical polar coordinate system (R, φ, z). These
models – Jeans anisotropic models or JAM – have become widely
used in analyses of integral field data on elliptical galaxies (see
e.g. Cappellari et al. 2013), as well as studies of nuclear clusters
(Hartmann et al. 2011) and lensing galaxies (van de Ven et al. 2010).
Cylindrically aligned solutions with two of the semiaxes equal (i.e.
〈v2

R〉 = 〈v2
z 〉) are generated by DFs depending on the two isolating

integrals, energy E and angular momentum component Lz (Jeans
1919). When all three semiaxes are different, the validity of the
JAM solutions remains unclear. In fact, Binney (2014) has already
questioned whether construction of numerical DFs for models with
such properties is possible.

Alignment in the spherical polar coordinate system (r, θ , φ) is
also often used in the Jeans equations. If two of the semiaxes are
equal (i.e. 〈v2

θ 〉 = 〈v2
φ〉), then the spherical aligned solutions can be

generated by DFs depending on the two integrals, energy E and
square of the angular momentum L2. Assuming a spherical density
and potential, this ansatz is very popular as the Jeans equations then
reduce to a single equation for the radial velocity dispersion 〈v2

r 〉
together with an anisotropy parameter β(r)

β(r) = 1 − 〈v2
θ 〉

〈v2
r 〉

. (3)

Given a choice for β(r), the only non-trivial Jeans equations can
be straightforwardly solved using an integrating factor (see e.g. van
der Marel 1994; An & Evans 2011; Agnello, Evans & Romanowsky
2014). Algorithms for solution of the Jeans equations using spher-
ical alignment but flattened densities and potentials have also been
developed (see e.g. Bacon, Simien & Monnet 1983; Bacon 1985;
Evans, Hafner & de Zeeuw 1997; Evans et al. 2015). These can in
general have three different principal axes 〈v2

r 〉, 〈v2
θ 〉 and 〈v2

φ〉 and
so the second moment ellipsoid is triaxial, but whether they can be
realized by physical (non-negative) DFs remains unclear.

Alignment in spheroidal coordinates (λ, μ, φ) has also been
studied. This coordinate system is described in, for example, Morse
& Feshbach (1953) or Binney & Tremaine (2008). Within the foci of
the coordinate system, spheroidal alignment approaches cylindrical,
whilst at large radii, it tends to spherical. Spheroidal alignment
can therefore be viewed as interpolating between these two more
familiar cases. It has long been known that if the gravitational
potential is of Stäckel or separable form, then the second moment
ellipsoid is aligned in spheroidal coordinates (see e.g. Eddington
1915; Lynden-Bell 1962; Evans & Lynden-Bell 1989). However,
the assumption that the ellipsoid is aligned in spheroidal coordinates
can be made without a separable potential (Arnold 1995). In fact,
this makes good sense, as models of axisymmetric galaxies using
numerical constructed DFs do suggest the alignment may be close to
spheroidal (e.g. Dehnen & Gerhard 1993; Binney 2014). Intuitively,
for systems like the stellar halo of the Milky Way, the potential in the
inner parts is controlled by the flattened disc and bulge, in the outer
parts by the rounder dark matter halo, and so again an alignment in
spheroidal coordinates does seems very natural.

Spheroidal coordinates are the axisymmetric limit of ellipsoidal
coordinates (λ, μ, ν). For triaxial Stäckel models, Eddington (1915)
already knew that the second velocity moment ellipsoid is aligned in

ellipsoidal coordinates. The triaxial Jeans equations for such Stäckel
systems have been studied sporadically (Lynden-Bell 1960; Evans
& Lynden-Bell 1989; van de Ven et al. 2003). Given the density
and potential, the Jeans equations are now three coupled first-order
partial differential equations for three unknowns, namely 〈v2

λ〉, 〈v2
ν 〉

and 〈v2
μ〉. Both the prescription of appropriate boundary conditions

and the solution of the equations is challenging. Only very few gen-
eral triaxial DFs have ever been numerically constructed. The few
such models available do show approximate alignment in ellipsoidal
coordinates (e.g. Sanders & Evans 2015).

Our intention in this paper is to examine what may be legiti-
mately deduced about the underlying gravitational potential from
the alignment of the second velocity moment ellipsoid. This is mo-
tivated by arguments of Smith, Evans & An (2009b) who claim that:
“if a steady state stellar population has a triaxial velocity disper-
sion tensor whose eigenvectors are everywhere aligned in spherical
polar coordinates, then the underlying gravitational potential must
be spherically symmetric”. This theorem will be examined, slightly
corrected, and then extended below.

This argument was queried by Binney & McMillan (2011), who
created a torus-based model of the Galaxy that, at locations above
the plane of the Milky Way, possessed a spherically aligned velocity
dispersion tensor, even though the potential was highly flattened.
Although Binney & McMillan (2011) did not provide an explicit
counter-example to the theorem of Smith et al. (2009b), they did
question whether in general the potential does control the tilt. In
their numerically constructed example, they argued that the tilt of
the second velocity moment ellipsoid is controlled at least as much
by the weightings of orbits, and hence the DF, as compared to the
potential. In this respect, Binney & McMillan (2011) conjectured
that insights from separable or Stäckel models may not tell the
whole story. One of the aims of this paper is to resolve the tension
between these two viewpoints.

The paper is organized as follows. Section 2 studies the one
spheroidal system for which there is hard data on the alignment –
namely, the stellar halo of the Milky Way galaxy. For elliptical
galaxies, evidence on the alignment is necessarily much more indi-
rect, as only the line-of-sight velocity distribution can be measured.
We confirm, and sharpen, the results of Smith et al. (2009b) and
Bond et al. (2010) that the velocity ellipsoid of stars in the Milky
Way stellar halo is close to spherical or spheroidal alignment. Sec-
tion 3 is theoretical and examines the case of exact spherical align-
ment. We prove under quite general conditions that the gravita-
tional potential must be of separable or Stäckel form in spherical
polars. This is an elaboration of the original theorem of Smith et al.
(2009b). The only exceptions are simpler cases in which the sec-
ond velocity moment ellipsoid has either two axes the same and
so is a spheroid, or three axes the same and so is a sphere. Sec-
tion 4 discusses cylindrical and spheroidal alignment, and demon-
strates, for the first time, that the assumption of alignment of the
(assumed triaxial) second velocity moment tensor implies separa-
bility of the Hamilton–Jacobi equation in these coordinates. The
converse result – that the separable or Stäckel potentials gener-
ate galaxy models in which the second velocity moment tensor is
aligned along the separable coordinate system – has been known
for some time and is implicit in Eddington’s early work (Edding-
ton 1915; Lynden-Bell 1962; Evans 2011). Lastly, Section 5 builds
models of stellar haloes in which the second velocity moment ten-
sor is close to, but not exactly, spherically aligned and tests whether
results remain valid in this approximate regime. We show that it is
possible to build haloes in flattened potentials in which the velocity
ellipsoid is close to spherical alignment over substantial portions of
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configuration space, though not everywhere. However, the more the
potential is flattened, the greater is the magnitude and extent of the
misalignment.

2 T H E S T E L L A R H A L O O F T H E M I L K Y WAY

2.1 Background

The study of the kinematics of stars in the Milky Way halo has been
revolutionized by high-quality data derived from the Sloan Digital
Sky Survey (SDSS). Line-of-sight velocities are extracted from
SDSS spectroscopy. Proper motions are derived from either multi-
epoch SDSS photometry in Stripe 82 (Bramich et al. 2008) or from
matches to archival Schmidt photographic-plate based catalogues
(Munn et al. 2004). So, all three components of velocities are now
available for thousands of halo stars, together with positions and
photometric parallaxes.

Smith et al. (2009a,b) constructed a sample of halo subdwarfs
using a reduced proper motion diagram, utilizing the light-motion
catalogue for Stripe 82 (Bramich et al. 2008). They extracted a clean
sample of 1782 halo stars, lying at Galactocentric cylindrical polar
radii between 7 and 10 kpc, and at depths of 4.5 kpc or less below
the Galactic plane. They found the first velocity moments to be con-
sistent with zero to within the statistical error – see table 2 of Smith
et al. (2009a). So, the second velocity moments (〈v2

r 〉, 〈v2
θ 〉, 〈v2

φ〉)
are equivalent to the velocity dispersions (σ 2

r , σ 2
θ , σ 2

φ ), which we use
henceforth in this section. They also found that the velocity ellip-
soid of the halo stars is aligned with the spherical polar coordinate
system, with the long axis pointing towards the Galactic Centre.
The halo stars are strongly radially anisotropic. The semiaxes of the
velocity ellipsoid are (σ r, σ θ , σφ) = (143 ± 2, 77 ± 2, 82 ± 2)
kms−1, which corresponds to an anisotropy parameter

β = 1 − σ 2
θ + σ 2

φ

2σ 2
r

(4)

of 0.69. They also noted a tentative asymmetry in the vφ distribution,
but found the vr and vθ distributions symmetric.

This conclusion was reinforced by the larger sample of Bond
et al. (2010). Here, halo stars are extracted from the SDSS data by
combined colour and metallicity cuts (specifically 0.2 < g − r < 0.4
and [Fe/H] < −1.1). Requiring the stars possess SDSS spectra for
radial velocities and POSS astrometry for proper motions yields a
large sample of ∼7400 halo stars, with an estimated contamination
of ∼6 per cent. Bond et al. (2010) found that the shape of the
velocity ellipsoid is invariant in spherical coordinates within the
volume probed by SDSS and aligned in spherical polar coordinates
(their figs 12 and 13). They found no statistically significant tilt from
spherical alignment, with deviations modest and ranging between 1◦

to 5◦. Note that this sample extends over Galactocentric cylindrical
polar radii 6 � R � 11 kpc and height above the Galactic plane 3
� |z| � 5 kpc, and so is much more extensive than earlier work.
None the less, the semiaxes of the velocity ellipsoid are (σ r, σ θ ,
σφ) = (141 ± 5, 75 ± 5, 85 ± 5) kms−1, in very good agreement with
Smith et al. (2009a). Bond et al’s error bars also include systematic
effects such as errors in the photometric parallaxes, whereas Smith
et al’s do not.

Very recently, King et al. (2015) have examined a still larger sam-
ple of halo stars with Galactocentric radii between 6 and 30 kpc. This
contains blue horizontal branch (BHB) and halo F stars extracted
from SDSS, as well as a sample of still more distant F stars obtained
from Hectospec on the MMT. Although only line of sight veloci-
ties are available, this still can yield constraints on the alignment,

as there are different contributions from both radial and tangential
velocities in different directions on the sky. King et al. (2015) find
the alignment of the velocity ellipsoid of their halo sample to be
close to spherical, albeit to within quite large uncertainties.

2.2 Alignment and symmetries

Here, we will re-analyse the data of Bond et al. (2010). We first dis-
cuss how the errors on the observable quantities propagate through
to the alignment. The errors on the radial velocities are computed
by the SDSS pipeline, to which should be added a systematic error
of between 2 km s−1 (optimistic) and 6 km s−1 (pessimistic). The
proper-motion errors are discussed in Bond et al. (2010), who sug-
gest using a fixed value of 0.6 mas yr−1. We assume that there is
zero covariance between the two proper-motion components.

The SDSS pipeline provides photometric errors, which can be
used to compute random errors in absolute magnitude (assuming
that the interband covariances are negligible). Polynomial relations
for the absolute magnitude of F and G stars as a function of g, r,
i and metallicity [Fe/H] are given in Ivezić et al. (2008). We then
use Monte Carlo methods to gain an estimate of the random error
in the absolute magnitude, given the errors in g, r, i and [Fe/H],
and add 0.1 mag in quadrature to account for systematics. Given
the estimates of error in the absolute magnitude (with systematics
included), we use Monte Carlo methods to estimate the error on the
distances of each star in the sample.

To extract the halo sample, we apply the cuts 0.2 < g − r < 0.6 and
−3.0 < [Fe/H] < −1.1 to the data. We then restrict ourselves to stars
that are found in the volume 6 < R/ kpc < 11 and 3 < |z|/ kpc < 5.
This gives us a final sample of 7418 stars (5006 above the plane and
2412 below).

Fig. 1 depicts the velocity distributions of our samples. Just
through visual inspection, it is clear that the velocity ellipsoid cannot
be aligned with cylindrical coordinates, as the (vR, vz) distribution
has a noticeable tilt. The green dashed lines in the plot are at an
angle arctan(z/R), the direction that the long axis of the distribution
should point if spherical alignment is satisfied. By eye, the tilt of the
velocity distributions seems to be in good agreement with spherical
alignment. This motivates a quantitative analysis of the data.

2.3 Inference on properties of the velocity distributions

Given three orthogonal velocity components, (vi, vj, vk), the tilt
angle, αij, is the angle between the i-axis and the major axis of
the ellipse formed by projecting the three-dimensional velocity el-
lipsoid on to the ij-plane (see e.g. Binney & Merrifield 1998 or
appendix A of Smith et al. 2009b).

tan(2αij ) = 2σ 2
ij

σ 2
ii − σ 2

jj

. (5)

Our aim is to diagnose the degree of misalignment in the data.
We do so by using a probabilistic method and a simple model
of the velocity distributions in some coordinate system. We split
the data into six annular bins in (R, z, φ). Each bin spans the
whole range of φ. There are three bins above the plane and three
below it – in all cases, the vertical range is 3 < |z|/ kpc < 5.
We then split the data in to three equally spaced radial bins within
the range 6 < R/ kpc < 11. Within each bin, we make the simplifying
assumption that the density distribution in uniform, so that

p(R, z, φ) = U(R, z, φ). (6)
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Alignment of second velocity moment tensor 4509

Figure 1. Velocity distributions of our halo sample in (vR, vz) space in six spatial bins. The position of each bin centroid (R, z) is written in kpc above the plot
of the velocity distributions in that bin. The green dashed lines are at an angle arctan(z/R) where (R, z) is the position of the bin centroid. The long axis of the
(vR, vz) distribution should coincide with this line if the velocity ellipsoid is spherically aligned.

We then model the velocity distribution in each bin as a three-
dimensional normal distribution in the three relevant (orthogonal)
velocity components (v1, v2, v3). Here, we focus on the spherical
and prolate spheroidal cases. The normal distribution has mean
μ = 〈v〉 and covariance matrix

� =

⎡
⎢⎣

σ 2
1

1
2 (σ 2

1 − σ 2
2 ) tan 2α12

1
2 (σ 2

1 − σ 2
3 ) tan 2α13

. σ 2
2

1
2 (σ 2

2 − σ 2
3 ) tan 2α23

. . σ 2
3

⎤
⎥⎦, (7)

where σ i are the velocity dispersions and αij are the misalignment
angles as previously defined, and the matrix is by construction
symmetric. The parameters of the model (per bin) are then P =
(〈v〉, σ , α). We then compute the likelihood for individual stars
within a given bin as

p(L|P) =
∫

dL′ p(L|L′,C) p(L′|P), (8)

where L = (s, l, b, vLOS, μ). We assume Gaussian errors in the data,
with some covariance matrix C that is diagonal – which is tanta-
mount to assuming that errors on the observed quantities are not cor-
related. Thus, p(L|L′,C) is a six-dimensional normal distribution
with a diagonal covariance matrix, although in practise we assume
that the measurements of l and b are error-free. Our model is ex-
pressed in the coordinate system given by w = (R, z, φ, vi, vj , vk)

p(w|P) = U(R, z, φ)N (v, 〈v〉,�), (9)

where N is the normal distribution. Equation (9) is related to the
distribution p(L′|P) by the Jacobian factor

p(L′|P) = p(w|P)

∣∣∣∣ ∂w

∂L′

∣∣∣∣ ,

= p(w|P)
s ′4 cos b′

R(s ′, l′, b′)
, (10)

where R(s′, l′, b′) is the cylindrical R coordinate expressed in terms
of the line-of-sight distance and galactic longitude and latitude.
Thus, the final expression for the likelihood of an individual star in
a given bin is

p(L|P)

=
∫

dL′ p(L|L′,C)U(R′, z′, φ′)N (v′, μ, �)
s ′4 cos b′

R(s ′, l′, b′)
. (11)

In order to approximate this likelihood, we draw N samples from
the error ellipsoids of each star [i.e. we sample the distribution
p(L|L′,C)] and evaluate the likelihood via the Monte-Carlo sum

p(L|P) � 1

N

N∑
i=0

U(R′
i , z

′
i , φ

′
i)N (v′

i , μ,�)
s ′4

i cos b′
i

R(s ′
i , l′i , b′

i)
.

(12)

This is done for N = 100 per star and the total likelihood is the prod-
uct of equation (12) for every star in the bin. The log-likelihood is
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Table 1. At each location (R, z), the inferred values and 1σ confidence intervals for each of the model parameters.

(R, z) 〈vr〉 〈vθ 〉 〈vφ〉 σ r σ θ σφ αr θ αr φ αθφ

(kpc) ( km s−1) ( km s−1) ( km s−1) ( km s−1) ( km s−1) ( km s−1) (◦) (◦) (◦)

(6.85,4.00) − 4.3 ± 4.2 − 4.7 ± 2.3 − 8.6 ± 2.9 161.2 ± 3.1 88.7 ± 1.8 106.8 ± 2.3 − 0.06 ± 1.3 4.9 ± 2.0 5.6 ± 4.3
(8.50,4.00) − 2.2 ± 3.7 − 5.4 ± 2.0 − 8.9 ± 2.4 150.8 ± 2.7 76.1 ± 1.6 89.7 ± 2.0 − 1.3 ± 1.1 1.0 ± 1.5 − 0.2 ± 5.3
(10.15,4.00) − 10.2 ± 4.5 − 2.6 ± 2.9 − 0.1 ± 2.7 161.6 ± 3.4 94.2 ± 2.1 80.3 ± 2.3 11.4 ± 1.3 1.3 ± 1.3 14.5 ± 5.2

(6.85,−4.00) 10.5 ± 8.8 5.5 ± 5.9 3.3 ± 6.5 149.3 ± 7.1 73.3 ± 4.8 103.2 ± 5.2 2.5 ± 3.0 − 12.7 ± 4.9 7.8 ± 6.4
(8.50,−4.00) − 9.7 ± 5.4 − 4.6 ± 3.1 − 7.0 ± 3.6 140.3 ± 4.3 74.6 ± 2.6 86.4 ± 2.8 2.6 ± 1.8 − 0.3 ± 2.3 3.4 ± 8.0
(10.15,−4.00) − 5.0 ± 4.5 − 2.6 ± 2.6 0.4 ± 3.2 143.1 ± 3.4 69.0 ± 2.2 76.4 ± 3.0 5.5 ± 1.5 2.0 ± 1.8 − 4.8 ± 12.8

explored using the EMCEE ensemble sampler (Foreman-Mackey et al.
2013), implemented in PYTHON. In the end, we infer nine parame-
ters for each of our six spatial bins (three mean velocities, three
velocity dispersions and three misalignment angles). Our priors are
uninformative, so that −45◦ < αij < 45◦ and σ i > 0.

2.4 Analysis in spherical coordinates

Table 1 gives the inferred values of the model parameters in each
of our bins, as well as the 1σ confidence intervals. In general, we

detect no strong correlations between any of the parameters – as an
example, Fig. 2 shows the one- and two-dimensional projections of
the posterior probability distribution in one of our bins.

We find that the misalignment angles are small, and that the
velocity dispersions obey σ r > σφ > σθ – consistent with a radi-
ally biased, flattened stellar halo. Fig. 3 gives the one-dimensional
marginalized distributions on the misalignment angles in each of
our bins, and Fig. 4 is the same but for the anisotropy parameter.
The overall picture is of an extremely radially biased population,
with β ∼ 0.7 almost invariant over the whole volume that we probe,

Figure 2. Inference on the parameters of the model described in Section 2.3 in the bin 7.7 < R/ kpc < 9.3, 3 < z/ kpc < 5. We can see that there is no
noticeable covariance between any of the model parameters, and that the tilt angles are all consistent with zero at (at least) the 2σ level.
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Alignment of second velocity moment tensor 4511

Figure 3. The marginalized posterior distributions on the misalignment angles in each bin. In most of the bins, the three angles are consistent with zero at
the 2σ level or better. The biggest discrepancy is in αrθ in the above-plane bin spanning 9.3 < R/ kpc < 11.0 (top-right panel). The angle with the largest
uncertainty is always αθφ , since σ θ and σφ are the most similar of the three velocity dispersions.

Figure 4. The distributions of the spherical anisotropy parameter calculated using the samples from our MCMC chains. The velocity anisotropy is very radially
biased, and almost invariant across the volume in our study.
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and velocity distributions that are close to spherically aligned –
consistent with the findings of Bond et al. (2010) and Smith et al.
(2009b,a). The inferred misalignment angles are usually ∼3◦ with
uncertainties of a similar size, although there are a few cases where
the misalignment is much larger. The most discrepant case is the
bin with edges 9.3 < R/ kpc < 11.0 and 3 < z/ kpc < 5, where
αr θ = 11.4◦ ± 1.3◦. Curiously, this bin is also the only of the six
where σ θ > σφ , which is perhaps suggestive that the contamination
from either substructure or the thick disc is more significant in this
bin.

We infer non-zero first-order moments in each of the velocity
components. In the following sections, we shall see that the as-
sumption of symmetry about v = 0 is necessary to relate the ori-
entation of the velocity ellipsoids to properties of the matter dis-
tribution. Although it is the case that the first moments are often
discrepant with zero at the 1σ (or sometimes 2σ ) level through
inspection of the Monte-Carlo samples of posterior distributions,
we do not believe that the results are truly significant. The first-
order moments will be the most severely affected of our parameters
by incorrect assumptions about the circular velocity at the solar
position, as well as the velocity of the sun with respect to the
LSR. In all of our analysis, we used the same values for these
velocities as in Bond et al. (2010), and so uncertainties on them
are not reflected in our posterior distributions. Given the fact that
the first moments we infer are always ∼10 km s−1 or smaller, it
is highly plausible that incorporating uncertainty on the circular
speed and solar motion could account for these discrepancies from
zero.

2.5 Spheroidal coordinates

Another coordinate system of interest is the prolate spheroidal sys-
tem (λ, μ, φ), often used in modelling oblate mass models (see
e.g. de Zeeuw 1985; Dehnen & Gerhard 1993). These coordinates
(which are discussed in greater detail in Section 4.2) are related to
cylindrical polars via the set of equations

R = a sinh λ sin μ,

z = a cosh λ cos μ,

φ = φ. (13)

Surfaces of constant μ are hyperbolic sheets, whereas surfaces of
constant λ are prolate ellipsoids. The quantity a is called the focal
distance. At large distances from the origin, these surfaces begin to
coincide with spherical polar coordinates (λ∼ r and μ∼ θ ), whereas
at small distances the coordinate surfaces align with cylindrical
polars (λ ∼ R and μ ∼ z). In order to compute properties of the
velocity distributions, we must also express the velocities in this
coordinate system. These are related to the cylindrical velocities
via

vλ = vR cosh λ sin μ + vz sinh λ cos μ

sinh2 λ + sin2 μ
,

vμ = vR sinh λ cos μ − vz cosh λ sin μ

sinh2 λ + sin2 μ
,

vφ = vφ. (14)

Since there is a free parameter associated with this coordinate sys-
tem, a, there are many possible different orientations of the velocity
ellipsoids. In order to decide upon a value of a that gives the smallest
misalignment angles in the distribution of (vλ, vμ, vφ), we employ a
method identical to that described above, save for three differences.

Figure 5. Inference on the best–fit spheroidal focal distance a and the
velocity dispersions of the data. One can see that small foci are favoured, so
that the spheroidal coordinate system essentially coincides with spherical
polar coordinates.

We do not bin the data in this case, but instead simply model the
velocity distribution as invariant across the entire volume. We as-
sume that this distribution has zero mean (μ = 0). We also alter the
covariance matrix � so that it now reads

� =

⎡
⎢⎣

σ 2
λ 0 0

. σ 2
μ 0

. . σ 2
φ

⎤
⎥⎦. (15)

This is done because we are aiming for a value of a that minimizes
misalignment, so our model is of a velocity distribution that has α =
0 – this assumption provides the constraint on a. In this case, then,
the model parameters are P = (a, σλ, σμ, σφ). If we were to bin the
data, we would infer four parameters per bin, leading to a total of 24
parameters. By not binning the data, we reduce our parameter space
to four dimensions, which takes significantly less computational
time to sample. Despite our rather crude assumption that the velocity
distribution is invariant in the volume we are studying, we expect
this analysis to give a decent estimate of the focal distance that
reduces misalignment. Again, we use EMCEE to do the sampling,
with uninformative priors that simply ensure that all four of the
model parameters are greater than zero.

Fig. 5 depicts the posterior probability distributions on the four
parameters of the model. In particular, it is clear that the data favours
coordinate systems that have a small focal distance – we infer a =
0+0.8

−0 kpc. In this limit, the prolate spheroidal coordinates coincide
with spherical polars. The data, then, suggest that the extra degree
of freedom provided by the prolate spheroidal coordinates does not
produce better alignment of the velocity ellipsoid.

3 SP H E R I C A L A L I G N M E N T

Motivated by our analysis of the stellar halo, let us assume that
the second velocity moment ellipsoid is aligned with the spheri-
cal polar coordinate system. This means that all the cross terms
〈vrvθ 〉 = 〈vrvφ〉 = 〈vθvφ〉 vanish. The DF depends on phase
space coordinates and so may have the completely general form
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F (v, x) = F (vr , vθ , vφ, r, θ, φ). However, the DF is an integral of
motion by Jeans Theorem, and so the Poisson bracket {F (v, x),H }
must vanish. Under time reversal, integrals of motion remain in-
tegrals of motion, so the Poisson bracket {F (−v, x),H } must
also vanish. Therefore, we can always construct the even function
Fe = 1

2 [F (v, x) + F (−v, x)], which must depend on even powers
of the velocities. This is of course just the even part of the DF.

The even part of the DF may contain terms like vl
rv

m
θ vn

φ

provided l + m + n is itself even. However, the cross-terms
〈vrvθ 〉 = 〈vrvφ〉 = 〈vθvφ〉 must all vanish at every position. On
the grounds of naturalness, we expect that the DF must be of form
Fe = Fe(v2

r , v
2
θ , v

2
φ, r, θ, φ) and so it must depend only on even

powers of the velocity components in the aligned coordinate sys-
tem. This is a key step in the proof, though the condition can be
recast in terms of the fourth velocity moments, albeit with some
effort (An & Evans 2016). However, here we can appeal directly to
the data – we have shown in the preceding section that the mean
motions of velocity distributions of the stellar halo are consistent
with zero in almost every bin. The velocity distributions are sym-
metric to a good approximation under the transformations vr →
−vr or vθ → −vθ or vφ → −vφ (see e.g. Fig. 1). In other words,
without changing the underlying potential, we can always construct
the even part of the DF, which must depend on even powers only
of the individual velocity components. Smith et al. (2009b) reached
the same conclusion that the DF may be chosen to depend only on
even powers, but their line of reasoning was incorrect.

Introducing canonically conjugate momenta pr = vr, pθ = rvθ

and pφ = r sin θvφ (Landau & Lifshitz 1976), then the Hamiltonian
is

H = 1

2

(
p2

r + p2
θ

r2
+ p2

φ

r2 sin2 θ

)
− ψ(r, θ, φ), (16)

where ψ is the gravitational potential. Without loss of generality,
the DF can now be recast as Fe(H, p2

θ , p
2
φ, r, θ, φ) by using the

Hamiltonian to eliminate p2
r . The Poisson bracket {Fe, H} must

vanish. The H in the DF may be treated as a constant when evaluating
the derivatives in the Poisson bracket, yielding

pr

∂Fe

∂r
+ pθ

r2

∂Fe

∂θ
+ pφ

r2 sin2 θ

∂Fe

∂φ

+
(

p2
φ cos θ

r2 sin3 θ
+ ∂ψ

∂θ

)
∂Fe

∂pθ

+ ∂ψ

∂φ

∂Fe

∂pφ

= 0. (17)

The first term is antisymmetric in pr, whereas all other terms are
symmetric. So, it must be the case that Fe does not depend on r.
(This is analogous to the elimination of the nodes in the N-body
problem which similarly reduces the order of the system in phase
space by two – see e.g. Boccaletti & Pucacco 1996.)

We now multiply by r 2 and differentiate with respect to r at
constant H, pθ , pφ , θ , φ to obtain

∂Fe

∂pθ

∂2

∂r∂θ

(
r2ψ

) + ∂Fe

∂pφ

∂2

∂r∂φ

(
r2ψ

) = 0. (18)

The first term is odd with respect to pθ , the second term odd with
respect to pφ . However, the equation must remain true under pφ →
−pφ or pθ → −pθ , and so each term must separately vanish.

There are four possibilities – either (case i)

∂Fe

∂pφ

= 0 = ∂Fe

∂pθ

, (19)

or case (ii)

∂Fe

∂pθ

= 0 = ∂2

∂r∂φ

(
r2ψ

)
, (20)

or case (iii)

∂Fe

∂pφ

= 0 = ∂2

∂r∂θ

(
r2ψ

)
, (21)

or case (iv)

∂2

∂r∂φ

(
r2ψ

) = 0 = ∂2

∂r∂θ

(
r2ψ

)
, (22)

cases (i)–(iii) lead to the degenerate cases in which two or three of
the semiaxes of the second velocity moment ellipsoid are the same.
For example, case (i) tells us that Fe is independent of both pθ and
pφ . On returning to equation (17), we see that it also follows that
Fe is independent of the conjugate coordinates θ and φ as well,
leaving us with Fe = Fe(H), or solutions with completely isotropic
velocity ellipsoids. The other degenerate cases are when the DF is
given by Fe = Fe(H, |L|) in a spherical potential, or Fe = Fe(E, Lz)
in an axisymmetric potential. Here, L is the angular momentum,
whilst Lz is the component of L that is parallel to the symmetry
axis. Both lead to the second velocity moment ellipsoid possessing
axial symmetry – in the former case with 〈v2

θ 〉 = 〈v2
φ〉, in the latter

case with 〈v2
r 〉 = 〈v2

θ 〉. These models have been known since at least
the Adams Prize essay of James Jeans (1919). However, it has also
long been known that the velocity ellipsoid of Milky Way halo stars
is triaxial with 〈v2

r 〉 > 〈v2
φ〉 > 〈v2

θ 〉 (see e.g. Woolley 1978; Chiba
& Beers 2000; Kepley et al. 2007; Smith et al. 2009a; Bond et al.
2010). Therefore, the degenerate instances of spherical alignment
do not seem to apply to the case of the Milky Way stellar halo
anyhow.

Only case (iv) survives. The solution to ∂2(r2ψ)/∂r∂θ = 0 is

r2ψ = A(r, φ) + B(θ, φ), (23)

where A(r, φ) and B(θ , φ) are arbitrary functions of the indicated
arguments. If we also demand that ∂2(r2ψ)/∂r∂φ = 0, then we
have

∂2A

∂r∂φ
= 0 ⇒ A = A1(r) + A2(φ), (24)

where A1(r) and A2(φ) are again arbitrary. Thus absorbing A2 into
a new function A3(θ , φ), we obtain the result

ψ = A1(r)

r2
+ A2(θ, φ)

r2
= ψ1(r) + A2(θ, φ)

r2
, (25)

where ψ1(r) = A1(r)/r2 and A2(θ , φ) is an arbitrary function. So, the
radial coordinate separates from the other coordinates. This means
that there is an additional integral of the motion by separation of
the Hamilton–Jacobi equation:

I = 1

2

(
p2

θ + p2
φ

sin2 θ

)
− A2(θ, φ). (26)

So, we can additionally replace p2
θ with I in the DF, which means

that Fe = Fe(H, I, p2
φ, r, θ, φ). Taking the Poisson bracket and ex-

ploiting the fact that both H and I may be taken as constants during
the differentiation, we deduce that Fe must now be independent of
both r and θ , and so are just left with

pφ

r2 sin2 θ

∂Fe

∂φ
+ ∂ψ

∂φ

∂Fe

∂pφ

= 0. (27)
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Multiplying through by sin 2θ and differentiating with respect to θ

gives

∂2

∂θ∂φ

(
sin2 θ ψ

) = 0. (28)

Inserting equation (25) into equation (28), this leads to the separable
or Stäckel potential in spherical polars, namely

ψ = ψ1(r) + ψ2(θ )

r2
+ ψ3(φ)

r2 sin2 θ
, (29)

where ψ2(θ ) and ψ3(φ) are arbitrary functions. This is the result
claimed by Smith et al. (2009b); namely, that if the second velocity
moment ellipsoid is aligned everywhere in spherical polar coordi-
nates, then the only non-singular potential is spherically symmetric.
It is worth emphasizing the very general nature of the assumptions
required to deduce the result. Nothing about the quadratic nature
of the integrals or the separability of the underlying potential has
been assumed. Rather, these are logical consequences that follow
from the assumption of spherical alignment. This proof follows the
outline of the one presented in Smith et al. (2009b), amplifying
the working where necessary. It differs in one respect. Smith et al.
(2009b) assumed that 〈vr〉 = 0 implies that the DF depends on v2

r .
This though is not necessarily true.

Note too that for the purposes of the theorem, it is immaterial
whether the population self-consistently generates the gravitational
field or not. The result holds good for tracer populations moving in
an externally imposed potential, as well as populations that generate
the gravity field in which they move. Finally, although the singular-
ities in the potentials (25) or (29) at r = 0 may seem objectionable,
we show in Appendix A that this awkwardness can sometimes be
avoided.

4 OT H E R A L I G N M E N T S

Other alignments of the second velocity moment ellipsoid are also
of interest in galactic astronomy and dynamics. Here, we consider
cylindrical and spheroidal alignment in some detail. From our work
on spherical alignment, we may conjecture that the only possible
solutions for triaxial velocity ellipsoids are the separable or Stäckel
potentials. We now demonstrate that such is indeed true.

4.1 Cylindrical alignment

This case is interesting because it has implications for the popular
JAM models introduced by Cappellari (2008), which assume cylin-
drical alignment. In JAM, the only non-vanishing components of the
second velocity moment tensor are 〈v2

R〉, 〈v2
φ〉 and 〈v2

z 〉. JAM mod-
els assume a fixed anisotropy βz = 〈v2

z 〉/〈v2
R〉. Using the boundary

conditions that the velocity moments vanish at infinity then leads
to an elegant way of solving the Jeans equations for the velocity
dispersion as quadratures.

We take as our starting point the fact that the second veloc-
ity moment ellipsoid is aligned with the cylindrical polar coordi-
nate system so that all the cross terms 〈vRvφ〉 = 〈vzvφ〉 = 〈vRvz〉
vanish. As before, we take the even part of the DF to be Fe =
Fe(p2

R, p2
φ, p2

z , r, φ, z), where the canonically conjugate momenta
are pR = vR, pφ = Rvφ and pz = vz. The Hamiltonian is

H = 1

2

(
p2

R + p2
φ

R2
+ p2

z

)
− ψ(R, φ, z), (30)

where ψ is the gravitational potential. The even part of the DF can
now be recast as Fe(p2

R, p2
φ, H, R, φ, z) by using the Hamiltonian

to eliminate p2
z . The H in the DF may be treated as a constant when

evaluating the derivatives in the Poisson bracket, yielding

pR

∂Fe

∂R
+ pφ

R2

∂Fe

∂φ
+ pz

∂Fe

∂z

+
(

p2
φ

R3
+ ∂ψ

∂R

)
∂Fe

∂pR

+ ∂ψ

∂φ

∂Fe

∂pφ

= 0. (31)

As only the third term involves pz, it follows that ∂Fe/∂z = 0 and
so Fe must also be independent of z. Now differentiate with respect
to z to obtain

∂Fe

∂pR

∂2ψ

∂R∂z
+ ∂Fe

∂pφ

∂2ψ

∂φ∂z
= 0 (32)

The first term is odd with respect to pR, the second term odd with
respect to pφ . Hence, for this to be generally true, each term must
separately vanish.

There are again four possibilities – either (case i)

∂Fe

∂pR

= 0 = ∂Fe

∂pφ

, (33)

or case (ii)

∂Fe

∂pR

= 0 = ∂2ψ

∂φ∂z
, (34)

or case (iii)

∂Fe

∂pφ

= 0 = ∂2ψ

∂R∂z
, (35)

or case (iv)

∂2ψ

∂φ∂z
= 0 = ∂2ψ

∂R∂z
(36)

As before, cases (i)–(iii) provide the degenerate solutions in which
one or more of the second velocity moments is everywhere the same.
This leaves case (iv), which is non-degenerate and 〈v2

R〉, 〈v2
φ〉 and

〈v2
z 〉 are all unequal, as the general case. Solving ∂2ψ/∂φ∂z = 0

is

ψ = A(R, φ) + B(R, z), (37)

where A(R, φ) and B(R, z) are arbitrary functions of the indicated
arguments. When we also demand that ∂2ψ/∂R∂z = 0, then we
have

ψ(R, φ, z) = A(R, φ) + ψ3(z), (38)

where ψ3(z) is an arbitrary function. Notice that we have now
proved that the z component separates from the other coordinates,
and that the energy in the z direction Hz

Hz = 1

2
p2

z − ψ3(z), (39)

is an integral of motion.
Of course, we can now repeat our calculation by recasting the even

part of the DF as Fe(H, p2
φ, Hz, R, φ, z) using the Hamiltonian H

to eliminate p2
R and Hz to eliminate p2

z . Again taking the Poisson
bracket {Fe, H} = 0, we straightforwardly establish that Fe must
be independent of the conjugate coordinates R and z, and are left
with

pφ

R2

∂Fe

∂φ
+ ∂ψ

∂φ

∂Fe

∂pφ

= 0. (40)
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Multiplying through by R2 and differentiating with respect to R
gives

∂2(R2ψ)

∂R∂φ
= 0. (41)

So, using equation (38), the final solution for the potential is

ψ = ψ1(R) + ψ2(φ)

R2
+ ψ3(z), (42)

where ψ1(R) and ψ2(φ) are arbitrary. This is the separable or Stäckel
potential in cylindrical polars (see e.g. Landau & Lifshitz 1976;
Goldstein 1980).

Of course, it has long been known that if the potential is separable
in cylindrical polars, then the second velocity moment ellipsoid is
aligned in the cylindrical polar coordinate system. What has been
proved here for the first time is the converse. If the second velocity
moment ellipsoid is non-degenerate and aligned in cylindrical polar
coordinates, then the gravitational potential is separable or Stäckel
in cylindrical polar coordinates. The degenerate cases are the ones in
which at least two of the semiaxes are everywhere the same, and so
correspond to models with DFs that have F(E) (isotropic DFs), F(E,
Lz) (axisymmetric potential) and F(E, Ez) (translationally invariant
potential).

What then is the status of the JAM models of Cappellari (2008)?
The Jeans solutions are cylindrically aligned with (in general) three
unequal axes. If the even part of the velocity distributions is sym-
metric (i.e. invariant under vR → −vR, vφ → −vφ and vz → −vz),
then the only such physical models must have potentials that sepa-
rate in the cylindrical polar coordinate system. Unfortunately, this
yields through Poisson’s equation a total matter density of the form

ρ(R, φ, z) = ρ1(R) + ρ2(φ)

R4
+ ρ3(z). (43)

The fact that the density separates into stratified layers in z with the
same profile in (R, φ) makes this unrealistic for all known astrophys-
ical objects. For arbitrary and astrophysically realistic potentials,
the JAM models are unlikely to be physical. The only loophole is if
the even part of the DF does not fulfil the symmetry requirement.
This is shown by An & Evans (2016) to be equivalent to requir-
ing the fourth moments 〈vRv3

φ〉, 〈v3
φvz〉, 〈v3

Rvφ〉, 〈v2
Rvφvz〉, 〈vRvφv3

z 〉
and 〈vφv3

z 〉 not to all vanish.
We advocate exercising care in the use of JAM solutions because

the alignment also seems unnatural (except perhaps in the central
parts of elliptical galaxies). Physically, we expect astrophysical ob-
jects to be at least roughly aligned in spherical polar coordinates
rather than cylindrical, as is borne out by our investigations of the
stellar halo. Probably, it makes sense to use the JAM solutions
for preliminary models only before they are elaborated upon with
Schwarzschild (Schwarzschild 1979) or Made-To-Measure meth-
ods (Syer & Tremaine 1996; Dehnen 2009).

4.2 Spheroidal alignment

It is straightforward to generalize the proof to the instance of ax-
isymmetric stellar systems with second velocity moments aligned
in spheroidal coordinates (λ, μ, φ). This coordinate system has been
introduced in equation (13) and is described in detail in, for example,
Morse & Feshbach (1953) or Binney & Tremaine (2008). Here, we
will show that if the second velocity moment ellipsoid is everywhere
aligned in spheroidal coordinates (〈vλvφ〉 = 〈vλvμ〉 = 〈vμvφ〉 = 0),
then the gravitational potential has Stäckel or separable form. Again,
we construct the even part of the DF. Introducing canonical coordi-

nates, the DF has the form Fe(p2
λ, p

2
μ, p2

φ, λ, μ, φ). The Hamiltonian
is

H = 1

2

(
p2

λ

P 2
+ p2

μ

Q2
+ p2

φ

R2

)
− ψ(λ,μ, φ), (44)

where the scale factors are P, Q and R are

P 2 = λ − μ

4(λ + a)(λ + b)
, Q2 = μ − λ

4(μ + a)(μ + b)
,

R2 = (λ + a)(μ + a)

a − b
, (45)

and a and b are constants (see for example the tables of Lynden-
Bell 1962 or equation (6) of Evans & Lynden-Bell 1989 or Section 2
of de Zeeuw 1985). This implies that the DF can be re-written as
Fe(H,p2

μ, p2
φ, λ, μ, φ). Just as before, requiring the Poisson bracket

{H, Fe} to vanish implies that ∂Fe/∂λ also vanishes and so Fe is
independent of λ. This leaves us with the condition

A
∂Fe

∂pμ

− ∂ψ

∂φ

∂Fe

∂pφ

= pμ

Q2

∂Fe

∂μ
+ pφ

R2

∂Fe

∂φ
(46)

with

A = 1

λ − μ[
p2

μ

2

∂

∂μ

(
λ − μ

Q2

)
+ p2

φ

2

∂

∂μ

(
λ−μ

R2

)
− ∂

∂μ
((λ − μ)ψ) + H

]
.

(47)

Again, the equation must hold on transforming pμ → −pμ, so that
in the general case (i.e. ignoring degenerate cases like isotropy), we
must have

A
∂Fe

∂pμ

= pμ

Q2

∂Fe

∂μ
,

∂ψ

∂φ

∂Fe

∂pφ

= pφ

R2

∂Fe

∂φ
. (48)

Multiplying the first equation by λ − μ, differentiating with respect
to λ at constant H and then using the definitions of the scale factors
gives us the simple result

∂2

∂λ∂μ
((λ − μ)ψ) = 0. (49)

Integrating up, this gives us

ψ = A(λ, φ) − B(μ, φ)

λ − μ
, (50)

where A(λ, φ) and B(μ, φ) are arbitrary.
Now, we can return to the beginning and instead of eliminat-

ing p2
λ in terms of H, we can eliminate p2

φ so that the DF is
Fe(p2

λ, p
2
μ, H, λ, μ, φ). Repeating the steps gives us

∂2

∂λ∂φ

(
R2ψ

) = ∂2

∂μ∂φ

(
R2ψ

) = 0, (51)

from which on inserting equation (50), we obtain the separable or
Stäckel potential in spheroidal coordinates

ψ = f1(λ) − f2(μ)

λ − μ
+ f3(φ),

R2
, (52)

with f1(λ), f2(μ) and f3(φ) arbitrary functions of indicated argu-
ments. Of course, these potentials have a long history in both clas-
sical mechanics (e.g. Levi-Civita 1904; Whittaker 1917; Weinacht
1924; Eisenhart 1934, 1948) and stellar dynamics (e.g. Eddington
1915; Clark 1937; Lynden-Bell 1962). In astrophysical applica-
tions, it is usual to set f3(φ) = 0 as otherwise the gravitational
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potential diverges on the axis R = 0. de Zeeuw (1985) provided
examples – now known as the perfect oblate or prolate spheroids –
of realistic self-gravitating stellar systems with density stratified on
similar concentric spheroids that have a potential of Stäckel form.
The models are important, as their orbital structure is generic (see
e.g. Boccaletti & Pucacco 1996; Binney & Tremaine 2008).

It has been known for many years that, in the axisymmetric
Stäckel potentials, the second velocity moment ellipsoid is aligned
in spheroidal coordinates (e.g. Lynden-Bell 1960; de Zeeuw 1985;
Evans & Lynden-Bell 1989). We have shown here the converse
also holds true. If the velocity ellipsoid is spheroidally aligned
everywhere and the even part of the DF symmetric under vλ →
−vλ, vφ → −vφ and vμ → −vμ, then the potential must be of
separable or Stäckel form.

Spherical polar, cylindrical polar and spheroidal coordinates are
all limits of the most general case, ellipsoidal coordinates (Morse
& Feshbach 1953). It may well be suspected that the theorem holds
true for ellipsoidal coordinates as well. Such is indeed true, but we
relegate details of this, the most cumbersome case, to Appendix B.
Finally, it is also reasonable to suspect that a general proof can
be found, irrespective of the coordinate system. In Appendix C,
we show that just the assumption of a triaxial velocity ellipsoid
aligned everywhere in some orthogonal coordinate system, together
with the existence of a steady-state DF with symmetries in veloc-
ity space, is sufficient to constrain the system to be Stäckel in
ellipsoidal coordinates, or one of its limits (see also An & Evans
2016). Although this material has been placed in an appendix as
it is somewhat mathematical, none the less we regard it as a more
powerful proof of Eddington’s (1915) theorem which does not rest
on the so-called ‘ellipsoidal hypothesis’, namely the assumption
that the DF depends on a single quadratic function of the velocities
(see e.g. Chandrasekhar 1942 and Cubarsi 2014 for later work on
the ellipsoidal hypothesis).

5 M A D E - TO - M E A S U R E M O D E L S O F T H E
STELLAR H ALO

Theorems on exact alignment are interesting, but in practice the
alignment is approximate and the data extend only over high latitude
fields that are comparatively nearby. Is it possible to build models
in which the alignment is close to spherical, but the gravitational
potential is flattened?

To investigate this, we use a made-to-measure method to con-
struct a triaxial stellar halo tracer population in a potential gener-
ated by a triaxial NFW dark matter halo. We utilize the made-to-
measure code of Dehnen (2009, hereafter D09). The construction
of this model follows very closely the construction of the models
presented in D09 and here we only briefly describe the made-to-
measure method.

The made-to-measure technique was pioneered by Syer &
Tremaine (1996). In their formulation, an equilibrium model is con-
structed by evolving an N-body simulation whilst simultaneously
adjusting the particle weights until a merit function is optimized.
The merit function is expressed as

Q = μS − 1

2
C, (53)

where C is a cost function that quantifies the deviation of the model
from our target model (for instance, the χ2 difference between the
model moments and the target moments) and S is an entropy term
that regularizes the weight distribution of the particles. The N-body
simulation is evolved whilst each particle weight wi is adjusted

according to a first-order differential equation that maximises the
merit function Q. One difficulty encountered by Syer & Tremaine
(1996) is that the cost function naturally fluctuates as the simula-
tion is evolved due to Poisson noise, so some form of smoothing
is required to ensure the algorithm converges. D09 pointed out that
Syer & Tremaine’s method of simply averaging the model proper-
ties used in the cost function did not ensure the model converged, so
D09 instead proposed smoothing the merit function Q by making
the weight-adjustment equation a second-order differential equa-
tion. Several other improvements to the original algorithm were
presented by D09. In his formulation (i) each particle is evolved on
its own dynamical time-scale such that the outer parts of the model
converge as rapidly as the inner regions, (ii) a total weight con-
straint is included as part of the merit function and (iii) the particles
are resampled when the ratio between the minimum and maximum
weight (normalized with respect to the priors) exceeds a chosen
value. The last of these is implemented by, every so often, drawing
new particles from the original set with probability proportional to
their prior-normalized weights and adding a random velocity offset
with a magnitude that declines exponentially as a function of the
simulation time. For the model presented below we use very similar
parameters for the algorithm as those presented in D09.

Using the made-to-measure method, we construct an equilibrium
tracer stellar population inside a fixed dark matter potential. The
density profile of both the dark matter and the tracer population is
given by a truncated double power law of the form

ρi ∝
(

qi

r0,i

)−γi
[

1 +
(

qi

r0,i

)](γi−βi )

sech

(
qi

rt,i

)
, (54)

where r0,i is the scale radius of the ith component, rt the truncation
radius and the elliptical radius q is defined as

q2
i = x2

a2
i

+ y2

b2
i

+ z2

c2
i

, (55)

with aibici = 1. We choose the parameters for the NFW halo as
γ NFW = 1, βNFW = 3, (b/a)NFW = 0.9, (c/a)NFW = 0.8, r0, NFW = r0

and rt, NFW = 10r0, whilst the target stellar halo has γ S = 1, βS = 4.5,
(b/a)S = 0.8, (c/a)S = 0.6, r0, S = 1.73r0 and rt, S = 9r0. These
choices are motivated by several studies of the halo. In the dynami-
cal models of Piffl et al. (2014), the NFW dark matter halo was found
to have a scale radius of r0 = 15.5 kpc, where the constraint comes
mostly from the mass measurements of Wilkinson & Evans (1999)
and the requirement that the halo lies on the mass–concentration re-
lation. Deason, Belokurov & Evans (2011) found from a population
of BHB stars that the stellar halo had a scale radius of r0,S = 27 kpc
and a flattening (c/a)S = 0.59. The axis ratios of the NFW profile
are representative of those found in cosmological simulations (see
for example Bryan et al. 2013).

The cost function corresponding to this density profile is given
by

Cρ =
∑

n

(
An − Bn

σn

)2

, (56)

where An is the dot product of the model potential with the
nth = (n, l, m)th basis function of the Zhao (1996) basis set cho-
sen to match the outer slope of the target model, and Bn is the
corresponding target moment with σn an estimate of the error in
the moment calculated from the variance of 100 realizations of
the target model. We set nmax = 20 and lmax = 12 such that 588
moments are used to describe the density. Similarly, the potential
used to describe the NFW halo is represented as a basis function
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expansion generated from a single sample of the density distribu-
tion. 106 particles were used for each realization of the stellar halo
and 108 for realization of the dark matter density distribution. The
total mass of the NFW halo is M and the stellar halo is treated purely
as a tracer population.

Additionally, we impose an anisotropy profile for the tracer pop-
ulation as

β(q) = 1 − σ 2
θ + σ 2

φ

2σ 2
r

= β0 + β∞(q/r0)

1 + (q/r0)
(57)

which goes from β0 at small radii to β∞ at large radii over a scale
r0. We choose β0 = 0 and β∞ = 0.75 which approximates the
form for the anisotropy found by Williams & Evans (2015). The
corresponding cost function Cβ is the χ2 deviation of the model
anisotropy from the target calculated in elliptical shells with the
same shape as the target density. The error is estimated as the
Poisson noise arising from a measurement of the anisotropy from
samples of an uncorrelated normal velocity distribution.

The initial N-body model is chosen to be the ergodic model
with the required radial density profile, that is then flattened by the
appropriate axis ratios and the velocities scaled to satisfy the tensor
virial theorem. We began by running this model for 200 time units
subject to the density constraints. The model converged within ∼50
time units and subsequent evolution with the weight adjustment
switched off did not cause the model to deviate significantly from
the target distribution. The anisotropy of this model was increased
from weakly radial (β ∼ 0.2) at 0.1r0 to more strongly radial (β ∼
0.5) at r = rt,S. We then proceeded to evolve the model further subject
also to the anisotropy constraint. The model converged within ∼30
time units and again did not deviate from the target under subsequent
evolution with no weight adjustment.

The resulting simulation is plotted in Fig. 6. In Figs 7–9, we
show the velocity ellipses in the principal planes of the potential
along with the misalignment from spherical alignment. In all three
principal planes, the velocity ellipsoid is misaligned from spherical
by �6◦ everywhere outside the scale radius of the stellar halo. Inside
the scale radius, there are also large regions where the misalignment
is �6◦ with the largest misalignments occurring at small x and
small z as well as small x and small y. However, inspecting the
velocity ellipses in these regions shows they are very round and so
the misalignment measurement is more susceptible to shot noise.
To inspect the impact of shot noise in the measurement of the tilt
from the simulation we show α/σα in the (x, y) plane in Fig. 10.
σα was computed using propagation of errors from the measured
dispersions. We see that the majority of the plane is consistent with
being aligned within the shot noise. This plane is representative of
the other two principal planes and similar to the simulations shown
later. We conclude we are not dominated by shot noise from the
simulation when drawing conclusions on the degree of alignment.
Instead when comparing these models with the data we are limited
by the errors in the observational data.

For the simulation without the anisotropy constraint, we also
found that there were large regions of spherical alignment particu-
larly outside the scale radius in the (y, z) plane and along the x-axis.
However, near the y- and z-axis the ellipses became more circu-
lar with the suggestion that a minor axis is aligned with spherical
polars. Increasing the anisotropy has the effect of increasing the
volume in which the major axis of the velocity ellipsoid is spheri-
cally aligned. We are able to produce a realistic model of the stellar
halo in a triaxial NFW halo that has a large volume in which that
velocity ellipsoid is aligned with spherical polars within ∼6◦.

Figure 6. Made-to-measure stellar halo properties: the left-hand panels
show the density integrated along the line of sight in the three principal
planes. The green contours are evenly spaced in logarithmic density and the
blue point is the centre of mass. The top-right panel shows the spherically
averaged density profile, the middle right panel the spherically averaged
anisotropy profile and the bottom-right panel the spherically averaged ve-
locity dispersions and mean velocities. Note all the mean velocities are zero,
as there is no net streaming.

The constructed model has a fairly round potential due to the
only weakly triaxial NFW density profile for the dark matter. To in-
vestigate whether the alignment persists for a flatter model, we now
go on to construct a model with (b/a)NFW = 0.7, (c/a)NFW = 0.5,
(b/a)S = 0.65 and (c/a)S = 0.45. All other parameters are kept the
same. In Figs 11–13, we show the corresponding velocity ellipses
in the principal planes of the potential along with the misalignment
from spherical polar coordinates. As expected, the region within
which the alignment is less than ∼6◦ has decreased compared to the
rounder model but there are still considerable regions, particularly
outside q = rS, where the alignment is spherical. Finally, we report
that we constructed a model with (b/a)NFW = 1, (c/a)NFW = 0.1,
(b/a)S = 1 and (c/a)S = 0.5. This model has spherical alignment
at very large radius (q > 6rS) and within q = rS the long axis of the
velocity ellipsoid is pointed more towards the plane for R > z and
the short axis is pointed more towards the plane for z > R. However,
it should be reported that this model appears to be only marginally
stable as the cost functions drift in time upon subsequent evolution
of the made-to-measure code with no weight adjustment. Our mod-
els do not include the majority of the baryons in the Galaxy (i.e.
the disc) but based on our constructed models we can make some
predictions as to the effects. Including a disc will cause the velocity
ellipses to tilt slightly towards the plane. However, at large distances
the disc potential is dominated by the monopole component such
that this effect will be small for the majority of the volume studied
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Figure 7. Tilt of the stellar halo for (b/a)NFW = 0.9, (c/a)NFW = 0.8 model
in the (x, y) plane: the left-hand panels show the velocity ellipses coloured
by the magnitude of their major axis. The size of the ellipses is unimportant
and chosen for ease of visualization. The black lines are radial. The right-
hand panels show the misalignment of the major axis of the ellipses from
radial. The top two panels correspond to 0 � r/r0 < 2 whilst the lower two
correspond to 0 � r/r0 < 10. In all panels, the dotted blue line corresponds
to qS = r0,S.

here. For example, both Koposov, Rix & Hogg (2010) and Bowden,
Belokurov & Evans (2015) find a flattening for the full potential of
q ∼ 0.9 when fitting the GD-1 stream which lies ∼15 kpc from the
Galactic Centre so the models presented here are perhaps already
too flattened without including the Galactic disc.

Notice that we did not introduce any requirement in the cost
function (56) that drives the made-to-measure solutions to spherical
alignment. We attempted to minimize the tilt angles from spherical
alignment in spherical polar bins beyond a minimum elliptical ra-
dius but this produced no significant change to the structure of the
models. It appears that the alignment cannot be significantly altered
once the potential and tracer density have been specified. Making
the models more radially anisotropic acts to make the alignment
more obvious as the calculation of the tilt is less susceptible to
Poisson noise. Flattened models with strong radial anisotropy seem
to produce near-spherical alignment of the velocity ellipsoid in sig-
nificant portions of configuration space without much difficulty.
In other words, the inferred alignment of the velocity ellipsoid in
relatively small spatial volumes does not constrain the Galactic po-
tential. Strong inferences can be only made when global alignment
is detected. Only with the advent of Gaia proper motions will we
possess data sets of a large enough extent to use the velocity ellip-
soid as a tool for inference on the symmetries of the Galactic matter
distribution.

Figure 8. Tilt of the stellar halo for (b/a)NFW = 0.9, (c/a)NFW = 0.8 model
in the (x, z) plane: see Fig. 7 for details.

Figure 9. Tilt of the stellar halo for (b/a)NFW = 0.9, (c/a)NFW = 0.8 model
in the (y, z) plane: see Fig. 7 for details.
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Figure 10. Tilt of the stellar halo divided by the error in the tilt for
(b/a)NFW = 0.9, (c/a)NFW = 0.8 model in the (x, y) plane. The left-hand
panel shows a zoom-in of the right-hand panel. The distributions in the other
principal planes are very similar.

Figure 11. Tilt of the stellar halo tilt for flatter (b/a)NFW = 0.7,
(c/a)NFW = 0.5 model in the (x, y) plane: see Fig. 7 for details.

6 C O N C L U S I O N S

This paper has identified the circumstances under which the second
velocity moment tensor of a stellar population is everywhere aligned
in the spherical polar coordinate system. Exact alignment in spheri-
cal polars is possible if (i) all three semiaxes are the same and the DF
is isotropic, (ii) two of the semiaxes of the same (〈v2

r 〉 = 〈v2
θ 〉) and

the potential is axisymmetric with a DF depending on the energy
E and angular momentum parallel to the symmetry axis Lz, (iii) all
three semiaxes are in general different and the potential is of sep-
arable or Stäckel form in spherical polar coordinates. In the latter
instance, if the potential is everywhere non-singular, then it must be
spherically symmetric. Our proof is based on the ideas sketched out
in Smith et al. (2009b). An assumption in the proof is that the even
part of the DF is symmetric under time reversal in each coordinate
(i.e. under vr → −vr or vθ → −vθ or vφ → −vφ).

Figure 12. Tilt of the stellar halo for flatter (b/a)NFW = 0.7, (c/a)NFW = 0.5
model in the (x, z) plane: see Fig. 7 for details.

Figure 13. Tilt of the stellar halo tilt for flatter (b/a)NFW = 0.7,
(c/a)NFW = 0.5 model in the (y, z) plane: see Fig. 7 for details.
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We have shown that this theorem holds more generally. If the
second velocity moment ellipsoid of a stellar system is triaxial and
points along orthogonal coordinate surfaces, then the potential must
be of separable or Stäckel form in confocal ellipsoidal coordinates
or one of its limits. The converse of this theorem – namely, if the
potential is of Stäckel form then the second velocity moment tensor
aligns in the separable coordinate system – has been known since
the time of Eddington (1915). In our proof, we emphasize that no
assumption has been made about the form of the DF, or the existence
of any integrals of the motion quadratic in the velocities. All we
have assumed is that the even part of the DF remains invariant under
the separate transformations vi → −vi in each component (see also
An & Evans 2016).

It is worth returning to Eddington’s (1915) work on the ellipsoidal
hypothesis to spell out the differences. Eddington postulated the
existence of integrals of motion that are quadratic in the velocities.
The ellipsoidal hypothesis is the statement that the DF depends
on a single linear combination of these integrals. Eddington then
showed that the potential has to be of separable or Stäckel form and
the velocity ellipsoid diagonalizes in the separating coordinates.
However, integrals of the motion quadratic in the velocities only
arise from separation of the Hamilton–Jacobi equation (see e.g.
Makarov et al. 1967; Evans 1990). Hence, Eddington made an
assumption of quadratic integrals that is tantamount to assuming
the potential is of separable form in the first place.

One consequence of our theorem is that the elegant way of solv-
ing the Jeans equation for triaxial velocity ellipsoids using cylin-
drical polar alignment developed by Cappellari (2008) and known
as ‘JAM modelling’ may only yield physical models if the po-
tential is separable in the cylindrical polar coordinates. Unfortu-
nately, this corresponds to total matter distributions that are un-
like elliptical galaxies. If the potential is not of separable form
in cylindrical polars, then there may be galaxy models with DFs
that generate cylindrical alignment with triaxial second velocity
moment tensors, though this however remains to be demonstrated.
JAM models may make good provisional starting points for con-
structing N-body or made-to-measure models, but they are not
trustworthy on their own. Even so, JAM models have had many suc-
cesses in reproducing global properties like inclination and mass-
to-light ratios in fast rotating ellipticals (Lablanche et al. 2012; Alf
Drehmer et al. 2015).

What then are the consequences for the stellar halo of the Milky
Way? Our theorem applies to stellar systems in which the veloc-
ity ellipsoid is spherically or spheroidally aligned everywhere. The
data on halo stars of the Milky Way do suggest it is aligned with the
spherical polar coordinate system (usually within 3◦) for Galacto-
centric radii between ∼6 and ∼11 kpc in the Northern hemisphere.
There are one or two bins with more substantial deviations, though
this may be partly a consequence of contamination by the thick
disc at low latitude. We have also shown that alignment in pro-
late spheroidal coordinates does not give a markedly better fit than
spherical alignment. In both calculations, no attempt has been made
to remove substructure (such as Sagittarius stream stars or tidal de-
bris) from the stellar halo sample. Such substructure is of course
expected in � cold dark matter and might spoil any exact alignment
for an underlying smooth halo population.

Binney & McMillan (2011) have argued that only limited in-
ferences on the potential may be drawn from the orientation of the
second velocity moment ellipsoid. They constructed DFs of the thin
and thick discs of the Galaxy using orbital tori. They showed that
at some locations above the plane in the vicinity of the Sun, the ve-
locity ellipsoid is spherically aligned despite the matter distribution

being highly flattened. However, the more recent data on the stellar
halo provided by Bond et al. (2010) does provide a more substantial
challenge. Now the alignment is known to be almost spherical over
a large swathe of the Galaxy, and it is unclear whether flattened
models exist that can provide this.

To understand whether such approximate alignment is consistent
with flattened or triaxial potentials, we have used made-to-measure
modelling (Syer & Tremaine 1996; Dehnen 2009). We constructed
a triaxial stellar halo tracer model in a triaxial NFW dark matter
potential. The tracer population was chosen to be more triaxial
(b/a = 0.8, c/a = 0.6) than the NFW profile (b/a = 0.9, c/a = 0.8).
The stellar halo was chosen to have a double power-law density
profile and an anisotropy profile that went from isotropic at the
centre to very radial in the outskirts. Despite the triaxiality of the
potential, it was found that the velocity ellipsoid had a major axis
that deviated from spherical alignment by �6◦ for large regions
of space. Outside the scale radius of the stellar halo, the velocity
ellipsoid is nearly everywhere spherically aligned. We went on to
investigate a model with a flatter NFW profile (b/a = 0.7, c/a = 0.5)
and found that the volume of the spherical alignment region was
decreased within the scale radius of the model although there were
still considerable regions where the alignment was spherical.

If the alignment has to be exactly spherical everywhere, then the
restriction on the potential is very severe. The potential has to be
spherical if it is everywhere non-singular. However, if the alignment
is only close to spherical over a substantial portion of configura-
tion space, then a much greater variety of potentials are possible,
including flattened ones. Strong inference on the potential can only
be made if global spherical alignment is established. The Gaia satel-
lite will provide six-dimensional phase space information for stars
brighter than V ≈ 20 within 20 kpc of the Sun. This may provide
data sets of sufficient global coverage to enable the alignment of the
velocity ellipsoid to be used as a tool for constraining the Galactic
potential.
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A P P E N D I X A : E D D I N G TO N POT E N T I A L S
W I T H O U T T E A R S

The separable potentials in spherical polars

ψ = ψ1(r) + ψ2(θ )

r2
+ ψ3(φ)

r2 sin2 θ
, (A1)

were introduced into stellar dynamics by Eddington. They are often
called Eddington potentials in the astronomical literature (e.g. Clark
1937; Lynden-Bell 1962; Lupton & Gunn 1987). Astrophysically
useful potentials must have ψ3(φ) = 0 to avoid singularities all
along the polar axis.

The density then must have form

ρ = ρ0(r) + g(θ )

r4
. (A2)

This may also seem objectionable as the density has a serious di-
vergence at the origin. In fact, Eddington (1915) himself believed
that ψ2(θ ) = 0 and so g(θ ) = 0 for practical solutions. However,
this is not the case, as the awkwardness can be avoided by requiring
the non-spherical part of the density to fall like r−4 only outside the
central region.

We now give a simple example of an axisymmetric density dis-
tribution that has such a property. We choose the density as

ρ(r, θ ) = ρ0(r) + ρ2(r)P2(cos θ ), (A3)

where P2 is the Legendre polynomial. For flattened systems with
everywhere positive mass density, we need ρ2 ≤ 0 and ρ0(r) + ρ2(r)
≥ 0 for all r > 0. The gravitational potential of such systems is given
by

ψ = ψ0(r) + h(r)P2(cos θ ), (A4)

where

ψ0(r)

4πG
= 1

r

∫ r

0
r2ρ0(r)dr +

∫ ∞

r

rρ0(r)dr (A5)

and

5

4πG
h(r) = 1

r3

∫ r

0
r4ρ2(r)dr + r2

∫ ∞

r

ρ2(r)
dr

r
. (A6)

We wish to have h ∝ r−2 for r ≥ r0. In this region, we need to set
ρ2(r) = ρ2(r0)(r0/r)4 to ensure a continuous density.

We now define K to be

K =
∫ r0

0

[
r4ρ2(r) − r4

0 ρ2(r0)
]

dr (A7)

and we evaluate our formula for h at r > r0 to get

h(r)

4πG
= K

5r3
+ r4

0 ρ2(r0)

4r2
. (A8)

Evidently, the potential is of the desired form for r > r0 provided
that ρ2(r) for r < r0 obeys the simple integral constraint that K = 0.
Only for r > r0 is the potential of separable form. Orbits whose
pericentres satisfy rp > r0 lie within rectangular toroids and have
three exact integrals of motion.
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APPENDIX B: A LIGNMENT IN ELLIPSOIDA L
C O O R D I NAT E S

Ellipsoidal coordinates (λ, μ, ν) are the most natural coordinates
to study triaxial stellar systems (e.g. Lynden-Bell 1962; de Zeeuw
1985; van de Ven et al. 2003; Sanders & Evans 2015). The scale
factors are

P 2 = (λ − μ)(λ − ν)

4(λ + a)(λ + b)(λ + c)
,

Q2 = (μ − λ)(μ − ν)

4(μ + a)(μ + b)(μ + c)
,

R2 = (ν − μ)(ν − λ)

4(ν + a)(ν + b)(ν + c)
, (B1)

where a, b and c are constants that define two sets of foci. Sur-
faces of constant λ, μ and ν are confocal ellipsoids, one-sheeted
hyperboloids and two-sheeted hyperboloids, respectively. The co-
ordinate system is illustrated in e.g. Hilbert & Cohn-Vossen (1999),
de Zeeuw (1985) or Boccaletti & Pucacco (1996).

We start by assuming that the second velocity moment ellipsoid
is diagonalized in confocal ellipsoidal coordinates, so that all the
cross-terms 〈vλvμ〉, 〈vλvν〉 and 〈vμvν〉 all vanish. The Hamiltonian
is

H = 1

2

(
p2

λ

P 2
+ p2

μ

Q2
+ p2

ν

R2

)
− ψ(λ,μ, ν), (B2)

where pλ = P 2λ̇, pμ = P 2μ̇ and pν = P 2ν̇ are canonical mo-
menta. Again, as the Hamiltonian is time-invariant, we can always
construct the even part of the DF and assume that it depends on the
squares of the canonical momenta only. For the cross-terms to vanish
in ellipsoidal coordinates, this means Fe = Fe(p2

λ, p
2
μ, p2

ν , λ, μ, ν).
Using the Hamiltonian to eliminate p2

λ without loss of generality,
we obtain Fe(H,p2

μ, p2
ν , λ, μ, ν). Taking the Poisson bracket {Fe,

H} = 0 tells us that Fe is independent of λ as well as pλ. We find,
after some work

A1
∂Fe

∂pμ

+ A2
∂Fe

∂pν

= pμ

Q2

∂Fe

∂μ
+ pν

R2

∂Fe

∂ν
(B3)

with

A1 = 1

λ − μ

×
[
p2

μ

2

∂

∂μ

(
λ − μ

Q2

)
+ p2

ν

2

∂

∂μ

(
λ−μ

R2

)
− ∂

∂μ
((λ − μ)ψ) + H

]

(B4)

and

A2 = 1

λ − ν

×
[
p2

μ

2

∂

∂ν

(
λ − ν

Q2

)
+ p2

ν

2

∂

∂ν

(
λ − ν

R2

)
− ∂

∂ν
((λ − ν)ψ) + H

]
.

(B5)

We are at liberty to send pμ → −pμ or to send pν → −pν as
the DF is invariant under such changes. This tell us that the two
equations

A1
∂Fe

∂pμ

= pμ

Q2

∂Fe

∂μ
,

A2
∂Fe

∂pν

= pν

R2

∂Fe

∂ν
, (B6)

must be separately satisfied. Now, take the first equation, multiply
by (λ − μ) and differentiate with respect to λ. We already know
that Fe is independent of λ and that H may be treated as a constant,
so this operator annihilates all terms bar the one containing the
potential and leaves us with

∂2

∂λ∂μ
((λ − μ)ψ) = 0. (B7)

Similarly, multiplying the second equation by (λ − ν) and differen-
tiating with respect to λ leaves us with

∂2

∂λ∂ν
((λ − ν)ψ) = 0. (B8)

We could of course have started by eliminating p2
μ in terms of the

Hamiltonian, and repeating our steps would yield

∂2

∂μ∂ν
((μ − ν)ψ) = 0. (B9)

This gives us three partial differential equations that the potential
must satisfy, and it is straightforward to integrate them up to estab-
lish

ψ(λ, μ, ν) =
f1(λ)

(λ − μ)(λ − ν)
+ f2(μ)

(μ − λ)(μ − ν)
+ f3(ν)

(ν − λ)(ν − μ)
, (B10)

where f1(λ), f2(μ) and f3(ν) are arbitrary functions of the indicated
arguments. This is the separable or Stäckel potential in confocal
ellipsoidal coordinates.

APPENDI X C : THE STÄ C K E L C O N D I T I O N

Rather than demonstrating the theorem for each alignment sepa-
rately, a more mathematical – but abstract – approach is to derive
all possible coordinate systems and gravitational potentials together.
This is similar in spirit to the original investigations of Stäckel
(1891) and Eddington (1915).

Here, we prove the following theorem (see also An & Evans
2016): suppose that (i) the second velocity moment tensor of a stel-
lar system is aligned in an orthogonal curvilinear coordinate system
and has (in general) three unequal axes and that (ii) the stellar sys-
tem is in a steady state, so that the even part of the DF satisfies the
collisionless Boltzmann equation and (iii) the DF is invariant under
reversal of the sign of each velocity component. Then, it necessar-
ily follows that the coordinate system is the confocal ellipsoidal
coordinates (or one of its limiting cases) and that the gravitational
potential is of separable or Stäckel form.

Consider a system with 3 degrees of freedom governed by the
Hamiltonian of the form of

H = 1

2

3∑
k=1

p2
k

h2
k(q1, q2, q3)

− ψ(q1, q2, q3), (C1)

where (q1, q2, q3) are orthogonal curvilinear coordinates, (p1, p2,
p3) are the corresponding canonical momenta and h1, h2, h3 are the
scale factors. Suppose that the system admits an integral of motion
of the form, Fe = Fe(p2

1, p
2
2, p

2
3; q1, q2, q3) which is recognized

as the even part of the DF. The vanishing of the Poisson bracket
requires

Ḟe = {Fe,H } =
∑

i

(
∂Fe

∂qi

∂H

∂pi

− ∂H

∂qi

∂Fe

∂pi

)

=
∑

i

pi

(
1

h2
i

∂Fe

∂qi

− 2
∂H

∂qi

∂Fe

∂(p2
i )

)
= 0. (C2)
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However, both H and Fe are invariant under pj → −pj for any j’s,
and so it follows that, for ∀i ∈ {1, 2, 3},

∂Fe

∂qi

= ζi

∂H

∂qi

, ζi ≡ 2h2
i

∂Fe

∂(p2
i )

. (C3)

Here note that, for any i and j,

∂ζi

∂qj

= 2h2
i

∂2Fe

∂qj∂(p2
i )

+ 2
∂h2

i

∂qj

∂Fe

∂(p2
i )

= 2h2
i

∂

∂(p2
i )

(
ζj

∂H

∂qj

)
+ ζi

h2
i

∂h2
i

∂qj

= 2h2
i

∂ζj

∂(p2
i )

∂H

∂qj

+ 2h2
i ζj

∂2H

∂(p2
i )∂qj

+ ζi

h2
i

∂h2
i

∂qj

= 4h2
i h2

j

∂2Fe

∂(p2
i )∂(p2

j )

∂H

∂qj

+ h2
i ζj

∂

∂qj

(
1

h2
i

)
+ ζi

h2
i

∂h2
i

∂qj

= 4h2
i h2

j

∂2Fe

∂(p2
i )∂(p2

j )

∂H

∂qj

+ ζi − ζj

h2
i

∂h2
i

∂qj

. (C4)

Then the integrability condition on Fe is

∂

∂qi

(
∂Fe

∂qj

)
− ∂

∂qj

(
∂Fe

∂qi

)
= 0 (C5)

which results in

∂

∂qi

(
ζj

∂H

∂qj

)
− ∂

∂qj

(
ζi

∂H

∂qi

)

= ∂ζj

∂qi

∂H

∂qj

− ∂ζi

∂qj

∂H

∂qi

+ ζj

∂2H

∂qi∂qj

− ζi

∂2H

∂qj∂qi

= ζj − ζi

h2
j

∂h2
j

∂qi

∂H

∂qj

− ζi − ζj

h2
i

∂h2
i

∂qj

∂H

∂qi

+ (ζj − ζi)
∂2H

∂qi∂qj

= (ζj − ζi)Dij (H ) = 0 (for all i, j ). (C6)

Here, Dij (f ) is the linear second-order differential operator acting
on a function f(q1, q2, q2), defined as

Dij (f ) ≡ 1

h2
j

∂h2
j

∂qi

∂f

∂qj

+ 1

h2
i

∂h2
i

∂qj

∂f

∂qi

+ ∂2f

∂qi∂qj

=
(

∂ ln h2
j

∂qi

∂

∂qj

+ ∂ ln h2
i

∂qj

∂

∂qi

+ ∂2

∂qi∂qj

)
f , (C7)

which is symmetric for i ↔ j, i.e. Dij (f ) = Dji(f ). In other words,
if there exists an integral Fe, we must have ζ i = ζ j or Dij (H ) = 0
for any pair of indices i and j. The ζ i = ζ j (for i �= j) case however
implies that the integral Fe becomes invariant under the rotation
within pi−pj plane and so the distribution must be isotropic within
qi−qj plane: that is to say, the resulting second velocity moments
must be degenerate as in 〈v2

i 〉 = 〈v2
j 〉. If ζ i �= ζ j on the other hand,

we must have

Dij (H ) = 1

2

∑
k

Dij

(
1

h2
k

)
p2

k − Dij (ψ) = 0

⇒ Dij (h−2
k ) = Dij (ψ) = 0. (C8)

The condition on the scale factors Dij (h−2
k ) = 0 for all i �= j

(and any k) is the same condition defining the Stäckel systems.
The most general orthogonal curvilinear coordinate in a Euclidean
space that satisfies the condition is the confocal ellipsoidal coordi-
nates. This encompasses the 11 3D quadric coordinates in which
the Helmholtz equation separates (Morse & Feshbach 1953). On
the other hand, the general solution of Dij (ψ) = 0 in the confo-
cal ellipsoidal coordinates (or its degenerate limit) is known to be
ψ(q1, q2, q3) = ∑

k fk(qk)/h2
k where fk(qk) is an arbitrary function

of the coordinate component qk alone.
The condition Dij (ψ) = 0 is really the integrability condition on

the system of the quasi-linear partial differential equations. If we
suppose the existence of the set of functions {f1(q1), f2(q2), f3(q3)}
such that ψ(q1, q2, q3) = ∑

k fk(qk)/h2
k , then

∂ψ

∂qi

= f ′
i (qi)

h2
i

−
∑

k

∂h−2
k

∂qi

fk(qk)

⇒ ∂fi

∂qj

= δ
j
i h2

i

(
∂ψ

∂qi

+
∑

k

∂h−2
k

∂qi

fk

)
,

where δ
j
i is the Kronecker delta. This is the system of partial dif-

ferential equations on {f1(q1), f2(q2), f3(q3)}, whose compatibility
condition implies that (∂/∂qj )(∂fi/∂qk) = (∂/∂qk)(∂fi/∂qj ) for
any i, j, k. The only non-trivial conditions among these are

∂

∂qj

(
∂fi

∂qi

)
= h2

i

[
Dij (ψ) −

∑
k

Dij (h−2
k )fk

]

= 0 (for any i �= j ),

and so, given the Stäckel coordinate satisfying Dij (h−2
k ) = 0, we

find that Dij (ψ) = 0 is the necessary condition for existence of the
solution set {f1, f2, f3}. Moreover, thanks to the Frobenius theorem,
the condition is also sufficient for (local) existence of such a solution
set. In other words, ψ(q1, q2, q3) = ∑

k fk(qk)/h2
k is also in fact the

general solution of Dij (ψ) = 0.
A consequence of this theorem is that it seems to imply that the

only axisymmetric equilibria with DFs are either (i) Jeans models
with F = F(E, Lz) in which two of the semi-axes of the second
moment tensor are the same or (ii) Stäckel or separable models in
spheroidal coordiantes with all three semiaxes different. This seems
to cast doubt on the existence of axisymmetric equilibria constructed
by Schwarzschild modelling (see e.g. Cretton et al. 1999). However,
the likely resolution of this paradox is that the only regular orbits
observing the required symmetry are those in separable potentials,
and so the velocity distributions resulting from a Schwarzschild
model in a non-separable potential are not strictly symmetric.

This paper has been typeset from a TEX/LATEX file prepared by the author.
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