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ABSTRACT. An interior-penalty discontinuous Galerkin (dG) method for an el-
liptic interface problem involving, possibly, curved interfaces, with flux-balancing
interface conditions, e.g., modelling mass transfer of solutes through semi-
permeable membranes, is considered. The method allows for extremely general
curved element shapes employed to resolve the interface geometry exactly. A
residual-type a posteriori error estimator for this dG method is proposed and
upper and lower bounds of the error in the respective dG-energy norm are
proven. The a posteriori error bounds are subsequently used to prove a basic
a priori convergence result. The theory presented is complemented by a series
of numerical experiments. The presented approach applies immediately to the
case of curved domains with non-essential boundary conditions, too.

1. INTRODUCTION

Interface conditions are used in the modelling of various engineering applica-
tions and physical, chemical, biological phenomena, in particular, ones involving
multiple distinct materials with different diffusion, density, permeability or con-
ductivity properties. Such interface conditions are typically used to close systems
of partial differential equations (PDEs) posed on multi-compartment distinct ma-
terial regions. As a result, these interface problems often admit solutions having
jump discontinuities of the state variable and/or of some of its derivatives across
the interface. In other words, their solutions may have higher regularity in indi-
vidual material regions than in the entire physical domain. The analytical regular-
ity theory for interface problems is far less advanced than for respective standard
(one-compartment) initial/boundary-value problems. Therefore, the reliable and
efficient numerical approximation of such problems is desirable. Furthermore, such
a development has the potential to be used to inform on the underlying local an-
alytical regularity properties, too. However, in many applications interfaces arise
in the form of general, curved, manifolds of co-dimension one, thus making their
numerical treatement challenging.

A class of interface problems, which is still relatively unexplored, are problems
with flux-balancing interface conditions, resulting in discontinuities of the state
variable itself. This class of interface conditions model, among other things, the
mass transfer of solutes through semi-permeable membranes in a number of engi-
neering applications and biological processes such as in filtering, electrophysiology,
and cell biology; see, e.g., [15, 8, 19, 17] for more details on the modelling. The
design of practical high-order numerical methods for this class of problems poses a
number of challenges, most important being the discontinuity of the solution across
the interface, and the geometric approximation of the, possibly curved, interface
itself.

In the context of finite element methods (FEMs), when the interface is a gen-
eral manifold of co-dimension one, the geometry cannot be described exactly by
the mesh, as even isoparametric elements can only exactly resolve interfaces with
polynomial level-sets. A number of methods to address this shortcoming have been
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proposed over the years, such as the unfitted FEM [4, 28, 32, 5], mortar elements
[23], immersed interface methods [31, 33, 36], fictitious domain methods [6, 10, 11],
composite FEM [37], cut-cell techniques [34, 38, 9, 27], etc.

Although many of the aforementioned works also provide a priori error analysis
of the proposed methods and/or goal-oriented error estimation techniques, the lack
of availability of rigorous a posteriori bounds may appear somewhat surprising at
first sight. This is, nonetheless, an important open question for interface problems,
as their solutions often admit rich, a priori unknown, structures in the vicinity of
the interface and/or in the intersection of interfaces and physical boundaries. Ob-
serving, however, that, upon interface approximation, the exact solution is defined
on a different domain to its finite element approximation, the standard approach of
proving a posteriori bounds, i.e., using PDE stability results linking the error with
the residual, becomes cumbersome. Few a posteriori bounds for curved domains
exist, focusing on the related (but simpler) problem of proving a posteriori error
bounds for elliptic problems posed on one-compartment curved domains [21, 2]; see
also [20].

To address the challenge of general curved interface geometry, in this work we
present a fitted interior-penalty discontinuous Galerkin (dG) method for an elliptic
interface problem involving elements with extremely general curved faces. The ellip-
tic interface problem considered here is posed on a multi-compartment domain and
the specific flux-balancing interface conditions have been proposed in the modelling
of mass transfer through semi-permeable membranes [15, 19, 17]. Such interface
problems, yielding discontinuous solutions across the interface, can be easily imple-
mented within an existing dG code simply by modifying the interior penalty dG
numerical fluxes accordingly [26, 17, 18]. Moreover, the extremely general element
shapes allowed in the proposed method are able to resolve very general interface
geometries exactly, up to quadrature errors. The optimal approximation of the
finite element spaces and good conditioning of the respective stiffness matrices are
ensured by the use of physical coordinate basis functions, as opposed to standard
mapped ones from a reference element; this idea was utilised in [5, 16], where effi-
cient techniques for the assembly step are presented. Furthermore, an alternative
construction using parametric maps of reference elements with extremely general
reference element shapes is also proposed. The latter may prove to be useful in the
context of high-order finite element spaces.

We prove residual-type a posteriori bounds for the proposed dG method whose
fitted nature crucially avoids some of the aforementioned theoretical challenges. At
the same time, however, generalisations of standard approximation, inverse and
conforming-nonconforming recovery estimates (in the spirit of [29]) to elements
with curved faces required for the proof are derived in detail. The latter may be of
independent interest. For a posteriori error bounds for conforming FEM for elliptic
interface problems we refer to [13, 14], for dG methods to [12], and to [35] for a
finite volume scheme. Using the derived a posteriori error bounds, we also give a
basic a priori convergence result for the proposed method using the efficiency of
the a posteriori estimator, under minimal regularity assumptions, in the spirit of
the seminal work [25]. We prefer to do so, since the regularity theory for elliptic
interface problems is far from being well developed.

We stress that the developments presented below also apply naturally to the
case of elliptic problems with non-essential (Robin or Neumann-type) boundary
conditions over a single curved domain. Since elliptic problems over domains with
piecewise curved boundaries are relevant in applications, we believe that the results
presented below may be of wider interest.
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FIGURE 1. Q subdivided into two sub-domains 2; and €5 by the
interface I'*".

The fitted approach proposed below may appear cumbersome at first sight, if
employed as spatial discretisation in the context of evolutionary PDEs involving
moving interfaces. This is, in fact, not necessarily the case. The theoretical de-
velopments presented below appear to be generalisable, at least in principle, to a
cut-cell-type setting, whereby a mesh is not subordinate to the interface location a
priori. In this context, some implementation issues have already been tackled in [5].
This is not done here, however, in the interest of simplicity of the presentation of
the key ideas, and will be considered in detail elsewhere. An interesting attribute
of the fitted approach presented below is that, using curved elements, it is possible
to represent the geometry accurately without necessarily resorting to the standard
practice of mesh-refinement in the vicinity of the interface, cf., for instance [28].

The remainder of this work is organised as follows. In Section 2, the model prob-
lem is introduced. The discontinuous Galerkin method, along with the admissible
curved element shapes are discussed in Section 3. Some necessary approximation,
trace, and inverse estimates for general curved elements are presented in Section 4.
An extension of the conforming-nonconforming recovery operator from [29] to curvi-
linear elements is proven in Section 5. Upper and lower a posteriori error bounds
for the proposed dG method are shown in Section 7. A basic convergence result of
the dG method under minimal regularity is presented in Section 8. In Section 9,
we comment on the use of general curved elements in conjunction with parametric
finite element mappings. In Section 10, a series of numerical experiments inves-
tigating the performance of the a posteriori error bounds, implemented using the
deal.II finite element library are presented. Finally, we draw some conclusions
and discuss a number of further directions of research in Section 11.

2. MODEL PROBLEM

Let 2 be a bounded open polygonal/polyhedral domain with Lipschitz boundary
0Q in RY, d = 2,3. Q is split into two sub-domains €, and s, such that Q =
Q1 UQy UTT with T := (997 N 0N) \ON being also Lipschitz continuous with
bounded curvature; see Figure 1 for an illustration.

We consider the model problem:

—Au = f, n Ql U Qg,
u =0, on 02,
n' - Vu; = Cpr(ug — up)|g,, on O NT,

n’ - Vuy = Cir(us — us)la,, on QN rer

(2.1)

with f: € UQy — R known function, u; = ulg,, i = 1,2, Cy > 0 a given interface
transmission (e.g., permeability) constant and n’, i = 1,2 denoting the respective
outward unit normal vectors. This is a simplified model for mass transfer of a solute
through a semi-permeable membrane through, e.g., osmosis, but it is rich enough in
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highlighting the aforementioned challenges posed for the numerical analysis of this
class of problems. We note that, setting Q5 = @), we trivially recover the classical
elliptic problem for u; with non-essential boundary conditions: setting Cy. = 0,
we retrieve the homogeneous Neumann problem, while for Cy,. # 0, we recover the
homogeneous Robin problem.

Let Ly(w), 1 < p < 0o and H"(w), r € R, denote the standard Lebesgue and
Hilbertian Sobolev spaces on a domain w C Q. The norm of Ly(w) = H°(w),
w C Q, will be denoted by || - ||, and is induced by the standard Ls(w)-inner
product, denoted by (-, -),; when w = Q, we shall use the abbreviations ||-|| = || - ||a
and (-,-) = (-, ")q. Also, we set H! := H*(Q; Uy), and

He = {veH :v=0o0n 00}

Upon integrating by parts on each sub-domain and applying the interface condition,
we arrive to (2.1) in weak form, which reads: find u € H{ such that

(2.2) D (u,v) = /Q V- Vods + /F Cull - Teds = /Q foda,

for all v € H}, where [u] := vi|xkn® + v2|gn? is the jump across the interface and
[ € La(Q). Problem (2.2) is well posed in H{ by the Lax-Milgram Lemma.

3. DISCONTINUOUS GALERKIN METHOD

We introduce an interior penalty discontinuous Galerkin (dG) finite element
method for the discretization of the elliptic interface problem (2.2). The dG method
employs elements with, possibly, curved faces, able to resolve the interface geome-
try exactly. The method is closely related to the spatial discretization for parabolic
interface problems introduced in [17], with the latter assuming exact interface res-
olution using standard (non-curved) simplicial or box-type elements only.

A key attribute of the proposed method is the use of physical frame basis func-
tions, i.e., the elemental bases consist of polynomials on the elements themselves,
rather than mapped polynomials through a mapping from a reference element.
Crucially, the lack of conformity of the dG method allows for such physical frame
polynomial basis functions to be used on very general element shapes. The imple-
mentation challenges arising from this non-standard choice will be discussed below.

3.1. The mesh. Let T = {K} be a locally quasi-uniform subdivision of €, pos-
sibly containing regular hanging nodes, with K a generic, possibly curved, open
simplicial, box-type, or prismatic element of diameter hy. More specifically, we
shall assume that the mesh consists of triangular or quadrilateral elements when
d = 2, and of tetrahedral or prismatic elements with triangular bases when d = 3.
We stress that the prismatic elements considered here are not assumed to have
parallel bases, in general. The mesh skeleton I' := Ugc70dK is subdivided into
three disjoint subsets I' = 9Q U T U T where '™ := T'\ (9Q U T'").

We shall assume that elements with curved faces will be employed only to resolve
the interface geometry, i.e., only elements K € T such that 9K NI''" # () are curved,
see Figure 2 for an illustration.This is also realistic from a practical perspective,
as the global use of curved elements is more computationally demanding (with no
immediate advantage) during assembly. We stress that, with minor modifications
only, the theory presented below extends to the case were curved elements are used
to resolve curved boundaries with non-essential boundary conditions in addition to
interfaces or, indeed, in the context of single element-long domains separated by
multiple interfaces of the form (2.1); in both cases elements with more than one
curved faces are present in the mesh (see Remark 7.6 below for a more detailed
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discussion). We refer to Section 11 for a discussion on the use of curved elements
for different settings and how the present developments can be used.

V2

K,

B
FIGURE 2. Curved elements K; and K5 (solid lines/curves) from
either side of the interface I'", resolving the geometry of I'*".

We make some further assumptions on the admissible meshes near the (curved)
interface. We assume that every element K € 7T is contained in either 21 or Q5 so
that the set {K € T: KNQ; # 0}, i = 1,2, forms a subdivision of §2;. Moreover,
for simplicity (and with no essential loss of generality,) we assume that the set
OK NI () is one whole face of K, or one vertex of K only. Hence, when d = 3,
we shall only consider (possibly curved) tetrahedral or prismatic elements with
triangular bases K € T such that 9K NT'" # (), so that a unique cut plane passes
through the 3 vertices of K lying on I''”. Elsewhere in the mesh, box-type elements
when d = 3 are also allowed. Moreover, we assume that the mesh is constructed in
such a way that each element K is a Lipschitz domain.

Assumption 3.1. For all elements K € 7", we assume that:

a) (star-shapedness) each element K € T'", having the face E C I''", is star-
shaped with respect to all vertices opposite this face F; note that we have
one such vertex when K is simplicial, or more than one such vertices when
K is box-type or prismatic. Furthermore, we assume that each element
K € T* is also star-shaped with respect to all the midpoints of the edges
sharing a common vertex with the face E C I'"" and are not (edges of)
E C T itself; we refer to Figure 3 for an illustration for d = 2.

b) (shape-regularity) we have m(x)-n(x) > ¢/m(x)| uniformly across the mesh,
for every vector m(x) = x — xg, with x € F and xq any vertex opposite
E € T, and n(x) the respective unit outward normal vector to E at x.
Moreover, we assume that |m(x)| ~ hgx uniformly.

Note that Assumption 3.1 b) is trivially satisfied by shape-regular elements K
with straight faces. It is a natural condition in view of proving trace estimates, cf.
Lemma 4.1 below (see also [1, Theorem 3.10] and [22, Section 3] for illuminating
expositions). Assumption 3.1 a) can always be fulfilled on sufficiently fine meshes,
given that the curvature of I'*" is bounded.

We denote the set of, possibly curved, interface elements by

T :={K €T : measq_1 (0K NT"") > 0};

with meas, (w) denoting the r-dimensional Hausdorff measure of a set w C RY; see
Figure 2 for an illustration of such elements. Note that elements having just one
vertex on I''" do not belong to 7.

Definition 3.2. For each K € T*", we define the simplicial or box-type related
element K to be the element with straight /planar faces having the same vertices
as K. Let also K C K be the largest sub-element with straight/planar faces and
all faces parallel to the faces of the related element K.
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FIGURE 3. Elements K € T'" are assumed to satisfy Assumption
3.1 a) (left) and b) (right)
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FIGURE 4. A three-dimentional curved element K € T (enclosed
by the solid lines and curve), its related elements K having the
same vertices as K and straight faces (two same faces and the
third depicted by a dashed line,) and K (having two same faces
and the third depicted by a dashed-dotted line.) Although it does
not belong to I''", the face F (enclosed by the solid lines and curve,)
has a curved edge while the related face E (two same faces and the
third depicted by a dashed line,) is a straight triangle.

For two adjacent elements K, K’ € T'" sharing a common face E € T UT"", we
shall denote by F := K NOK’ the related common face of the two (also adjacent)
related simplicial or prismatic elements K, K'.

Notice that in general, K # K when dK NT*" is curved; see Figure 4 for an
illustration.

Next, we define

it .= {F el . E# E},
i.e., the subset of I'"** containing all the faces E € I'"™ with different related faces
E; see again Figure 4 for an illustration. Notice that E # E is possible only when
d=3.

The above star-shapedness assumptions effectively imply that the angles between
the faces E C T'"" and those faces in I'i"* cannot be arbitrarily small and that the
Jacobian of the function parametrising £ C I'*" on a local coordinate system, as
defined above, cannot be very large. Satisfying these assumptions may require a
small number of refinements of the elements K € T of a given initial mesh.

3.2. Finite element space and the dG method. We define the discontinuous
finite element space S}, subortinate to the mesh 7 = {K}, by

(3.1) SP = {v e LX(Q) : v|x € Pp(K)},

where P,(K) denotes the space of polynomials of total degree p on an element K.
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For each element face E C T UT*", there are two elements K; and K5 such
that £ C 0K; N 0K>. The outward unit normal vectors on FE of 0K, and 0K,
are denoted by ng, and ng,, respectively. For a function v : Q — R that may
be discontinuous across I', we set v; = v|k,, and we define the jump [v] and the
average {v} of v across E by

1

(32) [[7)]] = U|K1nK1 +U|K2nK27 {U} = 5 (U|K1 +U|K2)'

Similarly, for a vector valued function w, piecewise smooth on 7 with w, = w|g,,
we define

1
[[W]] = W|K1 "Ny, + W|K2 "NK,, {W} = 5 (W|K1 + W|K2) .

When E C 99, we set {v} = v, [v] = vn and [w] = wn with n denoting the
outward unit normal to the boundary 0f2.

We introduce the meshsize function h : Q@ — R, where h|x = hg, K € T and
h = {h} on each (d — 1)-dimensional open face E C T'. We also define hyax :=
max,coh and Appn = mingeoh. Without loss of generality, we shall assume
that hpyax remains uniformly bounded throughout this work, thus, avoiding having
estimation constants dependent on max{1, hmax }-

The interior penalty discontinuous Galerkin method for (2.2) is defined as: find
up, € Sy such that

(3.3) Dy (un,vn) = (f,vn),
for all v, € S}, where

» Dy (up,vp) = KEE:T/K Vuy, - Vopdz — /F\Ftr({Vuh} on] + {Vur} - [un])ds

7o )
+ /F\F" H[[uhﬂ : [[Uh]]ds + /Ftr Ctr[[uh}] . [[’Uh]]ds7

here 79 > 0 is the discontinuity-penalization parameter (to be defined precicely
below,) and C}, > 0 is the permeability coefficient. We note carefully that there is
no discontinuity penalization on the interface. As we shall see below, the penalty
parameter has to be chosen large enough in order to ensure the stability of the
discontinuous Galerkin discretization.

4. APPROXIMATION, TRACE, AND INVERSE ESTIMATES

For the proof of upper and lower a posteriori error bounds, we shall require ap-
proximation, trace, and inverse estimates for the elements with curved boundaries
K € T'", with uniform constants, i.e., constants that are independent of the par-
ticular shape of K. We begin by extending the standard trace estimate to elements
with curved faces.

Lemma 4.1. Letv € H} and K € T'". Then, under the above assumptions on the
mesh, we have

(4.1) lollkare < C (g vl + helVoll%)
with C' > 0, independent of the shape and size of K and of v.

Proof. Since K € T'" is star-shaped with respect to any given vertex vg,, opposite
the face By, = 0K NI, let m(s) be the vector pointing from the vertex vg,, to all
points s € K, thereby defining m : K — R?, cf. Figure 3 (right). Without loss of
generality, we assume that K € 7" is simplicial. Indeed, if K € 7" is prismatic,
let Ko C K to be the (curved) simplex defined by vg,. and Ey and follow the
argument presented below for K instead.
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Defining the vector field F = muv?, the divergence theorem implies

/ (m-n)des:/ F-nds:/ V-Fdx:/(V~m)v2dm+2/ vVov-mdz,
Eir K K K K

noting that m(s) - n(s) = 0 for all s € 0K\ Ey,, which, in turn, yields

(4.2) min [m-nf[jo]%,, < vl + bl Vol

noting that ||V -ml;_ (k) = d and | |m|||;_ (k) < hx. The result already follows
by Assumption 3.1 b). O

Next, let Iy : L?(2) — SP denote the orthogonal L2-projection operator onto
the element-wise constant functions, given by

Hov|g = |K|_1/ vdz, for K €T,
K

with | - | = measg(-) denoting the volume. We have the following approximation
result.

Lemma 4.2. Given the assumptions on the mesh, for each v € H'(K), K € T,
we have the bounds

(43) ||’U—H01)||K S ChKHVUHK,
and
(4.4) [v—ovllox < CvVhk|[Vvk,

with C' > 0 constant independent of the shape of K € T, on v and on hg.

Proof. Due to the general, possibly curved, shape of the elements K € T, a
simple application of a standard Bramble-Hilbert type result (cf., e.g., [7]) and
scaling is mot sufficient to provide uniform constant C' with respect to the shape of
K. Instead, we work as follows. For K € T\T"", the results are well-known. For
K € T', the Friedrichs-type inequality proven in [40, Theorem 3.2], with explicit
constant with respect to the domain, along with shape-regularity, yields (4.3). The
bound (4.4) follows by combining (4.1) with (4.3). O

For each K € T'", we shall require special sub-simplices contained in K, with
certain properties, having, in particular, straight/planar faces.

Lemma 4.3. Let K € T'". For each v € Py(K), there exists a simplex K,(v) C K
with straight/planar faces such that

|K| < Ch| Ky (v)] with  ||[v||Lee iy = V]| Lo (&, (v))>

where the positive constant C, is independent of v, hx , and p, but depends, however,
on the shape-regularity constant of K.

Proof. Let K € T' and fix v € P(K). Define xx € K to be a point where the
maximum of v in K is attained, viz.,

[v]l o () = v(xK)]-
To prove the result, it is sufficient to show that there exists a simplex K, (v) C K
with straight /planar faces containing xx € K such that |K| < C,|K,(v)|. Recalling
Definition 3.2, we observe that, for K, we have |K| ~ |I~( | from shape-regularity. If
xi € K, then we can take K, (v) := K. If xg € K\K, the star-shapedness of K
with respect to the midpoints of the faces (when d = 2) or the edges (when d = 3)
allows for the construction of a simplex K}, (v) with faces (when d = 2) or edges
(when d = 3) defined by the line-segments connecting xx with these midpoints.
Given that the distance between xx and these midpoints is equivalent to hg /2, the
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FIGURE 5. A curved element K € 7' (enclosed by the solid lines
and curve,) its related element K having the same vertices as K
and straight faces (two same faces and the third depicted by a
dashed line,) K (having two same faces and the third depicted by
a dashed-dottedline,) and K, (v) for some v € P,(K) (enclosed by
the solid lines with endpoints denoted by *.) Here, xx is the point
where the maximum of v in K is attained.

result follows. Since we have established that exists at least one K, (v) per element,
we may define K, (v) as the one with the maximum area, to minimize the constant
C,. Notice that C}, can be taken independent of the polynomial v, as the area of
K, (v) is always bounded from below by a multiple of h% and K is compact. O

We refer to Figure 5 for an illustration of the elements K, K. K, and K, (v), for
some v € P,(K). Notice that we have K = K = K = K,(v), for all v € P,(K),
when the face E C I'"" of a K € T is not curved.

The above result is required to show the following crucial inverse-type estimates
between L2?-norms of polynomials on curved elements K € 7" and their related
elements K.

Lemma 4.4. Let K € T and assume that the related element K is such that

(45) cinoCop™[K\K| < | K],
with ¢iny > 0 the constant of the inverse estimate HU”im(f{) < cmvp2d|f(|_1||v|\§~(,
for allv € P,(K). Then, the following estimate holds
[0]1% < Bino (K [[0l1% 25
where 0 (K) := | K|/ (| K| = cinoCop*Y K\K]).
Proof. Let v € P,(K). We have, respectively,
lvll% = ol + vl &
<ol g + ORI ez
< Nl + HEAKNOIZ (o)

< Nl i + CinoD™ 1K, (0) | THEAK [0 %, (1)

< oll% g + CinnCop™ [ K| THE\K|[[0] %,
as K, (v) C K, using Lemma 4.3; the result is already implied. O
Lemma 4.5. Let K € T'" and let K C K and K as in Definition 3.2 be such that

(46) Cinvp2d|K\K| < |I~(‘>
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for ciny > 0 as in Lemma 4.4. Then, for each v € Py(K), the following estimate
holds
[0[1% < Dine (K) [0l
where () i= K]/ (IK] = cinap® | R\K]).
Proof. Let v € Pp(K). We have, respectively
ol = ol + HollZ e < ol + KR e
< ol + R\, < ol + conop™ 1K1\ 0],

which already implies the result. O

Notice that, when K € T is convex, we have K = K and, thus, Ninv (K) = 1.
Also, when K € T'" is not curved, we have K = K = K and, therefore, 0;,,,(K) =

Remark 4.6. It is possible to extend the applicability of the above estimates by
replacing p?? by p? in (4.6) at the expense of a, more involved to estimate, constant
Cinv. We refer to [24, Lemma 3.7] for a similar construction. This remark also
applies to (4.5) for the case where K}, (v) and K have parallel faces.

Remark 4.7. A close inspection of the proof of Lemma 4.3 reveals that the shape-
regularity assumption of K can be relaxed to requiring that there exists a, uniform
across the mesh, constant cg,; > 0 such that |I~(| < cait|K]. The constant C,
will then depend on c,j; instead of the shape-regularity constant of K as stated in
Lemma 4.3. This, in turn, implies the validity of the inverse estimates in Lemmata
4.4 and 4.5 in this setting also.

For the remaining of this work, we shall require the above inverse-type estimates,
hence we make the following saturation assumption which can always be satisfied
after a finite number of refinements of an original coarse mesh.

Assumption 4.8. We assume that the conditions (4.5) and (4.6) are satisfied for
all elements K € T'".

We continue with a generalization of the standard inverse-type estimate from a
face of an element to the element itself; here the face is allowed to be curved.

Lemma 4.9. Let K € T such that a whole face of K, say Ey,., is contained in
I and is, in general, curved. Then, for each v € Py(K), the inverse estimate
2
ol < Cinvi—llolk
K
with Ciny > 0 constant, independent of v, p, hx and K, but dependent on the
shape-regularity constant of K.

Proof. We partition Fy,. into m (d—1)-dimensional pieces of equal measure, denoted
by Ej;, j = 1,...,m. Further, we construct a partition of K into (curved) sub-
elements K;, by considering the simplices with one face £; and the remaining
vertex being the vertex of K opposite Ey,., when K is simplicial or by considering
the prismatic elements obtained by extrusion of E; orthogonally to the face of K
opposite Ey,., when K is prismatic. We refer to Figure 6 for an illustration when
d=2.

Denoting by Ej the straight /planar face of the related element K ; approximating
E;, we have

»

2|Ej| 2 <Cp2 2 <O K 2
el < O P ol < Cpn() 2ol

(4.7) vl < Cp
B3 rel
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FIGURE 6. Curved elements K € 7' with their partitions.

as, in view of Remark 4.7, it is possible to apply Lemma 4.5 on each K; (for
sufficiently large m.)

As m — o0, K; becomes infinitesimal in (d — 1)-dimensions, and so, approx-
imating K; by K ; produces arbitrarily small error in the geometry, resulting to
Ninw(K;) — 1. Moreover, since E;, admits a differentiable parametrization, we

m

have 1imy, o0 Y550 ||11H2EJ = |lv[|%,, . Therefore, summing (4.7) over j and taking
m — 00, we arrive at the required result. O

Lemma 4.10. Let K € T'" and let E a face of K, such that E C OK\I'"". Then,
for each v € P,(K), the inverse estimate

2

p
oIl < Cinoy—llvll%,

K
with Ciny > 0 constant, independent of v, p, hx and K, but dependent on the
shape-regularity constant of K.

Proof. Fix K € T'" and a face E, C OK\I'"". For d = 2, the star-shapedness with
respect to the midpoints of the faces E C OK\I'*", allows for the existence of a
straight-edged triangle K, C K having F, as one face and as remaining vertex the
midpoint of the other face E C 9K \I'*" opposite to E,. From the shape-regularity
of K, we infer that |K| ~ |K,|. On this triangle K, we can apply the standard
inverse inequality to deduce

2 <C p2 2 < C. p2 2
* * ?
a5 o 1Pl < Cimog—llvlli

. - hk
as required.

For d = 3 and K with measy (0K NT") > 0, we approximate E, C K\I''" by a
quasiuniform triangulation consisting of m triangles, denoted by Ej, j=1,...,m.
Let g, be the midpoint of an edge of K which is not an edge of F, and consider
the straight-faced pyramids K i, =1,...,m, having E’j as one base and xg, as

remaining vertex. On each K, we can apply the standard inverse estimate

m m |E,‘ p2 m p2 m
Solvlz <Cp®d vl < C—=Y ol < Cnine(K5)2— > lIvll%,
=1 ’ i K] ’ hic 3 ’ hic i3

working as before, with K; the pyramid with (curved) base on E, and vertex zg,
corresponding to the (straight) pyramid K;. Taking m — oo gives the result. O

5. RECOVERY OPERATOR

An important tool for the a posteriori analysis will be a conforming recovery
operator in the spirit of the original construction by Karakashian and Pascal [29).
In particular, we shall modify the construction from [29] to allow for discontinuous
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functions across I'*" and for curved elemental faces and edges on I''", under the
following assumption.

Assumption 5.1. We define the positive function 6 : Lo(€y U Qs) — R with
0|k = Oinyw(K), for K € Tt 0| :=1, for K € T\T', and 0 := {6} on T\I'"". We
also define a function 1 : La(Q; U Q2) — R analogously starting from 1, (K), for
K € T'. For the remaining of this work, we shall assume that 6 and 7 are locally
quasi-uniform.

Lemma 5.2. Given the above mesh assumptions, there exists a recovery operator
E: SV — H}, such that

(5.1) DoV —E@)E < Ca Y IVORY2 Ton] 3,

KeT ECT\I't"
for all vy, € ST, Co >0, a=0,1, independent of vy, 0 and h.

Proof. The proof is based on the one of [29, Theorem 2.2]; particular care is given
in dealing with the additional challenges posed by the, possibly curved, interface
elements. Without loss of generality, we assume that the mesh is conforming on
each Q;, i = 1,2, i.e., no hanging nodes are present; for, otherwise, we perform a
finite number of ‘green’ refinements to remove the hanging nodes, and we consider
the new refined mesh in the place of the original 7 in what follows.

We begin by choosing a (Lagrange) basis for S. For each K € T\T', we
consider the standard Lagrange degrees of freedom. For each K € T, we choose
respective the Lagrange basis of K. Let A" denote the set of all Lagrange nodes of
SP, and we define five of its subsets:

e N the set of all internal elemental nodes;

o N+ the set of all nodes situated on I'*;

o Njyq the set of all nodes situated on 9;

e Ny, the set of all nodes situated on I'*";

e N, the set of nodes belonging to each element K € T, situated outside
K. (E.g., the node of K; situated at the midpoint of the linear segment
v1ve in Figure 7.)

FIGURE 7. Degrees of freedom for quadratic Lagrange interface
elements K1, Ky € T'", denoted by e and o, respectively. Note
that one degree of freedom of K is situated outside K (i.e., in

K \K1,) at the midpoint of the linear segment v vsy.

Evidently, we have N' = Ny U Njpe U Ngg U N U Ny, Note, however, that,
Nowt NNy # 0, in general; for an illustration consider the node v situated at the
midpoint of the linear segment 1115 in Figure 7: v viewed as a node for K5 implies
v € Ny and viewed as a node for K7 implies v € Nyy;.

Further, let A and N7, denote the two subsets of the interface nodes N,
and the ‘outer’ nodes N,,; associated with the Lagrange basis functions from the



ADAPTIVE DG METHODS FOR ELLIPTIC INTERFACE PROBLEMS 13

respective elements belonging to Q1 and s only, respectively. Note that if non-
matching grids are used across the interface I''", AL and N2 are, in general different
and strict subsets of NVy,; if, on the other hand, there are no hanging nodes on the
interface, the N}, i = 1,2, are each a copy of N;,.. Completely analogous properties
characterise Ni,, i = 1,2 also.

For each node v € N\ (N U Nyt ), we define its element-neighbourhood

w, ={KeT:veK},

along with its cardinality |wy|. Note that, when v € Nj, we have |w,| = 1. Also,
for each node v € /., i = 1,2, we define its ‘one-sided’ element neighbourhood

W= {KeT:KcQ,vekK}, 1=1,2,

along with its cardinality |w?|, i = 1,2, while for each node v € Ny, we define its
‘one-sided’ element neighbourhood

wi::{KGTtT:KCQi,VEI:(}, 1=1,2,

along with its cardinality |w?|. Finally, for each K € T, let Nx = {v: v € f(},
the set of Lagrange nodes of K.

The recovery operator £ : S, — H} is defined by determining its nodal values
N, at each of the Lagrange nodes v € N:

if v € Nyq;
Z N, Uh|K ifuej\fthNo;
(5.2)  N,(E(vn)) = Iwyl i
Jwi > No(valg), fveNLUNL,,, i=1.2.
Kew},

Note that &(vp,) will be, in general, discontinuous across I''". Therefore, denoting by
¢, the conforming Lagrange basis function at the node v, (which may, nonetheless,
be discontinuous across I'")) we have

(5.3) = N(E(wn))ow,

veN

allowing for the regular nodes on v € N, to be counted twice in the summation,
i.e., once for each ¢ = 1,2; here we have used the convention that ¢, signifies its
restriction onto the respective element K for all nodes v € N,,;. Hence, we have
g(’l)h) (S 7‘[(1)

From this, we deduce, respectively,

Z IV (v, — E(vn) ”K < Z Oinow (K)[IV (03, _g(vh))Hi{mf{

KeT KeT
< Z Z Hznv(K)’Nu(vh|K)_N Uh } |‘V¢V||Km[(
KeT veNk
< Y 0wn2w) S |No(vnlk) — No(Ewn))|”
veN\Ny K:weNk
=C Y I,
veN\Ny

using the standard bound ||V¢1,HKOK < ||Veu|% < Chd 2 where h(v) and 6(v)
are given by extending the definitions of the functions h and 6 (to include the mesh
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nodes also)

1
— > hi, if v € Nip UNog;

> hg, fveNLUNL, i=1.2,

and O(v) := 1, if v € Ny U Npq, while 0(v) := ﬁzKew’ Oino(K), if v €
T UNE,, i =1,2. We have

S L= Y 0wh ) Y INwlo<C Y IV T ol s

veENsa veENpa K:yeNK ECoQ
Also,
2
Z I,<C Z Z V2 (V)N (vn] k,) — No(vnl k)|
VEN;nt UNr UN Gyt ECIlint yc |
<c Y VT [ull?_ .
ECTint

with E := E when E ¢ I'i"". Note that E # E is possible only for d = 3. The
first inequality follows from applying the crucial [29, Lemma 2.2] and working as
in the proof of [29, Theorem 2.2], while the last inequality follows from the shape-
regularity property. We remark that, for d = 2, we have | N, (v,| k) — N, (E(vp)) ‘ =0
as |wl| =1 whenv € N, i = 1,2, while for d = 3 and for p = 1, we have N, = 0.
For d = 3, and p > 2, we may have |w’| > 1 and, thus, the above calculation is
non-trivial for v € Nyy;.
Combining the above bounds, we arrive at

oIV —E@)IE <C > IVEhTE [l (B)"
KeT ECT\I'tr
Finally, applying the standard inverse estimate

Il _ s < Ot ol
for all polynomials v € P,(E), and using Lemma 4.5 with K = E, we deduce

[011% < nino (B)[[0]1%-
Hence, we obtain the required bound for a« = 1. The proof for @ = 0 is completely

analogous. O

Remark 5.3. When I'*" is not curved, i.e., when the mesh 7 does not contain any
elements with curved faces, we have § = 1 = 5 on T\T'*" in (5.1), thereby retrieving
the known bound of Karakashian and Pascal [29, Theorem 2.2].

6. STABILITY OF THE METHOD

We begin by assessing the stability of the discontinuous Galerkin method (3.3).
To this end, on S}, we introduce the dG-energy norm

61) ol == (D2 IVonlk + IvA0/Bloal I per + CorlTonl e )

KeT

Theorem 6.1. The discrete problem (3.3) admits a unique solution uy € S} for
Yo = ¥On > v with v > 0 a sufficiently large constant depending on p. Moreover,
we have the stability bound

(6.2) lunlll < €A,
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with C = C(p, Ciny, Co, C1) > 0 constant, with Cipn, as in Lemma 4.10 and Cy, Cy
as in (5.1), but independent of the curvature of T and of h.

Proof. We begin by assessing the coercivity of the bilinear form (3.4). From the
definition, we have

o) = 3 Vel [ (9w} st /Bl ol

KeT

for all v, € S7. To bound the second term in the right-hand side of the above
equation we use the inverse estimate of Lemma 4.10 to deduce, in a standard
fashion,

1
(6.3) A\Ft~{vuh}'ﬂuhﬂ ds < C ) Cinot® |1/ Vunllict vV 0/Blon I e

KeT
Hence,

QC’CZ p
Dy (vn,vn) > (1= ) ) Vel + *||\/70/h[[1’h]]||12“\rtr + Cor | [on]lfer,
KeT

and we conclude that Dy, is coercive if ¥ > 2CCjy,p?. The proof of the continuity of
Dy, is standard and is omitted for brevity, and the existence of a unique wuj solving
(3.3) now follows by the Lax-Milgram Lemma. To prove (6.2), from (3.3) and (6.3),
we have

ol = 2 [ 9w fudds + ()

2CC;pop? 1 1 €
(6.4) < % > IVunlli + 5\\v70/h[[vh]]||%\w + g||f\|2 + ZHuhH27

KeT

for any € > 0. To bound the last term on the right-hand side of (6.4), we use the
Poincaré inequality and Lemma 5.2, respectively:

lunll? < un — En)l® +C Y [IVE(un)llg,

i=1,2
<X 319~ Sl + Y [Vunly)
a=0,1 KeT Ker
co(t > Al - Y Ivul).
T B Ker

having used the assumption that h < 1 and v9 = 707n. The required bound now

follows by fixing € < % max{3,1 - 2007%} 0

7. A POSTERIORI ERROR BOUND

Letting II : Ly(2) — S7 denote the orthogonal La-projection operator onto
the discontinuous finite element space, we begin by defining the a posteriori error
indicator

1/2 1/2
(71) T:= ( 3 Ti() . with Ty o= (T%K +TL 412 +TTTK) :
KeT
comprising of the interior, normal flux, jump and interface residuals
Tay i= DS + Aun)llic, Yoy i= [VRIVurlogcorie

2

T = VAlV/hlun]lloxar\re, Tre, = Z IVh(Cir [un] + Vun) - 0| gxrer-

i=1
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We also define the data oscillation term

©1 := ||h(f —TLf)[,

along its restriction on each K, ©1 g = ||h(f — IIf)| k.

7.1. Upper bound. For the proof of an a posteriori bound, we use the conforming
recovery operator. To this end, we decompose the error into conforming and non-
conforming parts u — uj, = €+ uf, with e® := u — E(up) and uf = E(up) — up,
noting that e € HJ.

We consider an (inconsistent) extension Dy, : (H} + SP) x (H} + S?) — R of the
bilinear form Dy, given by

Dy (w,v) = Z/

Vw~Vvdx—/ ({VTTw} - [v] + {VTTo} - [w])ds
KeT /K '

L\l
+ o BT Plds + /., Culol-las.

Then, we have immediately that ﬁh(wh,vh) = Dy, (wp,vy) for all wy, v, € S}, and
also Dy, (w,v) = D(w,v) for all w,v € H}. We also note the continuity property

(7.2) Dr(w,v) < Cllwlllv]l,  for all w,v € H} + SP,

which can be shown in a standard fashion once equipped with the inverse estimate
from Lemma 4.10.
The error equation can be derived as follows

lle“ll|* = D(e®, e®) = D(u, e®) — Dy, (un, e°) — Dy (u, )
= / fefdx — ﬁh(uh,ec) — f)h(uﬁ,ec) + Dp(up, Mge®) — / fgel dx
Q Q
= (/ f(e€ —Te®) dx — Dy (up, e — Hoec)) — Dp(ufl,e?) =T —1II.
Q

We estimate the terms I and I1 above in the following lemmata.

Lemma 7.1. We have

r<c(r?+e2)"?

veel,
for vo = ~0n for some v > 1 as in the proof of Theorem 6.1.
Proof. Integration by parts yields
I=Y" | (f+Aup)(e — Toe®) da — / [Vun] - {e¢ — Hoec}ds

KeT 'K rnt

(7.3) + /F\Ftr [un] - {VII(e® — pe®)}ds — A %[[uh]] - Je¢ — Mpe]ds

\l“tr

- /F” (Ctr[[uh]] - [ef = oe] + [Vun(e® — Hoec)]]>d3,

We focus on estimating the third term on the right-hand side of (7.3), which can
be bounded as

(7.4) v h/(770){VII(e® = Toe®) Hirre [V yv0 /hlun] e
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The term involving e¢ can be further bounded by

> IVh/ () {VIL(e® — Toe®) }[3 < Cc"f;pz > IV/1/7 V(e — oe)|%

EET\I'*" KeT

<C Y IVO/0VI(e® = Toe®) % < C Y [[V/6/v0h ™ 'TI(e” — Toe) ||
KeT KeT

<C > VOn/voh (e = Toe) |5 < C Y (Ve[
KeT KeT

using Lemma 4.10, Lemma 4.4, a standard inverse estimate on K, and Lemma 4.5,
respectively and observing that 6n/vy = 1/ < 1; hence, we get

A R e R NE s [
\Itr

Working in a standard fashion for the remaining terms, we deduce

1
2 c
Zons + V0 BLunl By per ) * Vel

Ve

1<0( S Wllf + Al + VR[]

KeT

2
+C3° N IVR(Coun] + Vun) - 0 [oxar | Ve

i=1 KeTtr
using the approximation bounds given in Lemma 4.2. The result already follows.
O
To estimate 11, we use (7.2) for Dj,, along with the following bound.

Lemma 7.2. With the above mesh assumptions and choice of vy, we have
2 _
75) lI* < € 37 (1710 + hicCun)) Y3,
KeT
for C' > 0 generic constant, independent of h and of up,.

Proof. Using Lemma 5.2, we have
o IVuilli + IVAo/mlug]lf e < C Y- (Cy + )Y,
KeT KeT

For the third term on the right hand side of (6.1), we use (4.1) and Lemma 5.2 once
more to deduce

2
Corll[ufllfer < Cor Y lluftle, [Ifr < CCw Y (Rl Vuuf 5 + b i)
=1 KeTtr

< CC ((C1+Co) 3 IV/onlunl %)

EcCrint
< C’C’tr(y’l 3 hKT?‘,K).
KeT
Combining the last two bounds already yields the result. O
Theorem 7.3 (Upper bound). Let u be the solution of (2.1) and let up, € St be its

dG approximation with vy as in the statement of Lemma 7.1. Then, we have the
following a posteriori error bound

(76)  flu—unl><C(X2+603) +C > 1+ 1+ hCi)) Y7,
KeT

Proof. The proof follows immediately from the error equation, the bounds on I and
on I1, along with the triangle inequality [||u — up|| < [|le®|l| + [[lud]]- a
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7.2. Lower bound. We employ standard bubble functions, [39], to show lower
bounds for the above a posteriori estimator. A key challenge to overcome is the
shape of interface elements K € 7", for which we do not posses any stability
properties of respective elemental or face bubble functions. We shall overcome this
by employing bubble functions on K and on E instead.

To this end, we denote by wg the union of the elements sharing an interior face
E € TN\t "and by v and ¢ the (standard) element and face bubble functions
[39]. The functions ¢x € Hg(K) and ¢ € Hj(wg) are such that ||| (k) = 1,
and |[YglL. (s = 1. Moreover, for each v € S}, there exist positive constants
c1, co, independent of h and of v, such that

(7.7) ll% < allvVoroli,  vlE < cllvVvesll,
for all K € T\T? and E C T"\I'i"*. When K € T' or when E € " (7.7)

tr >

holds for K or E instead, respectively, so that, by Lemma 4.4 and Lemma 4.5,

(7.8) lollfe < On(E)lvlEe < exn(E)Il\/Drcolli .
where 0n(K) := 0, (K)niny (K) and

(7.9) ol < on(E)|vlE < c2n(BE)ll\/Ypvl,

with 0n(FE) := 0;ny(E)Niny(E). To treat both the cases K € T\T' and K € T'"
simultaneously, we shall carry over the # and 7, terms (along with K and E) for
all K € T, recalling that 0;,,(K) = 1 = 9n(K) (and K = K, E = E) when
KeT\T".

We can now show a lower bound for the a posteriori error estimator.

Theorem 7.4 (lower bound). Let u be the solution of (2.1) and let u, € S} the
dG solution given by (3 3). Then, for all K € T, we have the following bound

(7.10) The + T <C Y (0K (IV(w = un) e + O3 ser),
K'ewg

where wi = {K' € T : measq_1 (0K NOK')\T'") # 0}. Further, for two elements
K; € T sharing a face E C T*", we have the bound
(1)

an Ol fun]+ V) %, < cz(en (119 (utwn) [, +62 1) +€3 1, )

where E; = ENOK;, i = 1,2, represent the related faces E, signifying that the

values of a function on E; are taken from within K;. Also, i denote the respective
outward normal to E;. Finally, Os i, = |I~(iAKi|hI_(‘j||Ct,.[[uh}] + V“hHEi is the
interface oscillation term, with PAQ = (P\Q) U (Q\P) denoting the symmetric
difference between two sets P and Q.

Proof. We first prove (7.10). For the interior residual, for K € T, we set R|x :=
(ILf + Aup)|k, and M|k := h% Ripgk. Then, using (7.8), we have

(7.12) Tk, = hi|Rlli < crfn(E)Ri |\ /vxRl% = c16n(K)(ILf + Aun, M)k
Using integration by parts along with (2.2) yields

(7.13) (ILf + Aup, M) = (V(u—up), VM) g + I1f — f, M)

<IV(u—un) | IVM g + b |TLf = fllchi 1M | .

Further, as hx ~ hg, we have ||VM||K < Chyg 2HM||K < Ch%||R||%, which, used
n (7.13) and in view of (7.12), implies

(7~14) Th, < COK)([V(u—un)llx +IMALf = /)l K) T R
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which already gives the required bound.

For the normal flux residual, for E C I'"", we set wg := K; U Ky U E with
Ky, K5 € T such that E = 0K, N JK> and, on wg, we define the function 7¢ :=
h(E)[Vun]Yenork, nok,- Here, [Vuy] in wg is understood as its constant extension
in the normal direction to E. (Notice that E € I'\I''" is not curved, so there is
a unique normal direction to E.) Since [Vu] = 0 on I'"* and 7g|s,, = 0, with
wg = K1 UKy UFE we have, for K € T,

(7.15)
Yhe <2 Y, EN[Vurl,me)e=c2 Y On(EX[V(un — )], 7).

ECOKNIint ECOKNTint
Integration by parts and (2.2) imply

(7.16)
(IV(up —u)], 7e)E = (Aun + £, TE)wp + (V(up — 1), VTE)wy
= (IIf + Aup, TE)wy + {(f —1f, TE)wy + (V(un — ), VTE)wp-

Observing that 77 = 0 on (K3 UK UE)\(K;UK,U(ENOK, NOK,)), a standard
inverse estimate implies | Ve[| < C'il;(f||7'E||2K < Chg, I[Vun]llEnox » Which,
used on (7.16) and in view of (7.15), implies

(7.17) %, < CCQ< > (Th, + ei(,)é)rEK.
K'ewg

We now prove the bound on the interface residual (7.11). For E C 0K; N0K2N
', we consider the related face E of K;, i = 1,2, and let also i signify the normal
vector to . We consider the face bubble 1/)% supported in f{i, i = 1,2, respectively.
We shall also make use of the extension and/or restriction of w% onto K;,1=1,2,
denoted for simplicity also by @[J%. Therefore, 1/1% = 0 on JK;\FE also, since 1/)%
is constructed to vanish on the (d — 1)-dimensional hyperplanes containing the
(straight) faces of K; not belonging to the interface. We define

riy = h(E)((Corlun] + Vur) - 2v)k)

for i = 1,2, where (Cy-[up] + Vuy) -0 in K; is understood as its constant extension
in the n-direction. Setting 7|k, := 1%, i = 1,2, we have rg € H} by construction.
Using the interface conditions in (2.1) along with (2.2), we deduce

K;»

Y A(Curlun] + Vun) -0, r5)

i=1
= (Cirun —u], [re]) e + (Aun + f,7E) kyuk, — (V(un —u), V) kUK,

(7.18)

with E; := ENOK;, and n’ := n|q,. Setting N := Cy,[un] + Vuy, for brevity, and
using (7.18), we get

2 2
;' Y VBN -®L <Y (N B ) g
=1 =1
(7.19) = (Cu-lun —ul, [rel) e + (Aun + f,rE) Kiuk, — (V(un — ), Vre) kUK,
2
+D ((N -0, rp) g, — (N nier>Ei)-
i=1

Note that vhN - i’ is a polynomial and, therefore, the constant ¢z in the first
inequality above is independent of E. Now, recalling that F and FE have the same



20 ANDREA CANGIANI, EMMANUIL H. GEORGOULIS, AND YOUNIS A. SABAWI

endpoints, for the last two terms on the right-hand side of (7.19), we have

(7.20) (N-n',rg)s — (N -n',7g)p, :7{ (Nrg) -nds= [ V- (Nrg)dz,
EiUE; K, AK;

from the divergence theorem.
Combining (7.19) and (7.20), along with the Cauchy-Schwarz inequality yields

2
;' > VBN w3
i=1

7.21 .
(7.21) A

< NCorlun = ulllellrsllle + (IIV(uh — )|k,

+ ||h(Aup + f)]

kBl + 1V - (V78 s ) )
Now, Lemma 4.3, and a standard inverse estimate give, respectively,
1V, < O V7513 ey = OB 19 e s )
< Chi 2 IrsllT e (k) (vt < ORI 2o )
=Chi Il 5,y < ChiglIrilE, < CIVBN -a'||E |
since ¢, is constant in the direction of n’. Also, from Lemma 4.9, we have
Irsll%, < Chiglirklk, < Ch IrEI w5,y < Chic VRN - 57 .
Finally, using Lemma 4.3, along with standard inverse estimates, we have
|V - (NTE)HLl(f(iAKi) < |I~(iAKi|||V : (NTE)HLOQ(&AKi)
< K ARV - (NTE)HLOO(RiUKi)
= |K’iAKi|||v : (NTE)||L°°((I~(1;UK,-)b(NrE))
< ClkiAKi‘h;é||NTE“L°C((I~(iUKi)b(NrE))
< ClKGAK B INTE| Lo 5,)
< CIKAK | INTE | s,
< C|IKiAKi| b IN(VhN - 0| 11 )
< CIK AR |IN | g, I (VRN - 1)
Combining the above bounds and using (7.14), we deduce from (7.21):

2 2
SIVBN &% < (Y IVRCy [un — ulllf, + K AR NI,
=1 =1

%)),

+ (0n(K:))* (V (w = un)|

i, + [h(ILf — )]

which implies the result.

Remark 7.5. For the jump residual, we trivially have
(7.22) 15, = VAIVr0/hlu — upn] H%Knr\rm
so it is omitted in the lower bound.

We observe that the interface oscillation term ©5 x is equal to zero when K = K,
i.e., on non-curved elements. When K # K, the size of ©3 g depends on the ratio
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between the d-dimensional volume of the symmetric difference between K and K,
divided by h% ~ |K]|.

Remark 7.6. The dG method (3.3) and the a posteriori bounds presented above
remain valid when quadrilateral elements with two curved faces with no common
vertex/edge are present in the mesh. Indeed, observing that the recovery £ may be
defined on a refinement of the original mesh, we can split such elements with more
than one curved faces into sub-elements with one curved face only; the remaining
analysis remains essentially intact. We stress that the actual computation would
take place on the original mesh which may involve elements with more than one
curved faces. Elements with more than one curved faces may arise when cascades
of interfaces separated by very thin, one-element-wide, compartments, or in the
presence of both curved interfaces and non-essential boundaries.

Remark 7.7. An interesting further development would be the proof of Lo-norm
and/or localized a posteriori error bounds. Such a result typically requires a du-
ality argument and the availability of H?2-stability a priori PDE estimates. The
increased rate of convergence is then a result of estimates of the form ||v — vp || x <
Ch2|v| H2(K), where v;, has to be at least an element-wise linear approximation of
v € H?(K). Such approximation results are not available on curved domains K,
to the best of our knowledge, with explicit dependence on the element shape. Of
course, local bounds based on a dual weighted residual approach are always possible
at the expense of calculating explicitly a (finer) solution of the dual problem.

8. A PRIORI ERROR BOUND

Since no a priori error bound is available for the (fitted) discontinuous Galerkin
method proposed above for the elliptic interface problem, we use the above a poste-
riori bounds to show a basic a priori convergence result in the spirit of the celebrated
work of Gudi [25]. Here, however, we need to account also for the oscillation term
arising from the treatment of the interface.

Theorem 8.1. Let u € H} and up, € SY be the solutions of (2.2) and (3.3) respec-
tively. Then, the error bound

(8.1) = unll <€ int (Jlu—=vall + 61 +©2),

holds with ©2|x = 0Ok, K € T.
Proof. Let v, € ST with v, # up, and set ¢ := up — v, € Sy, Coercivity, (2.2),
(3.3), and continuity imply
llun = oI < D v ) = (. ) — Dalon, )
= Dp(u—vp, EW)) + (f, ¥ — EW)) — Dn(vn,t — E(¥))
< Clllw = vnlllIEWI + (f, ¥ — E@)) — Dnlvn, ¥ — E(¥)).

Noting that Lemma 5.2 implies |||E(¥)[| < C|||¢|l|], for some constant C' > 0 de-
pending on 67, after division by by |||¢/|||, we arrive at

(st = E()) — Dalon, ¥ — E())

(82)  lun —walll < Cllu — vnl| +2 Il
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Now, to estimate the second term on the right-hand side of (8.2), integration by
parts gives

R = / F — E(8)) dz — Dy (o) — E())

= / (f + Aop) (% — E(¥)) da — /m[[wh]] - E())ds
(8.3) KeT . 7
0
+ /F\F” [on] - {VIL(¢) — E(¢))}ds — /F\Ftr H[[Uh]] [¥]ds

7 / (ctrﬂvh]] b — EW)] + [Von (e — g(w)ﬂ) s

Working in a standard fashion to estimate the terms on the right-hand side of (8.3),
we have

R < C( 3 Wlf + Aonl + bl Vel + B Il 3oy )

KeT
(X m2l - i)
KeT
(84) 2 1
(X Y huel(Corlonl + Von) w3 )
KeTtri=1

1

(Zuh V2 - €@, )

For the last term on the right-hand side of (8.4), we use Lemmata 4.9 and 5.2 to
deduce

D TR —E@)) o, lIE,, < C D b @—E@W)IE < CllVOnh 2] pen-

j=1 KeTtr

Noting that the fact that up is the dG solution was not used in the proof of the
lower bound (Theorem 7.4 above), it can be replaced by any vj, € S}. Therefore,
Theorem 7.4 (with v, replacing uy) and the triangle inequality yield the result. O

The above result offers a basic convergence proof for the proposed (fitted) dis-
continuous Galerkin method for interface problems. Note that the regularity of
solutions to such interface problems, which may involve piecewise smooth interface
manifolds, is not well understood in the literature. Therefore, such basic conver-
gence results, not requiring any regularity of the underlying solution, are desirable.

9. HIGHER ORDER INTERFACE APPROXIMATION

The saturation of the approximation of the geometry by the mesh, (4.5) and
(4.6), is required to be satisfied for the above a posteriori error bounds to hold.
One way of achieving this in practice is an initial refinement step in the vicinity
of T . This approach is expected to deliver optimal convergence rates for the
respective adaptive algorithm when p = 1, 2. Indeed, from the a priori error analysis
of finite element methods with local basis of degree p and with boundary and/or
interface approximation, we can expect optimal convergence rates when the curved
boundaries/interfaces are approximated locally by interpolants of degree p — 1.

To ensure that the above interface approximation requirements (4.5), (4.6) do
not result to potentially excessive and unnecessary refinement in the vicinity of
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I'*") when higher order elements are used, we can employ a (non-standard) fitted
approach based on parametric elemental mappings, which we shall now describe.

Each element K € 7" is assumed to be constructed via a parametric elemental
mapping F : K — K of polynomial degree ¢ € N, from a curved reference element
K with | K| ~ O(1).

/F_K\

Ftr

FIGURE 8. A curved element K € Tt and the related g-degree
parametric element K as the mapping of the respective reference

elements K and K.

More precisely, we begin by considering a parametric mesh of degree g € N, whose
skeleton approximates the interface I'*" with a piecewise interpolant of degree gq.
Setting K to be one such (unfitted) parametric element with non-trivial intersection
with T''", we consider the g-degree parametric mapping F : K — K with K being
the (classical) reference element, i.e., it may be the d-simplex, the reference d-
hypercube or the reference d-prism, the latter constructed as tensor-product of the
reference (d —1)-simplex and the interval [0, 1]. By considering the extension of Fz

on a larger domain Y O K with the same (polynomial) formula, we can precisely
define Y as the F z-pre-image of KU K where K € T is the fitted element related
to K; we denote the extension of Fi to Y by Fx. We refer to Figure 8 for an
illustration. Hence, the reference element K:=F % 1(K ) will, in general, be curved.

We, now, define the mapped discontinuous finite element space S7°?, subortinate

to the mesh 7 = {K}, by
(9.1) SP9 = (v e LX(Q) :vo F'llx € Ry(K)},
where R,(K) € {P,(K),Q,(K)}, and Q,(K) denotes space of tensor-product

polynomials of degree p in each variable; when K is a d-simplex, we may select
R,(K) = P,(K), while we select R,(K) = Q,(K), in general, otherwise to ensure
optimal approximation rates.

The key motivation for the above construction is that we can re-use the above
developments in this fitted mapped setting also, by first applying the elemental
mappings Fx and then use the results from Section 4 on the curved reference
element K instead. An inspection of the proofs from Section 4 shows that all results
hold true in this setting also, with the constants in the estimates now depending
also on the nature of the mapping F, as is standard in parametric finite elements.

10. NUMERICAL EXPERIMENTS

We shall now illustrate the performance of the a posteriori error estimator within
a standard adaptive algorithm, through an implementation based on the deal.II
finite element library [3]. This allows for the use of curved elements via high-order
parametric mappings of tensor-product reference elements. We take advantage
of this capability and approximate curved interfaces via tensor-product elements
defined through parametric mappings of degree higher than linear, as described in
Section 9.
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DoFs || estimator | rate | |J.[|-error | rate | L*-error H'-error
192 || 1.3381e+01 — || 1.7550e+-00 — || 6.2516e-02 | 1.3886e+00
768 || 7.6174e4-00 | 0.81 8.4388e-01 | 1.06 || 2.0201e-02 | 7.2406e-01
3072 || 3.9838e+00 | 0.94 || 3.9950e-01 | 1.08 || 5.7567e-03 | 3.6434e-01
12288 || 2.0259e+00 | 0.95 1.9147e-01 | 1.06 || 1.5192e-03 | 1.8187e-01
49152 || 1.0202e+4-00 | 0.99 | 9.3267e-02 | 1.04 || 3.8765e-04 | 9.0744e-02
196608 || 5.1826e-01 | 0.98 || 4.6010e-02 | 1.02 || 9.7624e-05 | 4.5323e-02

TABLE 1. Example 1. Convergence of the estimator and errors;
quadratic mapping with p = 1.

DoF's H estimator \ rate H III.|||-error \ rate H L2-error Hl-error
432 || 1.8278e+00 — || 4.5728e-01 — || 7.6800e-03 | 1.9028e-01
1728 3.8913e-01 2.2 || 8.4015e-02 | 2.44 || 6.2879e-04 | 3.3034e-02
6912 9.2506e-02 | 2.07 || 1.8457e-02 | 2.19 || 5.9084e-05 | 6.8618e-03
27648 2.2127e-02 | 2.06 || 4.2318e-03 | 2.12 || 5.7411e-06 | 1.5135e-03
110592 5.5103e-03 | 2.00 || 1.0017e-03 | 2.08 || 5.7413e-07 | 3.4841e-04

TABLE 2. Example 1. Convergence of estimator and errors; qua-
dratic mapping with p = 2.

DoFs || estimator | rate | [|.[l-error [ rate | L2-error [ H'-error
768 || 6.5932e-02 — || 4.3641e-03 — || 8.5525e-05 | 3.0614e-03
3072 || 8.1666e-03 | 3.01 || 4.6166e-04 | 3.24 || 5.7611e-06 | 3.7515e-04
12288 || 1.0233e-03 | 2.99 || 5.2890e-05 | 3.12 || 3.8178e-07 | 4.6925e-05
49152 || 1.2937e-04 | 2.98 || 6.3781e-06 | 3.05 || 2.4791e-08 | 5.9393e-06
196608 || 1.7042¢-05 | 2.92 || 8.0091e-07 | 2.99 || 1.5886e-09 | 7.5685e-07

TABLE 3. Example 1. Convergence of estimator and errors; qua-
dratic mapping with p = 3.

Although not discussed above merely for simplicity of the presentation, the ex-
tension of the proposed dG method to problems with non-homogeneous Dirichlet
boundary conditions is straightforward; the a posteriori bound is then modified
accordingly [30]. In all cases considered below the interface residual term Oy x was
omitted due to its insignificant magnitude (Example 1 below) or simply because it
is equal to zero (Example 2 below). We set v = 10 throughout.

10.1. Example 1. We consider the problem (2.2) with Q = (—1,1)? and the in-
terface I''" being a circle of radius r = 0.5, centred at the origin. The Dirichlet
boundary conditions and the source term f are determined by the exact solution

4 1,
where r = /22 + 92 and C}, = 0.75.
Upon satisfactory approximation of the interface geometry, the above problem
does not admit singular behaviour and we expect to observe optimal convergence
rates. To simulate the fitted approach we use parametric maps of degree higher
than linear for the interface elements.
We begin by assessing the decay of the estimators under uniform refinement,

using quadratic parametric mappings (¢ = 2) for the elements on I'"": in Tables
1, 2, and 3, the convergence of the a posteriori estimator, of the energy norm, of

in Qy;

in 927
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the H'-seminorm and of the L?-norm of the error are reported, along with the
respective convergence rates for the estimator and for the energy error, for p = 1,2,
and 3, respectively. The estimator and the dG-norm of the actual error are plotted
in Fig. 10(a), for both adaptive and uniform refinement; for the adaptive refinement
a standard bulk criterion is used. Optimal convergence rates are observed in all
cases.

10 10

10’ 10°
. =
2 2
(v} b}
E 107 E 107
0 0
o o
o o
c c
© _4 @ _q
10 910 -
] ]
g £
w w

10~ —#—2_error 10°° —#— | 2_error

—6— Estimator —&— Estimator
—8— Energy-error —8— Energy-error|
8 H'-error " H'-error
1017 2 3 10 1 ) ’ 2 ) 3
10 10 10 10 10 10
(Total Dofs)"? (Total Dofs)'2

FIGURE 9. Example 1. Convergence of the estimator and errors
for quadratic mapping and p = 2: adaptive (left) and uniform
(right) refinements.

10.2. Example 2. Let, now, Q = (—1,1) x (0,1), subdivided into £; = (—1,0) x
(0,1), Q2 = (0,1)2, i.e., interfacing at * = 0. The Dirichlet boundary conditions
and the source term f are determined by the exact solution
(2?2 + 923  +x, in Q
u =
1+y32 42z, in Qo
which has a point singularity at (0,0). This example studies the interaction of the
interface discontinuity, with the point singularity at one interface endpoint. The
convergence under uniform as well as adaptive refinement is given in Fig. 11 for

p = 1,2, while the respective effectivity indices (i.e., the ratio between estimator
and exact solution) and adapted meshes are given in Fig. 12.

11. CONCLUSIONS

A fitted interior penalty discontinuous Galerkin finite element method for the
solution of flux-balancing elliptic interface problems with general interface geometry
has been presented and its stability has been proven. A posteriori bounds for
the energy norm and a basic convergence result under minimal solution regularity
assumptions have been shown. The proofs require a number of new results on
direct and inverse approximation for curved elements, which may be of independent
interest. Numerical experiments showed the good performance of the a posteriori
bound in practice.
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FiGure 10. Example 1. Meshes produced by the adaptive algo-
rithm with quadratic mapping, for p = 1 (left) and p = 2 (right)

A current, challenging, yet very relevant direction of research is the extension
of the proposed “fitted” dG methods in the context of the classical transmis-
sion/interface problems of the form

—Au= f, in Ql U QQ,

u =0, on 01},
(11.1) [u] =0, on I'",
[Vu] =0, on T

There is no difficulty in defining a dG scheme for this problem involving curved ele-
ments in the spirit of the seminal work [28]. However, the derivation of a posteriori
bounds and respective adaptive algorithms for this class of problems remains out of
reach at the moment. This is due to the following key theoretical challenge. Since
for (11.1), we have u € H}(Q) (under the domain assumptions of this work), to
prove a posteriori error estimates we would need to construct a respective recovery
operator as done in Section 5. Such a construction remains a challenge for it is
not clear how to construct a continuous finite element function across a general
curved face. This problem will be discussed elsewhere. Nonetheless, many of the
theoretical tools proved in this work (such as approximation and inverse estimates),
are expected to be useful in the derivation of a posteriori bounds for these classical
interface problems.
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