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Abstract. Ecoepidemiology is a well-developed branch of theoretical ecology, which explores
interplay between the trophic interactions and the disease spread. In most ecoepidemiological
models, however, the authors assume the predator to be a specialist, which consumes only
a single prey species. In few existing papers, in which the predator was suggested to be a
generalist, the alternative food supply was always considered to be constant. This is obviously
a simplification of reality, since predators can often choose between a number of different prey.
Consumption of these alternative prey can dramatically change their densities and strongly
influence the model predictions. In this paper, we try to bridge the gap and explore a generic eco-
epidemiological system with a generalist predator, where the densities of all prey are dynamical
variables. The model consists of two prey species, one of which is subject to an infectious
disease, and a predator, which consumes both prey species. We investigate two main scenarios
of infection transmission mode: (i) the disease transmission rate is predator independent and
(ii) the transmission rate is a function of predator density. For both scenarios we fulfil an
extensive bifurcation analysis. We show that including a second dynamical prey in the system
can drastically change the dynamics of the single prey case. In particular, the presence of a
second prey impedes disease spread by decreasing the basic reproduction number and can result
in a substantial drop of the disease prevalence. We demonstrate that with efficient consumption
of the second prey species by the predator, the predator-dependent disease transmission can
not destabilize interactions, as in the case with a specialist predator. Interestingly, even if the
population of the second prey eventually vanishes and only one prey species finally remains, the
system with two prey species may exhibit different properties to those of the single prey system.
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1. Introduction

The spread of infectious disease within wildlife populations is often affected by trophic interactions.
Modelling of trophic interactions in the presence of infection is a major subject of ecoepidemiology, which
is itself a rapidly growing branch of theoretical ecology. Since the first publications in this area [3,13,34],
hundreds of various ecoepidemiological models have been suggested so far emphasizing various aspects
of the field (for a brief review, see [35]). However, in most of the previous works, the authors assume
that the predator is a specialist, i.e. it can only consume one type of resource. In the few papers, which
do consider the predator to be a generalist, the alternative food source was always taken to be constant
(’static’) and large enough to support the predator growth rate alone [14,15,30]. On the other hand, it is
well-known that predators are often generalists and multi-prey consumption by such predators affects the
densities of all the prey species they feed on [4,27]. Allowing the predator to feed on multiple resources
can affect the predictions obtained from simple models, which assume the predator to be a specialist, a
fact which has been well recognized in theoretical ecology [8,10,12,16,19,33]. Surprisingly enough, aside
from a few exceptions [31], most ecoepidemiological models still ’avoid’ exploring these more realistic
scenarios involving generalist predators with dynamical prey.

In this paper, we try to bridge this gap and explore eco-epidemiological interaction in the case where
the predator is a generalist and the densities of all prey species are dynamical variables. The most
important difference between ecosystems with a specialist and a generalist predator is that in the former
case the extinction of one prey does not necessarily result in extinction of the predator, and this can have
drastic consequences for the overall system properties such as influencing the basic reproduction number
of the disease. Thus it is unclear whether or not the prior modelling results will hold in the more realistic
case of a generalist predator. Obviously we cannot cover the whole problem in a single paper, so here we
investigate the dynamics of a somewhat generic eco-epidemiological system in the particular case where
we have two prey species, which do not compete directly with each other, and a generalist predator, and
the first prey alone is subject to an infectious disease.

We explore two different scenarios of infection transmission. Firstly, we suggest that the transmission
rate of disease is predator independent, as is the case in all conventional models (see [35] and the references
therein). Secondly, we shall analyze a more interesting scenario, where the transmission rate is predator-
dependent. Often a prey population can become more vulnerable to a disease in the presence of predators,
with various mechanisms causing such predator-dependent disease transmission. For instance, increased
susceptibility to disease may be part of the cost of induced prey defence against predators [21,23,29]. A
well-known case study is a freshwater snail which in the presence of predators spends more time hiding
inside its shell. This makes the snail more vulnerable to parasites because the organism cannot expel
the blood necessary for the normal functioning of its immune system [29]. Another possible mechanism
for an increase in the transmission rate is the grouping of prey in the presence of predators through
the formation of fish schools, avian flocks and herds of herbivores [36], which significantly increases
the number of contacts [1,5,20]. Note that the predator-dependent transmission scenario remains highly
unexplored in the current literature. An eco-epidemiological model with predator-dependent transmission
was recently considered in [25], but only for the case of a specialist predator.

For both transmission scenarios, we analyze the endemic and disease-free equilibria of the system and
their stability. We explore the dependence of infection spread (in terms of the basic reproduction number)
and disease prevalence on the key model parameters and compare the two transmission scenarios. Our
results show that the presence of a second prey can dramatically affect the model predictions obtained
from the case of a specialist predator. In particular, we show that the presence of an alterative food
source decreases the disease prevalence ratio and impedes the spread of infection in the case of a predator-
dependent transmission rate. Inclusion of a second prey may further result in stabilization of the system,
which otherwise would show high amplitude oscillations. Efficient consumption of the second prey by
the predator will not allow for the Allee effect in the predator population, which was previously reported
in the system with a specialist predator [25]. Surprisingly, even in the case of eventual extinction of the
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alternative prey, the systems with a specialist and a generalist predator are not equivalent in terms of
their dynamical properties.

The paper is organized as follows: Section 2 introduces the model equations both for predator-
independent and the predator-dependent disease transmission; in Sections 3,4 we present the bifurca-
tion analysis of both models, and summarize the stability properties of the system in two tables - we
also present typical bifurcation diagrams for variation of key model parameters; the paper ends with a
summary of the main results, general discussion and conclusions (Section 5).

2. Model Equations

The model describes interaction of three species- two prey species and a generalist predator- by combining
a standard S-I model and a two-prey one predator model. We assume that the first prey species is subject
to infection and hence we divide the whole population of this species into two classes, susceptible and
infected. The predator only consumes infected members of the first prey species, thus healthy individuals
of this species escape from predation. This scenario is largely supported by empirical data [7,9,17,18].
The second prey species is an alternative resource for the predator. The overall model is a system of four
coupled ordinary differential equations which describe the dynamics of susceptible prey #1 (S), infected
prey #1 (I), prey #2 (N) and the generalist predator (P).

s _ (1 _ 5 I) S~ A(P)SI, (2.1)
di !

dl

S = A(P)SI =il — (I, N)P, (2.2)
dN N

_dt =79 (1—E)N—9(LN)P7 (23)
P

S5 = 0uf(IN)P + b29(I,N)P ~ daP, (2.4)

The state variables and the model parameters are briefly listed in Table 1.

The growth rate of each prey population is described by a logistic function, where K; and r; are,
respectively, the carrying capacity and the maximal per capita growth rate of species . We assume that
only healthy individuals of prey #1 can reproduce; however, the infected subpopulation still affects the
overall prey growth via competition for resources and therefore contributes to the carrying capacity of
the healthy subpopulation. We consider the situation where the two prey species do not compete directly
for the same resource, but can affect each other by influencing predator density (known in ecology as
"apparent competition’; see [32]). When feeding on the infected prey I, the predator is assumed not to
succumb to the infection. Consumption of I and N is described by the functional responses f(I, N) and
g(I, N), respectively. There exist a large number of various shapes of the multi-prey functional response
[11] and choosing a particular one can affect modelling results. In this paper, we consider the simplest
Holling type-I functional response (linear response) and assume that the consumption of each prey occurs
independently of the other prey species (i.e. no explicit prey selectivity):

FUIN) = f(I) = al, g(I,N) = g(N) = bN. (2.5)

Analysis of the influence of saturation in f(I, N) and g(I, N) on modelling results should be done else-
where.

The disease transmission is parameterized via the classical mass action term AST [2,24]; this scenario is
observed in situations, where the number of contacts between individuals is not fixed, but is proportional
to the population size. The coeflicient of proportionality A is called the transmission coefficient. In
earlier models, the transmission coefficient was considered to be constant [35], however, a large amount
of empirical evidence indicates that disease transmission can be affected by the presence of predators (see
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relevant references in the Introduction). Thus, we shall explore here both scenarios: (i) A = const and
(ii) A = A(P). There may be various mechanisms to describe the nature of the relationship A = A(P);
here we assume the simplest linear form of dependence (which can be considered as the first term in the
Taylor expansion about the predator-free state P = 0),

AMP) = N\ + P, (2.6)

where )\g is the predator density independent disease transmission rate and « is the predator regulated
additional disease transmission rate [25]. Although we can potentially have o < 0, we shall focus on the
case o > 0, i.e. assuming that the presence of the predator facilitates the spread of the infection.

Variables Description
t Time
S Density of susceptible prey #1
1 Density of infected prey #1
N Density of prey #2
P Density of predator
Parameters Description
1 Growth rate of prey #1
K, Carrying capacity of prey #1
A(P) = Mo+ aP Transmission coefficient of the disease spread
Ao Disease transmission rate, independent of predator density
«@ Predator density mediated additional disease transmission rate
di Disease virulence (i.e. extra mortality caused by the disease)
fUI,N)= f(I) Functional response describing the grazing of I by the predator
T2 Growth rate of prey #2
K> Carrying capacity of prey #2
g(N,I)=g(N)  Functional response describing the grazing of N by the predator
01, 62 Conversion efficiencies for consumption of prey #1,2
ds Intrinsic death rate of the predator

TABLE 1. Description of variables and parameters present in the basic model.

It is worth mentioning that in the absence of the second prey (N = 0) and for a constant transmission
coefficient A, the model behavior is well understood [25,26]; its properties are briefly listed in the beginning
of the next section. Introducing a predator-dependent transmission A = A(P) into the model with a single
prey (N = 0) makes it more complex, a scenario which has been considered in [25]. The major results of
this investigation are briefly listed in the beginning of section 4.

In the forthcoming two sections we will be considering model (2.1) - (2.4) in the two above mentioned
cases: @ = 0 (Model 1) and o > 0 (Model 2). Note that using standard approaches (e.g. [30]), one can
easily prove boundedness as well as positive invariance of solutions of the general model. We do not show
these proofs for the sake of brevity.
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3. Model 1: predator-independent disease transmission scenario

For a predator-independent transmission scenario, the model equations read

ds S+ 1

—=n <1 - T) S — XoSI, (3.1)
‘% = XoSI —diI —alP, (3.2)
dN N

== <1 - ?) N —bNP, (3.3)
‘Z_IZ = 0,aIP + 03N P — dyP. (3.4)

Note that without any generality loss, we can consider that K1 = Ky = K since we can always re-scale
the species densities to have the same carrying capacities.

Next, to better understand the role of the second prey on dynamics of the system, we shall briefly
consider the same model with N = 0. The model has the following stationary states [25,26]. The trivial
stationary state is (0,0, 0); it is always unstable. The disease-free and predator-free stationary state is
given by (K, 0,0); it is stable for D > K\ and unstable otherwise. The predator-free stationary state is
(S6,16,0), with S¢ = di /A, Is = 7(IK Ao —di1)/(Ao(K Ao +7)). Finally, there is a unique interior stationary
state (Ss, Is, Ps), where the stationary values are determined by

rK&lafr(SféK)\g 1) rKaGl)\g 77‘5)\0 75)\0K7a917’d1

Sg = I
8 rafy 8

T b abyrdy

(3.5)

This stationary state is always stable when it exists [25,26].

A typical bifurcation diagram for Model 1 in the absence of the second prey is shown in Fig.1, which
represents the variation in the equilibrium species densities as functions of A\g. The figure is constructed
for the following parameters 1 = 1, K = 10, d;y = .5, a = 1, #; = .2. From the diagram one can see
that the predator can establish in the system only for intermediate values of A\g. In other words, a small
transmission rate Ao is not enough to spread the infection in the prey (and, consequently, the predator
cannot survive since I = 0), whereas a large transmission rate will reduce the population size of the
infected prey to the point where it is not large enough to support the predator’s growth.

Introduction of an alternative prey N can drastically change the above results.

3.1. Equilibria

The full Model 1 (3.1)-(3.4) with a second prey has the following equilibria. There is the trivial equilibrium
point Ey(0,0,0,0), two axial equilibria F4 (K, 0,0,0), F2(0,0, K, 0) (only one prey species can survive and
there is no infection in the system) and one boundary equilibrium point given by E3(K,0, K,0) (both
prey species survive, there is infection in the system), which exist for any system parameters.
ﬂ Tl()\oK — dl) 0 O)
)\07)\0(7’1 +)\0K)7 ’ ’
TQ(&QbK*dQ) d2 dl 7‘1()\0de1) d2 TQ(&QbK*dQ)

E5 (0,07 702b2K ,@), E6 ()\_07 7)\0(7‘14»)\0}()7]{70)7 E7 (K,O,@,702b2[( ) and

(91ar1K — dg’l“l — d2>\0K dg )\oelarlK — )\onTl — dg)x%K — d101ar1
E8 sy )

01@7‘1 01a a2917‘1

ric restrictions are satisfied, the related results are stated in the propositions below. In each of the above
equilibrium at least one component is absent.

The equilibrium states with I; > 0 are called the endemic equilibria (states). Let us define the basic
reproduction number for the disease transmission as follows

MK
Ro = —.
0 &
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The model may also possess five more boundary equilibria given by FEj (

when certain paramet-
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FiGURE 1. Equilibrium species densities in Model 1 in the absence of prey #2 are
constructed as functions of the transmission coefficient Ag. The other model parameters
arer; =1, K =10,dy = .5,a=1, 6; = .2.

The basic reproduction number can be interpreted in the following way [6]: 1/d; is the average lifespan
of infected prey individuals and Ag is the rate of new infections, and hence the rate of generation of new
infective individuals, when the number of infected prey individuals is assumed to be small, is given by
Q—TK . With the help of the basic reproduction number, we can define the conditions of the existence of
the system’s equilibria:

Proposition 3.1. Let us define,

Hy : Rog>1.

Hy : 050K > ds.

Hs : 0iarm K > dQ(Tl + )\oK).

H, : 91@7’1()\0[( — dl) > dg)\o(’/‘l +)\0K)

If Hy 1s satisfied then Ey and Eg exist. If Hg is satisfied then E5 and E7 exist. If both Hs and Hy4 hold
then Eg 1is feasible.

Note that the condition Ry > 1 is the necessary condition for the existence of the endemic stationary
states F4, Fg and Eg.

Finally, the model exhibits a unique interior equilibrium point ensuring the coexistence of all four
components (Sy, I, Ps, N.). The specific parametric restrictions required for the existence of the interior
equilibrium are given in the following proposition.

Proposition 3.2. Let us define,

Hs : 01&7‘1()\0}{ — dl) + )\0(7‘1 + )\oK)(egbK — d2) > 0.
Hg : CLT‘Q(@QbK — dg) < 92b2K()\0K — dl)
Hy : a2r201r1 > b[ﬁlarl()\oK — dl) — d2>\0(7“1 + )\QK)]

The model possesses a unique interior equilibrium point E.(Sk, L., Ni, Py) if Hs, Hg and Hy hold.
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The components of interior equilibrium point are given by the following expressions

N a T2017”1K + )\0K202b2d1 — aT‘ngrl — (J/I“ng)\oK + T192bar2K + 7“192b2Kd1 + )\()K 02[)(1/1“2

Se = a?rab1r1 + 110202 K \o + N3K 2652
I — 7“1()\0K202b2 — egbK(M“Q — 92b2Kd1 + dga?“g)
T a’rab1r1 + 110202 K \o + N3K 26502 ’
N. — K(a?r2017m1 — bhgabiri K + bhodary + bA3da K + bdyabyry)
T a’rab1r1 + 110202 K \o + N3AK 26502 ’
P, = 7“2()\091&7‘1}( )\odg’l“l d2>\2K + )\07‘102bK + >\2K292b — d191a7‘1)

a2r2917‘1 + 7‘192b2K>\0 + )\2K292b2

Note that the condition Ry > 1 is necessary (but not sufficient) for Hg to hold. We can also introduce
a modified basic reproduction number R, the disease spread in the presence of the predator. To do this,
we consider the per capita growth rate of I when the predator density is supported by prey #2 and is

given approximately by Pr = % (see equilibrium E7). The value of Rq is then defined as
)\OK )\()K
R = = : 3.7
YT divaP g o 20V a) (3.7)

Thus, a necessary condition for the existence of the endemic equilibrium F, is given by R; > 1, which
coincides with condition Hg. Note that the condition Ry > 1 is more restrictive than Rg > 1.
The main results on system’s equilibria in Model 1 are summarized in Table 2.

3.2. Stability of equilibria

Stability of the stationary state is determined by the eigenvalues of the linearized system. The Jacobian
matrix for Model 1 evaluated at an arbitrary point is given by

ry (L= 23y — NI —ri 2 — XS 0 0
o )\0[ )\OS - d1 —aP 0 —al
/= 0 0 ra (1 —258) —bpP —bN (38)
0 91&P 92bP (91(1] + 02bN — dg

E(0,0,0,0) is trivial equilibrium point and evaluating the Jacobian matrix at Ey we get the eigenvalues
ry >0, —d; < 0, ro > 0 and —ds < 0. Hence Fj is a saddle-point having a two-dimensional stable
manifold and a two-dimensional unstable manifold.

E1(K,0,0,0) and FE5(0,0, K,0) are two axial equilibrium points. Evaluating the Jacobian matrix at
E4 we find the eigenvalues of the Jacobian matrix as —r; < 0, A\gK — dy, 72 > 0 and —ds < 0. Hence F,
is a saddle point and the dimension of the unstable manifold is 2 if Rg > 1 and is 1 otherwise.

The eigenvalues of J at Es are 71 > 0, —dy < 0, —r2 < 0 and 020K — dy. Clearly Es is a saddle point
having a two-dimensional unstable manifold if 620K > ds.

Evaluating the Jacobian matrix at the first boundary equilibrium point E3(K,0, K,0) we find its
eigenvalues —r; < 0, A\gK —dy, —r2 < 0 and 020K — ds. So Ej is locally asymptotically stable if Ry < 1

dy d
and 620K < dz. Combining these conditions we get K < min { ! ' 2b } FEj is a saddle point having a
2
dy d
two-dimensional unstable manifold if Rg > 1 and 60K > ds, that is if K > max { )\1 00 2 }
o U2
For E,, the Jacobian matrix is
rid rid
_,\Zfé _,\L;é_dl 0 0
™1 ()\oK—dl) 0 O _ arl((AQK—dl))
— r1+Ao K Ao(ri+r oK
= 0 0 0 (3.9)
Orari oK —Xodary —da 2K —d1017m K
O 0 O 1 10 ;)0(2’,‘11+)\02K()) 1v17r1
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E, is a saddle point with a two-dimensional unstable manifold if a1 (Ao K — d1) > daXo(r1 + Ao K).
Otherwise it will have a one-dimensional unstable manifold and a three-dimensional stable manifold.

For Es
r1 0 0 0
2
O _ b 02Kd1+;17‘2(62bK7d2) O O
Js= 1, <b092K) Crads da (3.10)
K02b [
O QlaTQ(QQbK—dQ) TQ(OQbKQ_dQ) 02
b20, K bK
so Ej5 is a saddle point with a one-dimensional unstable manifold.
For EG
rid rid
A S :
r1(AoK—di) 0 0 fw
— r1+Ao K Ao(r1+Ao K
Je 0 0 i K (3.11)
0 O 0 010,7‘1()\()K*dl)%*)\o(T1+>\0K)(02bK7d2)
)\0(T1+)\0K)

Es is a stable point if 01ar1 (MoK — d1) + Ao(11 + M K) (020K — d2) < 0 otherwise it is a saddle point
with a one-dimensional unstable manifold.

For E-
—T1 —-ry — )\OK 0 0
2
O b 92K()\oK—dzl)—aTQ(egbK—dg) O O
=1, ® 60210 rdsda (3.12)
elaTQ(egbK—dg) Tg(eg{ffgzbdg) 002
b20> K bK

E7 is a stable point if arg(02bK — do) > 6202 K (MoK — dy). Note that this condition coincides with
R1 < 1. Otherwise it is a saddle with a one-dimensional unstable manifold.

For Eg, one eigenvalue is 7o — bPs and others are the characteristic roots of the matrix,

5 S 0
M = )\0[8 0 7&[8 . (313)
0 Pg&la 0

If we write the characteristic equation for Mg, we get a cubic equation,
M3+Blu2+32u+33 =0

and its coefficients satisfy the conditions B; > 0, B3 > 0 and ByBs > Bjs. Hence, Eg is locally
asymptotically stable if ro < bFPs. Otherwise it is a saddle point with a one-dimensional unstable
manifold.

Note 3.3. It is important to note here that the existence of the interior equilibrium requires that all
boundary equilibria are unstable.

We shall prove the local stability of the interior equilibrium point with the help of a suitable Lyapunov
function. Linearizing the system (3.1) - (3.4) around the interior equilibrium point with help of the
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Equilibrium Existence Stability
E((0,0,0,0) Always Saddle point with two-dimensional stable
and two-dimensional unstable manifolds.
FE4(K,0,0,0) Always Saddle point, dimension of unstable manifold
is two if H1 (Ro < 1) and one otherwise
E» (0,0, K, 0) Always Saddle point, dimension of unstable manifold
is two if Hs holds and one otherwise.
E3(K,0,K,0) Always Locally asymptotically stable if both H1 (Ro < 1) and Ha
do not hold, otherwise it is a saddle point
E4(S4,14,0,0) If H; holds. Saddle point, dimension of unstable manifold
is two if H4 holds and one otherwise.
E5(0,0, N5, Ps) If Ho holds. Saddle point, with one-dimensional unstable manifold.
Es(Ss, Is, K, 0) If H; holds. Locally asymptotically stable if Hs does not hold,

otherwise saddle point with one-dimensional unstable manifold.

E7(K,0,N7, Pr) If H2 holds. Locally asymptotically stable if Hg does not hold (R1 < 1),
otherwise saddle point with one-dimensional unstable manifold

Es(Ss, Is, 0, Pg). If both Hg and Hj4 hold. Locally asymptotically stable if H7 does not hold,
otherwise saddle point with one-dimensional unstable manifold

E.(S«,I.,N., P,). If Hs, Hg and H7 hold. Locally asymptotically stable.

TABLE 2. Summary of existence and stability conditions for the equilibria of Model 1.
Note that S4 = SG, I4 = 167 N5 = N7 and P5 = P7.

transformation S = S, + x1, I = I, + 22, N = N, + 23 and P = P, 4+ x4 we get the following linearized
system,

I1 = —Q1T1 — Q2T2,

T = Q31 — (4,

I3 = —Q5T3 — QT4

T4 = Qo + Qgrs,

where all a; = %, az = (B 4+ Ao)Ss, a3 = Mol = a4, a5 = %, ag = bN,, ay = 01aP, and
ag = 02bP, are positive.

We can construct a Lyapunov function,
1
V(Il, To, T3, 1‘4) = 5 (Cll‘? + CQ.’,U% + ngg + 041‘3) 5

and then calculating the time derivative along the solution trajectories of the above linearized system,
we get

av
E = —Clalx% — 03045{1}3 + (03043 — Clag)xll‘g + (04047 — CQO[4){L‘2£L'4 + (C40zg — 03046)1'3{1}4.
Choosing, C1 = 1, Cy = asagar/asasas > 0, C3 = ag/as > 0 and Cy = asag/aszag > 0, we find
dV
i —almf - Cga5x§ <0.

Hence, the interior equilibrium (Sk, I, N., P.) is always locally stable whenever this equilibrium exists.

The main results on the stability of the equilibria in Model 1 are summarized in Table 2.

82



M. Sen, M. Banerjee, A. Morozov A generalist predator regulating infection spread

3.3. Bifurcation Portraits of Model 1

We follow changes in the species equilibrium densities by considering the transmission rate coefficient \g
as the key bifurcation parameter. The outcomes largely depend on whether or not the alternative prey
can support the predator’s growth in the absence of disease in the first prey.

Components of stable equilibria —

FI1GURE 2. Equilibrium species densities in Model 1 are constructed as functions of the
transmission coefficient \g. The other model parameters are 1y = 1, K = 10, d; = .5,
azl,Tg:3,b:1,91:.2,92:.2,d2:.1

In the case, where prey #2 can alone support the predator (Ha is satisfied), a typical bifurcation
structure is represented in Fig.2 (constructed for r1 = 1, K = 10, dy = .5, a = 1, ro = 3, b = 1,
01 = .2, 05 = .2, dy = .1). The figure shows the stable equilibria, which are the only model attractors
of the system. For a weak transmission rate, the disease cannot establish in the system and the entire
population of prey #1 is healthy. Starting from a critical value of Ay (determined by the condition
R1 = 1), the disease invades the system and all four components S, I, N, P can coexist (equilibrium is
E.). Interestingly, for a further increase of disease transmission, the density of prey #2 tends to zero and
this species goes extinct (equilibrium Fg). This can be explained by the fact that the predator density
becomes large and the predation rate on prey #2 becomes higher than its maximal growth rate ro. A
further gradual increase in Ay results in a drop of I, and, as a consequence, a decrease in P, thus the
predation on prey #2 is reduced and it can establish itself in the system again (equilibrium E.). For
a further increase in the transmission rate, the values of S,I, P decrease, whereas that of N slightly
increases. It is worth mentioning that in Fig.2 and other bifurcation diagrams, the exchange of stability
among the equilibria takes place through transcritical bifurcations.

The extinction of N at some intermediate Ao requires relatively high values of the carrying capacity
and does not occur at low K, although the values of NV generally drop. For instance, if we drop K from
10 to 2, the stationary value of N is always positive (the diagram is not shown here).

In the case where prey #2 cannot support the growth of predator alone, the bifurcation diagrams
radically change. Fig.3 shows an example of such a situation (we decreased the value of the conversion
coefficient 6o, and the carrying capacity K, the other parameters are the same as before). One can
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see from the diagram that the predator can survive only within an intermediate range of Ag: for small
transmission rate the disease cannot establish in the system, thus the predator cannot consume infected
prey #1; for high transmission rates the level of infected prey I becomes small and it cannot support
the predator growth. In this sense, the diagram is somewhat similar to that of Fig.1 (i.e. in the will be
observed for larger values of K (not shown here): in this case an increase in P for some intermediate
transmission rate is high enough to completely suppress the growth of prey #2. This is an example of
strong apparent competition of the prey species via their common predator [32].
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Fi1GURE 3. Equilibrium species densities in Model 1 are constructed as functions of the
transmission coefficient A\g. The other model parameters are r; = 1, K = 5, d; = .5,
azl,T2:3,b:1,91:.2, 92:.01,d2:.1.

Interestingly, the presence of an alternative prey can strongly affect the disease prevalence, which is
an important characteristic of the infection strength [28]. The prevalence is determined as the ratio
between the infected individuals and the total number of individuals in the population, i.e. I/(I + S).
Fig.4 shows the graphs of the dependence of the prevalence on \g in the presence (solid line) and in the
absence (dashed line) of the second predator. One can see that for N > 0, the disease prevalence exhibits
a substantial drop. This is due to the fact that in the presence of prey #2, the population size of the
healthy prey #1, S, increases. Such a decrease in the disease prevalence is observed within a broad range
of model parameters.

Finally, we also investigated the dependence of the system behaviour on both the transmission rate Ag
and the virulence d;. Fig.5 shows two different examples of \g — d; diagrams constructed for the same
parameters as in Fig.2 and Fig.3 respectively. The symbols F; denote the stable equilibria of the system
(see Table 2), which are the global model attractors. In the case where the second prey can alone support
the growth of the predator (Fig.5a), an increase in virulence impedes the disease establishment (the area
corresponding to E; becomes larger); moreover, for high d;, extinction of the second prey is not observed
due to the fact that the density of the predator drops. In the situation where the second prey does not
provide enough supply for the predator (see Fig.5b), the persistence of predator is possible only for small
and intermediate d;: for large values of virulence, the predator cannot survive due to a low level of I.
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FIGURE 4. The disease prevalence in the system with two prey species (solid line) and
in the system with a single prey (dashed line). The model parameters are the same as

in Fig.2

4. Model 2: predator-dependent disease transmission scenario

For a predator-dependent transmission scenario (« > 0), the model equations read

ds S+1
% = (Ao +aP)SI —dyI —alP,

dN N
E_T?(l?)]\]bNP,

dP
E = 91@[P+92bNP*d2P

(4.1)
(4.2)
(4.3)

(4.4)

We shall start our analysis with a brief description of the model behaviour in the absence of prey #2,
since this will be important for understanding the consequences of introducing the alternative prey. The
model has been considered in detail in [25] and we briefly list the main findings.

In the absence of prey #2, the model has the following equilibria. The trivial stationary equilibrium
is Gp = (0,0,0); it is always unstable. The disease-free and predator-free equilibrium is given by G; =
(K,0,0); it is stable for D > K\ and unstable otherwise. The predator-free stationary equilibrium is
given by Gy = (Se, Is,0), with Sg = di /A, Is = (KXo — d1)/(Ao(K Ao + 7)). Finally, there is an interior
stationary state (G« = Sg(1,2), I3(1,2); Pg(m)), where the stationary densities are determined by

dy + aPy1 2
91@7

)\0 + OIP8(172)
85
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FIGURE 5. Bifurcation diagram of Model 1 in the \g — d;i-plane for constructed for:
rm=1K=10,a=1,1=3,b=1,0; = .2, 0o = .2, dy = .1 (left panel); r; = 1,
K=5a=1,r=3b=1,0; =.2,0, =.01,dy = .1 (right panel).

where Py(1 ) is one of the positive roots of the following quadratic equation,

DoPgy )+ D1Py1,2)+ D2 = 0 (4.6)
with
Dy = a*dy K, (4.7)
D1 = 20éd2K>\() + ozd2r1 + CL27‘191 - CLO[KT‘lel, (48)
D2 = d2>\0(7‘1 + )\0K) - 91QT1(>\0K - dl) (49)

If Hg: Dy < 0 and D? > 4DyDs hold, the system has two interior equilibria (Ss(1,2)s I8(1,2)5 P(1,2));
one of them is a always saddle point. Note that condition Hy (D2 < 0) is also required in this case.

Adding predator-dependent disease transmission (compared to the same model with a = 0) results in
the possibility of multiple attractors [25], which was impossible for & = 0. A typical bifurcation diagram
in the \g — a plane is shown in Fig.6, which is constructed for the same parameters as Fig.1. The
labels over the domains indicate the attractors of the system. We also show close-ups of two parts of the
diagram with a more complex structure (see Fig.6, the bottom panels). From the diagrams one can see
that for a small «, a gradual increase in the predator-independent transmission Ay results in the same
behaviour as for a = 0 (cf. Fig.1). However, for intermediate « the system exhibits bi-stability for small
Ao: depending on initial condition, the predator will either establish in the system or go extinct. Finally,
for some large «, the interior equilibrium becomes unstable and the species densities periodically oscillate
around this equilibrium. A further increase in the predator-independent transmission component Ag (for
a fixed «) results in qualitatively similar behaviour to the case a = 0. Thus, the main alteration caused
by a predator-dependent disease transmission is observed only for small \g (see [25] for more detail).

Having the above properties in mind, we shall proceed to the investigation of the full Model 2.
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FIGURE 6. Bifurcation diagram in a — Ap-plane for Model 2 in the absence of prey #2.
The other parameters are: 1y =1, K =10, a=1,d; = .5, 01 = .2, ds = .1. The symbols
G; denote the corresponding attracting equilibria (G;) and a stable limit cycle (L.C.).

4.1. Equilibria

The full model (4.1)-(4.4) has the following equilibria: the trivial equilibrium point FE(0,0,0,0), two
axial equilibria F7(K,0,0,0), E2(0,0, K,0) and one boundary equilibrium point given by Fs5(K,0, K, 0).
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These equilibria always exist. As it was the case with Model 1, Model 2 will have four boundary equilibria
. dl T‘l()\()K — dl) r2(02bK — dz) d2 dl T‘l()\()K — dl)
by B4y| ————=,0,0), E5 (0,0, —————— — |, Es(—, ————= ,K,0
given by 4<>\0’)\0(T1+)\0K), ) ) 5 s Yy 02b2K ’921) ) 6 >\0’ )\0(T1+)\0K), ) )
d2 T2 (92bK — dg)

FE; | K,0,—, ————== | under the parametric restrictions stated in Proposition 3.1.
7 0.0° 002K P P

On the other hand, the model can have the following two boundary equilibria of the form

d Ps(i) d
Es; (%PZ((?)’ 01_2@’ 0, Pg (2)), where Ps(#) is a positive solution of the equation (4.6). In this case the

second prey is absent and the equilibrium densities coincide with those of (4.6)- (4.5). Computation of
the stationary densities of the predator gives Pg(1) = . V2[§074D°D2 and Pg(2) = —Dut V2[§074D°D2,
where the values of D; are provided by (4.7) - (4.9). Hence, if Hy4: holds only Ess exists. Otherwise both
Eg; and Egy are feasible provided Hg: D < 0 and D? > 4Dy D hold.

Finally, Model 2 may have up to three interior equilibrium points depending upon the parametric
restrictions. Let us denote an interior equilibrium point by FE. (S, I, Ny, Py), where I, is a positive root
of the cubic equation

Aofg + A152 + A€ + A3 =0, (410)

where

Ao = a*r3bia?,

A = (20[%“%91&92()!( + 2T20(K)\092b201a + rgar102b291a — 20&27‘301&(12),

A2 = (7“2&27”102b201 - TgaT102b2d2 + TQQTlegb?)K - TgaT1K92b201a + )\07‘193[)4}{ + 2T204K2)\005b3

+a?r303b* K2 — 20%130:0K dy + orids + K2A203b* — 2roa K M\gbabdy)

Ag = 77‘2@7‘192b2d2 - )\0T1K20§b4 - 7‘20[’/‘1K293b3 + ’I‘Qa’r‘lgngK + d1T19§b4K + TQ&T1K92b2d2.

Other components are given by

T1K92b2 + OlT‘QdQI* - TlagbZI* + K)\OangI* - ozar291l* - OlT‘Q&QbKI*

Sy =

T102b2
d2 — Hlal*
N, =2 _—17*
02b
P = 7’2(91af* +02bK — dz)
T 022 K '

We define the following condition:

Hyg: In the case the cubic equation (4.10) has one, two or three positive roots I;, such that S;. >
0, Nix >0, P > 0, for ¢« = 1,2 or 3, the model will have one, two or three feasible interior equilibrium
points.

The explicit expressions for Hg: can be technically derived; however, obviously, they are rather cum-
bersome and we do not provide them here.

The main results on system equilibria in Model 1 are summarized in Table 3.

Note that adding a predator-dependent disease transmission a > 0 alters the previous condition Ry > 1
(obtained in Model 1) for the establishment of the disease in the presence of the second predator (see
(3.7)). Thus, we need to introduce a modified basic reproduction number Ro. We again consider the
per capita growth rate of I under condition that the predator density is supported by the second prey
(P = P7) and proceed in a similar way as before. We define Ry as

r, _ QotaP)K _ (o + =G K (411)

di 4+ aP; ler%g;dZ)
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Thus, a necessary condition for an endemic equilibrium F, is given by Ry > 1.

4.2. Stability of equilibria

The Jacobian matrix for the above model evaluated at an arbitrary point is given by

r (1= 2H) — (N +aP)] —ri2 — (A +aP)S 0 —aST
g — (Mo +aP)I (Mo +aP)S —dy —aP 0 (S —a)l (4.12)
B 0 0 ry (1—28) —bP —bN '
0 91&P 02bP 01(1] + 02bN — dg

Evaluating the Jacobian matrix at Ey(0,0,0,0), the trivial equilibrium point, we find the eigenvalues
of the Jacobian matrix as 11 > 0, —d; < 0, 72 > 0, —d2 < 0, and hence Ej is a saddle-point with a
two-dimensional stable manifold and two dimensional unstable manifold.

The eigenvalues of the Jacobian matrix evaluated at FEq(K,0,0,0) are —rq < 0, \gK — dy, 2 > 0 and
—ds < 0. Hence F; is a saddle point, the dimension of the unstable manifold is 2 if A\gK > d; and is 1
otherwise.

Evaluating J at F»(0,0, K,0) we find the related eigenvalues 1 > 0, —dy < 0, —ry < 0 and 620K — da.
Hence F» is a saddle point having a two-dimensional unstable manifold if 020K > ds.

Evaluating the Jacobian matrix at the first boundary equilibrium point F3(K,0, K,0) we find its
related eigenvalues —r; < 0, A\gK — dy, —r2 < 0 and 020K — ds. Hence Fj3 is locally asymptotically

di d
stable if K < min {)\—1, 0_2b . Fj3 is a saddle point having a two-dimensional unstable manifold if
0o b2
di  dy
K a2
>max{)\0, ng}

For E, (i—é, %, 0, 0), the Jacobian matrix is

_ridy _rdi di 0 _rnadi(MoK—di)
MK XK 1 N2 (r1+roK)
Tl()\OK_dl) 0 O Tl(adl—a)\o)()\oK—dl)
Jy = | itk A (rit2oK) (4.13)
0 0 79 0
01aT1AOK—A0d2T1—dgAgK—dlelTlK

0 0 0 t

o(r1+XoK)

E, is a saddle point with a two-dimensional unstable manifold if ;a1 (Ao K — dy) > daXo(r1 + Ao K).
Otherwise it will have a one-dimensional unstable manifold and a three-dimensional stable manifold.

T‘z(agbedg) d
For E5 (0,07 T 00K gzb

71 0 0 0
2
O o b 02Kd1+;17“2(92bK—d2) O O
5=, <b062K> Crds da (4.14)
K02b 02
O 01 aTQ(QQbK—dQ) TQ(OQbK_dQ) O
b20> K bK
F5 is a saddle point with a one-dimensional unstable manifold.
di ri(AoK—di)
For Es (A— Tomar) 0)
rid rid riadi (Ao K—dy)
_,\Llé _,\Llé —di 0 - 1,\(2;(1r1+0,\0K)1
7’1(>\0de1) O 0 rl(adlfa)\o)()\odel)
Jo = ritAo K Ag(ri+X2o0 K) (4.15)
0 —T2 —bK
0 O 0 010,7‘1()\()K*dl)%*)\o(T1+>\0K)(02bK7d2)
)\0(T1+)\0K)
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Es is a stable point if 81ar1 (MK — di) + Ao(r1 + MoK ) (020K — d) < 0 otherwise it is saddle point with
a one-dimensional unstable manifold.

d T‘Q(@QbK*dg)
For Br (K,0, i, 20 t) )

—ry —ry— ()\0 + 7M2(522§§€d2)> K 0 0
ars(02bK —ds) ars (020K —ds)
Jo— | 0 (/\0 + W) K—d - =55 0 0 (4.16)
0 0 e
K02b 02
0 elaTQ(egbK—dg) Tg(egbK—dg) 0
b20> K bK

E7 is a stable point if Hqg: (Ao + %W) K <d + %ﬁ;d”, otherwise it is a saddle with a

one-dimensional unstable manifold. Note that the condition H7g coincides with the requirement for the
modified basic reproduction number Ro < 1.
For Eg; we have,

7“}?& -n S}S( — (Mo + aPg;)Ssi 0 —aSgily;
| o+ aBi) s 0 0 (aSg; — a)lg;
J& n 0 0 To — bP8i 0 (417)
0 Hlani 92bP8i 0
Finally, for the interior equilibria E;, we have
—% —7“1% — (Mo +aPu)Si 0 — S L
Ao + aPiy )1y 0 0 aSi. — a)l;,
7= | 0 ) 0 0 ( —sz-*) (4.18)
0 010 P, 02bP;, 0

Computation of the explicit characteristic equation results in a cumbersome expression, which can be
done only numerically.
The main results on the stability of the equilibria in Model 1 are summarized in Table 3.

4.3. Bifurcation Portraits of Model 2

Note that it is rather hard to fulfil an exhaustive parametric analysis of Model 2 due to the large number
of parameters and a dramatic increase in complexity caused by A(P). Here, to gain an introductory
insight, we shall investigate the role of the second prey in the dynamics of the system in two major
ecologically relevant scenarios. The two cases we shall consider are: (i) the second prey N can alone
support the predator in the absence of the first prey, and (ii) the infected population I of the first prey is
required for the persistence of the predator. Following [25], we shall use @ and A as the key bifurcation
parameters.

Fig.7 shows a typical a — Ao bifurcation diagram in the case the predator can survive in the absence of
prey #1. The diagram is constructed for the same parameters as in Fig.2. The symbols over the different
domains specify model attractors; they are always stable equilibria FE; for the given parameter range.

Comparison of Fig.6 and Fig.7 shows that including prey #2 suppresses oscillations, stabilizes the
system and restricts the conditions for epidemic spread (determined by Rg > 1). On the other hand,
the domains with multiple stability disappear from the parametric portrait: now for any small initial
amount of P, the predator is able to establish in the system (see domain Fg in Fig.7), which was not
the case in the system with a specialist predator [25]. Interestingly, this happens even in the case where
the second prey cannot ultimately establish itself in the system. Thus, even if for large times we have
extinction of prey #2, introducing any small amount of N will make the equilibrium with P = 0 unstable.
Thus, no Allee-like effect phenomena are observed as was the case in Fig.6. For high values of «, all four
components S, I, N, P will always establish in the system. Computation of the disease prevalence also
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Equilibrium Existence Stability
E((0,0,0,0) Always Saddle point with two-dimensional stable
and two-dimensional unstable manifolds.
E,(K,0,0,0) Always Saddle point, dimension of unstable manifold
is two if H1 (Ro < 1) and one otherwise
E>(0,0, K, 0) Always Saddle point, dimension of unstable manifold
is two if Ho holds and one otherwise.
E3(K,0,K,0) Always Locally asymptotically stable if both H1 (Ro < 1) and Ha
do not hold, otherwise it is a saddle point
E4(S4,14,0,0) If Hy holds. Saddle point, dimension of unstable manifold
is two if H4 holds and one otherwise.
E5(0,0, N5, Ps) If Hy holds. Saddle point, with one-dimensional unstable manifold.
Es(Ss, Is, K, 0) If H;, holds. Locally asymptotically stable if Hs does not hold,
otherwise saddle point with one-dimensional unstable manifold.
E7(K,0, N7, Pr) If Ho holds. Locally asymptotically stable if Hio holds (R2 < 1).
otherwise saddle point with one-dimensional unstable manifold
Es1(Ss1,Is1,0, Ps1). H, does not hold Stable if all roots of the characteristic equation,
and Hg holds of Jg1 have negative real parts.
Eg2(Ss2, Is2,0, Ps2). Either H4 holds or Stable if all roots of the characteristic equation,
H, does not hold and Hg holds of Jg1 have negative real parts.
Ey(Sis, Lisy Niw, Pix). See Hg Stable if all roots of the characteristic equation,

of J;« have negative real parts.

TABLE 3. Summary of existence and stability criterion for the equilibria of Model 2.

shows that its value decreases compared to the same model with a single prey (not shown here); this is
due to an increase in the stationary value of S.

As in Model 1, a decrease in the carrying capacity K in the current model results in the disappearance
of domain Fg in Fig.7: there is no extinction of prey #2 for some intermediate o and A\g. We do not
show the altered bifurcation diagram in this case for the sake of brevity.

Let us consider next the other possible situation, where the predator cannot survive by consuming
prey #1 alone. A typical bifurcation diagram is shown in Fig.8 (constructed for the same parameters
as Fig.3). The overall structure of this diagram is close to that of the model with a specialist predator
(cf. Fig.6, note that replacing K = 5 does not change the portrait qualitatively). For example, Model
2 with N # 0 can exhibit bi-stability for small A\g. Moreover, a large predator-dependent transmission
«a will result in a destabilization of the system: species densities begin oscillating around an unstable
E, (this is denoted by L.C in the figure). The condition for disease establishment is the same as in the
absence of prey #2, which is given by Ry > 1. On the other hand, the coexistence of all four components
becomes enhanced in the presence of the second prey: the survival of the predator is observed for larger
values of A\g. Interestingly, although the population cycles in Fig.8 are not suppressed, adding a second
prey results in a substantial drop in the amplitude of oscillations (by a factor of 8-10 for the given set of
parameters), which is observed within a large range of o — Ag (the corresponding graphs are not shown
here). As a result, due to the existence of an alternative food source, the population density of prey
#1 does not exhibit a severe drop to very small values (as it would be for N = 0), which would signify
species extinction in a real ecosystem. Thus, the presence of prey #2 enhances the persistence conditions
of prey #1 and the predator.

Finally, we should say that after completing a rather extensive investigation, we could not find a
single set of parameters, corresponding to the triple exterior equilibrium (S, I, N, P.) with all positive
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FI1GURE 7. Bifurcation diagram of Model 2 in a— Ag-plane for the parameter set: r; =1,
K:lO,a:l, T2:3,b:1, 91:.2, 92:.2, d2:1

densities. This might signify that even if such a parameter set were to exist, the domain size should be
rather narrow. Finding such a parameter set can be an important future extension of the current work.

5. Discussion and conclusions

Most models in theoretical eco-epidemiology make the important assumption that the predator consumes
only one prey species (see references in [35]). This is obviously a too simplistic scenario and the current
paper is suggested to partially bridge the existing gap and explore the role of an alternative prey in the
disease spread and overall ecosystem dynamics. A number of publications consider the scenario where the
predator consumes both susceptible and infected prey, and so formally the predator does have two sources
of food: healthy and infected prey (see examples in [35]). However, the two subpopulations (S and I) of
the same prey cannot be regarded as two separate species. Indeed, alteration in the growth rate/carryng
capacity of the healthy subpopulation S automatically affects the growth rate of the density of the infected
subpopulation I. Moreover, extinction of S would automatically result in an imminent extinction of I.
On the other hand, in the existing few eco-epidemiological models, where the predator does have an
alternative food source, such a source was always suggested to be fixed, i.e. to be ’static’ [14, 15, 30].
In this paper, we consider the density of the alternative prey N to be a dynamical variable. Finally,
we explore here eco-epidemiological dynamics for two different scenarios of transmission rate: predator-
independent and predator-dependent disease transmission. The last scenario is largely overlooked in the
literature.

After fulfilling a comprehensive bifurcation analysis, we find that the introduction of a second prey in
the system can strongly affect the spread of the disease in the first prey species. This can be described
in terms of the basic reproduction number of the infection. We have introduced two modified basic
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FI1GURE 8. Bifurcation diagram of Model 2 in a— Ag-plane for the parameter set: r; = 1,
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reproduction numbers Ry and Rs, which depend on the predator density (see (3.7) and (4.11)), these
numbers generally provide more restrictive conditions for disease spread than Ry (i.e. establishment of
the infection requires a larger transmission rate). However, they are valid only in the case where the
alternative prey can support the growth of the predator population alone: otherwise the condition for
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infection spread is determined by Ry. Furthermore, computation of the disease prevalence shows that
including a second prey can substantially decrease its value (Fig.3). Mathematically, this follows from
the equation for the infected prey I: at equilibrium a higher density of predator P - due to the presence
of an alternative resource - should be compensated by a higher density of healthy subpopulation .S, which
should decrease the disease prevalence I/(S + I), since the value of I varies only slightly. Thus, the
infection prevalence predicted using a single prey model can be somewhat overestimated, which is an
important consideration for practical disease management in ecosystems.

We show that the presence of an alternative prey enhances the persistence of the predator regardless
of whether or not prey #2 can support the predator population alone. This is true for both transmission
scenarios, and can be seen from a comparison of the corresponding bifurcation diagrams obtained for the
specialist and the generalist predators. On the other hand, the spread of disease in prey #1 can strongly
affect the population density of prey #2, and can even cause it to go extinct (e.g. figs.2,7). For example,
for high values of carrying capacity K, coexistence between the two prey species is impossible for an
intermediate range of disease transmission rate. Since the prey species do not interact directly, this is an
example of strong apparent competition [32].

Recently it was shown that predator-dependent disease transmission can result in system bi-stability
and destabilization even for a linear predator functional response [25]. Our work shows that the previous
findings are not justified in the case of a generalist predator, where the second prey constitutes an
important food source (i.e. the predator can survive solely by consuming the alternative prey). For
instance, there is no Allee -effect like behaviour or species oscillations (see Fig.7), as was the case for a
single prey model [25]. Paradoxically, even if the second prey cannot establish in the system in the long
term and therefore formally the equilibrium species densities S, I, P are equivalent to the model with a
single prey, the overall system behaves differently to the case of a specialist predator, where the second
prey is always absent. This happens because the equilibrium with P = 0 is stable only in the subspace
with N = 0 and adding any amount of N > 0 breaks down the stability. Since in nature there often exists
some alternative prey species (even at low densities) we will always have N > 0 and the equilibrium with
P = 0 will be unstable in the considered scenario. We also find that the presence of a second prey can
dampen high amplitude oscillations in Model 2 caused by the predator-dependent disease transmission.

Here we consider two different disease transmission scenarios and it is worth comparing the overall effect
of introducing a predator-dependent transmission to the system with a generalist predator. A thorough
comparison between the two scenarios should be done elsewhere since it would require the construction of
all possible parametric portraits. Our current findings show that inclusion of A(P) generally facilitates the
spread of disease (provided o > 0). Adding A(P) can promote bi-stability in the system and oscillations
of species densities in the case the second prey cannot support the predator population alone (cf. Fig.8).
Also, introducing predator-dependent transmission can shift persistence conditions for the second prey
(see Fig.7, domain FEjg), i.e. either to result in extinction of N, or facilitate its survival depending on the
conditions for N at A\(0).

Finally, we should mention that our study leaves some open questions. For instance, it would be
an important extension to investigate the behaviour of the same model for a more realistic functional
response with saturation (e.g. Holling type II). Also, it would be interesting to explore the possibility of
more complex dynamics in Model 2, in particular, to investigate the possibility of having three coexisting
interior equilibria. Another important future extension would be the use of a parametrization of the
transmission rate other than the mass action term AST, in particular the frequency-dependent pathogen
transmission which is widely used in the modelling literature [22,24]. We shall address these issues in
following papers.
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