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Abstract—In this paper, a statistical similarity measure is in-
troduced to quantify the similarity between two random vectors.
The measure is then employed to develop a novel outlier-robust
Kalman filtering framework. The approximation errors and the
stability of the proposed filter are analyzed and discussed. To
implement the filter, a fixed-point iterative algorithm and a
separate iterative algorithm are given, and their local convergent
conditions are also provided, and their comparisons have been
made. In addition, selection of the similarity function is consid-
ered, and four exemplary similarity functions are established,
from which the relations between our new method and existing
outlier-robust Kalman filters are revealed. Simulation examples
are used to illustrate the effectiveness and potential of the new
filtering scheme.

Index Terms—Kalman filter, statistical similarity measure,
outliers, heavy-tailed noise, separate iterative algorithm

I. INTRODUCTION

HE Kalman filter is best-known as an optimal recursive

state estimator in the sense of minimum variance for
a linear system with Gaussian noises. In view of this, the
Kalman filter has been widely used in positioning, navigation,
target tracking and signal processing [1]. The estimation
accuracy of the Kalman filter degrades dramatically for a
linear system with non-Gaussian heavy-tailed noises which are
often induced by state and measurement outliers from external
interference or unreliable sensors [2].

For such non-Gaussian filtering problems, the particle filter
(PF) can achieve an approximate state estimate by modelling
the noises as non-Gaussian heavy-tailed distributed and ap-
proximating the posterior probability density function (PDF)
as a set of weighted random samples using the sequential
Monte Carlo sampling technique [3]-[5]. The Gaussian sum
filter (GSF) can be also used to address the non-Gaussian
filtering problem by running a group of Kalman filters, in
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which a finite sum of Gaussian distributions are employed
to model non-Gaussian noises, and the posterior PDF can be
updated as a weighted sum of Gaussian PDFs [6]. Moreover,
the interacting multiple model (IMM) filter is a promising
approach to address model uncertainty, in which several sub-
filters are performed in parallel based on the preselected model
set and the corresponding model transition probability matrix,
and the sub-filters interact with each other by fusing the state
estimates and corresponding estimation error covariance matri-
ces based on the recursive estimates of the mode probabilities
[7]. Normally, the performances of the PF, GSF and IMM filter
rely heavily on the preselected distributions to model non-
Gaussian state and measurement noises. Unfortunately, it is
very difficult to select accurate distributions to model unknown
and time-varying non-Gaussian noises which are often induced
by outliers so that the estimation accuracy of the PF, GSF
and IMM filter degrades significantly when inaccurate or even
wrong noise distributions are used. The contribution of this
work is therefore to provide a unified theoretic framework to
solve the non-Gaussian filtering problem for a linear state-
space model with unknown non-Gaussian heavy-tailed noises.

A large number of outlier-robust Kalman filters have been
proposed to achieve a tradeoff between estimation accuracy
and computational complexity. As a classic robust regression
technique, the M-estimator is robust to measurement outliers
and has been successfully extended to the Kalman filter
setting [8]. By employing the influence function approach on
the prediction error and residual error, many outlier-robust
Kalman filters have been proposed based on the M-estimate
method [9]. The Huber Kalman filter (HKF) is the most
famous extension of the M-estimator to the Kalman filter
setting, which utilizes a combined /; and /5 norm as a robust
cost function, and a generalized robust maximum likelihood
estimate is achieved by minimizing the Huber cost function
[10]. The maximum correntropy Kalman filter (MCKF) is an
alternative method to handle state and measurement outliers.
The sum of the Gaussian kernel functions of the prediction
error and residual error are selected as the robust cost function,
and many MCKFs have been proposed by maximising such
robust cost functions [11]-[13]. Motivated by the fact that
the outlier contaminated state and measurement noises often
have non-Gaussian heavy-tailed distributions, many outlier-
robust filters have been proposed by modelling the state and
measurement noises as Student’s t distributed [14]-[23]. These
robust filters can be divided into two categories: Student’s t
filter and robust Student’s t based Kalman filter (RSTKF). In
the Student’s t filter, the posterior PDF is approximated as a



Student’s t PDF with fixed degrees of freedom (dof) parameter
based on the Bayesian rule [14]-[16], nevertheless, in the
RSTKE, the posterior PDF is approximated as a Gaussian PDF
based on the variational Bayesian (VB) approach [22], [23].
For a linear system with moderately heavy-tailed state and
measurement noises, the RSTKF can achieve better estimation
accuracy than the Student’s t filter but at the cost of higher
computational complexity. Also, the adaptive Kalman filter
based on the VB approach can to some extent address the
heavy-tailed state and measurement noises induced by outliers
based on the adaptive modifications of the one-step prediction
error covariance matrix and measurement noise covariance
matrix [24].

Although the HKF, MCKF and RSTKF can all achieve
better estimation accuracy than the standard Kalman filter for
a linear system with outlier corrupted state and measurement
noises, their interrelationships have as yet not been revealed.
Except for the Gaussian scale mixture distributions, the design
method of the existing RSTKF cannot be generalized to a
general non-Gaussian heavy-tailed distribution, which limits
its further improvement. In addition, it is worth studying
whether the estimation accuracy of the existing HKF, MCKF
and RSTKF can be further improved. An advanced outlier-
robust Kalman filtering framework is therefore required to
reveal the interrelationships between the existing HKF, MCKF
and RSTKEF and further improve the estimation accuracy of the
existing HKF, MCKF and RSTKF.

In this paper, a statistical similarity measure (SSM) is
introduced to quantify the similarity between two random
vectors. The measure is then used to develop a novel outlier-
robust Kalman filtering framework, in which lower bounds of
the SSM between the state vector and the predicted state vector
and that between the measurement vector and the predicted
measurement vector are maximized, and the posterior PDF
is approximated as Gaussian. To illustrate the effectiveness
of the proposed framework, the effects of the approximation
errors on the proposed framework are analyzed in detail,
and the numerical and filtering stabilities of the proposed
framework are also discussed. To implement the proposed
framework, the fixed-point iterative algorithm and the separate
iterative algorithm are proposed, and their local convergence
conditions are also provided and compared. Furthermore,
the selections of the similarity functions are presented, and
four exemplary similarity functions are provided, from which
the relations between the proposed method and the existing
outlier-robust Kalman filters are revealed. Simulation results
of a manoeuvring target tracking example illustrate that by
selecting appropriate similarity functions, the proposed filters
have improved estimation accuracy but higher computational
complexities than the existing state-of-the-art filters.

The remainder of this paper is organized as follows. In
Section II, a novel SSM is proposed to quantify the simi-
larity between two random vectors. In Section III, a novel
outlier-robust Kalman filtering framework based on the SSM
is proposed, and its error analyses and stability discussions
are provided. In Section IV, two novel iterative algorithms
for proposed outlier-robust Kalman filtering framework are
proposed, and their local convergence conditions are provided.

In Section V, we present the selections of the similarity
functions. In Section VI, simulation results of a manoeuvring
target tracking example and comparisons with existing filters
are given. Conclusions are drawn in Section VII.

II. PROPOSED SSM

In this paper, a novel SSM is proposed to quantify the
similarity between two random vectors. The proposed SSM
s(x,y) for random vectors x and y is defined as follows

sGy) =B 7= yI2)] = [ [ £l yIP)ooy)dxdy
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where E[] denotes the expectation operation, and || - || denotes
the Euclidean norm, and p(x,y) denotes the joint PDF of
random vectors x and y. In the paper, the scalar function f(-)
is named as the similarity function, and it must satisfy the
following three conditions.

o Condition 1: f(-) is a continuous function defined on
[0, +00);

 Condition 2: f(-) is a strictly monotonically decreasing
function: f(t) < 0 for t € [0, 400);

o Condition 3: The second derivative of f(-) is non-
negative: f(t) > 0 for ¢ € [0, 400).

The monotonically decreasing property of the similarity
function f(-) can guarantee that the proposed SSM s(x,y)
is increasing as the distance between x and y decreases. As a
result, the proposed SSM conforms to the usual definition of a
similarity measure that is in some sense the inverse of distance
metrics. The higher similarity between random vectors x and
y, the larger SSM becomes. The proposed SSM has some
basic properties as follows.

« Property 1: The proposed SSM is symmetric: s(x,y) =

s(y,%);

o Property 2: The proposed SSM achieves the maximum
value if and only if the random vectors x and y are
identical;

o Property 3: The proposed SSM includes all the even
order moments of the random vector x — y: s(x,y) =

+Z WE [[lx — "] if the Taylor expansion of the
éimilarity function f(¢) exists when ¢ > 0.

Property 1 can be easily verified using the definition of the
proposed SSM in (1), and Property 3 can be directly derived
by exploiting the Taylor series expansion of the similarity
function f(¢) at ¢t = 0. Next, we will prove Property 2 in
the following Theorem 1.

Theorem 1. If the similarity function f(-) satisfies Condition
2, then Property 2 holds.

Proof. See Appendix A. O

Property 2 guarantees that the proposed SSM has a max-
imum point, i.e. x = y. It is noteworthy that the proposed
SSM s(x,y) is an upper bound of f (E[[|x — y/||?]), and they
have the same maximum point, i.e. x =y.

Remark 1. The proposed SSM is a generalized similarity
measure between two random vectors and encompasses ex-
isting similarity measures. For example, the proposed SSM



s(x,y) is the negative mean squared error (MSE) between
random vectors x and y when the similarity function is
chosen as f(t) = —t. The proposed SSM s(x,y) is the
correntropy between random vectors x and y when the
similarity function is selected as f(t) = exp(—ﬁt) [11],
[13]. More interestingly, the generalized correntropy [25]
between random vectors x and y is also a special case of the
proposed SSM s(x,y) when the similarity function is chosen
as f(t) = W exp (—t% 6’“) and the shape parameter
satisfies the constraint 0 < o < 2.

Remark 2. For the proposed SSM, except for the first two
conditions, the similarity function f(-) has to satisfy the third
condition. The third condition not only can facilitate the design
of an outlier-robust Kalman filter but also can guarantee
robustness to outliers and local convergence of fixed point
iterations, as will be shown in Sections III, IV and V.

The proposed SSM can be used in Bayesian inference. Dif-
ferent SSMs are achieved when different similarity functions
f(-) are selected, based on which different state estimates can
be obtained by maximizing the corresponding SSMs. Next,
we will propose an outlier-robust Kalman filtering framework
based on the proposed SSM.

III. PROPOSED OUTLIER-ROBUST KALMAN FILTERING
FRAMEWORK BASED ON SSM

Consider a linear dynamical system described by a linear
discrete-time state-space model as follows

(state equation)
(measurement equation)

{Xk =Fpxp 1+ wg 2)

zr = Hpxp + vy,

where k is the discrete time index, x; € R” is the state
vector, z;, € R™ is the measurement vector, F;, € R™"*"
and Hy € R™*" are, respectively, the known state transition
matrix and measurement matrix, and w; € R" and v, € R™
are, respectively, state and measurement noise vectors. In this
paper, the state and measurement noises are assumed to have
non-Gaussian distributions that are, respectively, induced by
state and measurement outliers.

A. Design of outlier-robust Kalman filtering framework

Similar to the standard Kalman filter, the proposed outlier-
robust Kalman filtering framework is also composed of time
and measurement updates. In the time update, the one-step
predicted state vector Xpr—; and corresponding nominal
prediction error covariance matrix Py ,_; are calculated as
follows

{ik|k1 = FrXp_1)5-1 3)
Ppi—1 = FePr_11 FL + Qg

where Xj_1;—1 and Pj_y,_; are, respectively, the state
estimate and corresponding estimation error covariance matrix
at time k£ — 1, and Qp denotes the nominal state noise
covariance matrix. Note that Py ;_; is called the nominal
prediction error covariance matrix since the used nominal state
noise covariance matrix QQj is inaccurate in the presence of
state outliers.

In the measurement update, we aim to achieve an approxi-
mate posterior PDF ¢*(xy) & p(x|z1.x) through maximizing
the sum of the SSM between S/Z\}cqu and SI;\}cflik“ﬁ'—l and
the SSM between Sﬁizk and Sﬁinxk, ie.,

q* (xy) = arg max {S (SlZﬁc—le’ Sla}c—lﬁk““—l) +

q(xk)

where Sy,_1 and Sgr, are, respectively, the square roots of
the predicted error covariance matrix Py ;,_; and the nominal
measurement noise covariance matrix Ry, i.e.,

P11 = Sk|k—1s;£|k-_1 R, =Sgr,Sg, )

where R denotes the nominal measurement noise covariance
matrix. Note that the 1-step statistical similarity measure based
cost function in (4) is sufficient for designing an outlier-robust
Kalman filtering framework in this paper, in which the one-
step predicted state vector Xy, ;—; and measurement vector zy
at the current time are used to construct the cost function. The
idea of this paper can be extended to derive an outlier-robust
Kalman smoothing framework based on a multiple-steps SSM
cost function by resorting to some standard techniques for
designing a maximum a-posterior estimator in a Bayesian
framework [26].

Considering that the one-step predicted state vector Xg;—1
and measurement vector z; are known and deterministic
quantities in the measurement update of the Kalman filter, the
maximization problem in (4) can be reformulated as

o o) = ang s { [ 0874 6o = el
k

+ [ 70185} e - Hm>||2>q<xzc>dxk} ©

where f.(-) and f.(-) denote the similarity functions of state
and measurement models, respectively.

It is very difficult to achieve an optimal solution for the
maximization problem in (6) since both the explicit form of
posterior PDF ¢(x) and closed form solutions for the integrals
are unavailable. To solve this problem, we propose to achieve
an approximate ¢*(xj) by approximating the posterior PDF
q(x)) as Gaussian and maximizing the lower bound of the
cost function.

Firstly, we propose to approximate the posterior PDF ¢(xy)
as a Gaussian PDF, i.e.,

q(xk) = N(xx; pr, Bi) @)

where py and X, are, respectively, the mean vector and
covariance matrix of the posterior PDF ¢(xy).

Substituting (7) in (6), the maximization problem with
respect to the posterior PDF ¢(xj) in (6) is approximately
transformed into a maximization problem with respect to the
posterior mean vector and covariance matrix, i.e.,

(ki B} ~arg max { [ fo(lISg_y (k= Rapp—1)[%) %
{pmr, 3}

Nk gt Sy + / £ (ISR! (2 — Hyx) 2N (e i,
2k)ka}, s.t. X >0 (8)



where p; and X denote the optimal posterior mean vector
and covariance matrix. Next, the cost function in (8) will be
approximated as its lower bound, and then an approximate
solution can be obtained.

Theorem 2. [f the similarity functions satisfy Condition 3, i.e.,
fo(t) > 0 and f.(t) > 0 for t € [0,400), the maximization
problem in (8) can be transformed as follows

{pu;, X5} ~arg max Jy (g, k) st. X >0 (9)
{1k, 2r}

where Jy(pr, Xk) is the lower bound of the cost function in
(8) and formulated as

(s Bn) = fo (r(ARPL,) ) + 2 (BB ) (10)

where tr(-) denotes the trace operation of a matrix, and Ay,
and By, are, respectively given by

Ay = /(Xk — K1) (% — Kpgpo—1) T N(xps o, T )dx

=3k + (e — K1) (e — K1) " (11)

By = /(Zk — Hyxp) (21, — Hixp) "N (x5 g, S ) dx
= (zx — Hypp) (2 — Hyppap) ' + Hy S Hy, (12)
Proof. See Appendix B. O
Define four auxiliary variables &, Mg, Ek and S\k as follows
& 2 —2f, (tr(AkP,;‘}C_l)) . Ak 2 =2f ((BRR 1Y)
& 2 2f, (tr(AkPm_l)) . A 22f (tr(BRRY)

(13)
and three auxiliary matrices as follows
A1 (1k, =
Ay (o, D) = %
As, (pr, Bg) = 21;# (14
I (1, =
(-)ltk(u'ka Ek) = W

where A, (pr, Xx) and Ay, (px, X)) denote the Jacobian
matrices of the approximate cost function Ji(py, X)) with
respect to the posterior mean vector and covariance matrix,
respectively, and ©,, (tx, 3i) denotes the Hessian matrix of
the approximate cost function J (g, 3y) with respect to the
posterior mean vector.

Theorem 3. The optimal solution p}, of the approximate cost
Sunction Jy(pr, Xx) is formulated as follows

/"’It = ik|k71 + RZ(Zk — Hkik\k:fl) (15)

~ ~ ~ ~ —1
Ki = Pj,_ HI (KPP, HI+Ri) (16

— 3 bt * . .
where P klk—1 and R, are, respectively, the modified one-step
prediction error covariance matrix and measurement noise
covariance matrix given by

Py = Prp_1/&h, R;=Ry/\; (D)

and the auxiliary parameters &} and M}, are given by

& = —2f, <tr(A}§P,§ﬁc,1)) . AL =21 (tr(BiRy )

(18)

and the auxiliary parameters A}, and Bj are given by
P =3+ (1 — Repm1) (k — Repp)t (19
B = (2 — Hypi) (2 — Hep) " + HZH (20)
Proof. See Appendix C. O

Next, we will further confirm the extreme point p;, in (15)
is a maximum point or a minimum point, and present the
monotonicity of the approximate cost function Jy (g, Xx)
with respect to the posterior covariance matrix Xy.

Theorem 4. If the similarity functions satisfy Condition 2 and
Condition 3 and the following inequalities hold

—(€0)* + 261 <0, —(0)*+ 23 <0
then both the Hessian matrix © ,, (pu},37) and the Jacobian
matrix Ay, (i, Xk) are negative definite, i.e.,

Oy, (Hy, ) <0, Ag, (pr, k) <0 (22)
Proof. See Appendix D. O

2

Theorem 4 implies that the extreme point g7 in (15) is a
maximum point of the approximate cost function Jy (ptx, X).
It can be also observed from Theorem 4 that the approximate
cost function Jq(pg, ) is monotonically decreasing with
respect to the posterior covariance matrix ¥y, and then the
approximate cost function Ji(py, Xx) can achieve a unique
optimal solution 3} at the lower bound of the posterior co-
variance matrix. Next, we will determine the optimal posterior
covariance matrix 37.

To obtain the maximum point X7, we need to find a
reasonable constraint to apply upon X;. Motivated by the fact
that the covariance matrix of the posterior PDF is the negative
inverse of the Hessian matrix of the least squares cost function
in the traditional maximum a posteriori estimation framework,
we propose a heuristic assumption that 3 is not less than the
negative inverse of the Hessian matrix ©,, (¢}, 37), i.e.,

Sk > -0, (pr, ) (23)

It is worth noting that the well-known M-estimate employs
a similar way to deal with the posterior covariance matrix
which is set as the negative inverse of the Hessian matrix
of the robust cost function [8]-[10]. Since the cost function
J(pr, Xi) is monotonically decreasing with respect to Xy,
the optimal covariance matrix should be the negative inverse
of the Hessian matrix, i.e., —@;kl(p,z,E,*c). Unfortunately,
the Hessian matrix can easily lose its negative definiteness
during the iterative computation, and then the filter was often
found to halt its operation due to the numerical problem.
To keep the negative definiteness, the positive semi-definite
term D, (e}, X5 ) is mandatorily subtracted from the Hessian
matrix ©,,, (¢, X5). That is to say, the lower bound of the
posterior covariance matrix is further reduced, i.e.,

B 2 -0, (i, 2f) = [0y, (1i, }) — Dalpi, Z5)]
(24)



Exploiting (24) and (60), the maximum point X7 can be
formulated as
* xp—1 *17TR —1 -1
k= (kak|k—1 + AcHy Ry, Hk) 25
Employing the matrix inversion lemma [1, pp. 11-12] and
equations (16)-(17) and (25) gives

k= Z|k—1 - KZHkPZ|k—1 (26)

B. Error analyses of the proposed framework

In Section III. A, three approximations are employed to
derive an analytical solution for the original maximization
problem in (6), which are listed as follows:

o Approximation 1: The posterior PDF ¢(xj) is approxi-
mated as a Gaussian PDF in (7);

o Approximation 2: The original cost function is approxi-
mated as its lower bound by Theorem 2;

o Approximation 3: The original Hessian matrix is approx-
imated as @, (15, X5) — D1 (pf, 33).

Firstly, we discuss the reasonability of Approximation 1.
The outlier-contaminated state and measurement noises often
have non-Gaussian distributions, and then the true posterior
PDF p(xy|z1.,) also has a non-Gaussian distribution [14],
[16]. Unfortunately, there is often not a mathematical formu-
lation for a general non-Gaussian distribution. As a result, it is
not possible to achieve an optimal solution of the maximization
problem in (6) for a general non-Gaussian linear system.
Motivated by the fact that the Gaussian approximation to the
posterior PDF has been widely accepted in designing a cost-
effective filter for a linear system with non-Gaussian noises,
the posterior PDF is also approximated as a Gaussian PDF
in this paper, as shown in (7), based on which an approx-
imately analytical solution can be obtained. Although such
an approximation may impose an error on the posterior PDF,
it often exhibits good estimation accuracy with reasonable
computational complexity. Thus, the Gaussian approximation
to the posterior PDF can provide a tradeoff between estimation
accuracy and computational complexity.

Secondly, we analyze the effects of Approximation 2 on
the optimal solution. To this end, the relation between the
maximization problem in (8) and the maximization problem
in (9)-(12) will be further revealed. Define four auxiliary
variables as follows

Yik = 8oy (%6 = Rup—1) |2, ¥y = tr(AFPL )
Yor = [Srl (2 — Hixi) 12, Y5, = e(BjR, )

27
where Y7}, and Y5 are, respectively, the expectations of Y
and Y5, with respect to the approximate posterior PDF ¢*(xy)
= N(x; T3 ZZ)
Taking the first-order Taylor series expansions of the sim-
ilarity functions f,(t) and f,(¢t) at ¢ = Y5 and t = Y,
respectively, we have

{fr(t) = fo(Y7},) + Jf:m(Yfk)(t = Y7) +o(t —Yy) (28)
fZ(t) = fZ(Y;k) + fZ(YQ*k)(t - Y2*k) + O(t - YZ*k)

where o(t — Y7%) and o(t — Y55) denote the first-order re-
mainder terms of the similarity functions f,(t) and f,(t) at
t =Y}, and t = Y5, respectively.

Using (28) yields

{fac(Ylk) ~ fo (YD) + fw(Y1*k)(Y1k - Y7)
f-(Yar) = f2(Y3),) + f=(Y3,) (Yar — Y53
Proposition 1. The maximization problem in Theorem 2 and

the maximization problem in (8) with the first-order Taylor
approximations (27) and (29) have the same optimal solution

{mi. 25}
Proof. See Appendix E. O

(29)

Proposition 1 means that the lower bound of the original
cost function and the first-order approximation of the original
cost function have the same maximum solution. Thus, the
effects of Approximation 2 on the optimal solution are deter-
mined by the higher-order approximation errors o(Y7; — Y7%)
and o(Yz, — Y35,). Since Y} and Y are the mean values
of the random variables Y7, and Y5, the difference values
Yir — Y], and Y5, — Y5, depend heavily on the variances
of the random variables Yi; and Ysg. That is to say, the
higher variances of the random variables Y7, and Y5, the
larger fluctuation ranges of the difference values Y1, — Y7
and Yy, — Y5, will be generated and then result in larger
higher-order approximation errors, and vice versa. Thus, the
approximation accuracy of Theorem 2 is mainly dominated by
the variances of the random variables Y7, and Y5j. Therefore,
next, we will study the variances of the random variables Y7y
and Yo.

Proposition 2. The variances of the random variables Yy
and Yoy, satisfy the following upper bound constraints

2
Var[Yiy] < (n2 +2n — 1) [tr(EkPgl}c_l)J +

I —_ ~
HQEE Pkﬁg_l(ﬂk - Xk|k71) H

Var[Yai] < (n? 4 2n — 1) [tr(HkEkHER2,:1)]2 + o
|25 HER (21— Hiop)|
where Var[-] denotes the variance operation.
Proof. See Appendix F. O

It is observed from Proposition 2 that both the variances
of the random variables Y7, and Yo, depend on the state
dimension n and the posterior covariance matrix Xj. It can
be observed from (30) that the higher the state dimension,
the larger will be the variances of the random variables Y7y
and Y5;. Such a result is consistent with the intuition that
the higher the state dimension, the larger the errors will be
when the original cost function is approximated by its lower
bound in Theorem 2. We can also observe from (30) that the
larger the posterior covariance matrix Xy, the larger will be
the variances of the random variables Y7 and Y5;. This result
is also consistent with the fact that the approximation errors
are mainly dominated by the randomness of state vector xy
(i.e., the covariance matrix) when the original cost function is
approximated by its lower bound based on Jensen’s inequality.



In conclusion, the effects of Approximation 2 on the optimal
solution relies mainly on the state dimension and the posterior
covariance matrix of the state vector. Fortunately, the posterior
uncertainty is gradually reduced as the filter converges, which
can to some extent mitigate the effects of Approximation 2
on the optimal solution. More importantly, both the errors
Y15, — Y], and Y, — Y5 can be deemed as small terms as the
filter converges, and the higher-order derivatives of the similar-
ity functions f,.(t) and f,(t) are significantly smaller than the
first-order derivatives for the exemplary similarity functions
in Table I. As a result, the higher-order approximation errors
o(Yir, — Y75,) and o(Yar, — Y55,) are significantly smaller than
the first-order terms for the exemplary similarity functions,
which contributes to the effectiveness and reasonability of
Approximation 2.

Finally, we discuss the effects of Approximation 3 on
the optimal solution. The original Hessian matrix is forcibly
reduced by subtracting a positive semi-definite matrix, and the
resultant posterior covariance matrix is less than the optimal
value. Although such approximation imposes an error on the
posterior covariance matrix, it is beneficial to guarantee the
positive definiteness of the posterior covariance matrix and
then improve the numerical and filtering stabilities, as will
be shown in Section III. C and Section IV. A. Moreover, the
reduction of the posterior covariance matrix is also beneficial
to mitigate the effects of Approximation 2 on the optimal
solution.

C. Stability discussions of proposed framework

In order to employ the proposed algorithm in engineering
applications, it is necessary to guarantee the numerical and
filtering stabilities of the proposed method. Next, these will
be discussed.

It is seen from (18) that if the similarity functions f,(-) and
f-(-) satisfy Condition 2, i.e., f,(t) < 0 and f.(t) < 0 for
t € [0, +00), then both the auxiliary parameters &;: and A}, are
greater than zero, i.e.,

& >0, Ap >0 31
Using (17), (25) and (31) yields
Pj 4 >0, R; > 0, >0 (32)

We can see from (32) that if f,(t) < 0 and f.(t) < 0
for ¢t € [0,400), then the modified one-step prediction error
and measurement noise covariance matrices and the posterior
covariance matrix are all positive definite. Thus, the proposed
filter is numerically stable if the similarity function similarity
functions f,(-) and f,(-) satisfy Condition 2.

In this paper, the filtering stability means that the state
estimation error Xy, is bounded in the sense of mean square,
ie., E{|Xgkl?} < 400 [27]. According to the theoretical
analysis of the filtering stability in [27], if the modified one-
step prediction error and measurement noise covariance matri-
ces and the posterior covariance matrix satisfy the following
constraints

{]-3;;;@_1 < @mazln,
pminIn < E}t < pmaxIn

Rz 2 Tminlm (33)

where ¢imaz»> "mins Pmin and Ppq, are all positive real number-
s, then the state estimation error Xy, of the proposed filter is
bounded in the sense of mean square, i.e., E{||Xgx[|*} < 4o0.
Note that the other conditions for guaranteeing the filtering
stability in [27] hold naturally for linear systems.

Proposition 3. If there exists positive real numbers &, in,
Emazs Amin and A\maqz Such that the following constraints are
Sfulfilled

gmin § gz S gmaz7 >\m1n S )\z S )\mam (34)
then the inequalities in (33) hold.
Proof. See Appendix G. O

Proposition 3 demonstrates that if both the auxiliary parame-
ters &; and A}, have lower and upper bounds, then the proposed
outlier-robust Kalman filtering framework is always stable,
which will impose additional constraints on the similarity
functions f,(-) and f,(-).

Remark 3. The proposed outlier-robust Kalman filtering
framework is related to some existing advanced Kalman filter-
ing algorithms. The standard Kalman filter and existing RSTK-
F [22] are special cases of the proposed outlier-robust Kalman
filtering framework. The proposed outlier-robust Kalman fil-
ter becomes the standard Kalman filter when the similarity
functions are, respectively, chosen as f.(t) = —0.5t and
f=(t) = —0.5t, and the proposed outlier-robust Kalman filter
becomes the existing RSTKF when the similarity functions are,
respectively, selected as f,(t) = —0.5(v +n)log(1 + L) and
f2(t) = —=0.5(v + m)log(1 + L).

IV. NOVEL ITERATIVE ALGORITHMS FOR PROPOSED
OUTLIER-ROBUST KALMAN FILTERING FRAMEWORK

A. Fixed-point iterative algorithm

In general, it is very difficult to find analytical solutions
for p} and X} through solving equations (15)-(20) and (26)
directly when the similarity functions f,(-) and f.(-) are
nonlinear functions. To solve this problem, we employ fixed-
point iterations to solve these equations approximately. The
detailed implementation of the proposed outlier-robust Kalman
filtering framework based on fixed-point iterations is listed in
Algorithm 1, where € denotes the iteration threshold, and NV,
denotes the maximum number of iterations, and 7* denotes the
cyclic variable at the end of the loop, and § denotes the lower
bounds of the auxiliary parameters & and A that is beneficial
to guarantee the filtering stability, as will be discussed in
Section V.

The premise of applying the proposed outlier-robust fil-
tering algorithm to practical engineering is to guarantee the
convergence of fixed-point iterations. To this end, the relation
between the fixed-point iterative algorithm and the existing
nonlinear optimization algorithm is firstly revealed.

Proposition 4. The fixed-point iterative algorithm is identical
to the existing Newton’s method with the modified Hessian
matrix as follows

0, (1, =) =0, (1, =) - Di(u. =) (35)



Algorithm 1: One time step of the proposed outlier-robust Kalman
filtering framework based on fixed-point iterations

Inputs: X5 _1)5—1, Pr_1jk—1> Fi» Hy, 2k, Q. Ry f2 (), f2(),
€, N, 0.

Time update:

Lo Rpp—1 = FrXp_1)k—1

2. Pypo1 = FpPrq 1 FL +Qp

Iterative measurement update:

3. Tnitialization: £ = 1, A" =1

fori=0: N, —1

Calculate P,(C‘Jkrl)1 and R(Z+1>

4 Pl =Py 1/5(1 RV = Ry /o
Evaluate y,( D and E(H'l)

(i+1) _ plit1) plitD) 5 (i+1)\ 1
5. Kj, w1 Hi, (Hk e Hi, + Ry )

i 1) -
6. HLJr ) = Rp|p— 1+K<Jr (zx — HpXpjp—1)
- EI(:'H) P(1+1) K(z+1)H P(z+1)

klk—1 k|k—1
Check the convergence of iteration
H GHD
8. If H @ )‘ k < ¢, stop iteration.
Calculate A(Hl) and B<Z+1)
1 1 - i+1 s
'ASTL ) E(l+ )+( (i41) —xk\k—l)(l{;(cz+ ) —xk|k—1)_T
10. BUHY = (z Hku( ) (2 — Hppd )T+ H 2TV HT
Evaluate §(H'1) an d )\(H'l)

e

12 007D = _of, r(B<;+1>R,;1))
Check the constraints in (36)

13. 11 €0 < 6, then €'Y = 5.

14. 1 AU < 68, then AUTY =5
end for

13 dgpp = ul ), P =20
Outputs: T3 and Py,

Proof. See Appendix H. O

Proposition 4 means that the fixed-point iterative algorithm
is an improved version of the existing Newton’s method. The
positive semi-definite term Dy (u\”, 5"} is subtracted from
the original Hessian matrix so that the negative definiteness
can be preserved. As a result, the fixed-point iterative algo-
rithm has better numerical stability than the standard Newton’s
method. Normally, to guarantee the local convergence of the
Newton’s method, the Hessian matrix needs to satisfy the
Lipschitz condition, and the initial value is sufficiently close
to the optimal value. Next, we will provide the convergence
conditions of the fixed-point iterative algorithm.

Theorem 5. If the initial mean vector u( ) is sufficiently
close to the optimal mean vector uj, and there are positive
and bounded real numbers oy and oo making the following
inequalities hold

{o <L)t <a

Yt >0
ngz(t2)t§a2 ’ -

(36)

then the fixed-point iterative algorithm has local convergence.

Proof. See Appendix L. O

(0)

Generally, the initial mean vector p; ~ is selected as the

one-step predicted state vector Xpr_1, i.€., ,u,(co) = Xplk—1-

since Xp,p—1 is the only available information for the mean
vector before the iterative measurement update. It is seen
from Theorem 5 that the initial value ,u,(co), ie., Xpp—1,
needs to be sufficiently close to the optimal value pj, to
guarantee the local convergence of the fixed-point iterative
algorithm. Unfortunately, the one-step predicted state vector
Xi|k—1 may be far away from the optimal value i} when the
linear system suffers from large process uncertainty or a state
outlier. As a result, the fixed-point iterative algorithm may not
converge to a local optimum when the linear system suffers
from large process uncertainty or a state outlier, which will
degrade the filtering accuracy of the proposed outlier-robust
filter dramatically.

B. A novel separate iterative algorithm

In order to motivate the proposed separate iterative algorith-
m, we firstly present the problems that exist in the fixed-point
iterative algorithm. It can be seen from Algorithm 1 that the
Kalman gain I~{,(;+ ) plays an important role in the iterative
measurement update because it can adjust the weights of one-
step predicted state vector Xy ,_; and measurement innovation
zy, — HyXy -1 adaptively. Next, we will discuss the behavior
of the Kalman gain K,&Hl) during the iterative measurement
update.

Using the 4th and 5th equations in Algorithm 1, the Kalman

. =i+l .
gain K,(CH_ ) can be rewritten as

-1

~ (4)
K’(CZ+1) = Pk\k’—le HkPk“f—le + f\lzl)Rk (37)
k

It is observed from (37) that the behavior of the Kalman

gain KU+ depends only on the ratio of auxiliary parameters,
G

)\( i)
be also observed from the 9th-12th equatlons in Algorithm

1 that the ratio of auxiliary parameters 5’5)
A

ie., during the iterative measurement update. It can

relies on not
only the similarity functions f,(-) and f;(-) but also the
parameters AS) and B”, and the parameters AS) and B,(j)
are adaptively adjusted by the iterative posterior mean vector
p\? and covariance matrix £\” at the same time. As a
result, the behavior of the Kalman gain K,&Hl) is likely to be
indefinite and depends heavily on the relative size of state and
measurement outliers. The indefinite behavior of the Kalman
gain KSH) is easy to cause the iterative posterior mean
vector HS) and covariance matrix ES) not to converge to
local optimums.

In this paper, we propose a heuristic idea that the iterations
of auxiliary parameters are separated to guarantee the definite
behavior of the Kalman gain. That is to say, the auxiliary pa-
rameter /\(i)(o) is firstly iterated with fixed auxiliary parameter

©)©) _ Jim ADO — X, and

OO
1s 1terated with fixed aux-
0G) _ 7
lim =&,
jStoo 5 k fk

= 1 until convergence, i.e.,

then the auxiliary parameter 5
iliary parameter \;, until convergence, i.e.,
where £, and \;, denote the local optimums of the auxiliary pa-

rameters. The detailed implementation of the proposed outlier-
robust Kalman filtering framework based on the proposed



Algorithm 2: One time step of the proposed outlier-robust Kalman
filtering framework based on the proposed separate iterative algorithm

Inputs: X, 1|51, Pr_1jk—1- Fr, Hy, 2k, Qr. Ry, fu (o), f2(),

€1, €2, N1, Na, 6.

Time update:

L Rpjp—1 = FrRp_15—1

2. Pyp1 =FrPp_15 1 F| +Qu

Iterative measurement update:

3. Iitialization: ¢(”(® = 1, A\(V(®) — 1

fori=0: N1 —1

Calculate f’;(ﬂi)fo) and ﬁiﬂrl)(o)

S R /g0,

Evaluate y,(H'l)(O) and E(1+1)(0)

< o 1

5. K(erl)(O) _ (Z‘H)(O)HT (H P<Z|J1:>1(O)H£ N Rg*l)(o))

<z+1)(0) =%, Kk1 +K<z+1)(0)(

<z+1)< ) _ pi+1)(0)
D =P jk A

Calculate B(H_l)(o)
g B(H—l)(()) = (2

2(1+1)(0)HT
Evaluate >\<1+1)(0)
9. )\](Cz-o—l)(O) = —2f, (tr(B}(CHl)(O)R;l))
Check the constraints in (36)
10 1 AUTDO < 5, then AUTDO) — 5

Check the convergence of iteration
AGFDO) 3 ()0),

A ()(0)‘

ﬁ](j+l)(0) _ Rk//\g)(m

( ><Z>k - H(kxk)lf )1)
i+1)(0 i+1)(0
- K H, Py

_H H(z+1)(0))( HECHI)(O))TJF

11. If < €1, stop iteration.

end for
for j=0: N2 —1

Calculate Pg‘}c) G+1)
12. f)(jl)(]‘i’l)
Evaluate p,
13. K(21)<J+1)

and RUDUHD
L/eQW),
(DG

P ‘k7 ﬁ]ill)<1+1) — R[ﬂ/)\}(ﬁlxo)

DG+ g

(G )<J+1) (1) (G+1) 5 (11)(G+1)
Pkﬁc L HE (Hp Pk|k . H+R? )

—1

('1)(]+1) 7&k‘k_1 K(H)(J"’U(

GG+
=Py

14. p,,
15. E< DG+ _

= HiXp 1)
(1)(J+1)H P(l )(G+1)
k|k—1

Calculate AE€O>(J+1)
16. A](€0>(j+1) _ (“27«1>(J+1) 5

i7)(5+1 Y T
xk|k:71)(l"'§gl>(‘j )

— Rpjp—1) +
Evaluate 5,(60)0 +

17. 60070 = —aof, (a(aAPUTVPL )

Check the constraints in (36)

18. 1t €00 < 5 then ¢VUTY =5

Check the convergence of iteration
(0)(G+1) _ £(0)(5+1)
1€5 A I

19. If \6(0)(j)\ < e, stop iteration.
k

end for

20. j?k‘k _ /14551)(]2)’ Pk\k _ Z,(;l)“Q)

Outputs: &3 and Py

separate iterative algorithm is listed in Algorithm 2, where
€1 and €5 denote the iteration thresholds of &, and g,
respectively, and N; and N> denotes the maximum numbers
of iterations of £, and A, respectively, and 7] and j5 denote
the cyclic variables at the end of the first and second loops,
respectively.

Theorem 6. If the similarity functions f.(-) and f.(-) satisfy
Condition 3 and f,(0) and f,(0) have lower bounds, then the

iterative auxiliary parameters )\( ) and f O)(
to local optimums )\, and &j, respecttvely, ie.,

) will converge

im A0© =3, lim &7V =g (38)
i—+00 Jj—+oo
Proof. See Appendix J. O

We can see from Theorem 6 that if the similarity functions
f(-) and f,(-) satisfy Condition 3 and f(0) and fI( ) have
lower bounds, the iterative auxiliary parameters /\ 9O and
fl(go)(j ) will converge to local optima, and then the correspond-
ing posterior mean vector and covariance matrix also converge
to local optima, which guarantees the local convergence of the
proposed separate iterative algorithm. As compared with the
fixed-point iteration algorithm, the proposed algorithm doesn’t
require initial mean vector to be sufficiently close to the
optimal mean vector. Thus, the local convergence conditions
of the fixed-point iterative algorithm are more harsh than those
of the proposed separate iterative algorithm.

V. SELECTIONS OF THE SIMILARITY FUNCTIONS

It is seen from Algorithm 1 and Algorithm 2 that the
similarity functions f,(-) and f,(-) are necessary to implement
the proposed outlier-robust framework. Next, we will provide
the selections of the similarity functions to guarantee that
the proposed framework is identical to the standard Kalman
filter for the case of Gaussian noises and robust to state and
measurement outliers.

Firstly, the relationship between the approximate one-step
prediction error covariance matrix A} and the true one-step
prediction error covariance matrix Py ;1 and that between
the approximate measurement noise covariance matrix Bj
and the true measurement noise covariance matrix Ry are
studied for a linear state-space model with Gaussian state and
measurement noises.

Proposition 5. For a linear state-space model with Gaussian
state and measurement noises, A}, and Bj, can be, respective-
ly, approximated as the one-step prediction error covariance
matrix and measurement noise covariance matrix, i.e.,

Aj ~ Py, B; ~ Ry (39)

Proof. See Appendix K. O

Secondly, we study the conditions of the similarity functions
fz(-) and f,(-) to guarantee that the proposed framework is
identical to the standard Kalman filter for the case of Gaussian
noises. Substituting (39) in (18), we have

f; = _2f.L (n) ) )‘Z = _sz (m)

where n and m are, respectively, the dimensions of the state
vector and the measurement vector.

It is seen from Algorithm 1 and Algorithm 2 that the
proposed robust filter is identical to the standard Kalman filter
when the modified parameters are unity, i.e., {§ = A} = 1.
Therefore, in order to guarantee that the proposed filter is
identical to the standard Kalman filter when there are no state

(40)



TABLE I: Exemplary similarity functions f(-) and their first
and second derivatives.

I f@) f()
—0.5¢ —0.5 0
o? exp(%) -0.5 exp(%) ﬁ exp(%)
—0.5(v +p)log(1 + 1) —0.52%2 0.5%
—/(w+p)(w+t) —0.5/ 2t 0.25%

and measurement outliers, the similarity functions f,(-) and
f-(+) need to satisfy the following equations

fuln) = —0.5, f.(m) = —0.5

Finally, we discuss the conditions of the similarity functions
fz(-) and f,(-) to guarantee that the proposed framework is
robust to outliers. Define two auxiliary matrices as follows

Wi = AL — Prp—1, Vo =B;-Rxy (42)

(41)

In general, if there are state and measurement outliers,
the approximate one-step prediction error covariance matrix
Aj is not less than the nominal one-step prediction error
covariance matrix Py ;_1, and the approximate measurement
noise covariance matrix B} is also not less than the nominal
measurement noise covariance matrix Ry, i.e.,

W >0, Wi >0 (43)

Furthermore, the auxiliary matrices Wi and Wio depend
on the magnitudes of the state and measurement outliers,
respectively, and the larger the state and measurement outliers,
the larger auxiliary matrices W, and ¥y will be generated.

Proposition 6. For a linear state-space model with outlier-
contaminated state and measurement noises, if the similarity
functions f,(-) and f.(-) satisfy the following conditions

fo(t) <O fo(t) >0 fo(n)=—05 t€[0,+00)
f2(t) <0 f.(t)>0 f.(m)=-0.5 tec][0,+00)
(44)
then the modified auxiliary parameters £ and A, satisfy the
following equations

0<& <1, 0< A <1 (45)

and the larger state and measurement outliers, the smaller
modified auxiliary parameters & and ;. will be obtained.

Proof. See Appendix L. O
Employing (45) in (17) results in

13;:|k—1 —Ppjp—1 20, R; —R; >0 (46)

It is observed from (46) that the modified prediction error
covariance matrix and the modified measurement noise covari-
ance matrix are, respectively, not less than the nominal pre-
diction error covariance matrix and the nominal measurement
noise covariance matrix when there are, respectively, state and
measurement outliers. Moreover, according to Proposition 6
and (17), the larger the state and measurement outliers, the
smaller the modified auxiliary parameters & and A} will

be, and the larger the modified prediction error covariance
matrix and modified measurement noise covariance matrix will
become.

Using (16)-(17), the Kalman gain K,’g can be reformulated
as

X -1
k
_ According to Proposition 6 and (47), the Kalman gain
K, depends heavily on the relative magnitudes of the state
and measurement outliers. Specifically, the Kalman gain is
increased if the state outlier has larger magnitude than the
measurement outlier, and vice versa. As a result, the negative
effects of outliers on the proposed Kalman filtering framework
can be resisted through adjusting the Kalman gain adaptively.

As an example, some exemplary similarity functions f(-)
are listed in Table I, where p denotes the dimension of the
state vector for f(-) = f,(-) and p denotes the dimension of
the measurement vector for f(-) = f.(-), and o and v are,
respectively, named as the kernel size and the dof parameter
to be consistent with the existing MCKF [12] and RSTKF
[22], and w is also named as the dof parameter.

It is easy to verify that the exemplary similarity functions
listed in Table I satisfy the conditions of Theorems 1 and 2
and Proposition 6. Theorem 3 and Propositions 1, 2, 4 and
5 don’t need the exemplary similarity functions to satisfy the
additional conditions. Next, we will further confirm whether
the exemplary similarity functions satisfy the conditions of
Theorems 4-6 and Proposition 3.

Corollary 1. If the kernel size o and the dof parameter v
satisfy the following constraints

"
m— Yy,

552 ) > 1,

a2 exp( v>2-—p
(48)
then the exemplary similarity functions in Table I satisfy the

equation (21) in Theorem 4.
Proof. See Appendix M. O

It is worth noting that there is not a constraint on the dof
parameter w to guarantee that Theorem 4 holds. It is seen from
Corollary 1 the constraint on the kernel size o depends on the
auxiliary parameters Y7}, and Y.}.. As a result, the constraint
on the kernel size o may change for different application
scenarios. To address this problem, a reasonable scheme is
choosing a sufficiently large kernel size o so that the constraint
on the kernel size always holds.

It is seen from (45) that & and A} have positive upper
bounds &0 = Amaz = 1. Since the second derivatives of
the similarity functions are nonnegative, the minimum values
of the negative derivatives of the similarity functions — fx(t)
and —fz(t) are achieved at ¢ = +o0. It can be seen from
Table I that the negative derivatives of the exemplary similarity
functions approach 0 as ¢ tends to +oo. As a result, the
modified auxiliary parameters &; and A} don’t have positive
lower bounds, and then Proposition 3 doesn’t hold, which may
lead to filtering instability. To address this problem, we can
impose a very small lower bound ¢ on the modified auxiliary



parameters &; and A} to guarantee filtering stability, as shown
in the 13th and 14th equations of Algorithm 1 and the 10th
and 18th equations of Algorithm 2.

Corollary 2. For the exemplary similarity functions, if the
kernel size o -+ O and the dof parameters v —+ 0 and w — 0,
then there exists positive and bounded real numbers o and
oo making equation (36) in Theorem 5 hold.

Proof. See Appendix N. O

Finally, we discuss the conditions of Theorem 6. It is
easy to verify that if the kernel size & — 0 and the dof
parameters v - 0 and w — 0, then f(0) has a lower
bound, which guarantees the local convergence of the proposed
separate iterative algorithm. Also, according to Theorem 5 and
Corollary 2, if the kernel size 0 - 0 and the dof parameters
v -+ 0 and w - 0, then the fixed-point iterative algorithm
has local convergence when the initial mean vector ,u,(go) is
sufficiently close to the optimal mean vector pj. Thus, for
the exemplary similarity functions, the convergence conditions
of the proposed separate iterative algorithm is easier to be
satisfied as compared with that of the fixed-point iterative
algorithm.

Remark 4. It is observed from Table I that the derivatives
of the exemplary similarity functions are all —0.5 when the
kernel size o and the dof parameters v and w tend to infinity,
ie, 0 — +o0o, v = 400 and w — +oo. As a result, the
proposed outlier-robust Kalman filters based on the exemplary
similarity functions all reduce to the standard Kalman filter
when the parameters o, v and w tend to infinity.

Remark 5. The state vector is deemed as a random quantity
in the proposed outlier-robust Kalman filter but the state
vector is treated as a deterministic quantity in the existing M-
estimator. It is observed from Algorithm 1 and Algorithm 2 that
the posterior covariance matrix is employed to calculate the
modified parameters during the iterative measurement update
in the proposed filter but the posterior covariance matrix is
independent of the minimization of the robust cost function in
the existing M-estimator. As compared with the existing M-
estimator, the proposed outlier-robust Kalman filter considers
the randomness inherent in the state vector by exploiting the
posterior covariance matrix during the iterative measurement
update so that the state estimation accuracy can be further
improved, as will be shown in the simulation study.

Remark 6. Different from the existing MCKF, the correntropy
is approximated as its lower-bound by using Jensen’s inequal-
ity in the proposed outlier-robust Kalman filter when the sim-
ilarity functions are, respectively, set as f.(t) = o> exp(%}t)
and f.(t) = o®exp(L=3), and the robust state estimate is
obtained by maximizing the lower-bound of the correntropy.
Thus, the proposed outlier-robust based Kalman filter is an

improved version of the existing MCKF when the similarity

functions are, respectively, set as f.(t) = o> exp(gT_Qt) and
L (t) = o2 exp(2 =!). and the improved state estimation ac-
S p(5; p

curacy can be achieved, as will be illustrated in the simulation
study.

VI. SIMULATION STUDY
A. Simulation setup and description

We consider a problem of tracking an agile target whose
positions are measured in clutter, and the horizontal positions
and corresponding velocities are chosen as elements of the
state vector. The state transitirn matrix_and measurement ma-

L 711
o 122] and Hy = [I, 0],

where 7' = 1s and I, denote the sampling interval and 2-
D identity matrix, respectively. The outlier contaminated state
and measurement noises are generated according to [28]

trix are, respectively, Fy =

W N(0,Q) w.p. 0.95
¥ AN(0,100Q) w.p. 0.05 49)
i~ N(0,R) w.p. 0.95
¥ N(0,500R)  w.p. 0.05
where the nominal state and measurement n isSe covariZanc
- -
matrices are, respectively, selected as Q = 7§2 I, Fh
5L T

and R = 100I,. The true initial state vector is chosen as
xo = [0, 0, 10, 10]T, and the initial estimation error variance
is set as Py = diag([10000, 10000, 100, 100]), and the
initial state estimate is randomly selected from a Gaussian
distribution, i.e., Xo|g ~ N(xo, Pg).

As an example, the similarity functions f,(-) and f.(-) are,
respectively, selected as exponential, logarithmic and square-
root functions as in Table I, and the separate iterative algorithm
is employed to implement the proposed outlier-robust Kalman
filtering framework. Then, three outlier-robust Kalman filters
can be obtained including SSMKF-exp-S, SSMKF-log-S, and
SSMKF-sqrt-S, where SSMKF-exp-S denotes the exponential
similarity function and the separate iterative algorithm based
Kalman filter, and the explanations of the other two abbrevi-
ations are similar to the SSMKF-exp-S.

The proposed outlier-robust Kalman filters are compared
with the standard Kalman filter with true noise covariance
matrices (KFTNCM), the HKF [10], the MCKF [12], the
RSTKEF [22], the IMM filter [7], and the PF [3], where the true
noise covariance matrices are used to obtain filtering estimates
in the KFTNCM. The tuning parameter of the existing HKF
is set as a common value of v = 1.345 [10], and the kernel
size of the proposed SSMKF-exp-S and the existing MCKF is
selected as ¢ = 10 to achieve a tradeoff between estimation
accuracy and stability [12], and the dof parameter of the
proposed SSMKF-log-S and the existing RSTKF is set as
v = 10, and the dof parameter of the proposed SSMKF-sqrt-S
is set as w = 5. To guarantee the convergence of the iterations,
the iteration threshold and the maximum number of iterations
are, respectively, set as € = 107! and N,, = 50 in the
proposed filters and the existing outlier-robust Kalman filters.
To guarantee the filtering stability of the proposed filters, the
lower bounds of the auxiliary parameters are set as § = 1075,
To better show the advantages of the proposed filters, two
IMM filters and three particle filters are performed. In the
first IMM filter (IMM-1), the true instantaneous values of state
and measurement noise covariance matrices are used, and the
four corresponding noise models are, respectively, {Q, R},
{Q,500R}, {100Q, R}, and {100Q, 500R }, and the model



TABLE II: Single step run time and ARMSEs over 40s-200s.

Filters ARMSEpos (m)  ARMSEy (m/s)  Time (ms)
KFTNCM 37.17 8.44 0.019
HKF 17.11 6.71 0.445
MCKF 17.43 6.56 0.465
RSTKF 16.12 10.48 0.505
IMM-1 10.73 5.91 0.4337
IMM-2 17.04 11.53 0.4337
PF-1 15.00 5.80 80.365
PF-2 16.65 8.95 80.365
PF-3 21.54 6.30 40.183
SSMKF-exp-S 14.38 6.28 0.563
SSMKF-log-S 12.75 6.22 1.359
SSMKF-sqrt-S 14.11 6.29 1.220

transition probability matrix of the first IMM filter is set as
IT,, where IT; (4,4) = 0.85 and II; (7, j) = 0.05(i # 7). In the
second IMM filter (IMM-2), the inaccurate instantaneous state
and measurement noise covariance matrices are employed,
and the four corresponding noise models are, respectively,
{Q,R}, {Q,100R}, {1000Q, R}, and {1000Q, 100R }, and
the model transition probability matrix of the first IMM filter is
selected as Iy, where all elements of IT5 are 0.25. The initial
model probability vectors of the IMM-1 and IMM-2 are both
chosen as [0.25, 0.25, 0.25, 0.25]. In the first PF (PF-1) and
the third PF (PF-3), the true Gaussian mixture PDFs of state
and measurement noises given in (49) are used, and the particle
numbers are, respectively, selected as 1000 and 500 in the PF-
1 and PF-3. In the second PF (PF-2), the inaccurate Gaussian
mixture PDFs of state and measurement noises are employed,
where the used state and measurement noise PDFs are, respec-
tively, p(wi) = 0.98N(wy;0,Q) + 0.02N(wy;0,1000Q)
and p(vi) = 0.98N(vg;0,R) + 0.02N(vy; 0,100R). Note
that the IMM-1 and PF-1 are only used as filtering refer-
ences since the true instantaneous values of state and mea-
surement noise covariance matrices and the true state and
measurement noise PDFs are all unavailable in the presence
of random and unknown state and measurement outliers.
All filtering algorithms are coded with MATLAB and are
executed on a computer with Intel Core i7-6900K CPU
@ 3.20 GHz. The MATLAB codes of this paper will be
open access and can be freely downloaded from the link
https://www.researchgate.net/profile/Yulong_Huang3.

In this simulation, the simulation time is set as 200s, and the
total number of Monte Carlo runs is selected as 1000. The root
mean square errors (RMSEs) and averaged RMSEs (ARMSEs)
of position and velocity are chosen as performance metrics to
compare the estimation accuracy, whose definitions are given
in the literature [22]. To better exhibit the RMSEs of position
and velocity of all filters in Fig. 1-Fig. 2, the RMSEs are
smoothed using a moving average method with span of 10s.

B. Simulation results and comparisons

The RMSEs and ARMSE:s (40s-200s) of position and veloc-
ity and single step run time from the proposed SSMKF-exp-
S, SSMKF-log-S and SSMKF-sqrt-S and the existing outlier-
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Fig. 1: RMSEs of the proposed SSMKF-exp-S, SSMKF-log-
S and SSMKF-sqrt-S and the existing outlier-robust Kalman
filters.
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Fig. 2: RMSE:s of the proposed SSMKF-exp-S, SSMKF-log-S
and SSMKF-sqrt-S and the existing IMM filters and PFs.

robust Kalman filters are, respectively, illustrated in Fig. 1
and Table II. It can be seen from Fig. 1 and Table II that
the RMSEs and ARMSEs of position and velocity from the
proposed SSMKF-exp-S, SSMKF-log-S and SSMKF-sqrt-S
are all smaller than those from the existing KFTNCM, HKF,
MCKF and RSTKFE. We can also see from Table II that the
proposed SSMKFs all require more run time than the existing
outlier-robust Kalman filters. As compared with the best
ARMSE, s from the existing RSTKF and the best ARMSE,1
from the existing MCKF, the ARMSE:s of position and velocity
from the proposed SSMKF-log-S improve 20.91% and 5.18%,
respectively. Thus, the proposed SSMKF-exp-S, SSMKF-log-
S and SSMKF-sqrt-S all have better estimation accuracy but
higher computational complexities than the existing KFT-
NCM, HKF, MCKF and RSTKF.



Fig. 2 and Table II, respectively, show the RMSEs and
ARMSE:s (40s-200s) of position and velocity and single step
run time from the proposed SSMKF-exp-S, SSMKF-log-S and
SSMKF-sqrt-S and the existing IMM filters and PFs. It is ob-
served from Fig. 2 and Table II that the proposed SSMKF-exp-
S, SSMKF-log-S and SSMKF-sqrt-S all have smaller RMSEs
and ARMSEs of position and velocity than the existing IMM-
2 (inaccurate noise models), PF-2 (inaccurate noise PDFs
and 1000 particles), and PF-3 (accurate noise PDFs and 500
particles). As compared with the best ARMSE,,s from the
PF-2 and the best ARMSE,, from the PF-3, the ARMSEs
of position and velocity from the proposed SSMKF-log-S im-
prove 23.42% and 1.27%, respectively. It can be also observed
from Fig. 2 and Table II that the RMSEs and ARMSEs of
position of the proposed SSMKF-log-S are close to those of
the IMM-1 (filtering reference), and the RMSEs and ARMSEs
of velocity of the proposed SSMKF-log-S are close to those
of the PF-1 (filtering reference), and the proposed filters all
have smaller RMSEs and ARMSE:s of position than the PF-
1. The reason that PF-1 exhibits poor estimation accuracy of
position may be because the heavy-tailed features of posterior
PDFs are easily lost during the particle filtering process when
a limited number of particles are used. Furthermore, we can
observe from Table II that the proposed SSMKFs have slightly
greater run time than the IMM filters but significantly less run
time than the PFs. Although the computational time of the PF
can be significantly reduced if it is implemented in a parallel
fashion, it still requires accurate knowledge of the probability
distributions of the state and measurement noises. Thus, the
proposed SSMKF-exp-S, SSMKF-log-S and SSMKF-sqrt-S
all have better estimation accuracy than the IMM-2, PF-2 and
PF-3, and slightly higher computational complexities than the
IMM filters but significantly lower computational complexities
than the standard PFs.

VII. CONCLUSIONS

In this paper, a SSM was proposed to quantify the similarity
between two random vectors. The measure was then employed
to develop a novel outlier-robust Kalman filtering frame-
work. Some theoretical analyses and discussions about the
approximate errors and the numerical and filtering stabilities
were provided to illustrate the effectiveness of the proposed
framework. The fixed-point iterative algorithm and the sep-
arate iterative algorithm were proposed to implement the
proposed framework, and their local convergence conditions
were also provided and compared. In addition, the selections
of the similarity functions were presented, and four exemplary
similarity functions were provided, from which the relations
between the proposed method and the existing outlier-robust
Kalman filters were revealed. Simulation results illustrated
that by selecting appropriate similarity functions, the proposed
filters can achieve improved estimation accuracy but have
higher computational complexities than the existing outlier-
robust Kalman filters. Also, as compared with the existing
IMM filter and PF, the proposed filters are more suitable for
addressing the filtering problem of a linear system with outlier-
contaminated state and measurement noises.

VIII. APPENDICES
A. Proof of Theorem 1
Using f(t) < 0 and ||x — y||? > 0 yields

Flllx=yl%) < f(0) (50)
Substituting (50) in (1) gives
s(x,y) =E [f(Ix - yI)] <E[f(0)] = f(0) (D

Considering that the inequality (51) holds for arbitrary
random vectors x and y, we have

f(0) (52)

It is evident that the SSM s(x,y) is identical to f(0) when
x =y, and then x = y is a maximum point of the SSM
s(x,y).

max $(x,y) =

B. Proof of Theorem 2

Since fe(t) >0 and f,(t) > 0 for t € [0,400), f(-) and
) are convex functions. Using Jensen’s inequality, we have

/ £S5

(/HSW (X = ikk1)||2N(Xk;Hk72k)ka> (53)

— K1) [N (g3 e, B )dxp, >

/ F(IS5! (2% — Hy) 2N (ks o, S )l >

i ( / 185! (2 — Hkxk>||2N<xk;uk7zk>dxk) (54)

where the equalities hold if and only if the similarity functions
f=(+) and f.(-) are linear or the covariance matrix of ¢(xy) is
Zero.

Substituting (53)-(54) into (8), the maximization problem
with respect to the posterior mean vector and covariance
matrix can be approximated as (9)-(12).

C. Proof of Theorem 3

Using (10)-(13), the Jacobian matrix A, (@i, X5) is cal-
culated as

Ay (e, ) = =6P
(zi — Hppy)

According to the maximum criterion, the maximum point
p, satisfies the following equation

A:U'k (/J’kv E ) =0
Utilizing (18)-(20) and (55)-(56) yields
Rpp|k—1) + )\kaR

riro (B = K1) + MHE
(55)

(56)

(Zk —Hipy) =0
(57
Solving equation (57), we can obtain the maximum point
py, as follows

kakuc 1 (Bk —

- -1 ,.
/J,z = (P;;Ucl 1 + HERZilH;@) (leiklil)h(k‘k_lﬁ‘
H}fﬁ,j—lzk) (58)

Substituting (17) in (58) and employing the matrix inversion
lemma [1, pp. 11-12], we can obtain (15)-(16).



D. Proof of Theorem 4

Using (10)-(13), the Jacobian matrix Ay, (px, X) and the
Hessian matrix O, (ptx, 3j) can be calculated as
Agk(,uk,Ek) = —05AngR;1H1€

—0.56. P4 (59)

— MHE R, THy, + Dy (g, i)
(60)
where Dy (pr, i) denotes the second-order term given by

eltk (Hk,zk) SkPk\k 1

Dy (py, Xp) = 2ng;;‘}€_1(Hk — Rppp—1) (e — Rppp—1) " X
Pkﬁc 1 + 25\]€H}£R;1(Zk - Hkuk)(zk - Hkﬂk)TRllek

(61)

Utilizing &, > 0 and Ay > 0 in (59), we can obtain
Ay, (pr, Xx) < 0, and then the maximum point 3}, can be
given by (26). Substituting (17)-(20) in (60) yields

~ NHPR;H, + Dy (. 5})
(62)
Employing (15)-(16) in (61) D1 (s}, X%) is calculated as

@Mk (I’l’lm ) gk klk 1

Dy (up, Bh) = 26 Py Ki P (K*) Pt

2NHE R (L, — HRK) P, (1 — HiKG) TRy H
(63)

where Pﬁk ; denotes an approximate innovation matrix given
by
B S s T
=1 =z — HeRpp—1) (2 — HipXppp-1) (64)
It is seen from (63) that the second-order term D1 (p}, X7)
depends on the real-time measurement z;. As a result, it is
very difficult to compare the term f§;P;‘}€71 *)\ZHER;lHk
and the second-order term D+ (e}, 37). To solve this problem,
we propose a reasonable approximation as follows

Pii ~Pifi_ =HiPp,_HI +R] (65
where PZ'IZ,;‘ 1 denotes the modified innovation matrix.
Exploiting (16), (26) and (65) yields
* [ * T
K Pifk 1 (Kk> Pk\k 1~ 2 < Pk|k 1
(I, — HkK*)szk 1(I HkK,’;) ~ RZX (66)

(Hk k|k— Hy +RZ) R; <R}
Substituting (63) in (62) and using (17) and (66) obtains

= (A = 2X/A0) %
(67)

eﬂk (/J’kv )
H; R, 'H,

(=& + 28, /60)P k\k 1

Employing (21) in (67), we can obtain @, (u},3}) < 0

E. Proof of Proposition 1

Using (29), the cost function in (8) can be approximated as

T D) = [1Ea050)¥ik + (V5 VarNGsss s B1)
dXp + Clu, =0} (68)
Substituting (27) in (68) and using (11)-(13) and (18) yields
iy (p, i) = —0.5¢5tr(AL P} 0.5M5tr(BrR; )+
Clue, =i} (69)

Employing (69), the Jacobian matrices of .J; (px, ) with
respect to py and Xy and the Hessian matrix of Jy (g, Xi)
with respect to py are, respectively, formulated as

k|k— i

AJ1 (i, = X
((';:fk k) = = =P Ic\k 1(Hk Xk\kfl)"f'
/\*HTR (Zk — Hkﬂk) (70)
8J1( E ) -1 * —1
pu = —0. 5§,€Pk‘k L — 05N HI R, "Hy,
8J2 (1, k) * -1
Blu:LBku - = =P k\k 1 )‘kH;cFRk Hy,

According to the maximum criterion and utilizing (70),
the maximum points p; and 3j, can be formulated as (15)
and (26). Thus, the maximization problem in Theorem 2 and
the maximization problem in (8) with the first-order Taylor
approximations (27) and (29) have the same optimal solution.

FE. Proof of Proposition 2
Using (27) yields

1
Yic = S} = T$|\2+2aTsM}C SEr, 4 ag)?
Tp = 25 % (X — ), S;Z“c (e — R r—1)
(71)

Since the posterior mean vector and covariance matrix of
the Gaussian distributed random vector xj, are, respectively,
pr and 3, the random vector 7, has a standard Gaussian
distribution, i.e., 7, ~ N(0,L,). Employing (71) and 1, ~
N(0,1,,), the variance of Yj is calculated as

1 2
VarlYie] = B[S 4 S7 7Y - {tr(EkPklk )+

2
|22 Py (e — %) (72)

1
where note that the cross variance between ||S 1 327, ||?

E|k—1
and 2alS kﬁc 12 T, is zero since the odd origin moments of
T, are all zeros. According to the compatibility of matrix and

vector norms, we have

1 2
BlISph, SimlY) < Bllml) [m(SPh )] 03

Considering that the random vector 7, has a standard
Gaussian distribution, then the random variable ||7.||? is a sum
of the squares of n independent Gaussian random variables
and has a chi-square distribution with the dof parameter
n, ie., |[7:]|*> ~ x3(n). According the property of the
chi-square distribution, the second order origin moment of
|72]|? can be calculated as E[||7.||*] = n? + 2n. Employing
E[||7:]|*] = n? + 2n and (72)-(73), we can obtain the upper
bound constraint of Var[Yix] in (30). Similarly, we can also
derive the upper bound constraint of Var[Yz] in (30).



G. Proof of Proposition 3
Using (34) in (17) and (25) yields

P 1 < Prjpo1/Emin, R} > Ri/Anar  (74)

(é-mazPMk 1 + AmazHERllek)

1 N ()
2 (fmmPk‘k 1+)\minHkRk Hk)

Choosing ¢mnqez and ppe, as the maximum eigenvahies of
Pk|k—1/£min and (fmﬁnP;;ﬁC,l + )\manERngk>
selecting 7.,im and pp,, as the minimum eigenvalues of
Rk/)‘maac and (gmampg‘}f 1 + )\mazH’]lelek)
obtain (33).

and

, We can

H. Proof of Proposition 4
Using (35) and (60), the modified Hessian matrix is calcu-
lated as

é#k(ﬂgfz)az( )) gk)P p

e — WHIRCH, - (76)

According to the Newton’s iterative scheme, we have

. -~ i -1 7 7
(+1) ()— |:®Mk(l‘l'§c)72](<:>)i| Aﬂk(ll’gc)’zgé))

Ky = By
-1
i+1 -t 7
=Y = — 8, 3]
)
Employing (55) and (76) in (77) results in
™Y = S (PP K + M HIR 2 )
-1
it — ( VP +)\,€’)HER,§1H;§)
(78)
By utilizing the matrix inversion lemma [1, pp. 11-12],

u,(;H) and E](f“) in (78) can be written as the 6th and 7th
equations in Algorithm 1. Thus, we can obtain Proposition 4.

1. Proof of Theorem 5

Let Ag(pi, i) =
and (60) yields

Ag(pi, X)) = 26, [Pai,l(uk Rp|k—1 } ®Pk|k 17
2\ [HER; (2 — Hip)] R) [HER; T H, | (79)

8é#k (l"’kvzk)

S . Using (11)-(13), (35)

where X) denotes the Kronecker product.
Taking the norm on both sides of (79) and utilizing the
properties of matrix norms results in

|Ag (e, B0 5 < 261k HS,Z‘}C,l(Mk
282\ ||Sry (2 — Hipen)||

where || - || denotes the Frobenius norm, and $; and (s are,
respectively, given by

(o=l |,
B2 = ||H} Sk,

*ﬁk\k—ﬂHFJr
(80)

HPk\k 1

(81)
o IRy

Employing (5) and (11)-(12), we have

Hsklk 1 /J’ _ik|k—1)HF§ (AkPk‘k 1)

(82)
Sk, (21 — Hipr)|| . < /tr(BiR, )
Exploiting (13), (36) and (81)-(82) in (80) gives
A (11 Zi) || p < 41 fr +daz By (83)

Define an auxiliary function as follows
$(7) pi) Br), st TE0, 1] (84)

where g}, and p} are arbitrary two posterior mean vectors.
Taking the first-order derivative of ¢(7) obtains

o(1) = Ag(ph + (g — 17), Se) (k — p3)

According to the Lagrange mean value theorem, there is a
variable 6 € [0, 1] such that the following equation is fulfilled

=0, (U} +(uf —

(85)

@(1) —(0) = ¢(0)(1 - 0) (86)
Substituting (84)-(85) in (86) yields
éuk (l"’]lw Zk) - éuk (lu'iv Ek) =
Ag(pf + 0(pi — 17), =) (1), — p) (87)

Taking the norm on both sides of (87) and using (83), we
have

|@ne itk =) — B 2 3) | < 8 sk — ]| 9)
where [ is given by
B =4a1 1 +daz Bz

It is seen from (88)-(89) that the modified Hessian matrix
©,, (pr, 1) satisfies the Lipschitz condition. Thus, if the
initial mean vector ,u( ) is sufficiently close to the optimal
mean vector py, then the fixed-point iterative algorithm has
local convergence.

(89)

J. Proof of Theorem 6
Firstly, we prove the convergence of )\k DO To this end, we
consider the two cases: A, (1)(0) )\fco © and /\(1 © < AL 0

Case 1: We first assume A\’ )(0) > AU DO Then, using the
4th-8th equations in Algorlthm 2 ylelds

}ka{g-&-l)(o))‘(zk — ka{k|k—1) X

(ze — HpXgpm1) (L — HkK;(fH)(O))T .
Ly - BV = Ry (0 OPyy  HY + Ry,)
(90)

BEJH)(O) — 1,

1)(0)

Employing (90) and )\(i)(o) > )\(F results in

r(BOOR 1) > tr(BIHIO R

Since f.(t) > 0, —f.(t) is a monotonically decreasing
function. Utilizing (91) and the 9th equation in Algorithm 2

obtains

€2y

According to the mathematical induction method, we have
A,io)(o) < )\](cl)(o) <. (93)

<ADO) << ZO



Considering that — fz(t) is a monotonically decreasing
function and tr(B(l)(O)R_l) > 0, we obtain

MO = —2f. (wBPORY)) < —2£.(0)

It is seen from (93)-(94) that {)\Ej)(o)} is a monotonically
increasing sequence with an upper bound —2 f-(0). Thus, the
sequence {)\fj)(o)} converges when /\,(Cl)(o) > )\,(CO)(O) and f,(0)
has lower bound.

Case 2: Similar to the Case 1, if /\,(cl)(o) < )\’(fo)(o)’ we have

AOO 5 O 5

(94)

It can be seen from (95) that {)\g)(o)} is a monotonically
decreasing sequence with a lower bound 0. Thus, the sequence
{A,(j)(o)} also converges when )\,(61)(0) < )\,(CO)(O). Above all, the
sequence {)\S)(U)} converges if the similarity function f,(-)
satisfies Condition 3 and f.(0) has lower bound. Similarly,
we can also prove that the sequence 5,20)0 ) converges if the
similarity function f,(-) satisfies Condition 3 and f,(0) has

lower bound.

K. Proof of Proposition 5
Using the Kalman measurement update equations in (19)-
(20) yields
Aj =Py + Ki P 1KT
k= (Im — Hy Ky )P} k\k 1 (I
H; Py, WHE
Considering that P k‘k 1R HkPk‘k_lHE—&—Rk for the case
of Gaussian noises and employing (96) results in
Al = P}c\k + Kk(HkPk‘k,ng + Rk)K;CF
z ~ R, — HkPk|k71H;£ + H, K X
(Hp Py HY + Ro)Kp H + H Py HY
Substituting the Kalman measurement update equation in
(97), we can obtain (39).

-HKp)'+ 96)

7

L. Proof of Proposition 6
Using (42)-(43) yields

m = tr(A;P k‘k 1)—tr(‘Ilk1Pk‘k D+n>n 98)
n2 = tr(BiR, ") = tr(¥roR ) +m > m
Substituting (98) in (18) results in
& =—2fa (m), No=-2f(m) (99

Employing (44) in (99), we can obtain (45). Moreover,
the larger state and measurement outliers, the larger auxiliary
matrices Wy, and Wy are generated. Then, the larger n; and
79 are obtained, based on which the smaller modified auxiliary
parameters & and A} are achieved by using (44).

M. Proof of Corollary 1
Using (13) and (27), (21) can be rewritten as

[fo(Y33)]? > f:w(Yl*k), [f(Y5))% > f2(Y3r)

where Y7} and Y3} are given in (27).
Substltutlng the exemplary similarity functions in Table I in
(100), we can obtain (48).

(100)

N. Proof of Corollary 2

Let g(t) = f(t2)t. For the case of exponential similarity
function, the first-order derivative of ¢(¢) is formulated as

follows ) ) )
. p—t t
0= gzew (Pr ) 0= )

It is observed from (101) that ¢(¢) > when ¢ € [0, 0] and
g(t) <0 whent € [0, +00]. Then, g(t) achieves the maximum
value at t = o, and its maximum value is ﬁ exp(0.5p/o?
0.5). Thus, if the kernel size o — 0, then there is a positive
and bounded o = ;= exp(0.5p/0? — 0.5) making (36) hold.

Similarly, (36) also holds for logarithmic and square-root
similarity functions if the dof parameters satisfy the constraints
v-»0and w = 0.

(101)

REFERENCES

[1] D. Simon, Optimal State Estimation: Kalman, H infinity, and Nonlinear
Approaches. John Wiley & Sons, 2006.

[2] Y. Huang, Y. Zhang, N. Li, and J. Chambers, “A robust Gaussian
approximate fixed-interval smoother for nonlinear systems with heavy-
tailed process and measurement noises,” IEEE Signal Processing Letters,
vol. 23, no. 4, pp. 468-472, Apr. 2016.

[3] S. Arulampalam, S. Maskell, N. Gordon, and T. Clapp, “A tutorial on
particle filters for on-line non-linear/non-Gaussian Bayesian tracking,”
IEEE Trans. Signal Process., vol. 50, no. 2, pp. 174-189, Feb. 2002.

[4] N. Gordon and A. Smith, “Approximate non-Gaussian Bayesian esti-
mation and modal consistency,” J. R. Stat. Soc. B., vol. 55, no. 4, pp.
913-918, Apr. 1993.

[51 S. Li, H. Wang, and T. Chai, “A t-distribution based particle filter for
target tracking,” in American Control Conference, June 2006, pp. 2191—
2196.

[6] D. L. Alspach and H. Sorenson, “Non-linear Bayesian estimation using
Gaussian sum approximation,” IEEE Trans. Autom. Control, vol. 17, no.
4, pp. 439-448, Apr. 1972.

[71 H. A. P. Blom and Y. Bar-Shalom, “The interacting multiple model
algorithm for systems with Markovian switching coefficients,” IEEE
Trans. Autom. Control, vol. 33, no. 8, pp. 780-783, Aug. 1988.

[8]1 P. J. Huber, Robust statistics. International Encyclopedia of Statistical
Science. Springer, Berlin, Heidelberg, 2011.

[91 M. A. Gandhi and L. Mili, “Robust Kalman filter based on a general-
ized maximum-likelihood-type estimator,” IEEE Transactions on Signal
Processing, vol. 58, no. 5, pp. 2509-2520, May 2010.

[10] C. D. Karlgaard, and H. Schaub, “Huber-based divided difference
filtering,” Journal of Guidance, Control, and Dynamics, vol. 30, no.
3, pp. 885-C891, 2007.

[11] G. T. Cinar and J. C. Principe, “Hidden state estimation using the Cor-
rentropy Filter with fixed point update and adaptive kernel size,” IEEE
World Congress on Computational Intelligence, Brisbane, Australia, pp.
1-6, 2012.

[12] B. Chen, X. Liu, H. Zhao, and J. C. Principe, “Maximum correntropy
Kalman filter,” Automatica, vol. 76, no. 2, pp. 70-77, Feb. 2017.

[13] Y. Wang, W. Zheng, S. Sun, and L. Li. “Robust information filter based
on maximum correntropy criterion,” Journal of Guidance, Control, and
Dynamics, vol. 39, no. 5, pp. 1126-1131, May 2016.

[14] M. Roth, E. Ozkan, and F. Gustafsson, “A Student’s t filter for heavy-
tailed process and measurement noise,” In Proceedings of 2013 IEEE
International Conference on Acoustics, Speech and Signal Processing
(ICASSP), May 2013, pp. 5770-5774.

[15] Y. Huang, Y. Zhang, N. Li, and J. Chambers, “Robust Student’s t based
nonlinear filter and smoother,” IEEE Transactions on Aerospace and
Electronic Systems, vol. 52, no. 5, pp. 2586-2596, Oct. 2016.

[16] M. Roth, T. Ardeshiri, E. Ozkan, and F. Gustafsson, “Robust Bayesian
filtering and smoothing using Student’s t distribution,” arXiv preprint
arXiv:1703.02428.

[17] J. Ting, E. Theodorou, and S. Schaal, “Learning an outlier-robust
Kalman filter,” In Proceedings of 18th European Conference on Machine
Learning Warsaw, Poland, 2007.

[18] R. Piché, S. Sérkki, and J. Hartikainen, “Recursive outlier-robust filter-
ing and smoothing for nonlinear systems using the multivariate Student-t
distribution,” in Proceedings of MLSP, Sep. 2012.



[19] H.Zhu, H. Leung, and Z. He, “A variational Bayesian approach to robust
sensor fusion based on Student-t distribution,” Information Science, vol.
221, no. 2013, pp. 201-214, Sep. 2012.

G. Agamennoni, J.I. Nieto, and E.M. Nebot, “Approximate inference
in state-space models with heavy-tailed noise,” IEEE Transactions on
Signal Processing, vol. 60, no. 10, pp. 5024-5037, Oct. 2012.

S. S. Khalid, N. U. Rehman, S. Abrar, and L. Mihaylova, “Robust
Bayesian filtering using Bayesian model averaging and restricted varia-
tional Bayes,” In Proceedings of 2018 21st International Conference on
Information Fusion (FUSION), July 2018, pp. 361-368.

Y. Huang, Y. Zhang, Z. Wu, N. Li, and J. Chambers, “A novel robust
Student’s t based Kalman filter,” IEEE Transactions on Aerospace and
Electronic Systems, vol. 53, no. 1, pp. 1545-1554, Feb. 2017.

Y. Huang, Y. Zhang, B. Xu, Z. Wu, and J. Chambers, “A new outlier-
robust Student’s t based Gaussian approximate filter for cooperative
localization,” IEEE/ASME Transactions on Mechatronics, vol. 22, no.
5, pp. 2380-2386, Oct. 2017.

Y. Huang, Y. Zhang, Z. Wu, N. Li, and J. Chambers, “A novel adaptive
Kalman filter with inaccurate process and measurement noise covariance
matrices,” IEEE Transactions on Automatic Control, vol. 63, no. 2, pp.
594-601, Feb. 2018.

B. Chen, L. Xing, H. Zhao, N. Zheng, and J. C. Principe, “Generalized
correntropy for robust adaptive filtering,” IEEE Transactions on Signal
Processing, vol. 64, no. 13, pp. 3376-3387, July 2016.

D. Shi, T. Chen, and L. Shi, “Event-triggered maximum likelihood state
estimation,” Automatica, vol. 50, no. 1, pp. 247-254, Jan. 2014.

K. Xiong, H. Zhang, and C. W. Chan. “Performance evaluation of UKF-
based nonlinear filtering,” Automatica, vol. 42, no. 2, pp. 261-270, Feb.
2006.

Y. Huang, Y. Zhang, P. Shi, Z. Wu, J. Qian, and J. Chambers, “Robust
Kalman filters based on Gaussian scale mixture distributions with
application to target tracking,” IEEE Transactions on Systems, Man, and
Cybernetics: Systems, vol. 49, no. 10, pp. 2082-2096, Oct. 2019.

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

Yulong Huang (M’19) received the B.S. degree in
Automation from the College of Automation, Harbin
Engineering University, Harbin, China, in 2012. He
received the Ph.D degree in control science and engi-
neering from the College of Automation, Harbin En-
gineering University, Harbin, China, in 2018. From
Nov. 2016 to Nov. 2017, he was a visiting graduate
researcher at the Electrical Engineering Department
of Columbia University, New York, USA. Currently,
he is an Associate Professor of navigation, guidance,
and control in Harbin Engineering University (HEU)
in China. From Dec. 2019 to Dec. 2021, he will be associated with the
Department of Mechanical Engineering, City University of Hong Kong, as a
Hong Kong Scholar. His current research interests include signal processing,
information fusion and their applications in navigation technology, such as
inertial navigation and integrated navigation. He is the recipient of excellent
doctoral thesis from Chinese Association of Automation (CAA) in 2019.

Yonggang Zhang (S’06-M’07-SM’16) received the
B.S. and M.S. degrees from the College of Au-
tomation, Harbin Engineering University, Harbin,
China, in 2002 and 2004, respectively. He received
his Ph.D. degree in Electronic Engineering from
Cardiff University, UK in 2007 and worked as a
Post-Doctoral Fellow at Loughborough University,
UK from 2007 to 2008 in the area of adaptive signal
processing. Currently, he is a Professor of naviga-
tion, guidance, and control in Harbin Engineering
University (HEU) in China. His current research
interests include signal processing, information fusion and their applications
in navigation technology, such as fiber optical gyroscope, inertial navigation
and integrated navigation.

Yuxin Zhao (SM’14) received the Ph.D. degree in
navigation, guidance and control from Harbin Engi-
neering University (HEU) in 2005, and completed
post-doctorial research in Control Science and engi-
neering from Harbin Institute of Technology (HIT)
in 2008. In 2004, he was awarded scholarship of the
State Administration of Foreign Experts Affairs for
visiting Levin Institute of State University of New
York (SUNY), and from 2012 to 2013, he visited
the Centre for Transport Studies (CTS) at Imperial
College London as a research scholar.

He is currently the head and professor at College of Intelligent Systems
Science and Engineering, Harbin Engineering University (HEU) in China.
His research interests include Artificial Intelligence, filtering theory, marine
navigation system and intelligent transportation system. He has published
more than 100 papers, including more than 40 international journal papers
in these areas.

Peng Shi (M’95-SM’98-F’15) received the PhD
degree in Electrical Engineering from the University
of Newcastle, Australia in 1994, He was awarded
the Doctor of Science degree from the University
of Glamorgan, Wales in 2006; and the Doctor of
Engineering degree from the University of Adelaide,
Australia in 2015.

He is now a professor at the University of Ade-
laide. His research interests include system and
control theory, intelligent systems, and operational
research. He received the Andrew Sage Best Trans-
actions Paper Award from IEEE SMC Society in 2016. He has served on
the editorial board of a number of journals, including Automatica; IEEE
Transactions on (Automatic Control; Cybernetics; Fuzzy Systems; Circuits
and Systems); IEEE Control Systems Letters; Information Sciences; and
Signal Processing. He is a Member-at-Large of Board of Governors, IEEE
SMC Society, and an IEEE SMCS Distinguished Lecturer. He is a Fellow of
the Institution of Engineering and Technology; and the Institute of Engineers,
Australia.

Jonathon A. Chambers (S’83-M’90-SM’98-F’11)
received the Ph.D. and D.Sc. degrees in signal
processing from the Imperial College of Science,
Technology and Medicine (Imperial College Lon-
don), London, U.K., in 1990 and 2014, respectively.
He is Emeritus Professor of Signal and Information
Processing and Former Head of the School of Engi-
neering at the University of Leicester. He is also an
International Honorary Dean and Guest Professor at
Harbin Engineering University, China. His research
interests include adaptive signal processing and ma-
chine learning and their applications, and he has advised approaching 100
researchers through to Ph.D. graduation.

Dr. Chambers is a Fellow of the Royal Academy of Engineering, U.K., and
the Institution of Electrical Engineers. He was the Technical Program Cochair
for the 36th IEEE International Conference on Acoustics, Speech, and Signal
Processing, ICASSP 2011, Prague, Czech Republic and the Plenary Chair for
ICASSP 2019, Brighton, UK. He has served on the IEEE Signal Processing
Theory and Methods Technical Committee, the IEEE Signal Processing
Society Awards and Conference Boards, and the Jack Kilby Medal Committee.
He has also served as an Associate Editor for the IEEE TRANSACTIONS ON
SIGNAL PROCESSING for three terms over the periods 1997-1999, 2004-
2007, and as a Senior Area Editor between 2011-2014. Since 2016 he has
been an Area Editor for the Elsevier DSP journal.




