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Swirlonic state of active matter

Nikolai V. Brilliantov'?, Hajar Abutuqayqah?, Ivan Yu Tyukin®>* & Sergey A. Matveev*3*

We report a novel state of active matter—a swirlonic state. It is comprised of swirlons, formed by
groups of active particles orbiting their common center of mass. These quasi-particles demonstrate a
surprising behavior: In response to an external load they move with a constant velocity proportional
to the applied force, just as objects in viscous media. The swirlons attract each other and coalesce
forming a larger, joint swirlon. The coalescence is extremely slow, decelerating process, resultingin a
rarified state of immobile quasi-particles. In addition to the swirlonic state, we observe gaseous, liquid
and solid states, depending on the inter-particle and self-driving forces. Interestingly, in contrast to
molecular systems, liquid and gaseous states of active matter do not coexist. We explain this unusuval
phenomenon by the lack of fast particles in active matter. We perform extensive numerical simulations
and theoretical analysis. The predictions of the theory agree qualitatively and quantitatively with the
simulation results.

Active matter is a substance comprised of active particle that demonstrate the motility, that is “the ability to
exhibit motion and to perform mechanical work at the expense of metabolic energy”!. The active particles
consume energy from the environment and drive themselves far from equilibrium®’. Living matter (biological
systems) provides an uncountable amount of examples of active particles systems®. Other examples refer to
robotics’, biomedicine®, and social science”®; an interesting laboratory realization of artificial active particles are
the so-called vibrots®~1°. Similarly to common molecular systems active matter undergo different phase transi-
tions — separation into dense and dilute phase”!® and crystallization'*"'%; these phenomena my be described
within the framework of conventional thermodynamics'*,

The most prominent feature of systems of active (self-propelled) particle is the formation of self-organized
coherent structures, see e.g.>*'*?. Among these are intriguing milling patterns emerging in circular motion,
when a group of individuals follow one another around an empty core. Such swirling patterns have been observed
for animals at different evolution stages, ranging from plant-animal worms and insects to fish***°. To describe
the swirling motion several models have been proposed, including the celebrated Vicsek*'~* and Vicsek-like
models**™, as well as models based on the inter-particle interaction potential?®?**¥-52_ Although the inter-particle
potential between active particles (agents) does not exists in reality, it mimics an intention of an agent to change
its velocity according to some rules. It is convenient to put these rules in the form of Newtonian forces acting
between the agents. Alternatively, the rules may be explicitly written in terms of velocity of an agent at the next
time step, that is, determined by the velocities and coordinates of the (usually the nearest) neighbors. Below we
will use the former approach, based on the inter-particle potential. Note that here we address the swirling motion
of active particles; swirling also exists in a system of agitated passive particles, which have been studied in**.

The milling motion reported in Refs.?*?*8-53 referred to a single pattern where particles orbited around a
common center. The number of particles was not large—it did not exceed a few hundreds. Formation of multiple
milling patterns has not been reported. A possible reason for this could be a small system size due to the compu-
tational constrains. Indeed, the system of dynamic equations for active particles forms a set of very stiff ordinary
differential equations (ODEs). An accurate convergent solution requires in this case an extremely small time
step®*. Hence it seems interesting to simulate much larger systems of active particles to explore the formation of
multiple structures and their evolution.

In the present study we investigate large systems of active particles and report the formation of the conven-
tional phases—gaseous and liquid phase, as well as solid phase, but also a new state of active matter—“swirlonic”
state. In a gaseous state the active matter tends to occupy all the available space, while in a liquid state its volume
is limited. However, in contrast to common molecular systems, we did not observe the gas-liquid coexistence,
but only the presence of a single phase. In the swirlonic state multiple milling patterns—swirlons are formed. The
swirlons behave like individual super-particles with surprising properties. They attract each other and coalesce
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upon collision, forming swirlons of a larger mass. When an external force is applied to a swirlon, it moves in the
direction of the force, with a constant velocity, proportional to the applied force, as a particle in viscous medium.
The steady velocity of the swirlon is inversely proportional to the mean-square velocity of the orbital motion of
particles comprising the swirlon. The larger the swirlon, the larger the mean-square velocity and hence smaller
the steady velocity. In other words, the mobility of swirlons decays with its mass. The swirlonic state is not a
stable but transient state, since eventually all swirlons should collapse into a single milling structure. However
the mobility of heavy swirlons drastically decreases, which entails, for a large system, a diverging transient time
from the swirlonic state to the single milling state. This makes the swirlonic state of a special interest.

To study large systems of active particles we slightly modify the repulsion part of the commonly used Morse
interaction potential. Namely, we apply the Gaussian dependence of the potential on the inter-particle distance,
instead of previously used exponential dependence. This simple modification leads to a drastic reduction of the
stiffness of the ODEs describing the system and keeps, at the same time, qualitatively the same behavior. The
reduced ODE stiffness allowed to release very severe restrictions for the size of the computation time step and
simulate relatively large systems, up to few tens of thousand particles. Simulation of such large system gives a
new insight into the properties of active matter.

Model
We consider a two-dimensional system comprising N identical self-driven particles of mass m = 1. Then the
equation of motion of ith particle reads,

1",' =V (1)

mv; =f; + (b — viz)v,' + g +2\/B§',-(t) (2)

where r; and v; are the coordinate and velocity of the i-th particle, f;is a force acting from all other particles, g;
is an external force and &;(¢) is a random force, modeled by a Gaussian white noise,

(&) =0, (670E @)) = Doybupd(e — 1), )

where o and 8 denote the Cartesian components of the vector §;
The self-driving force (b — v?)v describes the motion of the active particle with a constant velocity v = v/b
in the absence of all other interactions. We use the following model for the interaction with other particles:

N
fi==Vi>_ U(ri— 1)) (4)
i

U= Uy(r) 4+ Ua(r) = Cre~ "/ _ Cpe=r/la, (5)

U, (r)and U, (r) refer respectively to the repulsive and attractive part of the interaction potential with the accord-
ing constant C, and C, characterizing the interaction strength. /, and /, describe the characteristic lengths of U, ()
and Uy, (r). As we have already mentioned, we use the Gaussian dependence on distance for the repulsive part
of the potential, instead of exponential dependence of the Morse potential. Eq. (2) has the form of stochastic
Langevin equation. The corresponding Fokker-Planck equation for the distribution function ® (r, v) is given in
the Appendix A; it can be derived using the standard techniques, see e.g.>>>¢.

The dynamic of the system is described by N Eqgs. (1)-(4) fori = 1,... N along with Egs. (4)-(5) for the
interaction potential. We simulate two-dimensional systems. In simulations we use up to 38,000 ODE, different
sets of parameters (Cg, I, Cr, I;) and different initial densities of particles and system size. We start with random
configurations and random velocities, randomized both in magnitude and direction. Depending on the above
parameters one obtains rather different behavior of the system, which is qualitatively the same as reported in
Refs.?>2, that is, flocking, swarming and milling. However, additionally, a novel state with many milling struc-
tures has been detected, which we call “swirlonic state”. We have checked that this state emerges also for other
potentials, with attractive and repulsive parts, including Morse potential. Still an accurate modeling of such states
with multiple swirlons is computationally very challenging. Here we report our findings for the soft (Gaussian)
form of the repulsive potential, see Eq. (5). The results have been obtained for a system in liquid, gaseous and
swirlonic state confined in a circular region.

Phases of active matter

Starting from a uniformly distributed particles, confined in some area, Fig. 1a different phases may be formed
depending on the density and parameters of interaction potential. If the density is low, so that the average distance
between the particles exceeds the characteristic length of the interaction potential, the interactions are weak and
compact patterns do not emerge. The particles run away from their initial position and occupy all the available
space. They move chaotically, and thus form a “gaseous” phase, Fig. 1b. In contrast, for larger density, when many
particles are located within the interaction distance, the attraction is stronger, and a state with a fixed density
emerges, Fig. 1c. In this case the active matter does not occupy all the available volume, but only part of it. This is
a “liquid” state. Interestingly, we did not observe coexistence of two phases—gaseous and liquid as in molecular
systems. This may be explained by the fact that in contrast to molecular systems, where the distribution function
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Figure 1. For varying density and parameters of interaction potential different states of active matter are
obtained: (a) Initial state of a uniform density and random velocities, the system is confined in a circle of radius
Ro; (b) “gaseous” phase, where the particles occupy all the available space; (c) liquid state, where only a part of
available space is occupied (note the lack of the liquid-gas coexistence); (d) solid phase, where the mobility of
particles is suppressed; (e) swirlonic phase, comprised of swirlons—“super-particles” built up by orbiting around
a common center active particles; (f) collapsed state, where a single very dense structure is formed.

Figure 2. (a) The dependence of dv/dt on v for different force strengths (from top to bottom): f =0, f = f.
and|f| > |f;| The stable points towards the system evolves are shown. For |f| < |f|there are two stable

points dv/dt = 0 - one with the velocity in the direction of the force and another in the opposite direction.
For|f| = |f.|the only solution corresponds to the velocity in the direction of the force. (b) Illustration of the
derivation of the average force f,y that keeps the particles within the initially occupied area (the circle of radius
R). Due to symmetry the average force is directed towards the center of the circle.

for particles’ velocities is Maxwellian, the according distribution for active particles decays much faster for large
velocities. Namely it reads (see the Appendix A):

D(v) ~ ev'/2D for v— o© (6)

Hence, while the fast particles are abundant in molecular systems, they are practically lacking in active matter.
These fast particle can overcome the attraction forces of the molecular surrounding and give rise to the gaseous
phase; the lack of fast particles in active matter results in the lack of the gas, coexisting with the liquid phase.
If the particle density is still larger and the repulsive forces are strong, the active matter falls into a solid phase,
Fig. 1d, where the particles mobility is suppressed.

In some range of parameters a novel swirlonic phase is formed, Fig. 1e. It is comprised of swirlons—“super-
particles” with many astonishing properties which we address below. Individual active particles in swirlons
perform a swirling motion around their common center. As we demonstrate in what follows, the swirlons are
formed when local fluctuating force exceeds the critical force, which characterizes the ability of an active particle
to move against an applied load.

Finally, for large density and very strong attractive forces a collapsed state is observed, Fig. 1f. In the collapsed
state active particle also move around the common center, however the character of the motion is rather irregular.
In the present study we will focus on the gaseous, liquid and especially on the swirlonic phase.

Qualitative theory of phase behavior
Critical force. To understand the conditions for the formation of different pases we consider first a single
active particle under an action of a constant force. It obeys the equation (recall that m = 1):

v=bv—vv+f 7)
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For simplicity we assume that the direction of the force and velocity coincide, then Eq. (7) is a scalar equa-
tion. In Fig. 2a the dependence dv/dt = 0 on v is demonstrated for different f. It shows that the system evolves
to states with dv/dt = 0, which are depicted as stable points in the figure. These are the roots of the equation,
bv —v3 +f = 0. For |f| < |f.| there are roots, which correspond to the steady motion in the direction of the
force and in the opposite direction. For |f| > |f;| there is only one root, corresponding to the steady motion in
the direction of the force. The critical force reads,

2b°/?
33’

where v, = +/b/3 is the critical velocity, which is the root of the equation, d(bv — 3 +f)/dv = 0, see Fig. 2a.
One can interpret this results as follows: If the applied force f does not exceed the critical force f; an active
particle can move against the force, that is, such force would not prevent the escape of the particle from some
area, where such force is acting. In contrast, if fis larger than the critical force, an active particle can not escape
from the region where this force is acting. The above estimate of the critical force will be used to estimate the
conditions for different phase formation.

fo=v2—bv. = —

(8)

Conditions for “gaseous” phase. Now we estimate the average force acting on active particles at differ-
ent locations. Let N active particles are uniformly distributed within a circle of radius R, see Fig. 1¢ (note that R
may differ from the initial value R). If I, I, < R the average force, acting on a particle from its neighbors, in the
internal part of the circle is zero. At the same time particles near the border experience uncompensated average
force f,y directed towards the circle center, see Fig. 2b. Consider a particle located exactly at the border, then the
average force may be estimated as

/2 2Rsin¢
fov =2 /O de /0 rdrnf (r) sin ¢. )

Here n= N/(mR?) is the number density of particles, nrdrd$ gives the amount of particles
within a small surface element rdrd¢ which act on the chosen particle at the border with the force
f(r)=(Cy/ lye " —2(+C,/ lf)e”z/ 7. The factor sin ¢ accounts for the fact that only the component of the
above force, directed towards the circle center, contributes to the average force; the component normal to this
direction does not contribute due to the symmetry, see Fig. 2b. As it follows from Eq. (9) both the repulsive
and attractive forces contribute to f,y, but these act in opposite directions. Since we focus in our study on the
swirlonic states, which require that I, > I, (see also the classification of Ref.**) we can neglect the repulsive force
to find an upper estimate for f;,. Then the integration over r in Eq. (9) yields,

/2 2Rsi A
fav = 2Canla/ sin ¢pd¢ {1 — (1 + ﬂ)e*ZRsm(b/la}
0

la
o0
~ 2C,nl, {1 —/ ¢(1 + Z;&)frz‘“/lﬂd(p} (10)
0 a
32
= 2Canlu |:1 - ZRfuz] .

Writing the second line in the Eq. (10) we assume that R/I, >> 1, which implies that only ¢ =~ sin ¢ < 1contrib-
ute from the part of the integrand with the exponential factor; this also allows to change the upper limit 7 /2 to co.
Although the above estimate is justified for R/I, > 1, it works, in practice, rather well (with the accuracy better
than 17%) already for R > ,. We assume that a particle remains in a condensed phase if the average force is larger
than the critical force. Then from Eqgs. (10) and (8) follows the estimate for the condition of the condensed phase:

Curly[ 1= 252 ] . g 11
alllq 1 R2 o4 > (11)
where @ ~ O(1) is the constant of the order of one. If the condition (11) is not fulfilled, the “evaporation” takes
place and the system evolves to the “gaseous” state, occupying all available space, see Fig. 1b. The evaporation
is facilitated for small systems, at low density, with a weak, short-range potential. The evaporation through the
flat boundary, R — oo, occurs at b?/3 ~ aC,nl,. With Eq. (8) for the critical force, the condition for condensed
state may be written as

¢a > af, (12)

where f* = f.1,/C, is the reduced critical force and ¢, = wni? is the effective “packing fraction”, associated
with the length of attractive interactions [, and particle number density n = N/ 2, where Q@ = 7 R? is the area
occupied by the active matter. The latter can differ from the initial area as well as from the total available area,
see Fig. laand c.

Conditions for liquid and swirlonic state. Now we need to discriminate between two condensed states—
liquid, with a uniform density, occupying a fixed volume, Fig. 1¢, and swirlonic, with multiple milling structures,
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Figure 3. An example of the local force distribution P(F) at the initial stage of the system. The active particles
interact with the inter-particle potential (5). Lines-gaussian fit P(F;) = Ae~Fi/(am 4g it follows from (13), for
the x-component (i = x, left panel) and y-component (i = y, right panel). A = 0.116 is a fitting parameter. Data
are the average over 50 runs. The system parameters areC, = 1,l; = 1.3,b =0.8,D = 0,C, = 0, Ry = 8and
N = 3000

Fig. le. That is, we need to find the condition, when a uniform state becomes unstable. We notice that swirlons
emerge due to a “local capture” of active particles by their surrounding. Indeed, these structures emerge, when
particles remain localized in the vicinity of their initial positions. In other words, it is expected that there exist
local forces with the strength exceeding the critical force f.. Since the average force is zero for uniformly distrib-
uted particles, the arising forces have fluctuating nature. Let us estimate these fluctuating forces.

Consider a particle in the internal part of the system. The number of neighbors that act on the particle is about
~ nl2 and they act on the particle with the force of the order ~ (C,/I,) (again we neglect the repulsive forces). The
average force is zero, but due to the density fluctuations, which may be estimated as ~ /nl2 a non-compensated
fluctuating force of the order of ~ (C,/1;) m ~ C,n'/? will arise.

A more rigorous analysis presented in Appendix B confirms the above estimates. Namely, it may be shown
that the distribution of the local fluctuating force F in a space uniform system with the interaction potential
U = Cye~"/" reads as shown in Fig. 3 (see the “Appendix B”),

PRy~ o Flam,
4man

o

c2. (13)

The average force may be obtained from the above distribution (13) as

T
232

This average force is to be compared with the critical force f;, (8), to escape from the local surroundings. Hence
we can write the estimate for the condition that an active particle is locally caught by the fluctuating force and
participate at the formation of a swirlon:

o0
1
(IF]) = /FP(F)dF = 2n/0 F-F%e*z/(‘*“")d}?: Can'/?. (14)

Con'/? > a1 b*°, (15)

where @1 = O(1) is the constant of the order of one. The above condition (15) does not, however, discriminate
between swirlonic and collapsed state, but rather demarcates liquid and swirlonic states. With the above nota-
tions the condition of liquid phase may be put into the form,

ba > aff & 12 5 o fF, (16)

The three phases of active matter—gaseous, liquid and swirlonic, obtained in simulations are demonstrated in
Fig. 4a. If we assume that o is considerably larger than «, we conclude that the observed phase diagram is in a
qualitative agreement with the theoretical prediction (16).

Conditions for collapsed state. Here we call a state with a single structure formed as a “collapsed” state.
This may happen if a considerable amount of particles does not experience an action of a local fluctuating forces,
that cause the emergence of local swirlons, but rather experience a “global” force, directed towards the center
of the occupied area. In other words, it is expected that collapsed structures would be formed, provided that
number of “boundary” particles, located in a layer with the distance of I, from the boundary is comparable to the
number of “internal” particles. This condition may be written as follows,

aRn— 7R —1)n~ R —1,)°n. (17)

If we neglect 2 as compared to R, we can write approximate condition for the formation of a single structure:

1
o~ R (18)

As one can see from the above equation, the collapsed state emerges in small systems, with a long range attrac-
tion. This tendency has been confirmed in our simulations.
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Figure 4. (a) Phase diagram of the active matter. Dots—simulation results, lines—fits, according to the
theoretical prediction (16). Here f* = f.I,/C,is the reduced critical force and ¢, = nnlﬁ is the effective
“packing fraction”. The parameters are C; = 1,1, = 1.3,C, = 2,1, = 1.1and D = 0. In simulations we use
system sizes from N = 50 to N = 2000 and varying b from b = 0.0001 to b = 100. Note the qualitative
agreement between the theory and simulations. (b) Internal structure of a swirlon. It is comprised of particles
moving clockwise and counterclockwise.

Swirlonic phase

Swirlons under an external force. The active particles forming swirlons are orbiting the common center
of mass in different directions: approximately half of them move clockwise and half—counterclockwise, which
is illustrated in Fig. 4b; still, they move coherently. Namely, in our simulations of active matter we observe
that swirlons (in the swirlonic phase) move under an action of external force, as material particles in viscous
medium. That is, their velocity linearly increases with the applied force. The mobility of a swirlon depends on
its mass, that is, on the number of active particles comprising the swirlon. The larger the mass of a swirlon the
smaller the mobility.

Below we explain this astonishing property of swirlons. Let a constant external force g is directed along the
x-axis. Let a swirlon be in a steady motion with a constant velocity vy, also along the x- axis. Consider a motions
of an active particle inside the swirlon. Let F be the resulting total force that acts on the particle from the other
particles of the swirlon. It supports the circular motion; the force and velocity components may be written as:

Fy = F cos wt; Fy = Fsinwt (19)

Vy = V1 COs ot + vp; vy = v sinwt, (20)

where w is the angular frequency and v; is the linear velocity of the circular motion . The x-component of the
equation of motion then reads,

Vy =Fx—|—(b—v2)vx+g. (21)
Now we take into account that
V= v,zc + v§ = V% + V% + 2v1vp cos w

Vi, = vf coswt + vao + vlv(z) cosw + VS + 21/%1/0 coswt + 2v1vé cos wt

and average over time T which is large, as compared with the rotational period Tsyir = 27 /w. Introducing the

notation,
1 T
a=— / a(t)dt,
T Jo

we obtain,
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Figure 5. Uniform motion of swirlons under an external load: (a) The linear dependence on time of the
displacement of the center of mass of a swirlon under an action of the external force. The measured velocity is
v 2~ 0.0216 and the theoretical value is v 2~ 0.0211. (b,c) The linear dependence of the velocity of the swirlon
v on the magnitude of the applied force g. Dots—simulation results, curves—theoretical prediction, Eq. (25);
<v2> is taken from the simulations. The parameters are C; = 5,1, = 15,C, = 1,], = 0.01,b =2,D = 0.1and
N =200for (a,b)andC, = 5,1, = 15,C, = 1,I, =2,b=1,D = 0.1and N = 200 for (c).

2 _ .2 2
ve =]+

vive = 2v3vy + v}

o (22)
1'/x :fx =0
Vy = Vp.
Averaging the equation of motion (21) we find,
i =fi+b—v)+g (23)
or, with Egs. (22) and (23),
bvy — (ZV%V() + vg) +g=0, (24)

which is a cubic equation for vp. Almost in all cases the constant velocity vy is much smaller than the orbiting
velocity v (that is, vo < v1), which implies the approximation, v% ~ 2~ <v2>, where <v2> is the mean square

velocity of particles in the swirlon. Then the solution of Eq. (24) may be written as

g
TR - (25)
Note that the orbiting velocity v; may strongly differ from the “self-velocity” b!/2. Indeed, when a swirlon is
formed, the initial potential energy of particles may transform into the kinetic energy associated with the orbit-
ing motion around the center of mass of the swirlon. It is not easy, however, to obtain the value of (v), due to
the lack of conservation laws for energy, momentum and angular momentum for active particles. In Fig. 5 the
simulation results are compared to the theoretical prediction, Eq. (25). The theoretical results are in a very good
agreement with the numerical data.

Coalescence of swirlons. In Fig. 6 we demonstrate the main stages of the swirlon emergence and evolu-
tion. One can observe the coalescent dynamics in the swirlonic phase. Initially the aggregation is fast, since the
swirlons attract each other and have large mobility. In a course of time the average mass of swirlons increases
and the mobility drops down (see the discussion below). This results in the slowing down of the coalescence.
Eventually a small amount of very massive swirlons remain that have vanishing mobility and the aggregation
practically ceases.

Consider some particular stage of the swirlon evolution. Let N, swirlons emerge in a system with the area
S and the initial number density of active particles be n. Then the average “mass” of a swirlon (that is, the
number of active particles forming a swirlon) reads, m; = nS/N; and the number density of the swirlons is
ns = Ns/S = n/m;. The average distance between the swirlons may be estimated as [ ~ ns; '*. The coalescence
of these objects occurs as a process that symbolically may be written as A + A — A, where A denotes a single
swirlon. We estimate the rate of this process. Let two swirlons were initially at the average distance r(0) = I and
after time T coalesce, (T) ~ 0. Their relative motion obeys the equation,

dr_ _ Came o,
dt I

(26)
where 1 accounts for the mobility, which we approximate as size-independent and the factor m? accounts that
in each swirlon there are m; monomers, each attracting with the force (Ca/l)e™"a, Solving Eq. (26) with the
above boundary conditions we find:
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2
ST, (27)

Since e/l > 1we conclude that

2
_ HGams iy,

T—l
7

The quantity T~! may be treated as the reaction rate between two swirlons. Therefore the equation for the reac-
tion kinetics A + A — Areads

% _ 1T71n2 _ IMCamg nzefi/l“ _ 1 MCaHZ 671/(nslﬁ)1/2

dt 2 s 202 2 12 ’
where we use the expressions m; = n/n;and [ = l/nsl/z. Solving the above equation we obtain for large t and
small nl2 — 0,

1
x3/2e1/*/§ = ZMCanzt,

where x = 1,12 or, asymptotically, for t — oo,
1

ng ~ —.
' (Inp?

(28)

Eq. (28) predicts an extremely slow decay of the swirlons concentration, which agrees qualitatively with the
simulation results, as it is illustrated in Fig. 7.

It is interesting to compare the coalescence of swirlons with the aggregation of vertexes in two-dimensional
turbulence, although the background physics of these two phenomena is rather different. The vertex aggregation
results in a power-law decay of a number of vertexes, n,, ~ t~§ with &€ ~ 0.70 — 0.75%, which is much faster than
the inverse square logarithm of time in Eq. (28). This is explained by the long-range interaction of the vertexes,
while the swirlon interactions decay exponentially with distance.

Conclusion

We reveal a new state of active matter, which we call a swirlonic state, where all active particles belong to swirlons,
comprised of particles orbiting around common center of mass. Although such milling structures have been
reported in many studies, the state of matter constituted by quasi-particles—swirlons was not investigated. The
dimension of swirlons is almost independent on the number of particles inside it and determined by the intensity
of the self-driven and inter-particle forces. These quasi-particles demonstrate an astonishing property—under
an applied external force they move with a constant velocity, proportional to the force, just as the objects in vis-
cous medium. We observe that the mobility of a swirlon is inversely proportional to the square average velocity
of particles orbiting the swirlon’s center of mass. Swirlons attract to each other and coalesce upon a collision,
forming a joint swirlon. Therefore evolution of a swirlonic state of matter corresponds to continuous aggregation
of particles when fewer and fewer swirlons of larger and larger mass are formed. This process being fast in the
beginning, becomes extremely slow afterwards, leading to the formation of a rarified state of massive immobile
swirlons; the evolution at this stage is practically frozen.

We also observe, that depending on the parameters of the inter-particle potential and characteristics of the
self-driving force of active particles, a few other states may be formed. These correspond to the gaseous, liquid and
solid states of matter, as it is known for molecular systems. While in the gaseous state the active matter occupies
all the available space, in the liquid state only a part of the space is occupied. Moreover, in the liquid state the
active matter possesses a surface tension. Surprisingly, we did not observe the coexistence between liquid and
gaseous phase, as it is common for molecular systems. We explain this feature of the active matter by the lack of
fast particles, which can escape from the liquid phase and form the gaseous phase. While the abundance of fast
particles is secured in molecular systems by the Maxwellian velocity distribution, the velocity distribution for
fast particles in active matter has much steeper decay with increasing velocity.

For high density of active particles with a small self-driving force and relatively strong repulsive interactions,
a solid state is formed. It is characterized by a complete suppression of the long-range motion (diffusion) of the
particles. In the solid state the active particles perform a very limited motion around a center of a potential well
formed by their nearest neighbors. Finally, for the case of a low self-driving force and very long-range attractive
interactions the active matter forms a collapsed state. This is a dense state where we have observed quite irregular
motion of the particles.

We performed both numerical and theoretical analysis of the system. To make the set of ODEs, that describe
the particles motion, less stiff, we use a modified Morse potential, which has the gaussian form of its repulsive
part. This allows to simulate a few tens of thousands of equations, which suffices to investigate different macro-
scopic states of the system. The qualitative and quantitative predictions of our theory are in a good agreement
with the simulation results.
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Asymptotical rule
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Figure 7. Time dependence of the swirlon number density. It decreases owing to the permanent coalescence
of the swirlons. In a course of time this process becomes extremely, slow, as it follows from Eq. (28). Dots—
simulation data for the different system size, lines—fits, corresponding to the theoretical expression (28): fit 1:
0.358/(log; (2.5t + 10))2, fit 2: 0.358/ (log; o (3.5t + 10))2, fit 3:0.358/(log;(0.85¢ + 10))% The numerical data
resides between the according analytical fits. The parameters are C, = 10,1, = 0.2,C, = 1,1, = 0.1, b = 20,

D =0and Ry = 4.

Appendix

Fokker-Plank equation and the velocity distribution. Application of the standard techniques®> *
yields the following Fokker-Plank equation for the distribution function ®(r, v) for the coordinates and densities
of active particles:

AP N P N D ) (b — ) + D 3%
_ V. — B — V7)Y — ,
ot ar g ov ov 2 ovav

(29)

where as previously g is the external force. We consider the stationary distribution for a space uniform system
in the absence of external forces. In this case the Lh.s of Eq. (29) vanishes, yielding,

div, [(b — v)v @] = gAle (30)

For uniform and isotropic system the distribution function ® depends only on velocity module, thatis, ® = ®(v).
Changing to the polar coordinates for the velocity, v = (v, ¢), we obtain, using the independence of ® on the
angular variable ¢:

19

;a[v(b —Vd] === —y— (31)

v—.
2vaov dv

Integration this equation and using the boundary condition at v = 0, we finally obtain:
d ~ ebvz/D—v4/2D) (32)
which for v — oo tends to ® ~ e~""/2D,

Derivation of the force distribution. Following the derivation of the Holtsmark distribution given for
the gravitational force f(r) ~ 1/r* (see e.g.*®), we write for the distribution of the local force F:

p(F)_/@ /dn\’(g(z]\]:f_F) (33)
Q Q = !

where € is the system volume and N is the number of particles. Now we take a Fourier transform of P(F) to

obtain:
; dr dry N dr Y
_ ik-F _ 1 N ik-F L — ik-f
P(k)_/dFe P(F)_/—Q /—Q e 8<,§1f’ F) U—Qe } .

In the limit @ — 00, N — 00,n = N/ = const. the last result takes the form®,

P(k) = exp [—n/dr(l — eik'fﬂ = e*n@(k), (34)

which defines ® (k). Hence we obtain for the distribution function,
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2 .
P(F) = (i) / ke Tk F-1®®0), (35)

To compute P (k) we write the force as f(r) = (r/r)fi(r) with fi(r) = (Ca/l,)re~"/!a_ Then one obtains for the
two-dimensional system:

@ (k) =2/ d¢/ rdr(l—e"k’1‘1<')“’5¢). (36)
0 0

Integration over ¢ yields,

/n d¢<1 _ eikal(r)cos(b) =7 [1 —Jo (krfl(r))] —— {1 —To <?e—r/lu)},
0

a

where Jo(x) is the zero-order Bessel function. Integration over r in (36) may not be performed analytically, hence
we apply approximations. To analyze capturing of particles by the fluctuating force we are interested in the force
distribution for large forces, that exceed the characteristic force of the order of ~ C,/I, . In the Fourier space
this would correspond to values of k ~ 1/F smaller than ~ (C,/I,) . In other words, we are interested in the
values of k satisfying the relation, kC,/I, < 1. This motivate us to apply the approximation, Jo(x) >~ 1 — %xz
with x = (kC,/1,)e"/", which yields,

~ oo 12C2—2la ”szluzoo— )
CID(k)NZn/O rdr(l—l—l—zk l—g“e r/ =El—£k 5 /0 ze Zdzzgk C;. (37)

Using Eq. (37) we find the distribution of the fluctuating forces:

2 R T ) 2 00 , [T
P(F) = 5 / kdk / o iKF cos p—nak” _ — / kdke 1ok / o ikFcos¢
2m)* Jo Jo 4= Jo 0

1 1 e*F2/4an

*© nak*
=— kdke™ kF) = — ——,
2 Jo ¢ Jo(kE) 2m 2an

wherea = nCﬁ/S. It may be easily checked that P(F) is normalized and that (F) = [ dFP(F)F = 0.

Received: 18 June 2020; Accepted: 15 September 2020
Published online: 08 October 2020

References
1. Allen, R. D. Motil. J. Cell Biol. 91, 148-155 (1981).
2. Ramaswamy, S. The mechanics and statistics of active matter. Ann. Rev. of Condens. Matter Phys. 1, 323-345 (2010).
3. Bechinger, C., Leonardo, R. D., Loewen, H., Reichhardt, C. & Volpe, G. Active particles in complex and crowded environments.
Rev. Mod. Phys. 88, 045006 (2016).
4. Viswanathan, G. M., da Luz, M. G. E., Raposo, E. P. & Stanley, H. E. The Physics of Foraging: An Introduction to Random Searches
and biological encounters (Cambridge University Press, Cambridge, 2011).
. Brambilla, M., Ferrante, E., Birattari, M. & Dorigo, M. Swarm robotics: a review from the swarm engineering perspective. Swarm
Intell. 7, 1-41 (2013).
. Wang, J. & Gao, W. Nano/microscale motors: biomedical opportunities and challenges. ACS Nano 6, 5745-5751 (2012).
. Helbing, D. Traffic and related self-driven many-particle systems. Rev. Mod. Phys. 73, 1067-1141 (2001).
. Helbing, D. & Molnar, P. Social force model for pedestrian dynamics. Phys. Rev. E 51, 4282 (1995).
. Scholz, C., D’Silva, S. & Pdschel, T. Ratcheting and tumbling motion of Vibrots. New J. Phys. 18, 123001 (2016).
. Scholz, C., Engel, M. & Poschel, T. Rotating robots move collectively and self-organize. Nat. Commun. 9, 931 (2018).
. Scholz, C. & Poschel, T. Velocity distribution of a homogeneously driven two-dimensional granular gas. Phys. Rev. Lett. 118, 198003
(2017).
12. Scholz, C. & Poschel, T. Actively rotating granular particles manufactured by rapid prototyping. Rev. Cub. Fis. 33, 37 (2016).
13. Altshuler, E., Pastor, J. M., Garcimartin, A., Zuriguel, I. & Maza, D. Vibrot, a simple device for the conversion of vibration into
rotation mediated by friction: preliminary evaluation. PLoS ONE 8, e67838 (2013).
14. Bialke, J., Lowen, H. & Speck, T. Microscopic theory for the phase separation of self-propelled repulsive disks. Europhys. Lett. 103,
30008 (2013).
15. Bialke, J., Speck, T. & Lowen, H. Crystallization in a dense suspension of self-propelled particles. Phys. Rev. Lett. 108, 168301
(2012).
16. Siebert, J. T., Letz, J., Speck, T. & Virnau, P. Phase behavior of active brownian disks, spheres, and dumbbells. Soft Matter 13,
1020-1026168301 (2017).
17. Speck, T. Stochastic thermodynamics for active matter. Europhys. Lett. 114, 30006 (2016).
18. Speck, T, Bialke, J., Menzel, A. M. & Lowen, H. Effective cahn-hilliard equation for the phase separation of active brownian par-
ticles. Phys. Rev. Lett. 112, 218304 (2014).
19. Vicsek, T., Czirdk, A., Ben-Jacob, E., Cohen, I. & Shochet, O. Novel type of phase transition in a system of self-driven particles.
Phys. Rev. Lett. 75,1226 (1995).
20. Levine, H. & Rappel, W. Self-organization in systems of self-propelled particles. Phys. Rev. E 63, 017101 (2000).
21. Marchetti, M. et al. Rev. Mod. Phys. 85,1143 (2013).
22. Simha, R. A. & Ramaswamy, S. Hydrodynamic fluctuations and instabilities in ordered suspensions of self-propelled particles.
Phys. Rev. Lett. 89, 058101 (2002).
23. Simha, R. A. & Ramaswamy, S. Statistical hydrodynamics of ordered suspensions of selfpropelled particles: waves, giant number
fluctuations and instabilities. Phys. A 306, 262 (2002).
24. Toner, J. & Tu, Y. Flocks, herds, and schools: a quantitative theory of flocking. Phys. Rev. E 58, 4828 (1998).

v

— O 0 0NN

[E—

SCIENTIFIC REPORTS |

(2020) 10:16783 | https://doi.org/10.1038/s41598-020-73824-4



www.nature.com/scientificreports/

25.
26.
. Mikhailov, A. S. & Calenbubhr, V. From Cells to Societies: Models of Complex Coherent Action (Springer, New York, 2013).
28.

29.

30.
31.

59.

Toner, J., Tu, Y. & Ramaswamy, S. Hydrodynamics and phases of flocks. Ann. Phys. 318, 170 (2005).
Mikhailov, A. S. & Zanette, D. H. Noise-induced breakdown of coherent collective motion in swarms. Phys. Rev. E 60, 4571 (1999).

Murakami, H., Niizato, T. & Gunji, Y.-P. Emergence of a coherent and cohesive swarm based on mutual anticipation. Sci. Rep. 7,
46447 (2017).

Canizo, J. A., Carrillo, J. A. & Rosado, J. Collective behavior of animals: swarming and complex patterns. Arbor 186, 1035-1049
(2010).

Mailleux, A. C., Deneubourg, J. & Detrain, C. How do ants assess food volume?. Anim. Behav. 59, 1061 (2000).

Flierl, G., Grunbaum, D., Levin, S. A. & Olson, D. From individual to aggregations: the interplay between behaviour and physics.
J. Theor. Biol. 196, 397 (1999).

. Parrish, J. K. & Edelstein-Keshet, L. Complexity, pattern, and evolutionary trade-offs in animal aggregation. Science 284, 99 (1999).
. Parrish, J. K., Viscido, S. V. & Grunbaum, D. Self-organized fish schools: an examination of emergent properties. Biol. Bull. 202,

296 (2002).

. Breed, M. & Moore, J. Animal Behavior (Academic Press, London, 2012).
. Franks, N. R. et al. Social behaviour and collective motion in plant-animal worms. Proc. R. Soc. B 283, 20152946 (2016).
. O’Connor, K. A. & Zusman, D. R. Patterns of cellular interactions during fruiting-body formation in Myxococcus xanthus. J.

Bacteriol. 171, 6013-6024 (1989).

. Igoshin, O. A., Welch, R., Kaiser, D. & Oster, G. Waves and aggregation patterns in myxobacteria. Proc. Natl. Acad. Sci. USA 101,

4256-4261 (2004).

. Couzin, I. D,, Krause, J., James, R., Ruxton, G. D. & Franks, N. R. Collective memory and spatial sorting in animal groups. J. Theor.

Biol. 218, 1-11 (2002).

. Rappel, W. ., Nicol, A., Sarkissian, A., Levine, H. & Loomis, W. E. Self-organized vortex state in two-dimensional dictyostelium

dynamics. Phys. Rev. Lett. 83, 1247 (1999).

. Cambui, D. S. Collective behavior states in animal groups. Mod. Phys. Lett. B 31, 1750054 (2017).
. Vicsek, T., Czirok, A., Ben-Jacob, E., Cohen, I. & Shochet, O. Novel type of phase transition in a system of self-driven particles.

Phys. Rev. Lett. 75,1226 (1995).

. Czirok, A., Stanley, H. E. & Vicsek, T. Spontaneously ordered motion of self-propelled particles. J. Phys. A: Math. Gen. 30, 1375

(1997).

. Romensky, M., Lobaskin, V. & Ihle, T. Tricritical points in a vicsek model of self-propelled particles with bounded confidence.

Phys. Rev. E 90, 063315 (2014).

. Das, S. K., Egorov, S. A,, Trefz, B., Virnau, P. & Binder, K. Phase behavior of active swimmers in depletants: molecular dynamics

and integral equation theory. Phys. Rev. Lett. 112, 198301 (2014).

. Cucker, E & Smale, S. On the mathematics of emergence. Jpn. J. Math. 2, 197-227 (2007).
. Cucker, F. & Smale, S. Emergent behavior in flocks. IEEE Trans. Autom. Control 52, 852-862 (2007).
. Cambui, D. S., Gusken, E., Roehrs, M. & Ilias, T. The milling pattern in animal groups and its dependence on the density and on

the number of particles. Phys. A 507, 289-293 (2018).

. O’Keeffe, K. P,, Hong, H. & Strogatz., S. H. ,. Oscillators that sync and swarm. Nat. Commun. 8, 1504 (2017).
. Kummel, E et al. Circular motion of asymmetric self-propelling particles. Phys. Rev. Lett. 110, 198302 (2013).
. Ebeling, W. & Schimansky-Geier, L. Swarm dynamics, attractors and bifurcations of active brownian motion. Eur. Phys. J. Spec.

Top. 157, 17-31 (2008).

. Erdmann, U,, Ebeling, W. & Mikhailov, A. S. Noise-induced transition from translational to rotational motion of swarms. Phys.

Rev. E 71, 51904 (2005).

. D'Orsogna, M. R., Chuang, Y. L., Bertozzi, A. L. & Chayes, L. S. Self-propelled particles with soft-core interactions: patterns, stabil-

ity, and collapse. Phys. Rev. Lett. 96, 104302 (2006).

. Scherer, M. A, Buchholtz, V,, Poschel, T. & Rehberg, I. Swirling granular matter: from rotation to reptation. Phys. Rev. E 54, R4560

(1996).

. Tyrtyshnikov, E. E. A Brief Introduction to Numerical Analysis 1st edn. (Springer, New York, 1997).

. Resibois, P. & de Leener, M. Classical Kinetic Theory of Fluids (Wiley, New York, 1977).

. Brilliantov, N. V. & Péschel, T. Kinetic Theory of Granular Gases (Oxford University Press, Oxford, 2004).

. Sire, C. & Chavanis, P.-H. Numerical renormalization group of vortex aggregation in two-dimensional decaying turbulence: the

role of three-body interactions. Phys. Rev. E 61, 6644-6653 (2000).

. Zacharov, 1. et al. “Zhores”-petaflops supercomputer for data-driven modeling, machine learning and artificial intelligence installed

in skolkovo institute of science and technology. Open Eng. 9, 512-520. https://doi.org/10.1515/eng-2019-0059 (2019).
Krapivsky, P. L., Redner, S. & Ben-Naim, E. A Kinetic View of Statistical Physics (Cambridge University Press, Cambridge, 2010).

Acknowledgements

In our work we used “Zhores” supercomputer installed at Skolkovo Institute of Science and Technology>®. This
work is partially supported by Moscow Center for Fundamental and Applied Mathematics [Sergey A. Matveev;
agreement with the Ministry of Education and Science of the Russian Federation (No. 075-15-2019-1624)]. Work
of prof. Ivan Yu. Tyukin is supported by the Russian Science Foundation (Project No. 19-19-00566).

Author contributions

N.V.B. and H.A. introduced the main model, carried out small simulations and prepared the main
manuscript.S.A.M. has provided numerical experiments with large numbers of particles and with use of
supercomputer..Y.T. proposed modifications of model and discussed the numerical results.All authors reviewed
the manuscript.

Competing interests
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to S.A.M.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

SCIENTIFIC REPORTS |

(2020) 10:16783 | https://doi.org/10.1038/s41598-020-73824-4


https://doi.org/10.1515/eng-2019-0059
www.nature.com/reprints

www.nature.com/scientificreports/

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2020

SCIENTIFICREPORTS|  (2020)10:16783 | https://doi.org/10.1038/s41598-020-73824-4


http://creativecommons.org/licenses/by/4.0/

	Swirlonic state of active matter
	Model
	Phases of active matter
	Qualitative theory of phase behavior
	Critical force. 
	Conditions for “gaseous” phase. 
	Conditions for liquid and swirlonic state. 
	Conditions for collapsed state. 

	Swirlonic phase
	Swirlons under an external force. 
	Coalescence of swirlons. 

	Conclusion
	References
	Acknowledgements


